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Abstract

The spread of Avian influenza in Asia, Europe and Africa ever since its
emergence in 2003, has been endemic in many countries. In this study,
a non-linear SI-SI-SEIR Mathematical model with re-infection as a result
of continuous contact with both infected poultry from farm and market is
proposed. Local and global stability of the three equilibrium points are
established and numerical simulations are used to validate the results.

1 Introduction

Avian Influenza is a virus majorly spread in birds but can also be transmitted to
humans with the human infections acquired through direct contact with infected

animals or contaminated environment. Human are infected with avian influenza
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Nomenclature
Sk(t) | Susceptible human Ay, | recruitment rates of human
En(t) | exposed human Ay | recruitment rates of poultry
In(t) | infected human w1, | natural mortality rates of human
Ry (t) | recovered human [ | natural mortality rates of poultry
S#(t) | susceptible poultry in farm tq | disease-related death rates of infected human
If(t) | infected poultry in farm py | disease-related death rates of infected poultry
Sm(t) | susceptible poultry in market o | proportion of poultry from farms to markets
I, (t) | infected poultry in market r recovery rate of infected human
P re-infection rate Br | human transmission rate
ap human progression rate from the latent || 3; | transmission coefficient from infective poultry
period of infection to the infected class of farms to susceptible poultry of farms
Bm contact rate from infective poultry of Br | transmission rate from infected poultry of
markets to susceptible poultry of markets and farm to susceptible human
markets

virus subtypes A(H5N1), A(H7N9), and A(H7N9). In 2013, the disease was
reported for the first time across China, with over 1500 human cases reported
and many deaths. The period of incubation ranges from 1 to 10 days, with
an average of 5 days. The signs and symptoms are upper respiratory infection
(fever and cough) which may progress to severe pneumonia, acute respiratory
distress syndrome and death. The novel Coronavirus disease 2019 (COVID-19)
has similar disease presentation with the Influenza virus; they are both zoonotic.
Both the influenza virus and coronavirus cause respiratory disease ranging from
mild illness to severe disease and death. The two viruses are transmitted by
contact or droplets. For this reason, they can both be prevented by proper hand
hygiene and good respiratory etiquette [II, 2] [3].

Iwami et al. [4] proposed a mathematical model that considered two types
of avian influenza outbreak which may occur if humans fail to stop the spread
of the disease. Liu and Fang [5] developed a dynamical model of avian influenza
A(H7N9) to check the effect of the spread between poultry and poultry, poultry
and human, and human and human and it was established that the likelihood of
human-to-human transmission of the avian influenza A(H7N9) is low. Though

the probability is low, the possibility of human-to-human transmission should
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still be considered. Che et al. [6] furthered the research by including saturated
contact rate in the model for a highly pathogenic avian influenza epidemic. Chen
and Wen [7] diversified the model by treating a bilinear disease incidence case
with mutant avian influenza A(H7N9) virus, meanwhile, the highly pathogenic
avian influenza epidemic model in the presence of vertical transmission function
in poultry was proposed in [§]. The model proposed and investigated in [9]
describes the transmission dynamics of avian influenza A(H7N9) between human
and poultry. The model in [9] was further extended in [I0] by introducing
the possibility of re-infection. The results of the research indicated that a
recovered individual who continue to have contact with an infected poultry may be
re-infected with the disease. More recently, the spread of the avian influenza has
attracted the attention of many researchers who working vehemently to unravel
the dynamics of the transmission and as a result, bring an end to the spread of
the disease. Advancement in the study of avian influenza include the models
with Vaccination and Seasonality, the study of the Antigenic Variant, effects
of other illnesses on patients infected with Avian Influenza A (H7N9) Virus,
spatiotemporal variation and hotspot detection of the Avian Influenza A(H7N9)
Virus, specificity, kinetics and longevity of antibody responses to avian influenza
A(H7N9) [11], 12, 13], 14}, 15, [16]. The studies have been very successful so far.

It is important to note that despite the intense concentration on the dynamics
of the avian influenza A(H7N9) virus, the SI-SI-SEIR model with re-infection
has not been explored. In this paper, as a further advancement to [10], an
SI-SI-SEIR model for the transmission of an avian influenza A(H7N9) virus with
re-infection is proposed. The dynamics of the transmission is unraveled by the
available mathematical tools. This paper is organized as follows: Section 2
presents the SI-SI-SEIR model with re-infection to study avian influenza A(H7N9)
transmission, the reproduction number and the existence of the equilibria points
are established in Section 3 and Section 4 shows that the equilibria are locally,
and globally asymptotically stable using the Lyapunov functions. We present the
numerical simulation to validate our results in Section 5 and give the conclusion

in Section 6.
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2 The Model

Considering the work of [I0] and [9], the novelty of this work is included in the
following four assumptions; 1) the natural and the disease-induced death rate
are the same for the poultry population. 2) the human population is classified
with the inclusion of Exposed class to the susceptible, infected and the recovered
compartments. 3) every bird is moved to market at once, if the progression rate
of susceptible poultry from farm to market is ag, then the progression rate of
infected poultry to market will be (1 — ag). 4) human get infected not only in
market but also in farm. 5) Human re-infection with the disease is expressed as
VB (If + Im) Ry, where 9 is the re-infection rate, f, is the human transmission
rate.

We propose the epidemic dynamics model of avian influenza A(H7N9) virus

as
Sp=Ap = BrSply — (pa + 0) Sy, (2.1)
Iy = BpSplp — (1 — o)y — (pta + puy) Iy, (2.2)
S = oSt — BmSmIm — taSm, (2.3)
I;n = BmSmIm + (1 - Oéo)[f - (Ma + ,Uf)Ima (2-4)
S;l = Ay — ﬁh(If + Im)Sh — uRSh, (2.5)
E;l = ﬁh(ff + Im)(Sh + th) — (Oéh + Mh)E}u (2.6)
I, = anEp — (14 pa + pun) In, (2.7)
Ry, =rIy — (I + L)Y Ry — pn R (2.8)
The disease free equilibrium is obtained from Eq. (2.1] as
A OzoA
$9.79,89 10 89 E9 19 RY =< — ! 0,0,0,0,0).
( £ ho o Th h) (:ua +040) Ma(ﬂa +0‘0) (2.9)

The reproduction number Ry is defined as the expected number of secondary

cases produced in a totally sensitive population by a typical infective individual
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during infectious period at a disease free equilibrium. The effective reproduction
number is used to ascertain the transmission ability of a disease. The reproduction
number is affected by the rate of contacts in the host population, the probability
of infection transmission during contact and the contagious duration, hence, we
obtain the reproduction number using the next generation matrix proposed by
7]

BeSyly
fe BinSm L , (2.10)
Br(If + Im)(Sh + Y Ry)

0

(1 —ao0) Iy + (ta + py) Iy
(ka +pf) Im — (1 — ao) I

v = . (2.11)
(an + pn) En
(r =4 pa + pn) I — apEp

Then

8%0 =P (FOV_I) = max (§R01, %02) s (212)
where

A A\
§R01 = ﬁf ! and §R02 = aoﬂ f

(a0 + pa) (1 — 0 + pa + i5) fta (a0 + pa) (pa + p15)”

3 Existence of Equilibria
We prove the theorem on the existence of equilibria.
Theorem 1. For system 2.8),

1. whenever o1 > 1, Rgo > 1, there is the unique endemic equilibrium

kskok kskok kkosk kkk koskok kskok kkk kskok kskosk
U :(Sf 5 f ,Sm ,If 7Sh 7Eh s dp 7Rh )
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2. whenever o1 < 1, Ro2 > 1, there is the unique boundary equilibrium

U* = (5},0,55,,1F, 5, Eyy, I Ry,) -

3. whenever o1 > 1, Ro2 < 1, another unique boundary equilibrium

U™ = (S7", 17" 550,577, B I YY)

Proof. The three conditions stated above are considered

1. Consider the first case where Iy # 0 and I, # 0, then it is obtained from

Eq.(2.2) and (2.1)) respectively that

1 — oo+ g + f)
By

Yo + aO)

,f;**:( g Ga-D. ()

$okok (
Sf =

Since all parameters are positive and I;Z** > 0, then we require g1 > 1.

From Eq. (23),

Y '
Substituting (3.2)) into Eq.(2.4)) gives
al*2 L pI¥* 4 ¢ =0, (3.3)

where
a = —Pm (ta+ pf), b= 0BmSF™ + (1 — o) Bmd 7™ — pa (a + 1) ,
c= pa (1 —ap) I, (3.4)

then we can produce that A = b — 4ac > 0 if gz > 1, thus, I** has a
unique positive root
— (1 —ayp) I

= . 3.5
Bms;#*_(ﬂa"‘ﬂf) (8:5)
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The other equilibrium points are obtained from Eq. (2.5 as

An I

S = Ry = . (36)
B (177 + L") + an W (17 + Lz ) +
koksk *3k >k koksk kokk
o (177 + B ) (S + vRy™) B .
" (an + i) TR (o pat )

Therefore, the endemic equilibrium
U*** — (Sj;**v I;;**, S;k;k*7 I;!;;k*j S;;**, E;**’ I;Lk**7 Rz**)
is established whenever Ry > 1 and Rge > 1.

2. Now, we consider the condition Iy = 0, therefore, the model ([2.142.8)) reduces

to
Sy = Ag — (a+ a0) Sy, (3.5)
Sy, = a0St — BmSmIm — taSm, (3.9)
I7In = BmSmIm - (,ua + Mf) I’m: (310)
S, = A — Brln S — 1S, (3.11)
E;l = Byl (Sh + @th) — (Oéh + uh) Ey, (3.12)
I, = anBy — (1 + pa + pin) In, (3.13)
Ry, = Iy — BpIm Ry — pin Ry (3.14)
We obtain from Eq.(3.8) and (3.9) that
As (ba + 1y)
s A ge _ We TR 3.15
! (aU + ,Ua) " Bm ( )
By using Eq.(3.15)) in Eq.(3.10]) then
I, = gfa (Ro2 — 1), (3.16)

from which it is essential for Ry2 > 1. We obtain the other equilibria from

Eq.@113.14) as
Ay, . Buli (Sp+YRy) e anE; . rIy

5*27’ v T ) = =
b B, s (an + pn) Mgt un) T BRI+
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Therefore, the boundary equilibrium U* = (S}Z,O, Sk I, S;;,E,’;,I;,RZ)
is established whenever Ry < 1 and Rge > 1.

3. Again, we consider a case where all the means of transmission of the disease
between the poultry in market is negligible including all infected poultry in
farm considered killed such that only susceptible poultry goes to market i.e.

I, =0 and (1 — ag) Iy = 0. The model (2.112.8)) will then reduce to

Sy =Ap—BSply — (pa + o) Sy, (3.17)
Iy = BrSyly — (pa + ps) I, (3.18)

Sy = 20Sf — paSm, (3.19)
Sl/z = Ay — BrdpSh — pnSh, (3.20)
Ej, = Brlf (Sh+ Y Rp) — (un + an) By, (3.21)
I, = anEp — (7 + pa + pin) In, (3.22)

h =11y — VBl Ry — pupRy,. (3.23)

We obtain from Eq.(3.18) and Eq.(3.17) that

(Ha + py)
S = 3.24
7 5 (3.24)
a 1- a
/Bf Mo + Lf

On solving Eq. 1' and substituting S;i*,

S = S IS (“;+“f). (3.26)

From Eq.(3.20 - , we have

G T (n+m) " (rtpat )
I**
R = 'h (3.27)

RS
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Therefore, the boundary equilibrium
U**: (S;kc*, I**, S:;;k’ 0’ S;;*, E;;*’ ;;*’ R}:*)

is established whenever fp; > 1 and Rgo < 1. O

4 Stability of Equilibria

We have established the existence of disease-free and positive equilibria. We

further investigate the stability of these equilibria.

4.1 Stability of the disease-free equilibrium

Theorem 2. Let U° = (S?, 0,59 .0, Sg,0,0,0) be the disease-free equilibrium of
system 2.8). Then UY is locally asymptotically stable if Ro < 1, but unstable
if Ro > 1.

Proof. The characteristics equation of the Jacobian matrix at the disease-free

equilibrium U is

(A4 a0 + pra) A+ pa) (N + pn) (A + pg) (A + o + pn) (X474 pg + )
(A +1— 0+ pta + g — BrS) (A + tta + p15 — BmSp,) =0

and the eigenvalues are A\ = — (ap + fta), A2 = —la, A3 = Ay = —lp, A5 =
—(ap+pn), e = —(r+pa+pn), M = (1 —ag+pa+pp) Ror — 1), Ag =
(fta + 11f) (Ro2 — 1) . Clearly, all eigenvalues have negative real parts if Ro1 < 1
and Rp2 < 1 and consequently, Ry = maz{Ro1, Ro2} < 1. Thus, the disease-free
equilibrium U? is locally asymptotically stable if %y < 1 but unstable if Rq >
1. O

Theorem 3. For system - @, if Ro1 < 1, the disease-free equilibrium U
1s globally asymptotically stable.

Proof. We shall construct this proof by taking the three subsystems one after the
other

Earthline J. Math. Sci. Vol. 5 No. 1 (2021), 43-73
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Poultry subsystem in farms: Define a Lyapunov function for the poultry

subsystem in farms

Ly =Sp— Sy —5¢In (%) + 1. (4.1)
It follows that the derivative of Lq; is
Ly = _(,LLa;—fOéo) (Sy— S?)2+(1—ao+ua+uf) (Ro —1) Iy <0 if Roy < 1.
Thus,

Uy = {(Sy, Iy) €R% : L, =0}
={(Sy, Iy) eRL : §p = Sy, Iy =0} = {U}},

which according to Lassale’s invariace principle, UJQ is globally

asymptotically stable [I8] [19].

Poultry subsystem of markets: The poultry subsystem of markets with the
avian components of farms already at the disease-free steady state is

St = 0S5} = BmSmIm — taSm, (4.2)

I;’n = BmSmIm — (Na + Nf)lrm (4-3)

we define a Lyapunov function as

Lig =Sy —SY —SY In <Sg”‘> + I (4.4)
Sm
It follows that

fa

Lo = = (S = S0)" + (a + p7) (Roz = 1) Ln <0 if Rop < 1.

Thus,
Wy = {(Sm, In) € R% : L, =0}

={(Sm, In) €RL : S, = S0, I, =0} = {UY},

which according to Lassale’s invariace principle, UJ is globally

asymptotically stable [I8] [19].
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Human subsystem: Finally, we consider the human subsystem with the avian
components already at the disease-free steady states.
Sy = Ap — p1nSh,
Ej, = —(an + pn) By, (4.5)
Iy = anEp — (r + pa + pn) I,
Ry, =11y — pp Ry,

we define a Lyapunov function

S
L3 :Sh—S}?—S,?ln (S}é> + En + I, + Ry, (4.6)
h
then, it follows that the derivative of Li3 along the solution of Eq.(4.6|) is
i

2
13 = _Sh (Sh - Sg) — upEn — (Md + ;uh) I, — ppRy,.
Thus,
Vs = {(Sh» En, In, Ry) € Ri c Ly = 0}
= {(Sh, En, In, Ry) €RY : S =S, Ep =0, I, =0, Ry =0} = {U}},

which according to Lassale’s invariace principle, U,? is globally

asymptotically stable [I8| [19].
U
4.2 Stability of the boundary equilibrium and the endemic
equilibrium

The characteristics equation of the Jacobian matrix of is obtained as
(878515 + (A + a0 + pta + Brl) (A +1 = ao + pup + pa = B Sy)]

X [5mIm ()‘+Ma ""Mf) + (/\"_,Ufa) (>‘ - Bmsm +,Ufa +:U’f)] (_>‘ - ﬁh(If +Im) - Mh)
x [(rpanBn (Iy + Im) — A+ an + pn) A+ 081 (If + Im) + pn) (A + 74 g+ )] = 0.
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Theorem 4. For system - @), the boundary equilibrium U™* is locally
asymptotically stable whenever Vo1 < 1 and Ro2 > 1, the boundary equilibrium U™**
is locally asymptotically stable whenever Vo1 > 1 and Ro2 < 1 and the endemic
equilibrium U™ is locally asymptotically stable whenever Ro1 > 1 and Rpz > 1.

Proof. We have the proof as follows:

1. For the boundary equilibrium U* = (S;Z,O,S* I S’;‘L,E;‘L,I}*L,R;‘L), one of

m?m?
the eigenvalues is

Bn

A= _MGB

(o1 — 1) — un, (4.7)

four of the eigenvalues are obtained from the two quadratic equations,

+ )
224 (1— g+ g + ( (a9 +1—§R>)\
( 0+ ta + fif) 0= a0+ 1ta + 117) 01
+ (ap + pa) (1_040+,U«a+,uf) (1-%R01)=0 (4.8)
)\2+MQ§R02)\+MG (Ma—i-/if) (%02—1):0 (4.9)

and the other three eigenvalues are obtained from the cubic equation

Xt (ap + 7+ pig + Bpn + OBRI) N
+ (BRI, + pn)(an + 2pp + 1 4 p1a)) A
+ (YBuIy, + pn)(an + pp) (1 4 pa + pn) — aprBply, =0,

from which, if Ro1 < 1, o2 > 1, all the eigenvalues have negative real parts.

2. For the boundary equilibrium U** = (SJ’E*,I}*,S** I S**,E,’;*,I,’;*,R,‘;*),

mytm
one of the eigenvalues is

Bn 1 — o+ pla + fif
A= —— (g + pq Ror—1) — pn 4.10
Bf( ) Pa + fif (4.10)

four of the eigenvalues can be obtained from the following two quadratic
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equations
1—
)\2+ ((a0+#a)( Oé0+:ua+lu’f)§}%01+(1_a0)>)\
Ma + oy
1 —ag + pta + pif )
+ (oo + Ro1 — 1] =0, 4.11
(o + ) (5t L bl ()

2+ (:U‘c21 + (ta + 1f) (pa — O‘OBm)) A+ (o + pf) (Ha — @0Bm) = 0. (4.12)
The remaining three eigenvalues are obtained from the cubic equations
(an + pn) (r =+ pa + pn) YBRIG" + pin (o + pin) (7 + pa + pin) + anrpBpls”

+ (VBRI (an + 2un + 1+ pa) + pn (an + 2pn + 7 + pa) + (o + pa) (r + pa + pn)) A
+ (VBRIF + pn + (an + 2pn + 7+ 1)) X+ A° =0
from which, if o1 > 1, Rp2 < 1, all the eigenvalues have negative real

parts.
3. For the boundary equilibrium
U*** — ( ;**7 I;;** S:)j*’ I;);;k*) Z**v E;z**v I;:**, Rz**) ,
one of the eigenvalues is

At = =Bpl™ = Bl — un (4.13)
four of the eigenvalues can be obtained from the two quadratic equations

N+ (BpIF™ = BpST* + (1= a0 + pa + ) + (@0 + f1a)) A
+ (o + a) (1 — a0 + pa + py) — (a0 + pa) B S
+ B (1 — oo + pa + pp) = 0,
N+ (B L™ = BimnSi™ + a + (Ha + 115)) A
1o 115) BnL — HaBon S5 4 pta (o + ) = 0. (4.14)
The remaining three eigenvalues are obtained from the cubic equations
Nt (n + pa 7 Bpn + OB LT+ UBRIT) AP
+ ((on + 2pn + 7 + pa) (VBRI + BRL™ + pn) + (an + pn) (7 + pra + pn)) A

+ (UBRIF + BuLy™ + pn) (on + pn) (¢ + pra + pn) — ot (VBRIF™ + Buly™)
-0 (4.15)
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from which, if Rg; > 1, Rgz > 1, all the eigenvalues have negative real parts.

O]

Theorem 5. For system - @),
1. the boundary equilibrium U* = (S;, 0, S%, I*, S, Ef, I, R;;) is globally
asymptotically stable whenever o1 < 1, Rgo > 1.
2. the boundary equilibrium U™ = (S;i*, I;*, Sps 0, 8%, Ep*, Ip™, R;’;*) s
globally asymptotically stable whenever Rg; > 1, Koz < 1.

3. the endemic equilibrium U*** = (S;i*ﬁ I, Sy, Ieer, Sy, By, I, R;‘L**)
is globally asymptotically stable whenever Rg; > 1, Rz > 1.

Proof. We consider the global stability of the boundary equilibrium and the

endemic equilibrium.
1. The boundary equilibrium U*.

(a) Consider the poultry subsystem in farms and define a Lyapunov

function

S
L21:Sf—S;§—S}ln (S;) +If (4.16)

then the derivative of Lg; along the solution of Eq.(2.1)) and Eq.(2.2))
is

Mo + )
Lél:_(SfO) (Sf—Sf) + (1 —ao+ pa+pp) (Ro—1) Iy
v, = {(Sf, If) ERa_:lel :0}:{(Sf, If) ER?'_:Sf:S}, IfIO}

= Ui},

which according to Lassale’s invariace principle, U}‘ is globally

asymptotically stable [I8] [19].
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(b) Next, we consider the poultry subsystem of markets with the avian

components of farms already at the disease-free steady state

S = aoS;Z — BimSmIm — taSm (4.17)
L, = BinSmIm — (o + pf) Iy (4.18)

we define a Lyapunov function

Loy = Sy — S, — S5 In <g’”> 1, — I —I*In Gm) (4.19)

and then the derivative of Lgy along the soluion of Eq.(4.17) and Eq.(4.18)
- S S}

o = RS, (2= G2 - g2 ).
— 9§ < 0if Rop > 1, then Ly < 0, and thus

U5 = {(Sm, Im) € RY : Ly =0} = {(Sm, Im) ERY : Sy = Siypy Iy = I}
={Un}

which according to Lassale’s invariace principle, U}, is globally

asymptotically stable [I8 [19].
(c) Finally, we are considering the human subsystem with the avian
components of markets already at the endemic steady state.
Sy, = Ap — BrSnly, — unSh
E}, = BuSuly, + ¥BuRuLy, — (o + pin) En
I, = anBy — (1 + pn + pa) In (4.20)
h=1In — VB Ry, — pn Ry,

we define the Lyapunov function as

Earthline J. Math. Sci. Vol. 5 No. 1 (2021), 43-73
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and then the derivative of Loz along the solutions of (4.20) is

L,23 =g (Ro2 — 1) <3 7777777

B, I E:R, IR
R (Rop — 1) (2= 20 4 2 _ Enlih  Ih T
+ Hat By, (Roz )< E; I, E,R I R,
S: S, E, I, I
s (2— 2 _ 2 r142h 2t
+’“‘hh< S, SZ>+ahh<+E;; I,
« Iy Ry, IR
+ unR;, <1+*—*—* . (4.22)
I R TR,
E S, Er E I E; R 1, R} Sy s

and thus,
Ws = {(Sh, Ep, In, Ry) € RY : Ly =0}
- {(Sh’ Ep, In, Bp) € Ri :Sh=205},, En=E;, In=1;, R, = RZ}
= {Un},

which according to Lassale’s invariace principle, U; is globally
asymptotically stable [I8, [19]. In conclusion, if fo; < 1, Koo > 1, the
boundary equilibrium U*is globally asymptotically stable.

2. The boundary equilibrium U**

(a) We firstly consider the poultry subsystem in farm and define a

Lyapunov function

S I
Ly =Sy — S5 — S In (sj) + I~ I3~ I In (I;> . (4.23)

then the derivative of L3; along solutions of system (3.17)) is obtain as

/ (040 + ,U,a) w0\ 2 ok THK S;;* Sf
= 0T (g, B - i R
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S** S
f f /
Sf — 57;* S 0, L31 S 0. ThuS,

since 2 —

U = {(Sy,Iy) € RY : Ly =0}
2 sk sk K%
:{(Sf, Iy) e Ry : Sy =53, Iy =1; }:{Uf },
which according to Lassale’s invariace principle, U}k* is globally
asymptotically stable [18] [19].

Next, we consider the poultry subsystem of markets with avian

components of farm at the disease-free steady state
Sin = 0S¥ = BmSmIm — ftaSm, (4.25)
Il = BinSmIm — (pa + pog) Iy (4.26)
We define a Lyapunov function
Sm
S
then the derivative of L3y along the solution of system (4.25) and (4.26])

is

L32 = Sm - S;;Jk - Sf,fln + Im, (4.27)

S5
L :uS**<2— UL m) 4.28
32 a™~m Sm Sﬁ ( )
since 2 — ‘g;:’f: — 57:3 <0, L5, <0, thus,

U = {(Sm, Im) € R : L, =0}
= {(Sm, I,) € ]R%r S =S Iy = I;‘,:‘} ={U;"},

which according to Lassale’s invariace principle, U} is globally
asymptotically stable [I8, [19].
Lastly, considering the human subsystem with the avian components
already at the endemic steady state

Sh = A = BrSuI}" — pnSh,

E}, = BuI}* (Sh +¥Rp) — (an + pn) En,

I, = apEp — (r + pa + pn) In, (4.29)

= 1In — YBIf* Ry, — pn Ry
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We define a Lyapunov function

L33:Sh_5h _Sh In <S**) "‘Eh_E Eh In (E;;*>

In R
+ I~ —[*In +R,— R —RIn( =) (4.30)

and then, the derivative of L33 along the solutions of system (4.30)) is

L§3 :5h1}*

Ry(1+ 2 20 Zh Th

+ Hndth ( I TR IR
E, E*R, I, I, R

OBl Ry, ( E* By R LY IR,

o Sp Si*
2 —_
i ( Spr Sk >

E, I, E,I*
+ o B <1 S A hh) : (4.31)

_ Sy _ En _ Sy By _ By _Ej Rh Iy Ry
S, S E I E, I I R I, Ry
2 S;:h*_sh <O’1+E;ZL*_I%_E7}{L*IL<0’1+I%_R7£;_I%R7h§07

45 <0, and thus,
Wy = {(Sh, En, In, R) € RY : Ly = 0}
- { Sh?E}“Ih’Rh) € Ri : Sh = Si):*?Eh — E;Z*alh = I}t*aRh = R;;*}
={Ux"},

which according to Lassale’s invariace principle, U;* is globally
asymptotically stable [I8, 19]. In conclusion, if Ro1 < 1, Ro2 > 1,
the boundary equilibrium U** is globally asymptotically stable.

3. The endemic equilibrium U***

(a) We first consider the poultry subsystem in farms and define a Lyapunov

function

Sy I
Ly = Sf— S5 = §7*In ( S***>+If I — I3 In (1*{:*) (4.32)
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and then the derivative of Lg; is

(Ma + o)

Ly =—
41 Sf

Sy Sy
(4.33)

S** S
(Sf = S3)"+(ta + o) (Roy — 1) S5 (2 _2F 5 > .

Tf Ry > 1, then 2 — 2L

% < 0and L); <0 and thus,
f

V1o = {(Sy,Iy) € R} : Ly = 0}
={(Sy.1y) €RY : Sy = 87 I = I}™}
={Ui}-
According to Lassalle’s invariance principle, Uy ** is  globally

asymptotically stable.
(b) Consider the poultry subsystem in market
S = aOS;Z** — BmSmIm — 1taSm (4.34)
Iy = BmnSmIm + (1= 00) I7™ = (pta + p) Im (4.35)

and define a Lyapunov function

Sm Ly,
Liz = Sy — Sy = S In ( S) Ly — I — I3 In ( I> (4.36)

then take the derivative of Lso

L (5, - 5507 4 B T (2= S - P )

275, Sm Syt
(1= a0) (1a + a0) In Iy
+ 3, (R =) (2= 25 = 7 )

*

If R > 1, R > 1, then 2 — = — Jm < 0,2 — fu — I
L)y <0 and thus

D11 = {(Sm,Im) € R 1 L)y =0}
= {(Sm,In) € RL : Sy, = S5¥*, I, = I}
={U."}-

According to Lassalle’s invariance principle, Uj** 1is globally

asymptotically stable.
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(¢) Finally, consider the human subsystem

S = A — BrSuIF™ — BuSnly™ — pnSh (

Ep, = Bu(I3™ + L") (Sh + ¥Rp) — (an + pn) En (

Ih = apEp — (r + pta + pn)In (4.39
=rlp — Bu(I5"™ + 17" )V Ry — pn Ry (

and define a Lyapunov function

Lys = Sh—S S (S*Z*> +Eh—E E (E*Z*>

I Ry
I — I*** %] ok ok |
+1p h n<[***) +Rh R Rh <R***>
(4.41)

then take the derivative of Lss along the solution of the system (4.37|-
4.40))
y (3 S;:** Eh Sh E***>

S, 7E;;** S*** E

Ey I Er** Ry I, Rp™™
R*** I*** I*** 2 _ _ 13 _

I R In R
+ NhR;kL** (1 h h h h )

E I, B, I
E*** _ .
+an h ( + E*** I;;** E;;** Ih

Since

5 ST En S <0,

Sh E;«;** S*** Eh

B I E, Ry™ I Rh

KoKk

I*  Rp I Ry,

I***

(1+ En _ In _E h)go,
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if Ro2 > 1, then L3 < 0 and thus,
W15 = {(Sh, En, In, Ry) € R} : Ljz = 0}
= {(Sh, Ep, In, Rp)) € RY : S, = Si** By = Ef**, I, = I, R, = Rj™}
={U;""}.
According to Lassalle’s invariance principle, Up*™* is globally

asymptotically stable.

O
5 Numerical Simulations

In this section, we present numerical simulations of model — by considering
the parameters in the following examples to obtain the stability of the disease
free-equilibrium, the boundary equilibria and the endemic equilibrium represented
as a time-series diagram.

Example 1. Consider the parameters Ay = 80, By = 0.0027, p, = 0.17, py =
0.75, ap = 0.86, B, = 0.0018, A, = 280, B = 0.0018, up = 0.69, pg = 0.83,
r = 0.61, ¥ = 0.01, oy, = 0.5. Figure - gives the time-variation diagram
of system - . It is discovered that the disease-free equilibrium UV is
globally asymptotically stable whenever Ry < 1.

400

) e essld o1

300

250

m''m

200

51‘ If

150

WDD\

a0

Figure 5.1: Time variation diagram of system (2.1)) when Rp; < 1 and Rp2 < 1.
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Figure 5.2: Time variation diagram of system (12.1)) when R; < 1 and Rp2 < 1.

Example 2. Consider the parameters Ay = 80, 8y = 0.0027, p, = 0.17, py =
0.75, a9 = 0.86, B, = 0.0045, A, = 280, Br, = 0.0018, pp = 0.69, ug =
0.83, r = 0.61, ¥ = 0.01, ap = 0.5. Figure - gives the time-variation
diagram of system - . It is discovered that the boundary equilibrium U*
is globally asymptotically stable whenever g1 < 1 and Rps > 1.

250

200 —s.
lm

£ 150 i

" 100

lp Sy |

50
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Figure 5.3: Time variation diagram of system (2.1)) when Rp; < 1 and Rgg > 1.
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Figure 5.4: Time variation diagram of system (2.1)) when Rg; < 1 and Rpo > 1.

Example 3. Consider the parameters Ay = 80, 8y = 0.015, pq = 0.17, puy =

0.75, ap = 0.86, Bm = 0.0018, A, = 280, B, = 0.0018, u, = 0.69, g

0.83, 7 = 0.61, ¥ = 0.01, aj = 0.5. Figure - gives the time-variation
diagram of system - . It is discovered that the boundary equilibrium U**
is globally asymptotically stable whenever g1 > 1 and Rpa < 1.
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Figure 5.5: Time variation diagram of system (2.1)) when Rp; > 1 and o2 < 1.
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Figure 5.6: Time variation diagram of system (2.1)) when Rg; > 1 and Rp2 < 1.

Example 4. Consider the parameters Ay = 80, 8y = 0.015, pq = 0.17, puy =
0.75, a9 = 0.86, B, = 0.0045, A, = 280, Br, = 0.0018, pp = 0.69, ug =
0.83, 7 = 0.61, ¥ = 0.01, aj = 0.5. Figure - gives the time-variation
diagram of system - . It is discovered that the endemic equilibrium U***
is globally asymptotically stable whenever g1 > 1 and Rpa > 1.
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Figure 5.7: Time variation diagram of system (2.1)) when Ry; > 1 and Roz > 1.
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Figure 5.8: Time variation diagram of system (12.1)) when Rg; > 1 and Rpo > 1.

Example 5. Consider the parameters Ay = 80, 8y = 0.015, pq = 0.17, puy =
0.75, ap = 0.86, B, = 0.0045, A, = 280, up = 0.69, pug = 0.83, r = 0.61, ¢ =
0.01, ap = 0.5. Figure shows the time-variation diagram of system E} with

time, with F}, increasing as (3, is increasing.

180

B,.=0.00005
160 ——B,=0.0018
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Figure 5.9: Time variation of Fj at various values of 3j.
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Example 6. Consider the parameters Ay = 80, 8y = 0.015, pq = 0.17, puy =
0.75, ap = 0.86, B, = 0.0045, A, = 280, [ = 0.0018, up = 0.69, g =
0.83, r = 0.61, ¥ = 0.01, ay, = 0.5. Figure gives the time-variation diagram

of system I,,. It is observe that I,,, decreases as « increases.

250

T
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0=0.42
@,=0.86
200 n

150 b

100 b

50 b

0

. . . . . . . . .
0 10 20 30 40 50 60 70 80 90 100
time(years)

Figure 5.10: Time variation of I, at various values of ag.

However, in order to reduce the spread of avian influenza, the following
measures as indicated in Table [I, Table 2| and Table [3] can be taken;

1. increasing py by killing infected poultry,

2. reduce B¢, B, and B4 by closing down farms and markets where there is

infected poultry to avoid continuous contact or transmission to human,

3. increase «ay, this is achieved by increased number of susceptible poultry that
move to market. If the susceptible poultry are higher than the infected
poultry in the market, the chances of human having contact with infected

infected poultry will reduce.
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Table 1: Table showing the impact of py on the reproduction number.
pr | 0.4500 | 0.600 [ 0.7500 | 0.900 | 1.050 | 1.200 [ 1.3500 [ 1.500 | 1.650 | 1.800 |
Ror | 1.8396 | 1.5363 | 1.3189 | 1.1554 | 1.0280 | 0.9259 | 0.8422 | 0.7724 | 0.7133 | 0.6626
Roo | 2.8518 | 2.2063 | 1.9219 | 1.6525 | 1.4493 | 1.2906 | 1.1632 | 1.0588 | 0.9715 | 0.8975

Table 2: Table showing the impact of 3y on the reproduction number.
| B ] 0.0190 | 0.0170 | 0.0150 | 0.0130 | 0.0110 | 0.0090 | 0.0070 | 0.0050 | 0.0030 | 0.0010 |
Roi1 | 1.3922 | 1.2456 | 1.0991 | 0.9526 | 0.8060 | 0.6595 | 0.5129 | 0.3664 | 0.2198 | 0.0733
Roz | 0.7688 | 0.7688 | 0.7688 | 0.7688 | 0.7688 | 0.7688 | 0.7688 | 0.7688 | 0.7688 | 0.7688

Table 3: Table showing the impact of 3, on the reproduction number.
| B | 0.0090 | 0.0081 | 0.0072 [ 0.0063 [ 0.0054 | 0.0045 | 0.0036 | 0.0027 | 0.0018 [ 0.0009 |
Ro1 | 0.4103 | 0.4103 | 0.4103 | 0.4103 | 0.4103 | 0.4103 | 0.4103 | 0.4103 | 0.4103 | 0.4103
Roo | 3.8438 | 3.4594 | 3.07550 | 2.6906 | 2.3063 | 1.9219 | 1.5375 | 1.1531 | 0.7688 | 0.3844

6 Conclusion

In this paper, we combined human and poultry to developed an SI-SI-SEIR
dynamic model of avian influenza A(H7N9) with the inclusion of re-infection and
transmission of the disease occurring both in farm and market. The reproduction

number we obtained is sufficient to establish the following;

1. there exist the disease-free equilibrium U° which is globally asymptotically
stable whenever Ry; < 1 and Rp2 < 1, hence, the disease dies out (see Figure

5.

2. there exist the boundary equilibrium U* which is globally asymptotically
stable whenever Rp; < 1 and Rps > 1, hence, the disease will remain in the
population and finally lead to epidemic (see Figure .
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3.

there exist another boundary equilibrium U**, this boundary equilibrium
U** is globally asymptotically stable whenever $p; > 1 and Rps < 1, the

disease will be sustained in the population and may lead to epidemic (see

Figure .

If Rg1 > 1 and Rgo > 1, there exist the endemic equilibrium U***, we showed
that the endemic equilibrium U*** is globally asymptotically stable and this
means that the disease will spread widely in the population (see Figure .

From the ongoing, it is deduced that the spread of avian influenza can be reduced

by taking the following measures;

1. by killing infected poultry,
2. by isolating the infected poultries in the farm from the healthy ones (i.e.
reducing SB¢),
3. by killing the infected poultries in the market (i.e. reducing f,,).
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