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Abstract

In this paper, we investigate the generalized (r, s, t, u) sequence and we deal

with, in detail, three special cases which we call them (r, s, t, u), Lucas (r, s, t, u)

and modified (r, s, t, u) sequences. We present Binet’s formulas, generating

functions, Simson formulas, and the summation formulas for these sequences.

Moreover, we give some identities and matrices related with these sequences.

1 Introduction

The sequence of Fibonacci numbers {Fn}

Fn = Fn−1 + Fn−2, n ≥ 2, F0 = 0, F1 = 1.

The generalizations of Fibonacci and Lucas sequences lead to several nice and

interesting sequences. See [1, 2, 16] for some work on second-order generalization of

Fibonacci numbers.

The generalized (r, s, t, u) sequence (or generalized Tetranacci sequence or

generalized 4-step Fibonacci sequence) {Wn(W0,W1,W2,W3; r, s, t, u)}n≥0 (or

shortly {Wn}n≥0) is defined as follows:

Wn = rWn−1 + sWn−2 + tWn−3 + uWn−4, W0 = c0,W1 = c1,W2 = c2,W3 = c3, n ≥ 4

(1.1)
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where W0,W1,W2,W3 are arbitrary complex (or real) numbers and r, s, t, u are real

numbers.

This sequence has been studied by many authors and more detail can be found

in the extensive literature dedicated to these sequences, see for example [3, 6, 7, 9,

17, 18]. The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n = − t
u
W−(n−1) −

s

u
W−(n−2) −

r

u
W−(n−3) +

1

u
W−(n−4)

for n = 1, 2, 3, ... when t 6= 0. Therefore, recurrence (1.1) holds for all integers n.

In literature, for example, the following names and notations (see Table 1) are

used for the special case of r, s, t, u and initial values.

Table 1. A few special case of generalized Tetranacci sequences.

No Sequences (Numbers) Notation OEIS [10] Ref.

1 Tetranacci {Mn} = {Wn(0, 1, 1, 2; 1, 1, 1, 1)} A000078 [12]

2 Tetranacci-Lucas {Rn} = {Wn(4, 1, 3, 7; 1, 1, 1, 1)} A073817 [12]

3 fourth order Pell {P (4)
n } = {Wn(0, 1, 2, 5; 2, 1, 1, 1)} A103142 [13]

4 fourth order Pell-Lucas {Q(4)
n } = {Wn(4, 2, 6, 17; 2, 1, 1, 1)} A331413 [[13]

5 modified fourth order Pell {E(4)
n } = {Wn(0, 1, 1, 3; 2, 1, 1, 1)} A190139 [[13]

6 fourth order Jacobsthal {J (4)
n } = {Wn(0, 1, 1, 1; 1, 1, 1, 2)} A007909 [8]

7 fourth order Jacobsthal-Lucas {j(4)n } = {Wn(2, 1, 5, 10; 1, 1, 1, 2)} A226309 [8]

8 modified fourth order Jacobsthal {K(4)
n } = {Wn(3, 1, 3, 10; 1, 1, 1, 2)} [8]

9 fourth-order Jacobsthal Perrin {Q(4)
n } = {Wn(3, 0, 2, 8; 1, 1, 1, 2)} [8]

10 adjusted fourth-order Jacobsthal {S(4)
n } = {Wn(0, 1, 1, 2; 1, 1, 1, 2)} [8]

11 modified fourth-order Jacobsthal-Lucas {R(4)
n } = {Wn(4, 1, 3, 7; 1, 1, 1, 2)} [8]

12 4-primes {Gn} = {Wn(0, 0, 1, 2; 2, 3, 5, 7)} [14]

13 Lucas 4-primes {Hn} = {Wn(4, 2, 10, 41; 2, 3, 5, 7)} [14]

14 modified 4-primes {En} = {Wn(0, 0, 1, 1; 2, 3, 5, 7)} [14]

As {Wn} is a fourth order recurrence sequence (difference equation), its

characteristic equation is

x4 − rx3 − sx2 − tx− u = 0 (1.2)
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whose roots are α, β, γ, δ. Note that we have the following identities

α+ β + γ + δ = r,

αβ + αγ + αδ + βγ + βδ + γδ = −s,

αβγ + αβδ + αγδ + βγδ = t,

αβγδ = −u.

Generalized Tetranacci numbers can be expressed, for all integers n, using Binet’s

formula

Wn =
p1α

n

(α− β)(α− γ)(α− δ)
+

p2β
n

(β − α)(β − γ)(β − δ)
+

p3γ
n

(γ − α)(γ − β)(γ − δ)

+
p4δ

n

(δ − α)(δ − β)(δ − γ)
, (1.3)

where

p1 = W3 − (β + γ + δ)W2 + (βγ + βδ + γδ)W1 − βγδW0,

p2 = W3 − (α+ γ + δ)W2 + (αγ + αδ + γδ)W1 − αγδW0,

p3 = W3 − (α+ β + δ)W2 + (αβ + αδ + βδ)W1 − αβδW0,

p4 = W3 − (α+ β + γ)W2 + (αβ + αγ + βγ)W1 − αβγW0.

Usually, it is customary to choose α, β, γ, δ so that the Equ. (1.2) has at least one

real (say α) solutions. Note that the Binet form of a sequence satisfying (1.2) for

non-negative integers is valid for all integers n (see [4]).

(1.3) can be written in the following form:

Wn = A1α
n +A2β

n +A3γ
n +A4δ

n,
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where

A1 =
W3 − (β + γ + δ)W2 + (βγ + βδ + γδ)W1 − βγδW0

(α− β)(α− γ)(α− δ)
,

A2 =
W3 − (α+ γ + δ)W2 + (αγ + αδ + γδ)W1 − αγδW0

(β − α)(β − γ)(β − δ)
,

A3 =
W3 − (α+ β + δ)W2 + (αβ + αδ + βδ)W1 − αβδW0

(γ − α)(γ − β)(γ − δ)
,

A4 =
W3 − (α+ β + γ)W2 + (αβ + αγ + βγ)W1 − αβγW0

(δ − α)(δ − β)(δ − γ)
.

We have the following formula: for n = 1, 2, 3, ... we have

W−n =
1

(−u)n
∆1

∆2
Wn

where

∆1 = βnγnδn (γ − δ) (β − δ) (β − γ) p1 − αnγnδn (γ − δ) (α− δ) (α− γ) p2 +

αnβnδn(β − δ)(α− δ)(α− β)p3 − αnβnγn(α− β)(β − γ)(α− γ)p4,

∆2 = αn (γ − δ) (β − δ) (β − γ) p1−βn (γ − δ) (α− δ) (α− γ) p2 +γn(β−δ)(α−
δ)(α− β)p3 − δn(β − γ)(α− γ)(α− β)p4.

We can also give Binet’s formula of the generalized (r, s, t, u) numbers (the

generalized Tetranacci numbers) for the negative subscripts as follows: for n =

1, 2, 3, ... we have

W−n =
α3 − rα2 − sα− t

u (α− β) (α− γ) (α− δ)
p1α

1−n +
β3 − rβ2 − sβ − t

u (β − α) (β − γ) (β − δ)
p2β

1−n

+
γ3 − rγ2 − sγ − t

u (γ − α) (γ − β) (γ − δ)
p3γ

1−n +
δ3 − rδ2 − sδ − t

u (δ − α) (δ − β) (δ − γ)
p4δ

1−n.

Next, we give the ordinary generating function
∞∑
n=0

Wnx
n of the sequence Wn.

The following lemma is a special case of a well known formula of generating functions

of the generalized m-step Fibonacci numbers which can be found in the literature

(see for example [15]). For completeness, we include the proof.
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Lemma 1. Suppose that fWn(x) =
∞∑
n=0

Wnx
n is the ordinary generating function of

the generalized (r, s, t, u) sequence {Wn}n≥0. Then,
∞∑
n=0

Wnx
n is given by

∞∑
n=0

Wnx
n =

W0 + (W1 − rW0)x+ (W2 − rW1 − sW0)x2 + (W3 − rW2 − sW1 − tW0)x3

1− rx− sx2 − tx3 − ux4
.

(1.4)

Proof. Using the definition of generalized (r, s, t, u) numbers, and substracting

rx
∑∞

n=0Wnx
n, sx2

∑∞
n=0Wnx

n, tx3
∑∞

n=0Wnx
n and ux4

∑∞
n=0Wnx

n from∑∞
n=0Wnx

n, we obtain

(1− rx− sx2 − tx3 − ux4)
∞∑
n=0

Wnx
n

=
∞∑
n=0

Wnx
n − rx

∞∑
n=0

Wnx
n − sx2

∞∑
n=0

Wnx
n

−tx3
∞∑
n=0

Wnx
n − ux4

∞∑
n=0

Wnx
n

=
∞∑
n=0

Wnx
n − r

∞∑
n=0

Wnx
n+1 − s

∞∑
n=0

Wnx
n+2

−t
∞∑
n=0

Wnx
n+3 − u

∞∑
n=0

Wnx
n+4

=
∞∑
n=0

Wnx
n − r

∞∑
n=1

Wn−1x
n − s

∞∑
n=2

Wn−2x
n

−t
∞∑
n=3

Wn−3x
n − u

∞∑
n=4

Wn−4x
n

= (W0 +W1x+W2x
2 +W3x

3)− r(W0x+W1x
2 +W2x

3)

−s(W0x
2 +W1x

3)− tW0x
3

+

∞∑
n=4

(Wn − rWn−1 − sWn−2 − tWn−3 − uWn−4)x
n

= W0 + (W1 − rW0)x+ (W2 − rW1 − sW0)x
2 + (W3 − rW2 − sW1 − tW0)x

3.
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Rearranging above equation, we obtain

∞∑
n=0

Wnx
n =

W0 + (W1 − rW0)x+ (W2 − rW1 − sW0)x2 + (W3 − rW2 − sW1 − tW0)x3

1− rx− sx2 − tx3 − ux4
.

�

We next find Binet’s formula of generalized (r, s, t, u) numbers {Wn} by the use

of generating function for Wn.

Theorem 2 (Binet’s formula of generalized (r, s, t, u) numbers).

Wn =
q1α

n

(α− β)(α− γ)(α− δ)
+

q2β
n

(β − α)(β − γ)(β − δ)
+

q3γ
n

(γ − α)(γ − β)(γ − δ)

+
q4δ

n

(δ − α)(δ − β)(δ − γ)
, (1.5)

where

q1 = W0α
3 + (W1 − rW0)α

2 + (W2 − rW1 − sW0)α+ (W3 − rW2 − sW1 − tW0),

q2 = W0β
3 + (W1 − rW0)β

2 + (W2 − rW1 − sW0)β + (W3 − rW2 − sW1 − tW0),

q3 = W0γ
3 + (W1 − rW0)γ

2 + (W2 − rW1 − sW0)γ + (W3 − rW2 − sW1 − tW0),

q4 = W0δ
3 + (W1 − rW0)δ

2 + (W2 − rW1 − sW0)δ + (W3 − rW2 − sW1 − tW0).

Proof. Let

h(x) = 1− rx− sx2 − tx3 − ux4.

Then for some α, β, γ and δ we write

h(x) = (1− αx)(1− βx)(1− γx)(1− δx)

i.e.,

1− rx− sx2 − tx3 − tx4 = (1− αx)(1− βx)(1− γx)(1− δx). (1.6)

Hence 1
α ,

1
β ,

1
γ and 1

δ are the roots of h(x). This gives α, β, γ and δ as the roots of

h(
1

x
) = 1− r

x
− s

x2
− t

x3
− u

x4
= 0.
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This implies x4 − rx3 − sx2 − tx− u = 0. Now, by (1.4) and (1.6), it follows that

∞∑
n=0

Wnx
n =

W0 + (W1 − rW0)x+ (W2 − rW1 − sW0)x2 + (W3 − rW2 − sW1 − tW0)x3

(1− αx)(1− βx)(1− γx)(1− δx)
.

Then we write

W0 + (W1 − rW0)x+ (W2 − rW1 − sW0)x
2 + (W3 − rW2 − sW1 − tW0)x

3

(1− αx)(1− βx)(1− γx)(1− δx)

=
B1

(1− αx)
+

B2

(1− βx)
+

B3

(1− γx)
+

B4

(1− δx)
. (1.7)

So

W0 + (W1 − rW0)x+ (W2 − rW1 − sW0)x
2 + (W3 − rW2 − sW1 − tW0)x

3

= B1(1− βx)(1− γx)(1− δx) +B2(1− αx)(1− γx)(1− δx)

+B3(1− αx)(1− βx)(1− δx) +B3(1− αx)(1− βx)(1− γx).

If we consider x = 1
α , we get W0 + (W1 − rW0)

1
α + (W2 − rW1 − sW0)

1
α2 + (W3 −

rW2 − sW1 − tW0)
1
α3 = B1(1− β

α)(1− γ
α)(1− δ

α). This gives

B1 =
α3(W0 + (W1 − rW0) 1

α + (W2 − rW1 − sW0) 1
α2 + (W3 − r2W2 − sW1 − t5W0) 1

α3 )

(α− β)(α− γ)(α− δ)

=
W0α

3 + (W1 − rW0)α2 + (W2 − rW1 − sW0)α+ (W3 − rW2 − sW1 − tW0)

(α− β)(α− γ)(α− δ)
.

Similarly, we obtain

B2 =
W0β

3 + (W1 − rW0)β
2 + (W2 − rW1 − sW0)β + (W3 − rW2 − sW1 − tW0)

(β − α)(β − γ)(β − δ)
,

B3 =
W0γ

3 + (W1 − rW0)γ
2 + (W2 − rW1 − sW0)γ + (W3 − rW2 − sW1 − tW0)

(γ − α)(γ − β)(γ − δ)
,

B4 =
W0δ

3 + (W1 − rW0)δ
2 + (W2 − rW1 − sW0)δ + (W3 − rW2 − sW1 − tW0)

(δ − α)(δ − β)(δ − γ)
.

Thus (1.7) can be written as

∞∑
n=0

Wnx
n = B1(1− αx)−1 +B2(1− βx)−1 +B3(1− γx)−1 +B4(1− δx)−1.
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This gives

∞∑
n=0

Wnx
n = B1

∞∑
n=0

αnxn +B2

∞∑
n=0

βnxn +B3

∞∑
n=0

γnxn +B4

∞∑
n=0

δnxn

=
∞∑
n=0

(B1α
n +B2β

n +B3γ
n +B4δ

n)xn.

Therefore, comparing coefficients on both sides of the above equality, we obtain

Wn = B1α
n +B2β

n +B3γ
n +B4δ

n

and then we get (1.5). �

Note that from (1.3) and (1.5) we have

W3 − (β + γ + δ)W2 + (βγ + βδ + γδ)W1 − βγδW0

= W0α
3 + (W1 − rW0)α

2 + (W2 − rW1 − sW0)α+ (W3 − rW2 − sW1 − tW0),

W3 − (α+ γ + δ)W2 + (αγ + αδ + γδ)W1 − αγδW0

= W0β
3 + (W1 − rW0)β

2 + (W2 − rW1 − sW0)β + (W3 − rW2 − sW1 − tW0),

W3 − (α+ β + δ)W2 + (αβ + αδ + βδ)W1 − αβδW0

= W0γ
3 + (W1 − rW0)γ

2 + (W2 − rW1 − sW0)γ + (W3 − rW2 − sW1 − tW0),

W3 − (α+ β + γ)W2 + (αβ + αγ + βγ)W1 − αβγW0

= W0δ
3 + (W1 − rW0)δ

2 + (W2 − rW1 − sW0)δ + (W3 − rW2 − sW1 − tW0).

In this paper, we define and investigate, in detail, three special cases of

the generalized (r, s, t, u) sequence {Wn} which we call them (r, s, t, u), Lucas

(r, s, t, u) and modified (r, s, t, u) sequences. (r, s, t, u) sequence{Gn}n≥0, Lucas

(r, s, t, u) sequence {Hn}n≥0 and modified (r, s, t, u) sequence {En}n≥0 are defined,
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respectively, by the fourth-order recurrence relations

Gn+4 = rGn+3 + sGn+2 + tGn+1 + uGn,

G0 = 0, G1 = 1, G2 = r,G3 = r2 + s,

Hn+4 = rHn+3 + sHn+2 + tHn+1 + uHn,

H0 = 4, H1 = r,H2 = 2s+ r2, H3 = r3 + 3sr + 3t,

En+4 = rEn+3 + sEn+2 + tEn+1 + uEn,

E0 = 1, E1 = r − 1, E2 = −r + s+ r2, E3 = r3 − r2 + 2sr − s+ t.

The sequences {Gn}n≥0, {Hn}n≥0 and {En}n≥0 can be extended to negative

subscripts by defining

G−n = − t
u
G−(n−1) −

s

u
G−(n−2) −

r

u
G−(n−3) +

1

u
G−(n−4), (1.8)

H−n = − t
u
H−(n−1) −

s

u
H−(n−2) −

r

u
H−(n−3) +

1

u
H−(n−4), (1.9)

E−n = − t
u
E−(n−1) −

s

u
E−(n−2) −

r

u
E−(n−3) +

1

u
E−(n−4), (1.10)

for n = 1, 2, 3, ... respectively. Therefore, recurrences (1.8), (1.9) and (1.10) hold for

all integers n.

Next, we present the first few values of the (r, s, t, u), Lucas (r, s, t, u) and

modified (r, s, t, u) numbers with positive and negative subscripts:

Table 1. The first few values of the special fourth-order numbers with positive and

negative subscripts.

n 0 1 2 3 4

Gn 0 1 r r2 + s r3 + 2sr + t

G−n 0 0 1
u − t

u2

Hn 4 r 2s+ r2 r3 + 3sr + 3t r4 + 4r2s+ 4tr + 2s2 + 4u

H−n − t
u

1
u2

(t2 − 2su) − 1
u3

(t3 − 3stu+ 3ru2) 1
u4

(2s2u2 − 4st2u+ t4 + 4rtu2 + 4u3)

En 1 r − 1 −r + s+ r2 r3 − r2 + 2sr − s+ t r4 − r3 + 3r2s− 2rs+ 2tr + s2 − t+ u

E−n 0 0 − 1
u

1
u2

(t+ u)

Some special cases of (r, s, t, u) sequence {Gn(0, 1, r, r2 + s; r, s, t, u)} and Lucas

(r, s, t, u) sequence {Hn(4, r, 2s+ r2, r3 + 3sr + 3t; r, s, t, u)} are as follows:

Earthline J. Math. Sci. Vol. 5 No. 2 (2021), 297-327
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1. Gn(0, 1, 1, 2; 1, 1, 1, 1) = Mn, Tetranacci sequence,

2. Hn(4, 1, 3, 7; 1, 1, 1, 1) = Rn, Tetranacci-Lucas sequence,

3. Gn(0, 1, 2, 5; 2, 1, 1, 1) = Pn, fourth-order Pell sequence,

4. Hn(4, 2, 6, 17; 2, 1, 1, 1) = Qn, fourth-order Pell-Lucas sequence,

5. Gn(0, 1, 1, 2; 1, 1, 1, 2) = Sn, adjusted fourth-order Jacobsthal sequence,

6. Hn(4, 1, 3, 7; 1, 1, 1, 2) = Rn, modified fourth-order Jacobsthal-Lucas sequence.

For all integers n, (r, s, t, u), Lucas (r, s, t, u) and modified (r, s, t, u) numbers

(using initial conditions in (1.3) or (1.5)) can be expressed using Binet’s formulas as

Gn =
αn+2

(α− β)(α− γ)(α− δ)
+

βn+2

(β − α)(β − γ)(β − δ)
+

γn+2

(γ − α)(γ − β)(γ − δ)

+
δn+2

(δ − α)(δ − β)(δ − γ)
,

Hn = αn + βn + γn + δn,

En =
(α− 1)αn+2

(α− β)(α− γ)(α− δ)
+

(β − 1)βn+2

(β − α)(β − γ)(β − δ)
+

(γ − 1)γn+2

(γ − α)(γ − β)(γ − δ)

+
(δ − 1)δn+2

(δ − α)(δ − β)(δ − γ)
,

respectively.

Note that for all n we have

En = Gn+1 −Gn,

and

G−n =
Λ1

Λ2
Gn, n ≥ 1,

E−n =
Ω1

Ω2
En, n ≥ 1,
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where

Λ1 = (δ − γ) (β − δ) (β − γ)α2−n+(γ−δ)(α−δ)(α−γ)β2−n+(δ−β)(α−δ)(α−
β)γ2−n + (β − γ)(α− γ)(α− β)δ2−n,

Λ2 = (δ − γ) (β − δ) (β − γ)αn+2+(γ−δ)(α−δ)(α−γ)βn+2+(δ−β)(α−δ)(α−
β)γn+2 + (β − γ)(α− γ)(α− β)δn+2,

Ω1 = (γ− δ)(β− δ)(β− γ)(α− 1)α2−n + (δ− γ)(α− δ)(α− γ)(β− 1)β2−n + (β−
δ)(α− δ)(α− β)(γ − 1)γ2−n + (γ − β)(α− γ)(α− β)(δ − 1)δ2−n,

Ω2 = (γ− δ)(β− δ)(β− γ)(α− 1)αn+2 + (δ− γ)(α− δ)(α− γ)(β− 1)βn+2 + (β−
δ)(α− δ)(α− β)(γ − 1)γn+2 + (γ − β)(α− γ)(α− β)(δ − 1)δn+2.

Lemma 1 gives the following results as particular examples (generating functions

of (r, s, t, u), Lucas (r, s, t, u) and modified (r, s, t, u) numbers).

Corollary 3. Generating functions of (r, s, t, u), Lucas (r, s, t, u) and modified

(r, s, t, u) numbers are

∞∑
n=0

Gnx
n =

x

1− rx− sx2 − tx3 − ux4
,

∞∑
n=0

Hnx
n =

4− 3rx− 2sx2 − tx3

1− rx− sx2 − tx3 − ux4
,

∞∑
n=0

Enx
n =

1− x
1− rx− sx2 − tx3 − ux4

,

respectively.

Proof. In Lemma 1, take Wn = Gn with G0 = 0, G1 = 1, G2 = r,G3 = r2 + s,

Wn = Hn with H0 = 4, H1 = r,H2 = 2s+ r2, H3 = r3 + 3sr+ 3t, and Wn = En with

E0 = 1, E1 = r − 1, E2 = −r + s+ r2, E3 = r3 − r2 + 2sr − s+ t, respectively. �
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2 Simson Formulas

There is a well-known Simson Identity (formula) for Fibonacci sequence {Fn},
namely,

Fn+1Fn−1 − F 2
n = (−1)n

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity

(formula) as well. This can be written in the form

∣∣∣∣∣ Fn+1 Fn

Fn Fn−1

∣∣∣∣∣ = (−1)n.

The following theorem gives generalization of this result to the generalized (r, s, t, u)

sequence {Wn}n≥0.

Theorem 4 (Simson Formula of Generalized (r, s, t, u) Numbers). For all integers

n, we have

∣∣∣∣∣∣∣∣∣∣
Wn+3 Wn+2 Wn+1 Wn

Wn+2 Wn+1 Wn Wn−1

Wn+1 Wn Wn−1 Wn−2

Wn Wn−1 Wn−2 Wn−3

∣∣∣∣∣∣∣∣∣∣
= (−1)nun

∣∣∣∣∣∣∣∣∣∣
W3 W2 W1 W0

W2 W1 W0 W−1

W1 W0 W−1 W−2

W0 W−1 W−2 W−3

∣∣∣∣∣∣∣∣∣∣
. (2.1)

Proof. (2.1) is given in Soykan [11]. �

The previous theorem gives the following results as particular examples.

Corollary 5. For all integers n, Simson formula of (r, s, t, u), Lucas (r, s, t, u) and
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modified (r, s, t, u) numbers are given as, respectively,∣∣∣∣∣∣∣∣∣∣
Gn+3 Gn+2 Gn+1 Gn

Gn+2 Gn+1 Gn Gn−1

Gn+1 Gn Gn−1 Gn−2

Gn Gn−1 Gn−2 Gn−3

∣∣∣∣∣∣∣∣∣∣
= (−1)n+1un−1,

∣∣∣∣∣∣∣∣∣∣
Hn+3 Hn+2 Hn+1 Hn

Hn+2 Hn+1 Hn Hn−1

Hn+1 Hn Hn−1 Hn−2

Hn Hn−1 Hn−2 Hn−3

∣∣∣∣∣∣∣∣∣∣
= (−1)nun−3g(r, s, t, u),

∣∣∣∣∣∣∣∣∣∣
En+3 En+2 En+1 En

En+2 En+1 En En−1

En+1 En En−1 En−2

En En−1 En−2 En−3

∣∣∣∣∣∣∣∣∣∣
= (−1)nun−1(r + s+ t+ u− 1),

where

g(r, s, t, u) = 27r4u2 − 18r3stu+ 4r3t3 + 4r2s3u− r2s2t2 + 144r2su2 − 6r2t2u−
80rs2tu+ 18rst3 + 192rtu2 + 16s4u− 4s3t2 + 128s2u2 − 144st2u+ 27t4 + 256u3.

3 Some Identities

In this section, we obtain some identities of (r, s, t, u), Lucas (r, s, t, u) and modified

(r, s, t, u) numbers. Firstly, we can give a few basic relations between {Gn} and

{Hn}.

Lemma 6. The following equalities are true:

(a) u3Hn = (−t3 + 3stu− 3ru2)Gn+4 + (rt3 − 2su2 + t2u+ 3r2u2 − 3rstu)Gn+3 +

(−3s2tu+st3+5rsu2−rt2u−tu2)Gn+2+(2s2u2+t4+4u3+4rtu2−4st2u)Gn+1.

(b) u2Hn = (−2su + t2)Gn+3 − (rt2 + tu − 2rsu)Gn+2 + (−st2 + 2s2u + 4u2 +

rtu)Gn+1 − (3ru2 + t3 − 3stu)Gn.
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(c) uHn = −tGn+2 + (4u+ rt)Gn+1 + (−3ru+ st)Gn + (−2su+ t2)Gn−1.

(d) Hn = 4Gn+1 − 3rGn − 2sGn−1 − tGn−2.

(e) (16s4u+4r3t3−4s3t2+27r4u2+128s2u2+27t4+256u3−r2s2t2+18rst3+192rtu2−
144st2u+144r2su2+4r2s3u−6r2t2u−80rs2tu−18r3stu)Gn = (−6st2+16s2u−
2r2t2 +64u2 +6r2su+8rtu)Hn+3 +(−6r3su+2r3t2−5r2tu−20rs2u+7rst2−
16ru2−32stu+9t3)Hn+2 +(−3r3tu−2r2s2u+ r2st2−12r2u2−4rstu−3rt3−
8s3u+ 4s2t2− 32su2− 12t2u)Hn+1 + (−9r3u2 + r2stu− 32rsu2− 3rt2u+ 4s2t

u− 48tu2)Hn.

(f) (16s4u+4r3t3−4s3t2+27r4u2+128s2u2+27t4+256u3−r2s2t2+18rst3+192rtu2−
144st2u+144r2su2 +4r2s3u−6r2t2u−80rs2tu−18r3stu)Gn = (48ru2 +9t3 +

rst2 − 4rs2u+ 3r2tu− 32stu)Hn+2 + (−3r3tu+ 4r2s2u− r2st2 − 12r2u2 + 4rs

tu− 3rt3 + 8s3u− 2s2t2 + 32su2 − 12t2u)Hn+1 + (−9r3u2 + 7r2stu− 2r2t3 −
32rsu2 + 5rt2u+ 20s2tu− 6st3 + 16tu2)Hn + (16s2u2 + 64u3 + 8rtu2− 6st2u+

6r2su2 − 2r2t2u)Hn−1.

(g) (16s4u + 4r3t3 − 4s3t2 + 27r4u2 + 128s2u2 + 27t4 + 256u3 − r2s2t2 + 18rst3 +

192rtu2 − 144st2u + 144r2su2 + 4r2s3u − 6r2t2u − 80rs2tu − 18r3stu)Gn =

(6rt3 + 32su2 + 8s3u− 12t2u+ 36r2u2− 2s2t2− 28rstu)Hn+1 + (3st3 + 16tu2−
2r2t3−9r3u2+16rsu2−4rs3u+5rt2u−12s2tu+rs2t2+10r2stu)Hn+(16s2u2+

9t4 + 64u3 + rst3 + 56rtu2− 38st2u+ 6r2su2 + r2t2u− 4rs2tu)Hn−1 + (48ru3 +

9t3u− 32stu2 − 4rs2u2 + 3r2tu2 + rst2u)Hn−2.

Proof. Note that all the identities hold for all integers n. We prove (a). To show (a),

writing

Hn = a×Gn+4 + b×Gn+3 + c×Gn+2 + d×Gn+1

and solving the system of equations

H0 = a×G4 + b×G3 + c×G2 + d×G1

H1 = a×G5 + b×G4 + c×G3 + d×G2

H2 = a×G6 + b×G5 + c×G4 + d×G3

H3 = a×G7 + b×G6 + c×G5 + d×G4
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we find that

a =
1

u3
(−t3 + 3stu− 3ru2),

b =
1

u3
(rt3 − 2su2 + t2u+ 3r2u2 − 3rstu),

c =
1

u3
(−3s2tu+ st3 + 5rsu2 − rt2u− tu2),

d =
1

u3
(2s2u2 + t4 + 4u3 + 4rtu2 − 4st2u).

The other equalities can be proved similarly. �

Secondly, we present a few basic relations between {Gn} and {En}.

Lemma 7. The following equalities are true:

(a) uEn = −Gn+4 + rGn+3 + sGn+2 + (t+ u)Gn+1.

(b) En = Gn+1 −Gn.

(c) (r + s+ t+ u− 1)Gn = En+1 − (r − 1)En + (t+ u)En−1 + uEn−2.

Note that all the identities in the above lemma can be proved by induction as

well.

Thirdly, we give a few basic relations between {Hn} and {En}.

Lemma 8. The following equalities are true:

(a) (r + s+ t+ u− 1)Hn = −(3r + 2s+ t− 4)En+1 + (−3r + 2s+ 3t+ 4u+ 2rs+

rt+ 3r2)En + (−2s+ 3t+ 4u+ 2rs− 2rt− 3ru+ st+ 2s2)En−1 + (−t+ 4u+

rt− 3ru+ st− 2su+ t2)En−2.

(b) (16s4u + 4r3t3 − 4s3t2 + 27r4u2 + 128s2u2 + 27t4 + 256u3 − r2s2t2 + 18rst3 +

192rtu2 − 144st2u + 144r2su2 + 4r2s3u − 6r2t2u − 80rs2tu − 18r3stu)En =

(48ru2+6st2−16s2u+2r2t2+9t3−64u2+rst2−4rs2u−6r2su+3r2tu−8rtu−32s

tu)Hn+3+(−3rt3+16ru2+32su2+8s3u−12t2u−2r3t2−12r2u2−2s2t2−9t3−
7rst2 +20rs2u+6r3su+5r2tu−3r3tu−r2st2 +4r2s2u+32stu+4rstu)Hn+2 +

Earthline J. Math. Sci. Vol. 5 No. 2 (2021), 297-327



312 Yüksel Soykan

(3rt3−6st3+32su2+8s3u+16tu2+12t2u−2r2t3+12r2u2−4s2t2−9r3u2−32rs

u2 + 5rt2u+ 3r3tu+ 20s2tu− r2st2 + 2r2s2u+ 7r2stu+ 4rstu)Hn+1 +u(3rt2−
6st2−4s2t+9r3u+16s2u−2r2t2+48tu+64u2−r2st+6r2su+32rsu+8rtu)Hn.

Next, we give a few basic relations between {Gn} and {Wn}.

Lemma 9. The following equalities are true:

(a) u2Wn = (−tW3 + (u+ rt)W2 + (st− ru)W1 + (t2− su)W0)Gn+3 + ((u+ rt)W3−
r(2u+rt)W2 +(r2u−rst−su)W1 +(rsu− tu−rt2)W0)Gn+2 +((st−ru)W3 +

(r2u− su− rst)W2 + s(2ru− st)W1 + (rtu+ u2 + s2u− st2)W0)Gn+1 + ((t2−
su)W3+(rsu−tu−rt2)W2+(rtu+u2−st2+s2u)W1+(2stu−ru2−t3)W0)Gn.

(b) uWn = (W3−rW2−sW1−tW0)Gn+2+(−rW3+r2W2+rsW1+(u+rt)W0)Gn+1+

(−sW3 + rsW2 + (u+ s2)W1 + (st− ru)W0)Gn + (−tW3 + (u+ rt)W2 + (st−
ru)W1 + (t2 − su)W0)Gn−1.

(c) Wn = W0Gn+1 +(W1−rW0)Gn+(W2−rW1−sW0)Gn−1 +(W3−rW2−sW1−
tW0)Gn−2.

Now, we present a basic relation between {Hn} and {Wn}.

Lemma 10. The following equality is true:

(16s4u + 4r3t3 − 4s3t2 + 27r4u2 + 128s2u2 + 27t4 + 256u3 − r2s2t2 + 18rst3 +

192rtu2−144st2u+144r2su2+4r2s3u−6r2t2u−80rs2tu−18r3stu)Wn = X1Hn+3+

X2Hn+2 +X3Hn+1 +X4Hn

where

X1 = 2(3r3t−6r2u−r2s2−16su−4s3 +18t2 +14rst)W3 +(8rs3−39rt2−6r4t+

4s2t+ 3r3u+ 2r3s2 − 48tu− 27r2st)W2 + (−42st2 + 9r4u+ 48s2u+ 2r2s3 + r2t2 +

8s4 + 64u2 − 32rs2t− 7r3st+ 50r2su+ 56rtu)W1 + (−16ru2 + 4s3t− 4r3t2 − 27t3 −
18rst2 + 12rs2u+ 3r3su+ 7r2tu+ r2s2t+ 48stu)W0,

X2 = (8rs3− 39rt2− 6r4t+ 4s2t+ 3r3u+ 2r3s2− 48tu− 27r2st)W3 + 2(−3st2 +

3r5t + 3r4u + 8s2u − 4r2s3 + 20r2t2 − r4s2 + 32u2 − 4rs2t + 13r3st + 19r2su +

52rtu)W2 + (−8rs4 − 80ru2 − 4s3t− 9r5u− 2r3s3 + r3t2 + 9t3 + 52rst2 − 36rs2u+
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7r4st−47r3su−61r2tu+31r2s2t+16stu)W1+(−3r4su+4r4t2−r3s2t−r3tu−14r2s2

u+ 18r2st2 + 4r2u2 − 4rs3t− 20rstu+ 27rt3 − 8s3u− 32su2 + 36t2u)W0,

X3 = (−6r4tu−r3s2u+4r3st2+3r3u2−r2s3t−34r2stu−4rs3u+18rs2t2+16rsu2−
39rt2u−4s4t−44s2tu+27st3−48tu2)W0+2(−6r4su−r4t2+4r3s2t+r3tu−r2s4−32

r2s2u− 5r2st2 + 2r2u2 + 18rs3t− 38rstu− 6rt3 − 4s5 − 28s3u+ 23s2t2 − 48su2 − 6

t2u)W1 + (−8rs4 − 80ru2 − 4s3t − 9r5u − 2r3s3 + r3t2 + 9t3 + 52rst2 − 36rs2u +

7r4st− 47r3su− 61r2tu+ 31r2s2t+ 16stu)W2 + (−42st2 + 9r4u+ 48s2u+ 2r2s3 +

r2t2 + 8s4 + 64u2 − 32rs2t− 7r3st+ 50r2su+ 56rtu)W3,

X4 = (−16ru2 + 4s3t− 4r3t2− 27t3− 18rst2 + 12rs2u+ 3r3su+ 7r2tu+ r2s2t+

48stu)W3 + (−3r4su + 4r4t2 − r3s2t − r3tu − 14r2s2u + 18r2st2 + 4r2u2 − 4rs3t −
20rstu+ 27rt3− 8s3u− 32su2 + 36t2u)W2 + (−6r4tu− r3s2u+ 4r3st2 + 3r3u2− r2s3

t−34r2stu−4rs3u+18rs2t2 +16rsu2−39rt2u−4s4t−44s2tu+27st3−48tu2)W1 +

(8s4u + 4r3t3 − 4s3t2 + 9r4u2 + 48s2u2 + 27t4 + 64u3 − r2s2t2 + 18rst3 + 72rtu2 −
90st2u+ 50r2su2 + 2r2s3u− 6r2t2u− 44rs2tu− 10r3stu)W0.

Next, we give a basic relation between {En} and {Wn}.

Lemma 11. The following equality is true:

(r + s + t + u − 1)Wn = (W3 + (1 − r)W2 + (1 − r − s)W1 + (1 − r − s −
t)W0)En+1 + ((1− r)W3 + (r− 1)2W2 + (1− 2r− s+ rs+ r2)W1 + (u− r+ rs+ rt+

r2)W0)En + ((1− r− s)W3 + (1− 2r− s+ rs+ r2)W2 + (u− r− s+ t+ 2rs+ r2 +

s2)W1 + (u− s+ rs− ru+ st+ s2)W0)En−1 + ((1− r− s− t)W3 + (u− r+ rt+ rs+

r2)W2 + (u− s+ rs− ru+ st+ s2)W1 + (u− t+ rt− ru+ st− su+ t2)W0)En−2

We now present a few special identities for the modified (r, s, t, u) sequence

{En}.

Theorem 12 (Catalan’s identity). For all integers n and m, the following identity

holds

En+mEn−m − E2
n = Gm+n+1 (G−m+n+1 −G−m+n) +Gm+n (G−m+n −G−m+n+1)

− (Gn+1 −Gn)2 .
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Proof. We use the identity

En = Gn+1 −Gn.

�

Note that for m = 1 in Catalan’s identity, we get the Cassini’s identity for the

modified (r, s, t, u) sequence.

Corollary 13 (Cassini’s identity). For all integers numbers n and m, the following

identity holds

En+1En−1 − E2
n = (Gn+2 −Gn+1)(Gn −Gn−1)− (Gn+1 −Gn)2.

The d’Ocagne’s, Gelin-Cesàro’s and Melham’s identities can also be obtained by

using En = Gn+1 −Gn. The next theorem presents d’Ocagne’s, Gelin-Cesàro’s and

Melham’s identities of modified (r, s, t, u) sequence {En}.

Theorem 14. Let n and m be any integers. Then the following identities are true:

(a) (d’Ocagne’s identity)

Em+1En − EmEn+1 = Gm+2 (Gn+1 −Gn) +Gm+1 (Gn −Gn+2)

+Gm (Gn+2 −Gn+1) .

(b) (Gelin-Cesàro’s identity)

En+2En+1En−1En−2 − E4
n

= (Gn+3 −Gn+2)(Gn+2 −Gn+1)(Gn −Gn−1)(Gn−1 −Gn−2)− (Gn+1 −Gn)4.

(c) (Melham’s identity)

En+1En+2En+6 − E3
n+3 = (Gn+2 −Gn+1)(Gn+3 −Gn+2)(Gn+7 −Gn+6)

−(Gn+4 −Gn+3)
3.

Proof. Use the identity En = Gn+1 −Gn. �
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4 Sum Formulas

The following theorem presents sum formulas of generalized (r, s, t, u) numbers

(generalized Tetranacci numbers).

Theorem 15. For all integers m and j, if (H2
m−H2m−2Hm+2(1−H−m)(−u)m+

2) 6= 0, then we have

n∑
k=0

Wmk+j =
∆

1
2(H2

m −H2m − 2Hm + 2(1−H−m)(−u)m + 2)
(4.1)

where

∆ = −Wmn+2m+j + (Hm − 1)Wmn+m+j + (−u)m (1−H−m)Wmn+j +

(−u)mWmn−m+j−(−u)mW−m+j+W2m+j−(Hm−1)Wm+j−(Hm+ 1
2(H2m−H2

m)−
1)Wj .

Proof. Note that

n∑
k=0

Wmk+j = Wmn+j +

n−1∑
k=0

Wmk+j

= Wmn+j +
n−1∑
k=0

(A1α
mk+j +A2β

mk+j +A3γ
mk+j +A4δ

mk+j)

= Wmn+j +A1α
j

(
αmn − 1

αm − 1

)
+A2β

j

(
βmn − 1

βm − 1

)
+A3γ

j

(
γmn − 1

γm − 1

)
+A4δ

j

(
δmn − 1

δm − 1

)
.

Simplifying the last equalities in the last two expression imply (4.1) as required.

�

Note that (4.1) can be written in the following form:

n∑
k=1

Wmk+j =
Ω

1
2(H2

m −H2m − 2Hm + 2(1−H−m)(−u)m + 2)

where
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Ω = −Wmn+2m+j + (Hm − 1)Wmn+m+j + (Hm + 1
2(H2m − H2

m) − 1)Wmn+j +

(−u)mWmn−m+j − (−u)mW−m+j +W2m+j − (Hm−1)Wm+j + (−u)m (H−m−1)Wj .

As special cases of the above theorem, we have the following corollaries. Firstly,

as special cases of the above theorem, we have the following corollary for the

generalized Tetranacci numbers.

Corollary 16. The following identities hold:

1. m = 1, j = 0.

(a)
∑n

k=0Mk = 1
3(Mn+2 + 2Mn +Mn−1 − 1).

(b)
∑n

k=0Rk = 1
3(Rn+2 + 2Rn +Rn−1 + 2).

2. m = −1, j = 0.

(a)
∑n

k=0M−k = 1
3(−M−n+1 − 2M−n−1 −M−n−2 + 1).

(b)
∑n

k=0R−k = 1
3(−R−n+1 − 2R−n−1 −R−n−2 + 10).

3. m = 4, j = −6.

(a)
∑n

k=0M4k−6 = 1
3(M4n+2 − 14M4n−2 + 6M4n−6 −M4n−10 − 1).

(b)
∑n

k=0R4k−6 = 1
3(R4n+2 − 14R4n−2 + 6R4n−6 −R4n−10 − 10).

4. m = −3, j = 2.

(a)
∑n

k=0M−3k+2 = 1
9(−M−3n+5 + 6M−3n+2 − 2M−3n−1 −M−3n−4 + 10).

(b)
∑n

k=0R−3k+2 = 1
9(−R−3n+5 + 6R−3n+2 − 2R−3n−1 −R−3n−4 + 40).

Secondly, as special cases of the above theorem, we have the following corollary

for the generalized fourth-order Pell numbers.

Corollary 17. The following identities hold:

1. m = 1, j = 0.
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(a)
∑n

k=0 Pk = 1
4(Pn+2 − Pn+1 + 2Pn + Pn−1 − 1).

(b)
∑n

k=0Qk = 1
4(Qn+2 −Qn+1 + 2Qn +Qn−1 + 5).

(c)
∑n

k=0Ek = 1
4(En+2 − En+1 + 2En + En−1).

2. m = −1, j = 0.

(a)
∑n

k=0 P−k = 1
4(−P−n+1 + P−n − 2P−n−1 − P−n−2 + 1).

(b)
∑n

k=0Q−k = 1
4(−Q−n+1 +Q−n − 2Q−n−1 −Q−n−2 + 11).

(c)
∑n

k=0E−k = 1
4(−E−n+1 + E−n − 2E−n−1 − E−n−2).

3. m = 4, j = −6.

(a)
∑n

k=0 P4k−6 = 1
16(P4n+2 − 45P4n−2 + 10P4n−6 − P4n−10 − 15).

(b)
∑n

k=0Q4k−6 = 1
16(Q4n+2 − 45Q4n−2 + 10Q4n−6 −Q4n−10 − 5).

(c)
∑n

k=0E4k−6 = 1
16(E4n+2 − 45E4n−2 + 10E4n−6 − E4n−10 − 100).

4. m = −3, j = 2.

(a)
∑n

k=0 P−3k+2 = 1
28(16P−3n+2 − 5P−3n−1 − P−3n−4 − P−3n+5 + 57).

(b)
∑n

k=0Q−3k+2 = 1
28(16Q−3n+2 − 5Q−3n−1 −Q−3n−4 −Q−3n+5 + 195).

(c)
∑n

k=0E−3k+2 = 1
28(16E−3n+2 − 5E−3n−1 − E−3n−4 − E−3n+5 + 32).

Thirdly, as special cases of the above theorem, we have the following corollary

for the generalized fourth-order Jacobsthal numbers.

Corollary 18. The following identities hold:

1. m = 1, j = 0.

(a)
∑n

k=0 Jk = 1
4(Jn+2 + 3Jn + 2Jn−1).

(b)
∑n

k=0 jk = 1
4(jn+2 + 3jn + 2jn−1 − 5).

(c)
∑n

k=0Kk = 1
4(Kn+2 + 3Kn + 2Kn−1 − 3).
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(d)
∑n

k=0Qk = 1
4(Qn+2 + 3Qn + 2Qn−1 − 2).

(e)
∑n

k=0 Sk = 1
4(Sn+2 + 3Sn + 2Sn−1 − 1).

(f)
∑n

k=0Rk = 1
4(Rn+2 + 3Rn + 2Rn−1 + 2).

2. m = −1, j = 0.

(a)
∑n

k=0 J−k = 1
4(−J−n+1 − 3J−n−1 − 2J−n−2).

(b)
∑n

k=0 j−k = 1
4(−j−n+1 − 3j−n−1 − 2j−n−2 + 13).

(c)
∑n

k=0K−k = 1
4(−K−n+1 − 3K−n−1 − 2K−n−2 + 15).

(d)
∑n

k=0Q−k = 1
4(−Q−n+1 − 3Q−n−1 − 2Q−n−2 + 14).

(e)
∑n

k=0 S−k = 1
4(−S−n+1 − 3S−n−1 − 2S−n−2 + 1).

(f)
∑n

k=0R−k = 1
4(−R−n+1 − 3R−n−1 − 2R−n−2 + 14).

3. m = 3, j = −6.

(a)
∑n

k=0 J3k−6 = 1
448(16J3n − 96J3n−3 + 240J3n−6 + 128J3n−9 + 179).

(b)
∑n

k=0 j3k−6 = 1
224(8j3n − 48j3n−3 + 120j3n−6 + 64j3n−9 − 79).

(c)
∑n

k=0K3k−6 = 1
448(16K3n − 96K3n−3 + 240K3n−6 + 128K3n−9 − 591).

(d)
∑n

k=0Q3k−6 = 1
448(16Q3n − 96Q3n−3 + 240Q3n−6 + 128Q3n−9 − 643).

(e)
∑n

k=0 S3k−6 = 1
112(4S3n − 24S3n−3 + 60S3n−6 + 32S3n−9 + 13).

(f)
∑n

k=0R3k−6 = 1
448(16R3n − 96R3n−3 + 240R3n−6 + 128R3n−9 − 225).

4. m = −3, j = 2.

(a)
∑n

k=0 J−3k+2 = 1
28(−J−3n+5 + 6J−3n+2 − 15J−3n−1 − 8J−3n−4 + 20).

(b)
∑n

k=0 j−3k+2 = 1
28(−j−3n+5 + 6j−3n+2 − 15j−3n−1 − 8j−3n−4 + 169).

(c)
∑n

k=0K−3k+2 = 1
28(−K−3n+5 + 6K−3n+2 − 15K−3n−1 − 8K−3n−4 + 139).

(d)
∑n

k=0Q−3k+2 = 1
28(−Q−3n+5 + 6Q−3n+2 − 15Q−3n−1 − 8Q−3n−4 + 110).

(e)
∑n

k=0 S−3k+2 = 1
28(−S−3n+5 + 6S−3n+2 − 15S−3n−1 − 8S−3n−4 + 29).

(f)
∑n

k=0R−3k+2 = 1
28(−R−3n+5 + 6R−3n+2 − 15R−3n−1 − 8R−3n−4 + 114).
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5 Matrices Related with Generalized (r, s, t, u) Numbers

Matrix formulation of Wn can be given as
Wn+3

Wn+2

Wn+1

Wn

 =


r s t u

1 0 0 0

0 1 0 0

0 0 1 0


n

W3

W2

W1

W0

 . (5.1)

For matrix formulation (5.1), see [5]. In fact, Kalman give the formula in the

following form 
Wn

Wn+1

Wn+2

Wn+3

 =


0 1 0 0

0 0 1 0

0 0 0 1

r s t u


n

W0

W1

W2

W3

 .

We define the square matrix A of order 4 as:

A = Arstu =


r s t u

1 0 0 0

0 1 0 0

0 0 1 0


such that detA = −u. From (1.1) we have

Wn+3

Wn+2

Wn+1

Wn

 =


r s t u

1 0 0 0

0 1 0 0

0 0 1 0




Wn+2

Wn+1

Wn

Wn−1

 . (5.2)

and from (5.1) (or using (5.2) and induction) we have
Wn+3

Wn+2

Wn+1

Wn

 =


r s t u

1 0 0 0

0 1 0 0

0 0 1 0


n

W3

W2

W1

W0

 .
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If we take Wn = Gn in (5.2) we have
Gn+3

Gn+2

Gn+1

Gn

 =


r s t u

1 0 0 0

0 1 0 0

0 0 1 0




Gn+2

Gn+1

Gn

Gn−1

 . (5.3)

We also define

Bn =


Gn+1 sGn + tGn−1 + uGn−2 tGn + uGn−1 uGn

Gn sGn−1 + tGn−2 + uGn−3 tGn−1 + uGn−2 uGn−1

Gn−1 sGn−2 + tGn−3 + uGn−4 tGn−2 + uGn−3 uGn−2

Gn−2 sGn−3 + tGn−4 + uGn−5 tGn−3 + uGn−4 uGn−3


and

Cn =


Wn+1 sWn + tWn−1 + uWn−2 tWn + uWn−1 uWn

Wn sWn−1 + tWn−2 + uWn−3 tWn−1 + uWn−2 uWn−1

Wn−1 sWn−2 + tWn−3 + uWn−4 tWn−2 + uWn−3 uWn−2

Wn−2 sWn−3 + tWn−4 + uWn−5 tWn−3 + uWn−4 uWn−3

 .

Theorem 19. For all integers m,n ≥ 0, we have

(a) Bn = An.

(b) C1A
n = AnC1.

(c) Cn+m = CnBm = BmCn.

Proof.

(a) By expanding the vectors on the both sides of (5.3) to 4-colums and multiplying

the obtained on the right-hand side by A, we get

Bn = ABn−1.

By induction argument, from the last equation, we obtain

Bn = An−1B1.

But B1 = A. It follows that Bn = An.
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(b) Using (a) and definition of C1, (b) follows.

(c) We have Cn = ACn−1. From the last equation, using induction we obtain Cn =

An−1C1. Now

Cn+m = An+m−1C1 = An−1AmC1 = An−1C1A
m = CnBm

and similarly

Cn+m = BmCn.

�

Some properties of matrix An can be given as

An = rAn−1 + sAn−2 + tAn−3 + uAn−4

and

An+m = AnAm = AmAn

and

det(An) = (−u)n

for all integers m and n.

Theorem 20. For m,n ≥ 0, we have

Wn+m = WnGm+1 +Wn−1(sGm + tGm−1 + uGm−2) +Wn−2(tGm + uGm−1)

+uWn−3Gm. (5.4)

Proof. From the equation Cn+m = CnBm = BmCn we see that an element of Cn+m

is the product of row Cn and a column Bm. From the last equation we say that an

element of Cn+m is the product of a row Cn and column Bm. We just compare the

linear combination of the 2nd row and 1st column entries of the matrices Cn+m and

CnBm. This completes the proof. �

Remark 21. By induction, it can be proved that for all integers m,n ≤ 0, (5.4)

holds. So for all integers m,n, (5.4) is true.
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Corollary 22. For all integers m,n, we have

Gn+m = GnGm+1 +Gn−1(sGm + tGm−1 + uGm−2) +Gn−2(tGm + uGm−1)

+uGn−3Gm, (5.5)

Hn+m = HnGm+1 +Hn−1(sGm + tGm−1 + uGm−2) +Hn−2(tGm + uGm−1)

+uHn−3Gm, (5.6)

En+m = EnGm+1 + En−1(sGm + tGm−1 + uGm−2) + En−2(tGm + uGm−1)

+uEn−3Gm. (5.7)

6 Special Matrix Formulas

In this section, we present some specific matrix relations of fourth-order numbers

(generalized (r, s, t, u) numbers).

Firstly, we present some formulas for the generalized Tetranacci numbers.

Corollary 23. For all integers n, we have the following formulas for the generalized

Tetranacci numbers.

(a) Tetranacci Numbers.

An
1111 =


1 1 1 1

1 0 0 0

0 1 0 0

0 0 1 0


n

=


Mn+1 Mn + Mn−1 + Mn−2 Mn + Mn−1 Mn

Mn Mn−1 + Mn−2 + Mn−3 Mn−1 + Mn−2 Mn−1

Mn−1 Mn−2 + Mn−3 + Mn−4 Mn−2 + Mn−3 Mn−2

Mn−2 Mn−3 + Mn−4 + Mn−5 Mn−3 + Mn−4 Mn−3

 .

(b) Tetranacci-Lucas Numbers.

An1111 = 1
563


a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44
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where

a11 = 86Rn+4 − 61Rn+3 − 71Rn+2 − 87Rn+1

a21 = 86Rn+3 − 61Rn+2 − 71Rn+1 − 87Rn

a31 = 86Rn+2 − 61Rn+1 − 71Rn − 87Rn−1

a41 = 86Rn+1 − 61Rn − 71Rn−1 − 87Rn−2

,

a12 = 15Rn+3 + 9Rn+2 + 112Rn+1 − 61Rn

a22 = 15Rn+2 + 9Rn+1 + 112Rn − 61Rn−1

a32 = 15Rn+1 + 9Rn + 112Rn−1 − 61Rn−2

a42 = 15Rn + 9Rn−1 + 112Rn−2 − 61Rn−3

a13 = −Rn+3 + 112Rn+2 − 45Rn+1 − 71Rn

a23 = −Rn+2 + 112Rn+1 − 45Rn − 71Rn−1

a33 = −Rn+1 + 112Rn − 45Rn−1 − 71Rn−2

a43 = −Rn + 112Rn−1 − 45Rn−2 − 71Rn−3

,

a14 = 86Rn+3 − 61Rn+2 − 71Rn+1 − 87Rn

a24 = 86Rn+2 − 61Rn+1 − 71Rn − 87Rn−1

a34 = 86Rn+1 − 61Rn − 71Rn−1 − 87Rn−2

a44 = 86Rn − 61Rn−1 − 71Rn−2 − 87Rn−3

Proof. Take r = 1, s = 1, t = 1, u = 1 in Theorem 19 (a). Then in this case,

Gn = Mn with M0 = 0,M1 = 1,M2 = 1,M3 = 2.

(a) In Theorem 19 (a), we take Gn = Mn with M0 = 0,M1 = 1,M2 = 1,M3 = 2.

(b) Take Wn = Rn with R0 = 4, R1 = 1, R2 = 3, R3 = 7. Writing

Mn = a×Rn+3 + b×Rn+2 + c×Rn+1 + d×Rn

and solving the system of equations

M0 = a×R3 + b×R2 + c×R1 + d×R0

M1 = a×R4 + b×R3 + c×R2 + d×R1

M2 = a×R5 + b×R4 + c×R3 + d×R2

M3 = a×R6 + b×R5 + c×R4 + d×R3

we find that a = 86
563 , b = − 61

563 , c = − 71
563 , d = − 87

563 and so we get

563Mn = 86Rn+3 − 61Rn+2 − 71Rn+1 − 87Rn.

Using the last equation and Theorem 19 (a), we get required result. �

Secondly, we present some formulas for the generalized fourth order Pell

numbers.
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Corollary 24. For all integers n, we have the following formulas for the generalized

fourth order Pell numbers.

(a) Fourth-Order Pell Numbers.

An2111 =


2 1 1 1

1 0 0 0

0 1 0 0

0 0 1 0


n

=


Pn+1 Pn + Pn−1 + Pn−2 Pn + Pn−1 Pn

Pn Pn−1 + Pn−2 + Pn−3 Pn−1 + Pn−2 Pn−1

Pn−1 Pn−2 + Pn−3 + Pn−4 Pn−2 + Pn−3 Pn−2

Pn−2 Pn−3 + Pn−4 + Pn−5 Pn−3 + Pn−4 Pn−3

 .

(b) Fourth-Order Pell-Lucas Numbers.

An2111 = 1
1423


b11 b12 b13 b14

b21 b22 b23 b24

b31 b32 b33 b34

b41 b42 b43 b44


where

b11 = 106Qn+4 − 133Qn+3 − 138Qn+2 − 182Qn+1

b21 = 106Qn+3 − 133Qn+2 − 138Qn+1 − 182Qn

b31 = 106Qn+2 − 133Qn+1 − 138Qn − 182Qn−1

b41 = 106Qn+1 − 133Qn − 138Qn−1 − 182Qn−2

,

b12 = −32Qn+3 + 67Qn+2 + 337Qn+1 − 133Qn

b22 = −32Qn+2 + 67Qn+1 + 337Qn − 133Qn−1

b32 = −32Qn+1 + 67Qn + 337Qn−1 − 133Qn−2

b42 = −32Qn + 67Qn−1 + 337Qn−2 − 133Qn−3

b13 = −76Qn+3 + 337Qn+2 − 89Qn+1 − 138Qn

b23 = −76Qn+2 + 337Qn+1 − 89Qn − 138Qn−1

b33 = −76Qn+1 + 337Qn − 89Qn−1 − 138Qn−2

b43 = −76Qn + 337Qn−1 − 89Qn−2 − 138Qn−3

,

b14 = 106Qn+3 − 133Qn+2 − 138Qn+1 − 182Qn

b24 = 106Qn+2 − 133Qn+1 − 138Qn − 182Qn−1

b34 = 106Qn+1 − 133Qn − 138Qn−1 − 182Qn−2

b44 = 106Qn − 133Qn−1 − 138Qn−2 − 182Qn−3

(c) Modified Fourth-Order Pell Numbers.

An2111 = 1
4


c11 c12 c13 c14

c21 c22 c23 c24

c31 c32 c33 c34

c41 c42 c43 c44
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where

c11 = En+4 − En+3 − 2En+2 + En+1

c21 = En+3 − En+2 − 2En+1 + En

c31 = En+2 − En+1 − 2En + En−1

c41 = En+1 − En − 2En−1 + En−2

,

c12 = 3En+2 − 3En+1 − 2En − En−1
c22 = 3En+1 − 3En − 2En−1 − En−2
c32 = 3En − 3En−1 − 2En−2 − En−3
c42 = 3En−1 − 3En−2 − 2En−3 − En−4

c13 = En+3 − 3En+1 − En + En−1

c23 = En+2 − 3En − En−1 + En−2

c33 = En+1 − 3En−1 − En−2 + En−3

c43 = En − 3En−2 − En−3 + En−4

,

c14 = En+3 − En+2 − 2En+1 + En

c24 = En+2 − En+1 − 2En + En−1

c34 = En+1 − En − 2En−1 + En−2

c44 = En − En−1 − 2En−2 + En−3

Proof. Take r = 2, s = 1, t = 1, u = 1 in Theorem 19 (a). Then in this case, Gn = Pn

with P0 = 0, P1 = 1, P2 = 2, P3 = 5.

(a) In Theorem 19 (a), we take Gn = Pn with P0 = 0, P1 = 1, P2 = 2, P3 = 5.

(b) Take Wn = Qn with Q0 = 4, Q1 = 2, Q2 = 6, Q2 = 17. Writing

Pn = a×Qn+3 + b×Qn+2 + c×Qn+1 + d×Qn

and solving the system of equations

P0 = a×Q3 + b×Q2 + c×Q1 + d×Q0

P1 = a×Q4 + b×Q3 + c×Q2 + d×Q1

P2 = a×Q5 + b×Q4 + c×Q3 + d×Q2

P3 = a×Q6 + b×Q5 + c×Q4 + d×Q3

we find that a = 106
1423 , b = − 133

1423 , c = − 138
1423 , d = − 182

1423 and so we get

1423Pn = 106Qn+3 − 133Qn+2 − 138Qn+1 − 182Qn.

Using the last equation and Theorem 19 (a), we get required result.

(c) Take Wn = En with E0 = 0, E1 = 1, E2 = 1, E2 = 3. Writing

Pn = a× En+3 + b× En+2 + c× En+1 + d× En
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and solving the system of equations

P0 = a× E3 + b× E2 + c× E1 + d× E0

P1 = a× E4 + b× E3 + c× E2 + d× E1

P2 = a× E5 + b× E4 + c× E3 + d× E2

P3 = a× E6 + b× E5 + c× E4 + d× E3

we find that a = 1
4 , b = −1

4 , c = −1
2 , d = 1

4 and so we get

4Pn = En+3 − En+2 − 2En+1 + En.

Using the last equation and Theorem 19 (a), we get required result. �
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