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Abstract

In this paper, we investigate the generalized (r,s,t,u) sequence and we deal
with, in detail, three special cases which we call them (r, s, t,u), Lucas (r, s, t, u)
and modified (r,s,t,u) sequences. We present Binet’s formulas, generating
functions, Simson formulas, and the summation formulas for these sequences.

Moreover, we give some identities and matrices related with these sequences.

1 Introduction
The sequence of Fibonacci numbers {F), }
F,=F, 1+ F, 2, n>2, Fo=0, Fp =1.

The generalizations of Fibonacci and Lucas sequences lead to several nice and
interesting sequences. See 16| for some work on second-order generalization of

Fibonacci numbers.

The generalized (r,s,t,u) sequence (or generalized Tetranacci sequence or
generalized 4-step Fibonacci sequence) {W,(Wy, W1, Wa, Ws;r,s,t,u)}n>0 (or
shortly {Wp, }n>0) is defined as follows:

Whp=1mWp1+ Wy o +tWy_3+uWy_y, Wo=co, Wi =c,Wa=co,W3=1¢3, n>4
(1.1)
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where Wy, Wy, Wa, W3 are arbitrary complex (or real) numbers and r, s, ¢, u are real
numbers.

This sequence has been studied by many authors and more detail can be found
in the extensive literature dedicated to these sequences, see for example @ E |§|,
. The sequence {W,,},>0 can be extended to negative subscripts by defining

t s r 1
W_,= _EW_(H_I) W—(n—2) - EW—("—?’) + EW_("_@

u
for n =1,2,3,... when t # 0. Therefore, recurrence (|1.1]) holds for all integers n.

In literature, for example, the following names and notations (see Table 1) are

used for the special case of r, s, ¢, u and initial values.

Table 1. A few special case of generalized Tetranacci sequences.

No Sequences (Numbers) Notation OEIS
1 Tetranacci {M,} = {W,(0,1,1,2;1,1,1,1)} A000078
2 Tetranacci-Lucas {R,} ={W,(4,1,3,7;1,1,1,1)} A073817
3 fourth order Pell (P} = {W,(0,1,2,5;2,1,1,1)}  A103142
4 fourth order Pell-Lucas {QS;L)} ={W,.(4,2,6,17;2,1,1,1)}  A331413
5 modified fourth order Pell (EY} = {W,(0,1,1,3;2,1,1,1)}  A190139
6 fourth order Jacobsthal (I} = {W,(0,1,1,1;1,1,1,2)}  A007909
7 fourth order Jacobsthal-Lucas {.7'7(14)} ={W,(2,1,5,10;1,1,1,2)}  A226309
8 modified fourth order Jacobsthal {K7(14>} ={W,(3,1,3,10;1,1,1,2)}

9 fourth-order Jacobsthal Perrin {QV} = {W,(3,0,2,8;1,1,1,2)}

10 adjusted fourth-order Jacobsthal {5514)} ={W,(0,1,1,2;1,1,1,2)}

11  modified fourth-order Jacobsthal-Lucas {Rsfl)} ={W,(4,1,3,7;1,1,1,2)}

12 4-primes {Gn} = {W,(0,0,1,2;2,3,5,7)}

13 Lucas 4-primes {H,} = {Wn(4,2,10,41;2,3,5,7)}

14 modified 4-primes {E,} ={W,(0,0,1,1;2,3,5,7)}

As {W,} is a fourth order recurrence sequence (difference equation), its

characteristic equation is

ot —rad — s —tr —u=0 (1.2)
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whose roots are «, 3,7, d. Note that we have the following identities

a+p+y+d = 1
af+ay+ad+py+ 0+ = —s,

afy+afd+ayd + pyd = t,
afyd = —u.

Generalized Tetranacci numbers can be expressed, for all integers n, using Binet’s

formula

w, = p1o” + paf” n p3Y"
(a—ﬁ)(a—vn)(a—é) B-—a)B=7)B=0)  (v—a)(y=B)(y-19)
+<<5—oz)(gjéfmw—w)’ (1.3)

where

po= W= (B+v+)Wa+

(a4 4 0)Ws +
ps = Ws—(a+B8+0)We+
pr = Ws—(a+8+~)We+

By + 86 + y0)Wr — SyéWo,
ay + ad + y0) W1 — aydWy,
(af + ad + BO)Wy — afdWy,
(af + ay + By)Wi — afyWo.

(
(

p2 = W3-

Usually, it is customary to choose a, 3,7, d so that the Equ. (1.2)) has at least one
real (say a) solutions. Note that the Binet form of a sequence satisfying ([1.2)) for
non-negative integers is valid for all integers n (see [4]).

(1.3) can be written in the following form:

W, = Ala” + Azﬁn + Ag’}/n + A45n,

Earthline J. Math. Sci. Vol. 5 No. 2 (2021), 297-327
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where

W3 — (B4 + §)Wa + (By + B +v0)W1 — ByoWo

A (a—B)(a—")(a—0) ’
4, = Wa—(aty+Wa+(ay+ad +70)W1 — aydWo
2 B-—a)B-7)(B-0) ’
4 = Ws—(a+F+0)Ws+ (af +ad + 56)W1 — afiWo
’ (v —a)(y - B)(y - 0) ’
A, — W3 — (a+ B +v)Wa+ (aff + ay + By)W —GBVWO'

(0—a)(6=P)0—7)

We have the following formula: for n = 1,2, 3, ... we have

LA

W, = — "y,
(—u)™ Ay

where

A1 = B a (v —8) (B—06) (B—1)p1 — 0™y (v —8) (0 — ) (a — 1) po +
a"B767(8 — 5)(a — 8)(ar — B)ps — a™B™ (o — B)(8 — 7)(a — 1),

Apg=0a"(y=08)(B=0)B—7pm—B"(y—0)(a—=0) (=) p2+7"(B—0)(a—
6)(a = B)ps — "(B — ) (@ — ) (@ — B)pa.

We can also give Binet’s formula of the generalized (r,s,¢,u) numbers (the
generalized Tetranacci numbers) for the negative subscripts as follows: for n =

1,2,3, ... we have

o —ra? —sa—t B B?’frﬁgfsﬁft B
vv;n _ 1-—n 1-n
e-Bla-N@-o"" TuG-a@E-nE-9""
Y —ry?—sy—t 0 —ré?—s8—t

1-n I-n
060" tue-ae-pe-"

o

Next, we give the ordinary generating function » W,z™ of the sequence W,,.
n=0

The following lemma is a special case of a well known formula of generating functions

of the generalized m-step Fibonacci numbers which can be found in the literature

(see for example ) For completeness, we include the proof.
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o0
Lemma 1. Suppose that fy, () = > Wyz™ is the ordinary generating function of

n=0

oo
the generalized (r,s,t,u) sequence {Wy}n>o. Then, Y Wya™ is given by
n=0

4

i W — Wo + (Wl — TW())SC + (W2 —rWy — SWo).’ﬂz + (Wg —rWoy — sWy — tWO)SUS
vt e 1—rz— sz —tzd —uzx ’

(1.4)

Proof. Using the definition of generalized (r,s,t,u) numbers, and substracting
rx Z'ZOZO Wya™, sx? ZZO:O Wya", tx3 ZZO:O W,z" and uz?t ZZO:O W,z" from
> neo Wna", we obtain

oo
(1 —rz — sz? — tad — uzx?) Z Wya™

n=0

o0 oo o0
= E Wpa™ —rx g W,z — sz’ g Wyx™
n=0 n=0 n=0
o0 [oe)
—ta3 g Woa" — uz? E Wya™
o0 o o
= E Wz —r E W™t — s g W, "2
o o
—t Y Wz —u Y W™
o0 o0 o0
= g Whpa" —r g Who12™ — s E Wh_ox™
n=0 n=1 n=2

o0 o
—t Z Wh_3z" —u E Wh—az"
n=3 n=4

= (Wo + Wiz + W21'2 + W31’3) — T‘(Woﬂj' + W11'2 + W2$3)
—s(Woz? + Whz?) — tWoa?

+ Z(Wn —rWhpo1 — sWy_o —tW,,_3 — uWn_4)a:"
n=4

= Wy+ (W1 — ’I"Wo).CL‘ + (WQ —rWi — SW()).CL‘2 + (Wg —rWy — sWq — tW(])ﬂj‘?’.
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Rearranging above equation, we obtain

i W — Wo + (W1 — ’I“W())JZ + (W2 —rWy — SWQ).IQ =+ (W3 —rWy — sWy — tWo)Z‘g
— L 1—rx— sx?2 —txd — uxt ’

O
We next find Binet’s formula of generalized (r, s, t,u) numbers {W,,} by the use

of generating function for W,.

Theorem 2 (Binet’s formula of generalized (r, s,t,u) numbers).

g™ 028" a3v"
M = e B e T G-aB-1E-0  G-at-B0 -9
q46™
TGP (15)
where

(W3 — W — sWy — tWy),
(W3 — rWoy — sWy — tWy),
(W3 — rWy — sW; — tW)),
(W3 — rWy — sWy — tWp).

q = WoOé3 + (W1 — T’Wo)a2

+ (Wo — rWq — sWp)
@ = WoB®+ (Wi —rWy)B +

+

+

(0%
(W2 — ’I"Wl — SWO)B
(WQ — ’I”Wl — SW(])"}/
(W2 — TWl — SW())(5

+ o+

q3 = Wo’)/g-i- Wl—TW() 2

Y
qy = W0(53 + (W1 —rWy 52

_l’_

( )
( )

Proof. Let

h(z) =1—rz — sa® — ta — uzt.

Then for some «, 3, and § we write

h(x) = (1 — az)(1 — Bx)(1 — 7a)(1 - 6z)

ie.,
1—rz —s2® —ta® —tat = (1 — ax)(1 — Bz)(1 — yz)(1 — 6z). (1.6)
Hence é, %, % and % are the roots of h(x). This gives «, 5,y and 0 as the roots of
r S t U
M=tz 2 B a0

http://www. earthlinepublishers.com



Properties of Generalized (r, s, t,u)-Numbers 303

This implies 2* — ra3 — s2? — to — u = 0. Now, by (1.4) and (1.6), it follows that

> n Wo + (Wl — TW()).% + (W2 —rWy — SWo).’Bz + (Wg —rWo — sWy — tWO)SUS
S -
(1 —az)(1 = Bz)(1 —~yz)(1 - dz)

n=0
Then we write
Wo + (Wl — TWo)l‘ + (W2 —rWW; — SW0)$2 + (Wg —rWy — sWy — tWo)$3
(1 —-az)(l—Bz)(1 —~x)(1—dz)

- im) { 1—925:[:) T —Bgyw) T f4(5x)' (17)
So
Wo + (W1 — rWo)x + (Wa — rWy — sWo)a? + (W3 — rWa — sWy — tWp)a®
= Bi(1 - Bz)(1 —~z)(1 — 6z) + Bo(1 — ax)(1 — yx)(1 — 6z)
+B3(1 — az)(1 — Bx)(1 — 6z) + B3(1 — az)(1 — Bz)(1 — yx).
If we consider z = 1, we get Wo + (W1 — rWo)L + (Wo — rWy — sWo) L + (W3 —

TWQ — $W1 — th) -5 = Bl(l — *)(1 — *)( g) This gives

@ (Wo + (Wh — 1 Wo) & + (Wa — 7 W1 — sWo) 5z + (Ws — r2Wa — sW1 — t5Wo) 5
DRI
Woa + (Wi —1rWo)a? + (Wa — Wy — sWo)a + (W3 — rWo — sWp — tW))
(a = pB)(a—=7)(a=7F) '

By =

Similarly, we obtain

W053 (W1 — TW()),BZ ( o —rWy — SW())B + ( 3 —rWy — sWi — tWO)

B =
’ (B—a)(B=)(B=9) ’
B. — VVQ"}/3 + (W1 — TW0)72 + <W2 —rWy — SW())’)/ + (Wg —rWy — sWy — tWo)
3 — 3
(y—a)(y=B)(y —9)
B VVQ(S3 + (Wl — TW0)52 (W2 —rWy — SW(])(S + (W3 —rWy — sWy — tWo)
4 =

(6—a)(0—B)(6—)
Thus can be written as

ZW 2" = B1(1 — ax) ' 4+ Ba(1 — Bz) ' 4 B3(1 — yx) ' + By(1 — 6x)?
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This gives

D D o o o0
Z W,z = B Z a"z"™ + By Z B"x" + B3 Z ~"x™ + By Z o™
n=0 n=0 n=0 n=0 n=0
[o@)

= Z(Bla” + Bzﬂn + Bg’yn + B45n)11,‘n.

n=0
Therefore, comparing coefficients on both sides of the above equality, we obtain

W, = Bia™ + BQ,B” + Bg"yn + Byo"

and then we get ((1.5)). O
Note that from (|1.3]) and (1.5) we have

W — (B4 7+ 8)Wa+ (87 + 86 + v0)W1 — BvéWo

= Woad + (W —rWo)a? + Wy — rWi — sWo)a + (W3 — rWo — sWy — tIWy),
W3 — (a+7+0)Wa + (ay + ad +76)W1 — aydWo

= WoB3 + (Wi — rWo) B2 + (Wo — rWy — sWo)B 4+ (W — Wy — sWy — tWp),
W3 — (a+ B+ 0)Wa + (aff + ad + BO)W1 — afoW)

= Woy + (W1 — rWo)y? 4+ (W — Wy — sWo)y + (W3 — rWo — sWy — W),
W3 — (a+ B+7)Wa + (af + ay + By)W1 — apyWy

= Wod® + (W1 — rWo)6% + (Wa — rW — sWo)d + (Wz — rWa — sWi — tWh).

In this paper, we define and investigate, in detail, three special cases of
the generalized (r,s,t,u) sequence {W,} which we call them (r,s,¢,u), Lucas
(r,s,t,u) and modified (r,s,t,u) sequences. (r,s,t,u) sequence{Gp}n>0, Lucas

(r,s,t,u) sequence {Hp}n>0 and modified (7, s,t,u) sequence {E), },>0 are defined,

http://www. earthlinepublishers.com
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respectively, by the fourth-order recurrence relations

Gn+4 = TGn+3 + 5Gn+2 + th—l—l + uGy,
Gy = 0,G1=1,G2=7",G3=7‘2+S,
Hn+4 = THn—&-S + 3Hn+2 + tHn—i—l + UHn7

Hy = 4,H; =r Hy=2s+1? Hs =1+ 3sr+ 3t,
Enyy = rEn3+sEy o +tE, 1 +uby,
Ey = 1,E1:r—l,EQ:—r+s—|—r2,E3:r3—r2+23r—s+t.

The sequences {Gp}n>0, {Hn}n>0 and {E,}n>0 can be extended to negative
subscripts by defining

t S r 1
-n = —-U_(n-1) 7 ~U—-(n-2) Y —(n— —_(n—4)» L
G LG = G-tm2) — G- G-y (1.8)
t S r 1
Ho, = —H (, y—~H oy~ —H (o3 +—H (1 1, 1.
ey = pHme) = ey T Hony (1.9)
t S T 1
Eop = — B = Eno~ E@s+ B, (1.10)

for n =1,2,3, ... respectively. Therefore, recurrences (1.8]), (1.9) and (1.10) hold for
all integers n.

Next, we present the first few values of the (r,s,t,u), Lucas (r,s,t,u) and
modified (7, s,t,u) numbers with positive and negative subscripts:
Table 1. The first few values of the special fourth-order numbers with positive and

negative subscripts.

n 0 1 2 3 4

G, O 1 r r2+s 4+ 2sr 4+t
G n 0 0 1 -5
H, 4 r 25 + 712 3 + 3sr + 3t 4 drls 4 dtr + 252 + 4du
H_, —-L #(2@ — 2su) —%(t?’ — 3stu + 3ru?) #(232112 — dst?u + t* + drtu? + 4ud)
E, 1 r—1 —r+s+r? 24 2sr—s+t =34+ 3r2s—2rs+2r+ s> —t+u
E_, 0 0 ~1 2 (t+u)

Some special cases of (r,s,t,u) sequence {G,(0,1,7,7% + s;7,s,t,u)} and Lucas

(r,s,t,u) sequence {H,(4,7,2s 4+ 72 7% + 3sr + 3t;7,5,t,u)} are as follows:

Earthline J. Math. Sci. Vol. 5 No. 2 (2021), 297-327
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1. G,(0,1,1,2;1,1,1,1) = M, Tetranacci sequence,
2. H,(4,1,3,7;1,1,1,1) = R,,, Tetranacci-Lucas sequence,
3. Gn(0,1,2,5;2,1,1,1) = P,, fourth-order Pell sequence,
4. H,(4,2,6,17;2,1,1,1) = @y, fourth-order Pell-Lucas sequence,
5. Gp(0,1,1,2;1,1,1,2) = S, adjusted fourth-order Jacobsthal sequence,

6. H,(4,1,3,7;1,1,1,2) = R, modified fourth-order Jacobsthal-Lucas sequence.

For all integers n, (r,s,t,u), Lucas (r,s,t,u) and modified (r,s,t,u) numbers
(using initial conditions in ([1.3) or (1.5))) can be expressed using Binet’s formulas as

o B Oén-l—2 /371—1—2 ,yn+2
"7 a=Bla-na=2  B-aB-NBE-0  (—a)—-B7—0)
5n+2
-0 -
wo= a4 BTy 4
O T e /- )1 S C oV
" (a—B)a—(a—06) B-a)B-—7)(B-6  (—a)(y—B5)(—9)
R Ol 1)6"+2
(6 —a)(0—=B)(0—7)
respectively.

Note that for all n we have

and

En = Gn+1 - Gm

A

G—n = K;G’m n21,
Q

E., = Q—;En n>1,

http://www. earthlinepublishers.com
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where

AM=0=7)(B-0)B—-7) " +(y=0)(a=0)(a=7)B> "+ (5 B)(a—b)(a—
BV + (B =) (=) (a = B)5*",

Ag=(0—7)(B—=0)(B—7)a"?+(y=0)(a=d)(a=7)B"*+(6—B)(a—b)(a—
BV + (B =) (= y)(a = B)d""3,

U =-0)B-)B-N-1)"+(5—7)(a=)(a=7)(B-1)F*"+ (8-
§la=08)(a—=B)y—1)y*"+ (y—B)a—7)(a- )6 —1)5*",

Q= (y=08)(B=)B-N(a=1)a"?+ (6 —7)(a=8)(a=7)(B-1)"?+ (8 -
§)(a—08)(a—PB)(y—1)y""+ (v = B)(a—7)(a—B)(6 —1)5"2.

Lemma gives the following results as particular examples (generating functions

of (r,s,t,u), Lucas (r,s,t,u) and modified (7, s, ¢, u) numbers).

Corollary 3. Generating functions of (r,s,t,u), Lucas (r,s,t,u) and modified

(r,s,t,u) numbers are

> x

Gz =
nZ—O " 1—rx —sx? —tad —uxt’
o0
ZH n 4 — 3rx — 2sx? — ta3

X =

—~ " 1—rx— sx? —ta® — uz?’
o0

B 1—=z
Zo " 1—rz—sx? —ted —ux?t’
n=

respectively.

Proof. In Lemma [l take W,, = G,, with Go = 0,G1 = 1,Go = r,G3 = 1% + s,
W,, = H,, with Hy =4, H, =, Hy = 2s+1r2, H3 = 3+ 3sr +3t, and W,, = E,, with
Eoy=1,E =r—1,Ey=—r+s+1% E3 =13 —1r?4 2sr — s+ t, respectively. 0

Earthline J. Math. Sci. Vol. 5 No. 2 (2021), 297-327
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2 Simson Formulas

There is a well-known Simson Identity (formula) for Fibonacci sequence {F,},

namely,
Foi1Fn-1— Fr% = (_1)n

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity

(formula) as well. This can be written in the form

FnJrl Fn

= (-1)"
Fn Fn—l

The following theorem gives generalization of this result to the generalized (r, s, ¢, u)

sequence {Wp, }n>0.

Theorem 4 (Simson Formula of Generalized (7, s,t,u) Numbers). For all integers

n, we have
Wiys Wigo Wi Wy Wy Wy Wy Wy
Wivoe Wi Wno Wiy | nonl Wo Wi Wy W4
= (-1)"u (2.1)
Wit Wno Wia Wioo Wi Wo W_1 W
Wn Wpa Wio Wyog Wo Wy W W_g
Proof. (2.1)) is given in Soykan [L1f. O

The previous theorem gives the following results as particular examples.

Corollary 5. For all integers n, Simson formula of (r,s,t,u), Lucas (r,s,t,u) and

http://www. earthlinepublishers.com
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modified (r,s,t,u) numbers are given as,

Gn+3
Gn+2

GnJrl
Gn

Hy3

Hy o

Hn+1
H,

En+3
En+2
En+l

where

Gn+2
Gn—l—l
Gn
Gn1

Hn+2
Hn—i—l
Hy,
Hy

En+2
EnJrl

Grt1
Gn
Gn-1
Gn—2

respectively,

— (_1)n+1un—1

= (=)™ Pg(r, st ),

= (D)™ Yr+s+ttu—1),

g(r, s, t,u) = 27rtu? — 18r3stu + 4r3t3 + 4r?2s3u — r2s%t2 + 14402 su® — 6r%t%u —
80rs2tu + 18rst3 + 192rtu2 + 16s*u — 432 + 128s%2u? — 144st2u + 27t* + 256u3.

3 Some Identities

In this section, we obtain some identities of (r, s,¢,u), Lucas (r, s, t,u) and modified

(r,s,t,u) numbers. Firstly, we can give a few basic relations between {G,} and

{Hn}

Lemma 6. The following equalities are true:

(a) wPH, = (—t3 + 3stu — 3ru?)Gpq + (rt3 — 2su® + t2u + 3r?u® — 3rstu)Gpy3 +
(—3s%tu+st3+5rsu® —rt?*u—tu?)Gpio+(25%u? + 1 +4ud +4drtu? — 4st?u) Gy -

(b) v?H, = (=2su + t3)Gpysz — (rt? + tu — 2rsu)Gpyo + (—st? + 25%u + 4u? +

rtu)Gri1 — (3ru? + 3 — 3stu)Gy,.

Earthline J. Math. Sci. Vol. 5 No. 2 (2021), 297-327
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(c) uH, = —tGni2 + (du+1t)Gpa1 + (=3ru + st)Gp + (—2su + t2)Gp 1.
(d) Hn = 4Gn+1 — 3?”Gn — 28Gn_1 — th_Q.

(e) (16stut-4r3t3—4s3t24+27r 2 +1285%u% + 2714 4+-256u3 —r2 5212 4-18rst3+192rtu’ —
144st>u+144r2 su? +4r? s3u—6r2t2u—80rs®tu—18r3stu) G, = (—6st>+165%u—
2r22 4+ 64u? 4 612 su+ 8rtu) Hy 3+ (—6r3su+ 2r3t2 — 5ritu — 20rs?u+ Trst? —
167u? — 32stu+ 9t3) Hyy o0 + (—3r3tu — 2r2s?u +r2st? — 12r2u? — drstu — 3rt3 —
8s3u 4 45212 — 32su? — 12t%u) Hy 1 1 + (—9r3u? + r2stu — 32rsu? — 3rt?u + 45t
u — 48tu?) H,.

(F) (16s*u+4r3t3 —4s3t24+-27r4u? +12852u? 4271425613 —r2 522+ 18rst3+192rtu’ —
144st2u+ 14472 su? + 4r? s3u — 67220 — 80rstu — 18r3stu)G,, = (48ru? + 93 +
rst? — drsu + 3r?tu — 32stu) Hyyo + (—3r3tu + 4r2s%u — r2st? — 12r2u® + 4rs
tu — 3rt3 + 8s3u — 2522 4 32su? — 12t%u) Hy, 1 + (—9r3u? + Tr2stu — 2r%t3 —
32rsu® + 5rt’u+ 20s*tu — 65t3 + 16tu?) H, + (165%u? + 64u3 + 8rtu® — 6st%u +
6r2su? — 2r*t2u)H, 1.

(g) (16s%u + 4r3t3 — 4532 + 27r4u? + 128s%u? + 27th + 256u3 — 1252t + 18rst3 +
192rtu? — 144st?u + 144r2su? + 4r?s3u — 6r2t2u — 80rs?tu — 18r3stu)G,, =
(6713 + 325u? + 8s3u — 12t%u + 3612u? — 25%t2 — 28rstu) H, 1 + (35t 4 16tu® —
2r23 —9r3u? +16rsu? — drsdu+5rt?u—12s*tu+rs?t? + 1002 stu) Hy, + (16s%u? +
9t + 64u3 + rst3 + 56rtu? — 38st?u + 6r2su? + r*t2u — drs*tu) H, 1 + (48rud +
9t3u — 32stu? — 4rs®u? + 3r’tu® + rst?u)H, .

Proof. Note that all the identities hold for all integers n. We prove (a). To show (a),

writing

H,=aXxGnia+bxGpy3+c X Gpio+dxGpy

and solving the system of equations

Hy = axGi+bxGs3+exGo+dxGy
H = axGs5+bxGi+cxGs3+dxGy
Hy = axGg+bxGs+cxGs+dxGs
Hy = axGr+bxGg+exGs+dxGy
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we find that
= L8 3stu—3ra?)
a = 3 stu ru”),
1
b = —(rt® — 2su® + t*u+ 3r’u® — 3rstu),
U
1
c = —3(—332tu + st + 5rsu® — rt*u — tUQ),
n
1
d = 73(2321} + 4 + 43 + drtu® — 4st2u).
n
The other equalities can be proved similarly. U

Secondly, we present a few basic relations between {G,} and {E,}.

Lemma 7. The following equalities are true:

(a) uE, = —Gpya +rGpis+ sGpia + (t+ u)Gpga.
(b) E, = Gn+1 — G
(C) (T +s+t+u— 1)Gn = Ln+1 — (T - 1)En + (t + U)Enfl + uEn,Q.

Note that all the identities in the above lemma can be proved by induction as
well.

Thirdly, we give a few basic relations between {H,} and {E,}.

Lemma 8. The following equalities are true:

(@) (r+s+t+u—1)H,=—3r+2s+t—4)Eyiq + (—3r+ 25+ 3t +4u+2rs +
rt +3r2)E, + (=25 + 3t + 4u + 2rs — 2rt — 3ru + st +25%) By 1 + (—t + 4u +
rt — 3ru + st — 2su + t?)E,_o.

(b) (165%u + 47313 — 4532 4+ 27r*u? + 1285%u? + 27t* + 256u3 — r2s%t2 + 18rst3 +
192rtu? — 144st?u + 144r2su® + 4r?s3u — 6r%%u — 80rs?tu — 18r3stu)E, =
(487ru?+65t2 —165%u+2r2t2 +9t3 —64u+1rst? —drs>u—6r2 su+3ritu—8rtu—32s
tw) Hypo g+ (—3rt2 4+ 16ru? + 32su® + 8s3u — 12t2u — 21312 — 127242 — 2522 — 93 —
Trst? +20rs?u+ 6r3 su+ 5r2tu — 3r3tu — r2st? + 4r2s2u 4 32stu + drstu)Hpqo+
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(3rt3 — 653+ 325u2 +8s3u~+16tu? +12t2u — 2123 +12r2u? — 45212 — 9r3u® — 32rs
u? + 5rt?u + 3r3tu + 2052 tu — r2st? 4 2r2s%u + Tristu + drstu) Hy 1 +u(3rt? —
65t% — 45t +9r3u+1652u—2r2t? +48tu+64u> —r? st+ 612 su+32rsu+8rtu) Hy,.

Next, we give a few basic relations between {Gy,} and {W,}.

Lemma 9. The following equalities are true:

(a) w2W,, = (—tWs+ (u+7rt)Wa + (st —ru) Wi + (2 — su)Wo) G + ((u+1t) W3 —
r(2u+1rt)Wo + (r?u — rst — su)Wi + (rsu —tu — rt?)Wo) Gy + ((st — ru) W3 +
(r?u — su — rst)Wa + s(2ru — st)Wq + (rtu + u® + s*u — st?>)Wy) Gy + (£ —
su) W3+ (rsu—tu—rt2)Wo + (rtu+u? — st + s2u) Wi + (2stu —ru? —t3) W) G,

(b) uW,, = (Ws—1rWa—sW1—tWo)Gpio+(—rWa+r WaotrsWi+(u+rt)Wo)Gpi1+
(—sW3 4 rsWo + (u+ s2)W1 + (st — ru)Wo) Gy + (—tW3 + (u + 7t)Wa + (st —
?”u)Wl + (t2 — SU)WQ)Gn_1.

(C) Wy = WoGni1+ (Wl —TWo)Gn + (Wz —rWi — SWo)Gn_l + (W3 —rWy—sWi —
tWo)Gn_g.

Now, we present a basic relation between {H,} and {W,}.

Lemma 10. The following equality is true:

(165%u + 4r3t3 — 4532 + 27rtu? + 128s5%u? + 27t* + 256u3 — r2s%? + 18rst® +
192rtu? — 144st2u+ 14412 su? + 4r? s3u — 6r2t%u — 80rs?tu — 18r3stu)W,, = X1 Hypi3+
XoHpto + X3Hypi1 + XaHp
where

X1 =2(3r3t —6r2u—1r?s® — 16su — 453 + 18t% + 14rst) W3 + (8rs> — 39rt% — 61t +
482t + 3r3u + 21352 — 48tu — 27r2st) Wy + (—42st% + 9rtu + 485%u + 21283 + r22 +
8s% 4 64u? — 32rs%t — Tr3st + 50r2su + 56rtu) Wi + (—16ru? + 453t — 4732 — 273 —
18rst? + 12rsu + 3r3su + Tritu + r2s%t + 48stu) Wy,

Xo = (8783 — 39rt? — 67t + 452t + 3r3u + 2r3s? — 48tu — 27r2st) W3 + 2(—3st? +
3rot 4 3riu 4 8s%u — 4r?s3 4 20r2t2 — ris? 4+ 32u% — 4rs’t + 13r3st + 19r%su +
52rtu) Wy + (—8rs* — 80ru? — 453t — 9rou — 2r3s3 + 1342 4 9t3 + 52rst? — 36rs’u +
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Trdst —47r3su—61r2tu+ 317252t + 16stu) Wi + (—3rtsu+4rtt? —r3s2t —r3tu— 1472 s>
u+ 18r2st? + 4r2u? — 4rs3t — 20rstu + 27rt3 — 8s3u — 32s5u? + 36t2u)Wo,

X3 = (—6rttu—r3s?utdrdst? +3r3u? —r2s3t—34r2 stu—4rsdu-+18rs*t?+16rsu®—
39rt?u —4s*t — 4452 tu+27st2 — 48tu? )Wy +2(—6rtsu—rH? +4r3 st +r3tu—r2st — 32
r2s%u — 5r2st? + 2r2u? + 18rs3t — 38rstu — 61t — 455 — 2853u + 23532 — 48su® — 6
2u)Wq + (=8rst — 80ru? — 453t — 9rdu — 21353 + 132 + 93 + 52rst? — 36rs’u +
Trist — 4Tr3su — 61r2tu + 317252t + 16stu)Wa + (—42st? + 9rtu + 48s%u + 2r?s3 +
7212 + 8s* + 64u? — 32rst — Tr3st + 50r?su + 56rtu) Wi,

Xy = (—16ru? 4 453t — 4312 — 2713 — 18rst? + 12rs?u + 3r3su + Tr2tu + r2st +
48stu)Ws3 + (=3rtsu + 4r4t? — r3s2t — r3tu — 14r2s%u + 18r2st? + 4r?u? — 4rs3t —
20rstu + 27rt3 — 8s3u — 32su? + 36t%u) Wa + (—6ritu — r3s%u + 4r3st? + 3rdu? — r?s3
t — 34r2stu — 4rsPu+ 18rs%t? + 16rsu® — 39rt?u — 45t — 445 tu + 27st3 — 48tu?) W1 +
(8stu + 4r3t3 — 45312 + 9rtu? + 485%u? + 2714 + 64u> — r2s%t% + 18rst3 4 T2rtu® —
90st?u + 50r2su? + 2r2s3u — 6r2t2u — 44rsitu — 10r3stu) Wy.

Next, we give a basic relation between {E,} and {W,}.

Lemma 11. The following equality is true:

r+s+t+u—-—1)W, = Wa+Q—-r)Wo+1—-r—-—sW1+1—-r—s-—
W) Epi1 + (1 =r)Wa+ (r—1)*Wo+ (1 —=2r —s+rs+r>)Wi+ (u—r+rs+rt +
PYWo)En+ (1—r—s)Ws+(1—2r —s+rs+r) )Wa+ (u—r—s+t+2rs+r’+
Wi+ (u—s+rs—rutst+sHWo)Ep 1+ (1—r—s—t)Wa+ (u—r+rt+rs+
2 )YWo + (u — s+ 78 — 1u+ st + 82 )Wy + (u — t +rt — ru + st — su+t2)Wo) E,_o

We now present a few special identities for the modified (r,s,t,u) sequence

{En}-

Theorem 12 (Catalan’s identity). For all integers n and m, the following identity
holds

EnerEnfm - E,Z = Gm+n+1 (GfernJrl - Gfern) + Gern (Gfern - Gfm+n+1)

- (GnJrl - Gn)2 .
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Proof. We use the identity
En - Gn+1 - Gn

O
Note that for m = 1 in Catalan’s identity, we get the Cassini’s identity for the

modified (7, s,t,u) sequence.

Corollary 13 (Cassini’s identity). For all integers numbers n and m, the following
identity holds

EnJrlEnfl - E,,QL — (Gn+2 - GnJrl)(Gn - anl) - (Gn+l - Gn)2

The d’Ocagne’s, Gelin-Cesaro’s and Melham’s identities can also be obtained by
using E,, = Gp41 — Gp. The next theorem presents d’Ocagne’s, Gelin-Cesaro’s and

Melham’s identities of modified (r, s,¢,u) sequence {E,}.
Theorem 14. Let n and m be any integers. Then the following identities are true:
(a) (d’Ocagne’s identity)

Em+1En - EmEn+1 = Gm+2 (Gn—H - Gn) + Gm+1 (Gn - Gn—l—?)
+Gm (Gn+2 - Gn-‘rl) .

(b) (Gelin-Cesaro’s identity)

Eni2Eni1En1En o — E,,
= (Gn+3 - Gn+2)(Gn+2 - Gn+1)(Gn - Gn—l)(Gn—l - Gn—2) - (Gn+1 - Gn)4

(c) (Melham’s identity)

Eni1En2Eni6 — Ep3 = (Gny2 — Gni1)(Gnis — Gny2)(Guir — Gnye)
*(Gn+4 - Gn+3>3'

Proof. Use the identity E, = G4+1 — Gy O
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4 Sum Formulas

The following theorem presents sum formulas of generalized (r,s,t,u) numbers

(generalized Tetranacci numbers).

Theorem 15. For all integers m and j, if (H2, — Hop — 2Hp +2(1 — H_p,) (—u)™ +
2) # 0, then we have

- A
Winij = 41
kZ:O T 1(H2, = Hom — 2Hy, +2(1 — H_pp) (—u)™ + 2) (4.1)
where
A = —Wmn+2m+j + (Hm - 1)Wmn+m+] + (—u)m (]_ — H_m) Wmn+]~ +

(=) Winn-m+j — (=)™ Wi j +Wamj — (Hm — 1) Wit j — (Hp + %(HZm - H72n) -
1)Wj.

Proof. Note that

n n—1
E ka+j = Wmn+j + E ka+j
k=0 k=0

n—1
_ Wmn+j+Z(Alamk+j_|_A2l6mk+j+A3,Ymk+j+A45mk+j)
k=0

_ A i a™m — 1 i an -1
Wmn+] + Ao (am 1 > + Ao 8 (,Bm —

) ,ymn_l L/ smn 1
Ayl | ———— Ay’ )
et (Gmy ) 4o (57

Simplifying the last equalities in the last two expression imply (4.1)) as required.

O
Note that (4.1) can be written in the following form:

3 Q
ka+' =
; ’ %(Hgn _H2m_2Hm+2(1 —H_m>(_u)m_|_2)

where
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Q = —Wimntamj + (Hm — DWinngmaj + (Hm + 5(Hom — H2,) — DWinnyj +
(=)™ Win—m+j — (=) Wiy + Womyj — (Hp = D)Winyj + (=)™ (H-p — )W
As special cases of the above theorem, we have the following corollaries. Firstly,
as special cases of the above theorem, we have the following corollary for the

generalized Tetranacci numbers.

Corollary 16. The following identities hold:
1. m=1,5=0.

(@) Yp_oMy = 2(Myyo+2M, + M,_1 —1).
(b) Y i—oRi = 3(Rns+2 + 2Ry + Ry_1 + 2).

2. m=-1,j=0.

(@) YpooM g = 5(—M_pp1 —2M g = M5 +1).
(b) Zk =0 R\ = %( R—n+1 2R 1 —R o+ 10)

3. m=4, j=—6.

(@) Yp_oMap—6 = 5(Manto — 14Mup o + 6Mup— — Map—10 — 1).
(b) Zk =0 R4k %(R4n+2 - 14R4n—2 + 6R4n—6 — R4n_10 — 10).

J.om=-3,j=2.

(@) Yp oM _ski2 = s(—M_3n45+ 6M_g10 — 2M_3, 1 — M_3,_4 + 10).
(b) > r_oR-sk+2 = §(—R_3n45+ 6R_3n42 — 2R_3,_1 — R_g,—4 + 40).

Secondly, as special cases of the above theorem, we have the following corollary

for the generalized fourth-order Pell numbers.

Corollary 17. The following identities hold:

1. m=1,j=0.
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(@) >p—o bk = %(Pn+2 —Pyy1+2P,+ P, —1).
(b) Y i@k = 1(Qni2 — Qi1 +2Qn + Quno1 +5).
(€) Sho Bk =1(Eny2 — Eng1+2En + En_1).

2. m=—1,j=0.

(a) ZZ:() P—k = i(_P—n—l—l + P—n - 2P—n—1 - P—n—2 + 1)
() Y0 Q@ k= 1(-Qnp1 +Qn—2Q n1—Q n2+11).
(C) Ez:o E = %(_E—n—l-l +E_,-2E_, 1 — E—n—2)-

3. m=4, j=—6.

(@) Sr_o Pui—6 = 15 (Pint2 — 45Psy—2 + 10Psy_g — Pyn—10 — 15).
(b) Y hoQui—6 = 7= (Qunt2 — 45Qun—2 + 10Qun—6 — Qan—10 — 5).
(€) Yo Fak—6 = 15(Eant2 — 45E4—2 + 10E4n_6 — Egn—10 — 100).

Jom=—-3,j=2.

(@) Yo Posir2 = 55 (16P_3n42 — 5P_35—1 — P_gp_q — P_gn45 + 57).
(b) >0 Q-skt2 = 3 (16Q_3n42 — 5Q—3n—1 — Q—3n—4 — Q—3n45 + 195).
(c) YopoE-ski2 = %(16E73n+2 —b5E 341 — E_3p—4 — E_3,45+ 32).

Thirdly, as special cases of the above theorem, we have the following corollary

for the generalized fourth-order Jacobsthal numbers.

Corollary 18. The following identities hold:
1. m=1,75=0.

(@) S odk = 3(Jnt2 +3Jn +2J5-1).
(b) > r_odk = 1(jnt2 + 3jn + 2jn—1 — ).
(€) Yheo Kk =1 (Knyo + 3Ky + 2K, 1 — 3).
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(d) ZZ:O Qr = i(@n-ﬂ +3Qn +2Qn—1 —2).
(€) 37 oSk = 2(Sns2+3S, +2S,_1 —1).
(£) Yho Rk = j(Rnt2 + 3Ry + 2R,_1 +2).

2.m=-1,5=0.

(@) Yhoo k= 1(=Jnp1 =3Jp1 — 2] pa).

(b) Y hodok = 3(—Jont1 —3jn-1— 2j-n—2 + 13).
(c) Sh oK =%(-K_pnt1—3K_ 1 —2K_,,_ +15).
(d) Yo Q@ k= (—Qnt1 —3Q n1—2Q n 2+ 14).
(€) Yp—oS—k=1(=S-nt1—35 1 —25 , 2+1).
(f) Sr oR-r=1(~R_py1 —3R_,_1 —2R_,_» + 14).

(@) Yo J3k—6 = 145 (16J30 — 96J3n—3 + 2403, + 128.J3,_9 + 179).
(b) Yheodsk—6 = 337(843n — 483n—3 + 120j3n—6 + 64j3n—9 — 79).

(€) Yro Ksi—6 = 735 (16K3, — 96 K33 + 240K3,,_6 + 128 K359 — 591).
(d) YhoQ3k—6 = 115 (16Q3n — 96Q3,—3 + 240Q3n—6 + 128Q3,—9 — 643).
(€) Sr_oSsk—6 = 133(4S3n — 24S3,_5 + 60S3,_6 + 3253,_9 + 13).

(£) Sr_o Rsk—6 = 755 (16R3, — 96 R3,—3 + 240 R3,—6 + 128 R, g — 225).

4o m=-3,j=2.

(@) Dop—oJ-3kt2 = %(—J—3n+5 +6J_3p4+2 — 15J_ 3,1 — 8J_3,,—4 + 20).

(b) > k—oi-3k+2 = %(_j—3n+5 +6j_3n+2 — 15j_3n—1 — 8j_3n—a + 169).

(€) ¢ oK skio= o (—K_s3nt5 + 6K 3040 — 15K _3, 1 — 8K_3,_4 + 139).
(d) YpoQ-skr2 = 55(—Q-3n+5+ 6Q_3n42 — 15Q_3n-1 — 8Q_3,—4 + 110).
(€) S oS-sk+2 = o (—S_gnts + 6S_3n40 — 155_3,_1 — 8S_3n_a + 29).

() S7_oR-skr2 = ge(—R_3n45 + 6R 3040 — 15R 3,1 — SR_g,_4 + 114).
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5 Matrices Related with Generalized (7, s,t,u) Numbers

Matrix formulation of W, can be given as

n

Whas r s t u W3
W, 1 000 1%
+2 | _ 2 (5.1)
W1 0100 Wi
W, 0 010 Wo

For matrix formulation (5.1), see [5]. In fact, Kalman give the formula in the

following form
n

W, 01 00 Wo
Wper | ] 00 10 W
Wi io 000 1 Wy
Whas r s t u W3
We define the square matrix A of order 4 as:
r s t u
1 0 0 O
A= Arstu =
0100
0010
such that det A = —u. From (1.1)) we have
Whis r s t u Wit
Warz | _[ 100 0 Wit 52)
Wi 010 0 W, '
W 0 01 O W1
and from (5.1) (or using (5.2) and induction) we have
Wias ros o tou ) Ws
Wee | | 1000 Wo
Wair | [ 01 00 Wi
W, 0010 Wo
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If we take W,, = G, in (5.2)) we have

Gns ros t u Gr+2
Gy, 1 0 0 O G,
+2 | _ +1 (5.3)
G 0100 G
G 0010 Gni

We also define

Grni1 sG, +tGh—1 +uGpu_o tG, +uGph_1 uG,,
Gn sGpo1 +tGp2 +uGy_3 tGu_1 +uGp—2 uGp_

Bn = Gno1 $Gp_o+tGp_3+uG_s4 tGpo+uG,—3 uG,_2
Gno $Gp_3+tGp_g+uGn 5 tGp_3+uGy_4 uG,_3
and
Whe1  sWy +tWo_1 +uWy_o tWy +uWy uWp,
C, = Wo  sWhu1 +tWh_o +uW, g tWh_1 +ulWp_o uW,_1

Wpo1 sWy o+ tWy s +ulWy_y tWy o +ulWy_3 ulW, o
Wypoo sWps+tWh_s+uW, 5 tW,_s+ulWp_4 uW,_3

Theorem 19. For all integers m,n > 0, we have
(a) B, =A"

(b) C1A™ = A"(CY.

(¢) Cpym = CpBy = BpnCh.

Proof.

(a) By expanding the vectors on the both sides of ([5.3)) to 4-colums and multiplying
the obtained on the right-hand side by A, we get

B, = AB,_1.
By induction argument, from the last equation, we obtain
B, = A""'B.

But By = A. It follows that B,, = A™.
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(b) Using (a) and definition of C1, (b) follows.

(¢) We have C,, = AC),—1. From the last equation, using induction we obtain C,, =
A”_lCl. Now

Corn = AT =100 = AP A™C, = AV 1CLA™ = C By,

and similarly
Cn—l—m - Ban

Some properties of matrix A" can be given as
An — T‘Anil + SAnf2 + tAn73 + uAnf4
and
An—i—m — AnAm — AmAn

and
det(A") = (—u)"

for all integers m and n.

Theorem 20. For m,n > 0, we have

Wogm = WnGm+1 + anl(SGm +tGrm—1 + UGm72) + Wn72(tGm + UGmfl)
+ulW,—3Gp,. (5.4)

Proof. From the equation Cy 1, = C, By, = B C), we see that an element of C 41,
is the product of row C), and a column B,,. From the last equation we say that an
element of C, 4, is the product of a row C),, and column B,,. We just compare the
linear combination of the 2nd row and 1st column entries of the matrices C),,,, and
CnBy,. This completes the proof. O

Remark 21. By induction, it can be proved that for all integers m,n < 0,
holds. So for all integers m,n, is true.
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Corollary 22. For all integers m,n, we have

Gn+m = GnGm+1 + Gn—l(SGm + Gt + UGm—2) + Gn—2(tGm + UGm—l)

+uGr—3Gm,

(5.5)

Hypp = HnGerl + anl(SGm +tGrm—1 + UGmf2) + anQ(tGm + UGmfl)

+an_3Gm,

(5.6)

Enim = EnGm—H + En—l(SGm +tGm-1+ UGm—Q) + En—2(tGm + UGm—l)

Ful, 3Gm.

6 Special Matrix Formu

las

(5.7)

In this section, we present some specific matrix relations of fourth-order numbers

(generalized (r, s, t,u) numbers).

Firstly, we present some formulas for the generalized Tetranacci numbers.

Corollary 23. For all integers n, we have the following formulas for the generalized

Tetranacci numbers.

(a) Tetranacci Numbers.

n

11 1 1 Myt
AP = 1 0 0 0 _ My,

01 0 0 My

0 0 1 0 My

(b) Tetranacci-Lucas Numbers.

n _ 1
Allll — 563

My + My—1 4+ Mp_2

Mn + Mnfl

Mnfl + Mn72 + Mn73 Mnfl + Mn72
My o+ My 3+ My_g Muy_2+4+ My_3
Mn—3 + Mn—4 + Mn—5 Mn—3 + Mn—4

ail
a21
a3

a4

a2
a22
a32

a42

ai3
a23
as3
@43

a4
a24
as4
Q44
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where

a11 = 86Rnsa — 61Rpi5 — T1Rpio — 8TRns1  a1a = 15Rni3 + 9Rnio + 112Rn41 — 61R,
as1 = 86Ry 13 — 61Ry 2 — T1R, 1 — 8TR,, 22 = 15Ry 12+ 9Rpi1 + 112R, — 61R,_4
az1 = 86Ryio — 61Rpi1 — TIR, —87Ru_1 ~ ass = 15Rys1 + 9Ry + 112R,_1 — 61R,_»
g1 = 86R, 1 — 61R, — T1R,_1 — 87TRp_ a2 = 15R,, + 9R,_1 + 112R,_o — 61R,,_3

a13 = —Rpys + 112R 40 — 45Rns1 — TIR,  a1a = 86Rns3 — 61Rnys — T1R,y1 — 8TR,
23 = —Rpio+ 112R, 41 — 45R, — TIRn_1  aoa = 86Ryio — 61Rys1 — T1R, — 8TRn_1
azz = —Rn+1 + 112Rn - 45Rn,1 - 71Rn,2 ’ as4 = 86Rn+1 - 61Rn — 71Rn,1 — 87Rn,2
a43 = —Ryp +112R,,_1 —45R,,_2 — T1R,,_3 a44 = 86R, —61R,,_1 —7T1R,,_9 — 87TR,_3

Proof. Take r = 1,s = 1,t = 1,u = 1 in Theorem (a). Then in this case,
Gn :Mn with Mo :O,Ml == 1,M2 == 1,M3 = 2.

(a) In Theorem[19| (a), we take G, = M, with My =0, My =1, M, =1, M3 = 2.
(b) Take W,, = R, with Ry =4, Ry = 1, Ry = 3, R3 = 7. Writing
My,=aXRpy3+bX Rpya+cX Rpp1+dXx Ry
and solving the system of equations

My = axR3+bxRy+ecx Ry+dx Ry
M, = axRi+bxR3+cx Ro+dx Ry
My = axRs+bxRy+cx Rs3+dx Ry
Ms = axRg+bxRs+cx Ry+dx Rg
86 61 71 87
we find that a = 2,0 = — 555, ¢ = —555,d = — 55 and so we get
563M,, = 86R, 13 — 61R, 12 — T1R, 11 — 8TR,,.
Using the last equation and Theorem [19| (a), we get required result. O

Secondly, we present some formulas for the generalized fourth order Pell

numbers.
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Corollary 24. For all integers n, we have the following formulas for the generalized

fourth order Pell numbers.

(a) Fourth-Order Pell Numbers.

n

2 1 1 1 Poyi P+ P11+ P P,+ P,_1 P,
Ap, = 1 000 _ P, P,1+PFP,o+PFP,3 P,14+P, o P,

01 00 P11 Poo+ Py 3+P,—y P, o+ P, 35 P,o

0 010 P, P, s34+ P, 4+P,—5 Pis3+P,—4y P,_3

(b) Fourth-Order Pell-Lucas Numbers.

bir bz b1z bus
n o _ 1 | b b2z baz b
AL M by bz by

bsr baa baz bys

where

biy = 106Qn44 — 133Qnss — 138Qn42 — 182Qni1 biz = —32Qn4s + 67Qn2 + 337Qni1 — 133Qn
bor = 106Qn+3 — 133Qni2 — 138Qn41 — 182Qn  bas = —32Qut2 + 67Qni1 + 337Qn — 133Qn_1
b3y = 106Qn 42 — 133Qni1 — 138Qn — 182Qn_1  bsz = —32Qns1 + 67Qn + 337Qn_1 — 133Qn_2
bar = 106Qn i1 — 133Qn — 138Qn_1 — 182Qn_2  buz = —32Qn + 67Qn_1 + 337Qn_2 — 133Qn_3

b1z = —T6Qn+3 + 337Qn+2 — 89Qn+1 — 138Q,  b1a = 106Qn+3 — 133Qn+2 — 138Qn+1 — 182Q,
bos = —76Qn+2 + 337Qn+1 — 89Qn — 138Qn—1  b2ga = 106Qn42 — 133Qn+1 — 138Q, — 182Q -1
bas = —T6Qni1 + 337Qn — 89Qn—_1 — 138Qn—2  bas = 106Qns1 — 133Qn — 138Qn_1 — 182Qn_»
bas = —=76Qn + 337Qn—1 — 89Qn—2 — 138Qr—3 baga = 106Q, — 133Qn—1 — 138Qn—2 — 182Q),—3

(c) Modified Fourth-Order Pell Numbers.

€11 C12 €13 Ci4
C21 C22 C23 C24
€31 €32 €33 C34
C41 C42 C43 Ca4
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where

ci1 = FEnyqs —Eny3 —2E, 0+ En ci2=3E,12—3E,41 —2E, — Ey 1
co1 = Bnys — Enio — 2Epi1 + By 22 =3Bns1 — 3By — 2En_1 — Ep_s
31 =Fpio—Fpi1 —2E,+E,_1 = ¢32=3E,—3E,_ 1 —2E,_o—E,_3
Cq1 = En+1 — En — 2En71 + Enfg Cyqo = 3En,1 - 3En,2 - 2En,3 — En,4

ci3=Fn3—-3E, 41— E,+E,_; cuu=FEni3—Eno—-2E, 1 +E,
co3=FEpo—3E, —Ep 1+ Ey o oy =Epyo— By — 28, + B, 1
¢33 =FEny1 —3E,1—Ep2+E,3 csa=Fpy1 —E,—2E,_1+E,_»
Cas = Fp —3Ey o —Ep s+ Fny  caa—=FEy—Ey 1 —2E, o+ E,_s

Proof. Taker =2,s=1,t =1,u=11in Theorem (a). Then in this case, G,, = P,
with Py =0,P, =1,P, =2,P; =5.

(a) In Theorem[19| (a), we take G, = P, with Py =0,Py =1,P, =2, P; = 5.
(b) Take W,, = @), with Qo =4,Q1 = 2,Q2 = 6,Q2 = 17. Writing
Pr=aXQni3+bxQniztcXQni1+dxQp
and solving the system of equations

Pr = axQ3+bxQa+cxQr+dxQo

PL = axQi+bxQs+cxQotdxQ

Py = ax@Q5+bxQi+cxQ3+dxQ2

Py = axQs+bxQs+cxQs+dxQs
we find that a = %,b: —%,c = —%,d: —% and so we get

1423 P, = 106Q 43 — 133Q 42 — 138Qn+1 — 182Q),,.
Using the last equation and Theorem (a), we get required result.
(C) Take W, = F,, with Fy =0,F; =1, Fy =1, Es = 3. Writing

Po=axFEpi3+bx FEyio+cXx Epp1+dx Ey
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and solving the system of equations

Py = axFE3s+bxFEy+cx E1+dxEy
PP = axFEs+bxFEs+ex Eyg+dx E;q
P, = axFBEs+bxFEs+cex Es+dx By
P; = axEg+bx Es+cx Eg+dx Es
we find thata:%,b:—i,c:—%,d:%andsowe get

4Pn = Ln+3 — En+2 - 2En+1 + E,.

Using the last equation and Theorem [19| (a), we get required result. O
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