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Abstract

In this present investigation, the authors introduced certain subclasses of
the function class Tg*()\, 5,t) of bi-Bazilevic univalent functions defined in
the open unit disk U, which are associated with Chebyshev polynomials
and Mittag-Leffler function. We establish the Taylor Maclaurin coefficients
laz|, |as| and |a4| for functions in the new subclass introduced and the

Fekete-Szego problem is solved.

1 Introduction

Let A denote the class of analytic function f(z) in the open unit disk U =
{z : |z| < 1} and H denote the subclass of A which are normalized by the condition
f(0) =0 and f'(0) — 1 = 0 with the representation

f2) =2+ aps". (1)
k=2
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Familiar subclasses of starlike and convex functions of order (0 < a < 1)

for which the quantity written respectively as Re (zf,(z)/f(z)> > « and
Re(l + zf”(z)/f,(z)> > « and the two functions are denoted as S*(a) and C(«)

respectively. For a constant § € (—%,%

), a function f is univalent in U and

272
satisfies the function Re (ewsz(i)z)> > «, denote the class by T'S*.
A function f in H has an inverse f~! defined as
) =2, (zeU)
1 1
F @) =w, (wl<ro(f)s 7o(f) 2 )
hence, the inverse function can be written as
fHw) = w — agw?® 4 (243 — a3)w?® — (5a3 — Sasas + ag)w* + ... (2)

A function f € S which is starlike is bi-univalent in U if both f and f~! are both
univalent in U. Let the class of all bi-univalent functions f in U be given by (1)
denoted by > .

Lewin [12] introduced the concept of bi-univalent analytic functions in
1967 and showed that second coefficient |az| < 1.51. Many authors like
Netanyahu [15], Brannan and Clunie [8], Murugurusundaramoothy [14], Awolere
and Ibrahim-Tiamiyu [6], Amol and Uday [5] have worked on bi-univalent analytic
functions with interesting results. In recent time, several researchers have studied
families of analytic functions involving special functions such as Sigmoid function,
error function, Bessel function defined in A to find different conditions such that
members of such functions have certain geometric properties like univalency,
starlikeness and convexity, see [5,6,9,10,11,16]. It was observed in [3,4] that
Mittag-Leffler function denoted by FE) g does not belong to the family of A.
Originally the Mittag-Lefler function is given as

Ex(2) = 1) (z € C,R(\) > 0) (3)

x>

which was introduced by Mittag-Leffler [13].
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A more general form of (3) denoted by E g(z) is defined as

oo
Zk

E/\,B(Z) = m7

k=2

(z,\,8 € C,R(\) > 0). (4)

The function in (3) arises naturally in the solution of fractional order differential
and integral equations, most especially in the study of fractional generalization of
kinetic equation, random walks levy flights, super diffusive transport and also in
the study of complex systems. These polynomials interpolate between a purely
exponential law and power law like behaviour of phenomena governed by ordinary
kinetic equations and their fractional counterparts [3,4].

By convolution and normalization, we obtain from (1) and (4)

The Chebyshev polynomials are a sequence of orthogonal polynomials which
are practically related to De Moivre’s formula which play an important role in
Numerical Analysis. Recently, the classical Chebyshev polynomials of degree n
of the first and second kinds have generated a great deal of interest because
of the major roles played in Applied Mathematics and Approximation Theory.
Chebyshev polynomials have been studied by several authors as in [1,2, 7,10, 11].

Lemma 1 (See 9). If w(z) = b1z + bgz? + b3z® + ....by # 0 is analytic and
satisfies |w(z)| < 1 on the unit disk U, then for each 0 < r <1, w,(O)‘ <1 and

|w(rei9)| < 1 unless w(z) = €z for some real number 0.

Definition 1 (See 16). The Chebyshev polynomials of the first kind are defined

by the following three terms recurrence relation
To(t) =1
Ty(t) =t
Tnt1(t) = 26T, (t) — Tr—1(2).
The first few terms of the Chebyshev polynomials of the first kind are

To(t) =2t — 1, Ta(t) =43 —3t, Tyu(t) = 8t* — 82 +1, ...
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The generating function for Chebyshev polynomials of the first kind, 7;,(t) is given
by

1—zt
F(z,t) = T ZT . (zeU)

Definition 2 (See 16). The Chebyshev polynomials of the second kind are defined

by the following three terms recurrence relation

Uo(t) =
U,y (t) =2t
Unt1(t) = 2tUy(t) — Up—1(t).

The first few terms of the Chebyshev polynomials of the second kind, U, (t) is
given by

Us(t) = 4t2 — 1, Us(t) =8> —4t, Uy(t) = 16t* — 126> +1, ...

The generating function for Chebyshev polynomials of the second kind, U, (t) is
given by

H(z,t) = ZU , (z€U).

1—2tz—|—z2

The Chebyshev polynomial of first and second kinds are connected by the following
relations
dT,(t)
dt
Given two functions f,g € A. The function f(z) is said to be subordinate to g(z)

= U1 (t); Tp(t) = Up(t) — tTu1(t);  2T0(t) = Un(t) — Un_a(t).

in U, written f(z) < g(2), if there exists a Schwarz function w(z), analytic in U,
with w(0) =0 and |w(z)| < 1 for all z € U such that f(z) = g(w(2)).

Definition 3. A function f(z) € > given by (1) is said to be in the class
Tg (X, B,t) if the following conditions are satisfied

Zl-a z))
ot ( (EA(ﬁEf/\(f)J;E_L) ) < H(z,t)cosO + isind (6)
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and

wl—a w !
“ (Saten ) <t i g

where z,w € U, > 0 and the function g = f~1.

2 Main Result

Theorem 1. Let f € Tg*(\, B,t), since B, A € C, Ay, is complex number. Then

las| < 2t\/2tcost (8)
2= /22 [(02 + a — 2)A2 + 2(a + 2)A3) cosd — 2(at% — 1)e?(aZ + 2a + 1)AJ]
0| < < 2tcosh >2 N 2tcosh (9)
a
= (o +1)24, (o + 2)As
] < 10t2cos?6 n 20t3cos®0
= (@2 +3a+2)A243 (o + 302+ 3a+ 1) A3
B 4Mt3cos30 n 2(4t3 + 4t2 —t — 1)cosf (10)
(@ +3a?+3a+1)(a+ 3)A3 Ay (a+3)A4
where M = 5(a 4+ 3)A4 + 2(a — 1)(a + 3) Az A3 + (afl)(afg)(a%)Ag and Ay =
') k> 2

TO\(k—1)+8)°
Proof. From Definition 3

it (zl—a(EA,Bf(Z)) ) < H(z,t)cosf + isinf (11)

(Expf(2))—

and

wl—a w !
T

where H(z,t) and H(w,t) are Chebyshev polynomials with the following power

series

H(zt) =1+ crui(t)z + (coui(t) + Gua(t))22 4+ ... (z€U)
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H(w,t) =1+ dyus ()w + (dour (t) + dug(t))w? + ...  (wel).
For some analytic ¢, ¢ such that ¢(0) = ¢(0) = 0 and |@(z)| = |12 + c22® + .| <
1, [p(w)| = |diw + dow?® + ...| < 1, for all z,w € U. It is well known that |c| <

1,|dg| < 1; for every k € N.
Now, by (11) and (12), we have

(o +1)Asay = crui(t)e P cosh (13)

(a—1)(a+2)

5 Ada3 + (a4 2)Asaz = couy (t)e P cosh + Gug(t)e Pcosh  (14)

(a—1)(a—2)(a+3)

(a4 3)Agay + (o — 1) (a + 3) A2 Azazas + G Aa3
= cyui(t)e Pcosh + 2cicoua(t)e U cosh + Gus(t)e P cosh — (a4 1) Agay
= dyui(t)e P cosh (15)
-1 2
[Q(a +2)As + WA% a3 — (a+2)Asaz
= douy(t)e Y cosh + diug(t)e " cosh (16)
and
[5(0( + 3)A4 + (a — 1)(a + 3)A2A3] as0a3
(-2 ,
— [5(04 +3)As +2(a — 1)(a+ 3) Az A3 + (@ = 1)(a 5 Ja+ 3)A‘§ as
—(a + 3)Asaq
= dyuy(t)e Y cosh + 2didaus(t)e™ P cost + diuz(t)e™ P cosh. (17)
From (13) and (15), we have
0y — crui (t)e P cos _ _dlul(t)e_wcosﬂ (18)
(a + 1)A2 (Oé + 1)A2
which implies that
Cc1 = —d1 (19)
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and
2¢%% (a4 1)2A%a3 = (2 + d3)cos®0 + ui(t). (20)
By equations (14) and (16), we have
0
06059 (o — 1) (a4 2) A3 + 2(a + 2) A3] a3 = (c2 + do)ur (t) + (] + dD)ua(t). (21)
Now, by (20) and (21)
2 ud(t) (co + d2) e ?cos®0 (22)
2T w2 () [(a? + a — 2) A2 + 2(a + 2) A3] cosf — 2eibuy(t) (a2 + 200+ 1) AF
Since by definition, uy(t) = 2t, us(t) = 4t — 1 and us(t) = 83 — 4t.
Applying Lemma 1 for the coefficients ¢ and dy, we immediately have
las| < 2t+/2tcosh (23)
2l = V1202 [(02 + a — 2)AZ 4 2(a + 2) As] cosf — 2(4t2 — 1)ei?(a2 + 2o + 1) A2
Next, to find the bound on |as|, we subtract (16) from (14) to get
0
e
0 [2(cr + 2) Agag — 2(a + 2)A3a3] = uy(t)(co — da) +ua(t)(cF — d3).  (24)
Thus, it follows from (19), (20) and (24) that
- u(t)(2 +d¥)e 29cos?0  ui(t)(co — dg)e P cosh (25)
5T 2(a + 1)2A2 2(a+ 2) As
By Lemma 1, the coefficients c1, d1, co and dy yield
2tcosl 2 2tcosf
< |\ — —_ . 2
las < <(a T 1)2A2> T e+ 2)4s (26)
Furthermore, by (13), (15), (17) and (25), we have
" 5u(t)er(ca — dg)e™*Pcos?0  5u(t)ci(c? + d?)e 3P cos30
4 Ao+ 1)(a + 2) Ay As Ao+ 1)343
B Mu3(t)cie 3% cos30 2us(t)(crea — dids)e ™ cosh
2(a+1)3(a+ 3)A3 Ay 2(a+3) A4
ui(t)(cs — d3)e Pcosh  us(t)(cd — d3)e ¥ cosh (27)
2(a + 3)Ay4 2(a + 3)Ay4
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On application of Lemma 1 for coefficients c1, dq, 2, do, c3 and d3, then

] < 10t2cos26 i 20t3cos>0
= (@ +3a+2)A243  (a® +3a? +3a+1)A3
B 4Mt3cos30 N 2(4t3 4+ 412 —t — 1)cosf (28)
(a® +3a2+3a+1)(a+ 3)A3 A4 (a4 3)A4 ’
where

a—1)(a—2)(a+3)A3
3

M =5(a+3)As+2(a—1)(a+ 3)A2A3 + (

which yield the required result, hence the proof completes. ]

Corollary 1. Let f € T§(\, 5,t), since B, X € C, Ay is complex number. Then

lasl < 22t (29)

V1262 [(02 + 0 — 2) 43 + 2(a + 2)As] — 2(412 — 1)(a2 + 20 + 1) A3

2t 2t
L P N P 7 (30)
0] < 102 N 2013
= (@24 3a+2)A243  (a® +3a%+ 3a+ 1) A3
4Mt? 204t + 412 —t — 1)
(@3 +3a2+3a+1)(a+3)A34, + (v +3)As ' (31)

Corollary 2. Let f € TY(A, B,t), since B,\ € C, Ay is complex number. Then

/2t

lag| < (32)
V124 + (1 - 612) 43
2 t

|as| A, + A (33)

5t2 203 AMt? 24P+ 42—t —1

lag| < +— -3+ ( ). (34)

AyAz A3 3434, 34,

http: //www. earthlinepublishers.com
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Corollary 3. Let f € T§*(\, B,1), since B, X € C, Ay, is complex number. Then

2

as| < V2cosb ‘ (35)

V/lcost [(a2 + o — 2) 43 + 2(a +2) A3] — (a2 + 20 + 1) 43|

2cos6 2 2cos6
< 2cost 36
las] < ((a+1)2A2> T et 24 (36)
] < 10c0s20 n 20c0s30
a
= (@ +3a+2)A243  (a® +3a2 + 3a+ 1) A3
4M cos> 12cos6
B cos n cos (37)

(@ +3a2+3a+1)(a+3)A3As  (a+3)As

Corollary 4. Let f € T§(\, B,1), since 5, A € C, Ay, is complex number. Then

al < v2 (33)

\/\ (0 + o —2)A3 + 2(a + 2)A3] — 3(a? + 2a + 1) A3

2 2 2
o< . 39

las] < ((a+1)2A2) ot 204, (39)
ail < 10 N 20

(@®+3a+2)A243 (a3 +3a?2+3a+1)A3

AM 12
- + (40)

(@®+3a2+3a+1)(a+3)A3A;s  (a+3)As

Corollary 5. Let f € Tg()\,ﬁ, 1), since B, € C, Ay is complex number. Then

2
lag| < S Ch— (41)
|4A3 — 5A3]
4 1
lag| < I§+I3 (42)
) 20 4M 4
laa| < (43)

Ads T A3 3A3A; Ay

Theorem 2. Let f € Tg(X\, B,t) and ¢ € R, since S, € C, Ay is complex
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number. Then

‘613 - SOG%’
et -1l < M
< (44)
8|1—p|t3cos0 _
|2t2[(a2+a72)A§+2(a+2)A3]00397(4152fl)ew(a2+2a+1)A§|’ |<'0 1’ 2 M
where
M= 1262 [(0? + o — 2) A3 + 2(« + 2) A3 cosh — (4% — e (a? 4 2a + 1)A3|
B 4t%cosf(a + 2) As ’
Proof.
o od? — (1 — @)ui(t)(c2 + da)e P cos?0
BT = u3(t) [(a® 4+ a — 2) A3 + 2(a + 2) As] cost — 2euy(t)(a? + 2a + 1) A3
u1(t)(co — do)e ¥ cosh
2(a + 2)A3
, 1 1
= tYe Pcos | | h —_— h(p) — —— ) d
e ot | (400 + o) (4090~ ) )
(45)
where
h(p) = (1 — )ui(t)cosd
7= ud(t) [(02 + o — 2) A% + 2(a + 2) As] cosd — 2e0uy(t)(a? + 20 + 1) A3
since uy(t) = 2t, wuz(t) = 4t> — 1 and us(t) = 8t — 4¢, then we have
2tcosf 1
(ai?)A3’ 0 S ’h’(@)‘ S 2(a+2)A3
|as — pa3| < : (46)
At [h(p)| cosd,  |h(p)| > m
O
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