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A Study on Generalized Fibonacci Numbers: Sum
Formulas ) kz*W3? and >} | ka*W?3, for the Cubes

of Terms

Yiiksel Soykan

Abstract

In this paper, closed forms of the sum formulas > }_, kx*W3  and
Sy ka* W3, for the cubes of generalized Fibonacci numbers are presented.
As special cases, we give sum formulas of Fibonacci, Lucas, Pell, Pell-Lucas,

Jacobsthal, Jacobsthal-Lucas numbers.
1 Introduction

There are so many studies in the literature that concern about special second order
recurrence sequences such as Fibonacci and Lucas. The sequence of Fibonacci
numbers {F),} is defined by

Fn=Fy,1+F,2 n2>2 Fo=0, F1 =1
and the sequence of Lucas numbers {L,} is defined by
LTL = Ln,1 + Ln727 n > 2) LO = 27 Ll =1

The Fibonacci numbers, Lucas numbers and their generalizations have many
interesting properties and applications to almost every field. Horadam (8] defined
a generalization of Fibonacci sequence, that is, he defined a second-order linear

recurrence sequence { W, (Wy, Wi;r,s)}, or simply {W,}, as follows:

Wp =1Wy 14+ sWy_9; Woy=a, Wy =0, (’I’L > 2) (1.1)
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where Wy, W1 are arbitrary complex numbers and r,s are real numbers, see
also Horadam , Eﬂ and . Now these generalized Fibonacci numbers
{Whn(a,b;r,s)} are also called Horadam numbers. The sequence {W),},>0 can

be extended to negative subscripts by defining
T 1
W_p = _;W—(n—l) + ;W—(n—Q)

forn =1,2,3,... when s # 0. Therefore, recurrence holds for all integer n.
For some specific values of a,b,r and s, it is worth presenting these special

Horadam numbers in a table as a specific name. In literature, for example, the

following names and notations (see Table 1) are used for the special cases of 7, s

and initial values.

Table 1. A few special case of generalized Fibonacci sequences.
Name of sequence Notation: W, (a,b;r,s) OEIS: ﬂl?l]

Fibonacci Fn =W,(0,1;1,1) A000045
Lucas Wn(2,1;1,1) A000032

Pell Wy,(0,1;2,1) A000129
Pell-Lucas Wn(2 2;2,1) A002203
Jacobsthal =W,(0,1;1,2) A001045
Jacobsthal-Lucas =Wn(2,1;1,2) A014551

The evaluation of sums of powers of these sequences is a challenging issue.

Two pretty examples are

1
Z E(-1)FF? = 1((_1)” ((2n —3)F2, 5+ (2n+5)F2 | + 3F2 5 Fni1

and

- 1
S ok(-1FLE, = L7 (2n+5) L%, 1+ (2n—3) L%, — 312, L,

b
Il
—

—3(2n+2) L2, L_p11) +49).
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In this work, we derive expressions for sums of second powers of generalized
Fibonacci numbers. We present some works on sum formulas of powers of the

numbers in the following Table 2.

Table 2. A few special study on sum formulas of second, third and arbitrary powers.

Name of sequence sums of second powers sums of third powers sums of powers
Generalized Fibonacci [12tel1 112018 [iof122k3| 3li3)
Generalized Tribonacci 15}20
Generalized Tetranacci 14416

The following theorem presents some summing formulas of generalized

Fibonacci numbers with positive subscripts.

Theorem 1.1. Let x© be a complex number. For n > 0 we have the following
formulas: If (=832 + rsz + 1)(r3x + s322 4+ 3rsx — 1) # 0, then

()

Zn B3 — Ay
T k= ;
prt (—s322 + rsz + 1)(r3z + s322 4+ 3rsz — 1)

where

A = =" 4 2rse — D)WL,
—a" (3 4 32 + 3r?s%a? — rPs3a® 4 rtsa? + 2rse — D)W,
+3rsz™ 3 (r + s22) W2 Wit
=3rs?2" 3 (rsz — 1)W2  Wyyo + 2(s°2% + 2rsz — L)W
+(r3z + 322 + 3r2s%x? — 35303 4 rlsa? + 2rsx — D))WS

—3rsz?(r + s2x)WEWy + 3rs®a? (rsx — 1) WEW;.

(b)
Ay
(—s322 + rsx + 1)(r3z + s322 + 3rsz — 1)

n

kyr72
> dFWEW =
k=0
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where

Ay = —ra" T2 (rsz — 1) W2, —rs®2a™ 3 (rsz — 1) W3,
+s2" 2 (2730 — §%2 + L)W Wi
—a" T (rPx + 3% + risa? — 2rsta® + 2rse — D)WL Wiio
trax (rsz — 1) W3
trs3x? (rsz — 1) W3 — sz(2riz — 32 + 1)WEW,
+(r3z + s322 + risa? — 2rstad + 2rsx — D)WEWL.

(c)
A3
—s3x2 + rsx+ 1)(r3x + s322 + 3rsx — 1)

ZkakQ—HWk = (
k=0

where

Ay = ra" 2 (r 4+ S2o)W2 o+ rs’a" B (r + s22)W2
—2" T (rPr + s + 3r?sfa? — DW2 LW
+522" 2 (203 — 3 + D)W2, Wogo — ra(r + s2z) W7

—rs3z? (r+ SQl‘)Wg

+(r3x + s32? + 3risia? — D)WW, — s%x(2rds — 32 + 1)WEW,.

Proof. Tt is given in [21].
The following theorem presents some summing formulas of generalized

Fibonacci numbers with negative subscripts.

Theorem 1.2. Let © be a complex number. For n > 1 we have the following
formulas: If (—s3 4+ 22 4 rsz)(r3z 4+ 53 — 22 4 3rsz) # 0, then

(a)
n
A
E CCkWEk = =
— (=83 + 22 + rsz)(r3z + s3 — 22 + 3rsx)

http://www. earthlinepublishers.com
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where

Ay = 2" —a® + 2rs)W3,
" (3 — 383 4 32? — a3+ 2rsa? + rlsx 4 3r2sPa)W3
—3rsa"(rx + 2 )W2, Wy, + 3rs*a™ M (—z + rs) W2 W, 11
—x(s® — 2 + 2rsz) W}
ta(—s3z +r3s® — rdx® 4 2% — 2rsa® — rlsx — 3r?s%x) W3
+3rsz(re 4+ s2)WEWy — 3rs’a(—x + rs) WEW.
(b)

As
—s3+ a2+ rsx)(rdx + s3 — 2% 4 3rsx)

n
Zl’kWEk+1W—k = (
k=1
where

Ay = —mc”“(mc + 82)W§n+1 — rs3xn+1(7“33 + SQ)WETL

+xn+2(r3x +3r2s2 + 5% — $2)W3n+1w_"
+S2$n+1(_27~3x + 53 — LEQ)WEnW—n-‘rl
+ra®(re + )Wy +rs*z(re + s°) W
_xz(rgzv +3r2s? + 53 — ZUQ)W12W0
+32$(2r3x — 53+ $2)W(J2W1'

Ag
(=83 + 22 4 rsz)(r3z + 3 — 22 + 3rsz)

Zn: :UkWEkW,kH =
k=1
Ag = ra" 2 (—z+rs) W2, 4 + s’ (—x +rs) W3,
+sx™ (=208 4+ 83 — 2 )W2, W,
2" (=2rst + 3 4+ rP2® — 2 4 2rsa? +rlsn)WE W
tra?(z — rs)Wi + rs3x(z — rs)We + sz(2ris — 83 + ) WEW,

tz(2rst — 3z — 322 + 23 — 2rsa? — rlsx)WEW.

Proof. Tt is given in [21].
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2 Sum Formulas of Generalized Fibonacci Numbers

with Positive Subscripts

The following theorem presents some summing formulas of generalized Fibonacci

numbers with positive subscripts.

Theorem 2.1. Let x© be a compler number. For n > 0 we have the following
formulas: If (—s3x? +rsx +1)(r3z + s32% + 3rsx — 1) # 0, then

(a)

n
Iy
k kw3 —
;0 Tk (—s322 + rsx + 1)2(r3x + s322 + 3rsx — 1)2

— 2" (n(=s322 + rsx 4 1) (322 + 2rse — 1)(rPz 4 s°2% 4 3rsz — 1)
—r3x — 45322 + 25021 + 8r?s%2? + 8r3s3x3 + 2r0s%ad + 612502t
+2rtstat — 1?5020 + drtsa? 4 8rsta® — Srsx + 2)W2,,
—2" M (n(=s32? + rsz + 1)(r3z + s32% + 3rsz — 1)

(r3x + s32% 4+ 3r?s%2? — 3532 + risa® + 2rse — 1)

—2r32 — 322 4 1822 — Ot 4 925 — 2r25%0% 4 16135303

+10r95223 + 13r2s%21 + 10r s 4 45532 — 203552 4 185221
—6r°5525 + 3r2s%2% — 2rTstad

+3r1s7a + 105020 + 1 4+ 2rts2® 4 2952 + 41525 — 4T5:U)WS’+1
+3rsz" 3 (n(—s32? + rsz + 1)(r + s%2) (r3z + 322 + 3rsz — 1)

—3r + 2rts — 452z + 45°23 + 6r35%2” + 6125123 + 2rts3ed — 13500t
+8rs3w? 4+ rsz? — rsbat + Arfsa) W2, Wi

—3rs2x™ 3 (n(—s322 + rsx 4 1) (rsz — 1)(r3z + 322 + 3rsz — 1)
+(2r8z — s%2? — r?s%2? + Brsw — 3)(s*2? + 25?2 + rsw — 1)) Wi Who

+a(s32? +1)(—25322 + %2 + 7r2s%2? + 3risa® 4+ arstad — drsz + WS

http://www. earthlinepublishers.com
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+83£L‘2(—7“3$ — 45322 + 25524 + 8r25%2? 4 8r353 3 + 20523 + 612502t
+2rt st — 35025 + drtsa? + 8rstad — Srsx + 2)W§

—3rsz?(=2r + riz — 352z + 25°2°% 4+ B2 4 2r3522? + 5rPstad
+2rts323 + 2r2sx + drsda? 4 2rsCah)WEW,

+37‘s2$2(—r3m — 25821 + 4r?s%2? 4+ 235323 + 0522 4 2rtsa?

+rs’x® — 5rsz + 2)WEWh.

(b) )
r
kzo Kt Wi Wit = (—s32? + rsx + 1)2(r32:p + 322 + 3rsx — 1)2
where
Ly = —ra"2(n(=s32? +rsz+ 1) (rsz — 1) (r3z + s32° 4+ 3rsz — 1) — rz

—2552% + 4r?s%2”® 4+ 235323 + 05?23 + 2rtsa? + rsTad — Brsx + 2)Ws+2
—rs2" 3 (n(rsz — 1)(—s°2® + rsz + 1) (r’z + s°2% 4+ 3rsz — 1)

+(s?2? + r?s%2? + rsw — 1)(2r'z — $%2% — r?s?2? 4 Brsz — 3))W2,
+s2" 2 (n(=s%2% 4+ rsx +1)(2r3z — 322 + 1) (r3z + s32% + 3rsz — 1)
—5r3x 4 4532% 4+ 4r82% — 25821 4 235303 4 607570 — 6r2sP2t — 2rtsty?
+3r35525 + 8rtsa? — drsta® 4+ 20T sa® + 2rsTad + 2rsx — 2)W3+2Wn+1
—2" M (n(=s32? +rsz 4+ 1)(r3z + s°2% + 3rsz — 1)

(r3x + s32% + risz?® — 2rsta® + 2rsx — 1)

—2r3z — $32% + r02? — Ot + 920 4+ Tr?s%a? + 4rPsPad — 5250t
+rtstat 4 arSs3at — 1003502 + r8s?at — 4r5s5 x5 + 4r?s820 4 315720
+2rtsx? 4 8rstad 4 2rTsad — drsTad — drsx + 1)Wg+1 W2

+raz(2s3z? — 3502t + 5r2s%2? — 235323 + 2020 at 4 rtstyt

+2rtsx? — drstad + 2rsT2d — 2rsz 4+ )W

—|—rs3m2(—r3x — 25821 + 4r?s%2% 4+ 2r3 5323 + 10520 4 2rtsa?

+rs'a® — brsz 4+ 2)W3
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+sx(s32? + 1) (4rdz — 25322 — 2r02% + Ozt + 3125222
— 435323 — 3rtsa® + 1)WEW,

+5%22 (rsx — 1)(—2s + 3r°z + 4s2® — 2572t — 612
+2r3sta3 + drdsx + rOsa®)WEW,.

CHE
I's
ka* W2 Wy, =
k;zo T W1 Wk (—s322 +rsx+ 1)2(r3x + s322 + 3rsx — 1)?
where
I3 = ra"2(n(—s*2? +rse +1)(r + s%2)(r3z + 8322 + 3rsz — 1)

—2r 4+ rlz — 352z + 2523 + B2 4 2r3s%a? + 5ristad 4 2rlsa?
+2r?sz + 4rs®z® + 2rsbah YWD,

+rs3z" 3 (n(r + s%2) (=322 + rsz + 1) (r3x + 5322

+3rsz — 1) — 3r + 2rtz — 45z

+45°23 + 6r35%0% + 6r2stad 4 20323 — 135%2t + 4r?sx 4+ 8rsda?
+rosx? — rsbahywi

—z" M (n(=s32? + rsz + 1)(r3z + s32% + 3rsz — 1)

(riz + s32% + 3r?s%2% — 1)

—2r32 — 322 4 1822 — Ot 4 925 — 6r2s%2% 4 12135303

+61r9s%2® + 9r?sPat

+12r st 2t 4+ 4r0s32t 4+ 2035025 + 3025820 + 3rtsa? + 1)W3+2Wn+1
+8%2" P2 (n(rde + s32% + 3rsz — 1)(—s322 + rsx 4+ 1)(2r8z — 5322 + 1)
—5r3x 4 4532% 4 41027 — 25821 4 235303 4 607570 — 6r2s%2t — 20t sty?
+3r35525 + 8rtsa? — drsta® 4+ 20T sa® + 2rsTad + 2rsx — 2)W3+1Wn+2
tra(r + 282z — 25825 + 23572 — 4r?stad — ortsad — 1300t

+rPsz? — 5rsbat) W

+rs3m2(2r — ity 4 3522 — 25°2% — $%2® — 2135222 — 5rPstad

—2r4 5303 — 2r? sy — drsPa® — 2rsSatyW
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+sx(r + s%x)(2r3z — 4s32% —

+6r2sP2t + 2)WEW,

+5%x(s32? + 1) (4r3z — 25322 — 2r%22 + St + 3r2s?a?

— 4135323 — 3rtsa? 4 1)WEW].

Proof. Using the recurrence relation

ie.

we obtain

rO22 + 2502 + 413323 + 30223

Wigo =Wy + sW,

sWi = Wiy — r'Wiit

31173 3 2 21172 31173
S Wn = Wn+2 - 3TWn+2Wn+1 + 3r Wn—i-lWTH-? -r Wn+1

and so

s3 xn x z"W3

1)33”_1W,§_1

s3(n —

s3(n —2)z"2W3_,

s x 2 x 22W3

s3 x 1 x W}

§3x 0 x W3

nx a"Wp o —3r xnx " Wi Wi

+3r% x n X 2"W2  Waio — 1% xn x 2"W3 4

(n— 1)$n_1W3+1

—3r(n — D2 W2, W,

+3r2(n — 1)z TW2W,y1 — 3 (n — 1)z W3

(n —2)z"2W3 —

3r(n —2)z" 2W2EW, 4

+3r%(n — 2)z" 2W2_ W, — r¥(n — 2)z" 2W3_,

2 x 2?W3 — 3r x 2 x 2 WiW3 + 3r% x 2 x 2*WiW,

—13 x 2 x 22W3

Ix o'W3 —3r x 1 x ' WiW, + 3r? x 1 x o'WW

—r? x 1 x W3

0 x 29W5 — 3r x 0 x 2'WEW; + 32 x 0 x 2°WEW,

—r3 % 0 x 2OW3.

Earthline J. Math. Sci. Vol. 4 No. 2 (2020), 297-351
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If we add the above equations by side by, we get
n
s> Z kxhWwd
k=0
= a"Wi,o+ (n— 2" W2, — (=12 "W — (=2)2 20

n n
+72 Z ka* W2 — 2272 Z 2*WP) — 3r(na" 2 oW1 — (=D ' WEW,
k=0 k=0

n n
Y kW W — a7y 2P )
k=0 k=0
+3r2(na" W2 Wito — (—1)z 'WEW,

! Z 1 1 Z " WEWii1) — r3(na™ W2, — (—1)a ™ 'Wg

k=0 k=0
n n

a1 Z kWi — o1 Z *WP). (2.1)
k=0 k=0

Next we calculate Y, _, kkakQ 1 Wk. Again, using the recurrence relation

Whyo = 1Wpiq + sW,

ie.
sWy = Wnio — Wy
we obtain
5W3+1Wn = W3+1Wn+2 - 7“W7?+1
and so
sxmnxaz" 5+1Wn = na" 3+1Wn+2 —7rXnX a:”WEH
s(n—Dz" W2W,_1 = (n— 12" 'W2W,1 —r(n — 1)z W3
s(n—2)2" W2 Wh o = (n—2)z" W2 W, —r(n—2)z"2W>_,
X 2X 2WEWy = 2x 2*WEW, —r x 2 x 22W3
sx 1x ' WeWw, = 1xz'WiWs —r x 1 x W

sx0x2OWEWy = 0x 2"W2Wy —r x 0 x "W,

http://www. earthlinepublishers.com
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If we add the above equations by side by, we get
n
s Z kP W2 Wi
k=0

= (na" Wiy Wara — (—1)a "WeWy + 271 ka" WiWyp
k=0

n
—z 7t Z 2 WEWii1)
k=0

—r(na"W2, — (D)2 W + 2! Z ka*W — 27! Z "W). (2.2)
k=0 k=0

Next we calculate > ) _, kkakQWkH. Again, using the recurrence relation

Wigo = Wy + sW,

i.e.
Wi = Wio — Wiyt = $2W2 = W2, + 2 W2 — 2rWoi oWt
we obtain
21172 _ w2 2173 _ 2
STWiWngr = WooWon +0"Wiy = 20Wi Wi
and so
2 nyy2 _ nyy2 2 nyy3
sExXn X x"WyWyr = nxa"Wr oWhi +r° xn xa" Wy,
—2r X n X on3+1Wn+2
s2(n— Va2 'W2_ W, = (n— 12" 'W2 W, +7r*(n— 12" W2
—2r(n — D)z" 'W2W,, 11
s2(n —2)x" W2 Wiy = (n—2)2" 2W2W,_1 +r%(n — 2)z"2W2_,

—2r(n — 2)z" W2 _ W,

Earthline J. Math. Sci. Vol. 4 No. 2 (2020), 297-351
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52 x 3 x x3W32W4 = 3 X x3W52W4 + 72 x 3 x 23W3 — 2r x 3 x 2PWEWs
§2 X 2 x 2P WiW3 = 2 x 2?WiW3 + 1% x 2 x 22W3§ — 2r x 2 x 22 WEW,
X I x o'WWy = 1x 2 WiWs +r2 x 1 x 2'W3 — 2r x 1 x 2! WiWs
2 x 0x " WEW, = 0 x 2"WEW; + 72 x 0 x 2°W7 — 2r x 0 x 2" WEWs.

If we add the above equations by side by, we get
$2 Y k" WEWi
k=0

= (na"W2,Wa — (D2 ' WiWo + 27 Y ka* W2 Wi —2™ 1> 2" W2, Wy
k=0 k=0

+r2(na" Wi, — (=Da ' Wg +27* Z kaP W — a1 ZkaS)
k=0 k=0

n
—2r(na" W3 Wi — (1) "WiW; + 27! Z kx*W2Wy 1
k=0

—x ! ZkaszkH). (2.3)
k=0

Using Theorem [I.1]and solving the system (2.1)-(2-2)-(2.3)), the required results of (a),(b)

and (c) follow.

2.1 The case z =1
See for the case z = 1.

2.2 The case z = —1

In this subsection we consider the special case x = —1.

Taking x = —1,7 = s = 1 in Theorem (a), (b) and (c)), we obtain the following

proposition.
Proposition 2.2. If t = —1,7r = s =1, then for n > 0 we have the following formulas:

(@) Yhok(=1)FWE = ((=1)"(2n = 3)Wi . + 2n + Wiy + 3Wa oWt —
6nW2, Wi ia) — SWE + 3W3 + 3W2EW, + 6W2W7).

http://www. earthlinepublishers.com
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(b) Yhmo K= WEWiir = (1) (20 = 2) Wy =20 W3, — (20 + 1) Wi o Wi +
TW2, W 0) — AW + 2W3 + WEW, + TWEW,).

(©) Y=o k(_l)kaJAWk = i((_l)n (_Wg-i-z + W ne1 T (2n+2) W3+2Wn+1 -
(2n+ 1) W2 Wyyo) — WP + W5 + WEWH).
From the above proposition, we have the following corollary which gives sum formulas
of Fibonacci numbers (take W,, = F,, with Fy; =0, F; = 1).
Corollary 2.3. For n > 0, Fibonacci numbers have the following properties:
(@) Yhook(-D)FF} = 1((=1)"(2n — 3)F3 5 + (2n + 5)Fay + 3F; 5Fni1 —
6nF3+1Fn+2) — 5)

(b) Yo k(=D FiFip =
7F +1Fn+2) 4).

(o) Zk:o k(_l)kF1c2+1Fk =
F3+1Fn+2> - 1)-

(=1)"((2n—2) F}y, — 2nF3 — 2n+ 1) FE yFot +

N

(1) (=Fipo + Fig + 2n+2) FY pFon — (204 1)

NI

Taking W,, = L,, with Ly = 2, L; = 1 in the last proposition, we have the following

corollary which presents sum formulas of Lucas numbers.

Corollary 2.4. For n > 0, Lucas numbers have the following properties:

(@) Yhook(-D'LE = (D" ((2n = 3)L)n + (2n + 5)L) g + 3L7 oLng1 —
6nLZ  L,io) +49).

(b) Yo k(-1 LiLpsr = 3((=1)"(2n—2) L 5 — 2nL3y — (2n+1) L3 (h Ly +
TL2 . 1 Lyio) + 42).

(€) Yhok(=1)FLE 1Ly =
L3 i1Lnto) +11).

()" (-L3 o+ L3, + (2n+2) L2 3Lyt — (2n+1)

=

Taking © = —1,r = 2,5 = 1 in Theorem (a),(b) and (c), we obtain the following

proposition.

Proposition 2.5. If x = —1,r = 2,5 = 1, then for n > 0 we have the following formulas:

(@) Sp_ k(=)W = & ((-1)" ((14n — 5)W2,, + (84n + 8YW?2,, — (63n + 51)
W2,  Whio — (2In — 18)W2 . W, pq) — 19WF + 5W + 39WEW, + 12WGWh).

(0) Yo (=1 WEWiin = g5((=1)" ((21n — 4) Wi, 5 — (21n + 17) Wi, — (56n + 15)
W2 Wit + (28n 4+ 67) W2 Wyio) — 25WP + AW + 39WEW, + 41WEWy).

n

Earthline J. Math. Sci. Vol. 4 No. 2 (2020), 297-351
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(€) Yhoo F(=DMWEL Wy = g5((=1)" (Tn = 13) W35 — (Tn — 6) Wi,y + (14n + 37)
W2, o Woiy — (56n + 15) W2, Wy yo) — 20W3 + 13W3 + 23W2W, + 41W2W7).

From the last proposition, we have the following corollary which gives sum formulas
of Pell numbers (take W,, = P, with Py =0, P, = 1).

Corollary 2.6. For n > 0, Pell numbers have the following properties:

(a) Yoo k(=1)F P = g((=1)" (14n—5) P}, 5+ (84n+89) P3| —(63n+51) P2, Poyo—
(21n — 18) P2, ,P,41) — 19).

(b) Yp_ o k(~1) PEPiyr = &((~1)" ((21n—4) Pi., — (20n+ 17) P2y, — (56n + 15)
P7%+2Pn+1 + (28n 4+ 67) Pg+1P7L+2) — 25).

(€) Yo k(=D PP = gg((=1)"(Tn=13) P,y — (Tn—6) Py, + (14n +37)
P,3+2Pn+1 — (567L + 15) P3+1Pn+2) — 20)

Taking W,, = @, with Q¢ = 2, Q1 = 2 in the last proposition, we have the following
corollary which presents sum formulas of Pell-Lucas numbers.

Corollary 2.7. For n > 0, Pell-Lucas numbers have the following properties:

(@) Yhook(=D"Q} = ((=1)" ((14n - 5)Q} 1, + (84n + 89)Q7,, — (63n + 51)
Q%+1Qn+2 - (21n - 18)Q721+2Qn+1) + 296).

(0) Xhok(=1)*Q7Qr1 = g5((=1)" ((21n — 4) Q)45 — (210 +17) @}y — (56n + 15)
Q7 2Qny1 + (280 +67) Q%41 Qny2) +472).

(€) Zizo k(_l)kQ%HQk = 9%((_1)n ((Tn —13) ?z+2 — (T —6) i+1 + (14n +37)
Q7 12Qn+1 — (560 +15) Q7 1 Qn2) + 456).

If 2 = —1,r = 1,5 = 2, then (—s32% + rsz + 1)(r3z + s32% + 3rsz — 1) =
0 so we can’t use Theorem directly. But we can give another method to find
Yo k(=1)FWE S k(= 1)*W2Wiyr and Yo, k(—1)*W2, W) by using Theorem
Z1

Theorem 2.8. Ifx = —1,r =1,s = 2, then for n > 0 we have the following formulas:

(@) Yh o k(=1)FWE = 15 ((—1)" (92 +4Tn —350) W3, 5 — (72n* +34n — 2838)W3, | —
2(27n? + 51n — 1042)W2 . Wi p1 + 4(27n% + 15n — 1046) W2, W,,10) — 388W +

2800W3 — 4136WGW; + 2132WEW).
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(B) S0 k(—DFWEWis1 = 1< ((—1)" ((—27n2 + 39n + 1034) W3, + 8(27n2 + 15n —
1046) W2, | +2(81n2499n—3150) W2, , Wi, 1 — (324n>+450n—12666) W2, W, 1 2)+
9683 — 827238 + 12792W2W, — 6336W2TV,).

(€) 0o k(—=DFWZ Wy, = oA (1) (—(~27n2 + 3n + 1066)W3 ., — 8(27n2 + 51n —
1042) W3, | +(—16202 +72n+6366) W2, , Wi, 11 +4(8102+99n—3150) W2, | Wi, 1 2) —
1036W3 + 8528W3 + 6132W2W, — 12672W2W71).

Proof.

(a) We use Theorem (a). If we set r = 1, s = 2 in Theorem (a), then we have

ks fi(z)
Z ke Wi = (=822 4 2x 4 1)2(8x2 + Tz — 1)2

where

fi(z) = —(82% — 17z + 200z° + 352x* — 642° + 2
+n(—8z% + 2z + 1)(82% + 4z — 1)(82* + Tz — 1))2" W},
—(1722% — 112* — 107 + 548z" + 1602° + 17282°
+1 —n(—82? + 2z + 1)(82% + T — 1)(82% — 2227 — 5z + 1))z" T W3,
+6(9022 — 62 + 2402° — 962t — 3 + n(dx + 1)
(—8a” + 2z + 1)(82° + Tw — 1))z 3 W2, , Wiia
+12((122% + 22 — 1)(122% — 122 + 3) — n(2z — 1)
(—82? + 2z + 1)(82% + T — 1))z 3 W2, Wiia
(8% 4 1) (64" + 642 + 182% — 8z + 1)W7
+822%(—64x° + 3522 + 2002° + 82 — 17z + 2)W;
+1222(1282° — 1282 + 202 + 2022 — 112 + 2)W, W§
—62%(2562° + 128x* + 1602> + 4022 — Tz — 2)WEW,.

For x = —1, the right hand side of the above sum formulas is an indeterminate
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form. Now, we can use L’Hospital rule (by applying twice). Then we get

k(-1

k=0

_ & (f1(2))
4 ((—822 4 2z 4 1)2(822 + T — 1)?) o
1
= 5gg (D" (9% +47n = 350) Wy, — (7207 + 340 — 2838) W1,

—2(27n” + 51n — 1042)W,2  ,Wyq1 + 4(27n° + 15n — 1046) W2, Wy 40)
—388W + 2800W§ — 4136WZW, + 2132W7Wy).

(b) We use Theorem (b). If we set r = 1,5 = 2 in Theorem (b), then we have

fa(x)
(—8x2 + 22 + 1)2(8x2 + Tz — 1)2

n
> kaFWEW =
k=0

where

fo(z) = —(202% — 11z + 202® — 1282 +1282° + 2 + n(2x — 1)
(—82% + 2z + 1)(82” + 7o — 1))z 2W3 .,
+8((122% + 2z — 1)(1222 — 122 + 3) — n(2z — 1)
(—8z% 4 2z + 1)(82% + 7o — 1))z" W2,
—2(z — 5222 + 202 + 3522 — 4482° + 2
—n(—82% + 2z + 1)*(82” + 7o — 1)) 2" P 2W 2 , Wit
—2" (2522 — 102 + 1482% — 1722 — 12802° + 19202°
+1 4+ n(—8x2 + 22 4+ 1)(82? + Tz — 1)
(—322% + 102 + 5z — 1)) W2, Wy10
+2(2562° — 1122* — 802 + 402% — 4o + 1)W7
+822(1282° — 128x* + 2023 + 2022 — 11z + 2)W§
+2x(8x2 + 1) (642 — 3223 — 1222 + 4o + 1)WEW,
+4(27 — 1)(—2563* + 322° + 662 + 11z — 10)2*WFW;.

For x = —1, the right hand side of the above sum formulas is an indeterminate
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form. Now, we can use L’Hospital rule (by applying twice). Then we get

> kR(=DMWEW i
k=0

n

4 (fa(2))
(=822 + 20 +1)2 (822 + Tz — 1)2) | _ |
1
@((—1)" ((—27n* + 39n + 1034) W3, , + 8(27n* + 15n — 1046)W,>

+2(81n° + 99n — 3150) W2 s W1 — (324n” + 450n — 12666) W2, | W, 12)
+968W — 8272W3 + 12792WEW, — 6336W7 ).

(c¢) We use Theorem (c). If we set r =1, = 2 in Theorem [2.1] (¢), then we have

where

f3(z)
(—8x2 + 22 + 1)2(8x2 + Tz — 1)2

> kbW W =
k=0

fa(z) = (4022 — 7z + 160> + 1282* + 2562° — 2 4 n(4x + 1)

(—82% + 2z + 1)(82” + 7o — 1))z P2W3,,

+8(9022 — 6z + 24023 — 962" — 3 + n(da + 1)

(—82” + 2z + 1)(82% + T — 1))z" 3 W3,

—2" (12023 — 2527 — 22 + 448z + 1282° + 12802°
+1+n(—82? + 2z + 1)(82” + T — 1)(202% + = — 1)) W2 . Wit
—4(x — 5222 + 202° + 3522 — 44825 + 2

—n(—8a® + 2z + 1)*(82° + T — 1)) 2" P2 W72, Wi yo
+2(—5122° — 352z* — 802® + 102? + 8z + 1)W7
—82%(2562° + 128z* + 160x> + 4022 — Tz — 2)W§
422 (4x + 1) (3202 + 442 — 3322 + 22 + 2)WEW,
+4x(8x2 + 1)(64a* — 3223 — 1222 + 4o + 1) WEW,.

For x = —1, the right hand side of the above sum formulas is an indeterminate
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form. Now, we can use L’Hospital rule (by applying twice). Then we get

S K-

= (f3(2))
A ((—822 4 2z 4 1)2(822 + Ta — 1)2)

rz=—1

—_

= @((71) (—(=27n% + 3n + 1066)W3_, — 8(27n® + 51n — 1042)W3

+(=162n2 + 72n + 6366) W2, , W, 11 + 4(81n* + 99n — 3150) W2, W, 12)
—1036W + 8528W3 + 6132W2W, — 12672W2W,).

From the last theorem we have the following corollary which gives sum formulas of
Jacobsthal numbers (take W,, = J,, with Jy =0,J; = 1).

Corollary 2.9. For n > 0, Jacobsthal numbers have the following properties:

(@) Yo k(—1)FJ3 = 2= ((—1)" ((9n2 + 47n — 350)J3,, — (72n2 + 34n — 2838)J3, | —

2(27n% + 51n — 1042)J2, 5 Jp i1 + 42702 + 150 — 1046)J2, | J, 1 2) — 3883).

(b) X7 k(—1)F 2Tk = 15 (1) (=272 + 3904 1034) J3, , +8(27n2 + 151 — 1046)
T30 +2(81n2 +99n — 3150)J2, 5 Sy 41 — (3240 + 4500 — 12666)J2, | J12) + 968).

() Y h o k(=D*JZ Tk = 75 ((=1)" (=(=27n*+3n+1066)J3, , —8(27n*+51n—1042)
J3 1+ (16202 + 720+ 6366)J2 5 J, 11 + 4(81n2 +99n — 3150)J2 | J,10) — 1036).

Taking W,, = j, with jo = 2,51 = 1 in the last theorem, we have the following

corollary which presents sum formulas of Jacobsthal-Lucas numbers.

Corollary 2.10. For n > 0, Jacobsthal-Lucas numbers have the following properties:

(@) Yo k(=1)Fj3 = f=((—=1)" ((9n® + 47n — 350)j3 ., — (7202 + 34n — 2838);3, | —
2(27n2 + 51n — 1042)52 o jn 11 + 4(27n% 4 150 — 1046) 52, 1 jn12) + 9732).

() X7 B(—1)F 521 = g (—1)" ((—27n%+ 390+ 1034) 2, , +8(27n” + 151 — 1046)
531+ 2(8102 + 990 — 315052 , 5 jn 1 — (32402 + 4500 — 12666)52 1 jnt2) — 26712).

() Yh ok(=1)*52, 1 jk = 125 ((=1)" (—(—27n? +3n+1066) 3, — 8(27n? + 51n — 1042)
g1+ (=162n% 4+ 72n + 6366) 2, o jn+1 + 4(81n% + 99n — 3150) 52 1 jnt2) + 28764).
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2.3 Thecasex=1+1

In this subsection we consider the special case z = 1 + 3.
Taking x =14 4,7 = s = 1 in Theorem (a),(b) and (c)), we obtain the following

proposition.
Proposition 2.11. Ifx = 1+i,r = s = 1, then for n > 0 we have the following formulas:

(@) Yhok(l + )"W? = G (L +0)" (20 (24 —57i)n+ 79— A7) W3, +
(1+14)((51 —168i)n + 145 — 109)W2,; + 3(—2 + 2i) ((15+ 30i) n — 17 + 561)
W2, Wit + 3(=2 + 24) ((9 — 120) n + 15 — 20i) W2, | Wis0) — (45 + 65i) W —

(94 + 1581) W& + (156 + 1927) W2W, — (48 + 36i) W2W1).

(b) Yo k(1 + DWWy = G ((L+9)" (20 ((9—120)n+6—-8) W2, +
(=2 + 2i) ((9—120)n+15—20¢) W2, + 2i((36 + 27i) n+ 3+ 21i) W2, , Wy
— (1 +1) ((45 +90i) n + 39 + 48i) W2, Wyp0) + (T—i) WP — (16 + 120) W§ +
(27 + 39i) W2W, — (6 + 424) WEW1).

(€) Yoo k(1 + W2 Wi = grere (20(1+14)" ((15 4 30i) n — 32+ 260) W3,
+ (=2 4+ 2)(14+9)"((A5430i)n—17+56i) W2,  + (141i)(1+4)"
((81 —108i) n 4 141 + 124) W2, o Wiy1 + 20 (1+0)" ((36 4+ 27i) n + 3 + 21i) W2,
Wiyo + (43 + 510) W + (52 + 644) W§ — (60 + 120i) WEW, + (27 + 39) WEZWy).

From the above proposition, we have the following corollary which gives sum formulas
of Fibonacci numbers (take W,, = F,, with Fp =0, F; = 1).

Corollary 2.12. For n > 0, Fibonacci numbers have the following properties:

(@) Yhok(l + D"F} = G +0)" (20((24 = 57)n+ 79— 4Ti) F3 ., +
(1+4)((51 — 168i)n + 145 — 10i) F2,; + 3(—=2 + 2i)((15+ 30i)n — 17 + 564)
F2 ,Fopr +3(—2+2i) (9 — 12i) n + 15 — 20i) F2, | F,1») — 45 — 650).

n

(b) Sp_ok(l + O)FFEFui = s (L+9)" (20 ((9 = 12i) n + 6 — 8i) I3,
+ (=2 + 20) ((9—12i) n+ 15— 20i) F2 | + 2i((36 +27i) n + 3+ 21i) F?, y Fy i1
—(1+14)((45+90i)n + 39 + 48i) F2 1 Fyp0) + 7 — ).

(€) Yookl + )'FZ Fe = (20 (149" (15 + 30i) n — 324 26i) F3
+ (=2 4+ 201+ ((154+30i)n—17+56i) F3.,  + (140 (1+0)"
((81 —108i) n+ 141 + 124) F2 o Fypr + 20 (1+4)" (36 + 27i) n+ 3 + 214) F2 4
F, o+ 43 4 510).
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Taking W,, = L,, with Ly = 2, L; = 1 in the last proposition, we have the following

corollary which presents sum formulas of Lucas numbers.
Corollary 2.13. For n > 0, Lucas numbers have the following properties:

(@) Yhok(l + DL = e (U +9)" (20 ((24 = 57i)n+ 79 —4Ti) L3, +
(1+4)((51 — 168i)n+ 145 — 10i) L3, + 3(—2 + 2i) ((15+ 30i)n — 17 + 564)
L2 5Lpi1 +3(=2+42i) (9 —12i) n + 15 — 20i) L2 | L, 42) — 677 — 1089i).

(0) Yhook(l + L3l = g (L+0)" (20((9—120)n+6—8i) L3, +
(=2 4+ 20)((9—12))n+15—200) L3 ., + 2i((36+27i)n+ 3+ 21i) L2 5L, 41
—(1+4)((45+90i) n+ 39 + 48i) L2, | L,,12) — 91 — 187).

(©) Yh—ok(l + DFLE Ly = garere (20 (1+4)" (15 + 30i) n — 32 4 26) L5,
+ (=2 + 2)(1+9)"((15+30i))n—17+56i) L3,  + (1+i)(1+0)"
((81 —108i) n+ 141 + 124) L2 5 L,q1 + 2i(1414)" ((36 +27i)n + 3+ 21i) L2 4
Ly yo + 447 + 4795).

Corresponding sums of the other second order linear sequences can be calculated
similarly when x =1+ 4.

3 Sum Formulas of Generalized Fibonacci Numbers

with Negative Subscripts

The following theorem presents some summing formulas of generalized Fibonacci numbers
with negative subscripts.

Theorem 3.1. Let x be a complex number. For n > 1 we have the following formulas:
If (=s* 4+ 2 + rsz)(rz + 3 — 2 + 3rsz) £ 0, then

(a)

- r
> katw?, = ( :
k=1

=83+ 22 + rsx)?(r3x 4 3 — 22 + 3rsx)?

http://www. earthlinepublishers.com



A Study on Generalized Fibonacci Numbers: Sum Formulas 317

where

Ly, = 2" (n(—s®+2? +rsx)(s® — 2%+ 2rsz)(rPc + s — 2% + 3rsz)
(8% + 2?)(=28%2% + s® + 2* + Tr?s%2? — drsa® + drstz + 3rtsa?) )W
+a" T (n(rdr + s* — 2% + 3rsx)(—s® + 2% + rsx)
(s3z — 1353 + r32? — 23 + 2rsa? + risx + 3r?s%2)
—53(25%2 — 1355 — 32t — 45323 4 205 + 8r?s%ad 4 8r3sPa?
+2r55%2% — 8rsat + 8rsta? + 6r2s°x + 4rtsa® 4 2rtsta))W3
—3rsz" T (n(re + s?)(rP*z + s* — 2% 4 3rsx)(—s® + 2% + rsx)
+2ra’ — rtat 4+ 3520 — 25727 — s® — 5r2sta? — 235203
—2rts32? — 210z — 2r%sat — drsP)W2 L W,
+3rs2x" T (n(—x + rs)(r3x + 5% — 2% + 3rsx)(—s® + 22 + rsx) + 2502 + 32t
=225 — 4r?s%2® — 203532 — rPs%x? — 2rtsa® — ST 4 Brsa W2 W,
ta(s® + 2?)(=25322 + 50 4+ ot + 72522 — drsa® + drsta + 3rtsat) WP
+8%0(25% — 1355 — r3at — 45323 + 225 + 825223 + 8rPs3a? + 200570
—8rsxt + 8rsta? + 6r2s°r + 4rtsa® 4 27‘45433)Wg’
—3rsz(—2rz® + izt — 352zt 4+ 25522 4+ 8 + 5r2sta? 4+ 2r3s%ad + 2rts3a?
+2rs%x + drsPa® 4 2% st Y WEW,
+3rs?a(rs” — 2%z — 3zt 220 + 4r?s%23 + 235322 + rs%2?
—5rszt 4+ 2rt s WEW.

(b)

Ts
(—s3 4+ 22 +rsx)?(rd3x + s3 — 22 + 3rsx)?

> kbW Wy =
k=1

s = ra"2(n(re + ) (s® — 2?2 — rsx)(rdz + 8% — 2% + 3rsx) — 2522t + 258
+ar?sta? — 235228 4 2rts3a? 4 135 — rPsa® 4 Brsba — m‘5)an+1
+rs3x" T (n(re 4 s)(s® — 2% — rsx)(r¥r + s* — 2% + 3rsx) — 2ra® + ria?
=320t + 25727 + % 4 5r2sta? + 2035203 + 2t s30? + drsPa®
+2r2sazt 4 2rsSx)W3

+2" P2 (n(rPr + s* — 2% + 3rsw)(—s® + 2% + rsx) (riz + 3ris? 4+ 5% — 1?)
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(c)

where

T =

+s(re 4 s2)(—6r2s° — 2r323 + 45322 + rO2? — 25% — 220 — 413532
=3ros%x)) W2, W_,

—s%2" T (n(—s% + 2% + rsx)(2riz — s + 1) (r3x + 53 — 2% + 3rsz)
(8% + 2?)(4rda® — 25327 — 20522 + 55 + 2t + 3r?sia? — 4r3sPn
—3risa?) W2 W_, 1

+ra?(ra® 4+ 2522t — 25% — 4r?sta? + 23522 — 2rtsPa? — 5rsfa
—r3s5x 4+ rPsxd) W}

—rsdx(—2ra® +rixt — 3572t + 25527 + s° + Hrista?

+2r3520% 4 294 s30? 4+ 2080 + drs®a® + 2r%sat )W

+sx?(re + 5%)(6r%s° + 2303 — 45327 — rO2? + 255 + 22°
+4r3s3x + 30522 ) WEW,

+52x(s3 + 2?)(4r32® — 25327 — 2r02? + 58 4 2t 4 3r?s%a?

—4r3s3y — 37"45172)W02 Wi.

Lg
(—s3 4+ 22 +rsx)?(r3x + 3 — 22 + 3rsx)?

Z kCL’kWEkW—k+1 =

k=1

re" 2 (n(—x +rs)(—s® + 2% + rsx)(r3z + 53 — 22 + 3rsx) — 2rs” + 3s%z
—25%2% — 2 — 5r2s?x3 + 2035322 + 2rsat — 2r%sPx — 20t 5o

—rtste + arsta?)W?,

+rs3x" T (n(—x + rs)(—s> + 2% + rsz)(r3z + s — 2% + 3rsz) — s’ + 252
+r3gt — 225 — 4r?s?ad — 23530 — 15520 — 2t sxd + Brsxt)W3
—sz" T (=% + 2% + rsx)(2riz — s + 1) (r3x + 53 — 22 + 3rsx)

+(8% 4+ 2 (4ria® — 25322 — 205227 4+ % + o + 3r2s%2? — 4r®s3x — 3risa?))
W2 W, + 2" (n(r*z + s* — 2% + 3rsaz)

(=53 + 22 4+ rsx)(—2rs? + s3z + r32% — 23 + 2rs2® 4 risz)

+8%(x — rs8) (=282 — 6r2a? + 3r523 + 45 x? — 257 + 413523 + 235t s + r0s2?))

Wan—n-‘ﬂ
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ra?(2rs” — 350z 4 2532 4+ 25 + 5r?s%2 — 213532 — 2rsat — drsta?
+2r28°x + 2rtsa® 4 rista) W

+rs3x(rs” — 2502 — Pt 4 205 + dr?s?a® + 20353 0% 4 P52 — Brsa
+2rtsa®) W3

ts(s® 4+ 2?) (4323 — 25327 — 2r02? + 50 + 2t + 3025222 — 4r3s3x — 3rtsa?)

4

WEW, + s%x(—x + rs)(—2sxt — 6r22* 4+ 3r523 + 4s52? — 257 + 413523
+2r3ste + rCsa?)WEW.

Proof. Using the recurrence relation

r 1
W—n+2 = rW—n—i—l +sW =W, = _gW—n-&-l + EW—n-ﬁ—Q

ie.
sW_p, =W_ 40 —rW_, 11
we obtain
SW3, =W2, o —3rW2, oW + 3 W2 W s — W2,
and so
$xnxa"W2, = na"W3, ., —3rxnxa"W2 L, W_,1
+3r2 x n x x”WEn_HW_,H_Q — 73 xnx 13”W§n+1
Sn—12""W3 . = (n—12""W2, 5 —3r(n—1)z"'W2, s W_,40
+3r%(n — 1)a" W2 W is — 3 (n— D)2 W3,
S n—2)2" W3 L, = (n—2)a" W2, —3r(n—2)z" W2, W_p43

+3r7(n = 2)a" PW2 Wy — ¥ (n = 2)2" T WE,

3 x3x W3, = 3x2PW3, —3r x3x 23W2,W_,
+3r% x 3 x W2, W_1 —r® x 3 x 23W3,

S x2x2?W3, = 2x2®W —3r x 2 x 22WZW_1 +3r? x 2 x 22W?2, W,
—r3 x 2 x 22W3,

Sx1xa' W3 = 1xa'W —3r x 1 x 2'W2Wy 4 3r2 x 1 x 2'WZW,

—r® x 1 x o'W,

Earthline J. Math. Sci. Vol. 4 No. 2 (2020), 297-351



320 Yiiksel Soykan

If we add the above equations by side by, we get

SO kafWE))
k=1
= ((-n—-Dz"T'W3 ., + ( n—2)x"PPW3 4 WP+ 2 x 22 WP

+a? Z kx* W3, + 222 Z 2"W3,) = 3r((—n — 2" W2 W,
k=1 k=1

n n
I WEWo + 2t Y kW2 W+t Y W W)
k=1 k=1

+3r23((=n — D)a™ W2 W_,iq + ' WEW; + 2! Z kx*W?2, W1
k=1

+a! Z W2 W 1) = 3 ((=n — D" PR 4+ 2w

k=1
n n
+xlzkkaEk,+xlzkaEk) (3.1)
k=1 k=1
Next we calculate ZZ=1 kxF W2 p+1W—k. Again using the recurrence relation
r 1
W7n+2 = er'rH»l +sW_,=W_, = _;W7n+1 + §W7n+2
ie.
sW_, = W7n+2 - TanJrl
we obtain
SW n+1W—71 - En-i-lW—’Vl"rQ - TW n+1
and so
sxnxa"W2 W_, = na"W2, W_,o—rxnxa"W?
s(n - ) " 1W2n+2W*’ﬂ+1 = (n - ) " 1W2n+2W*n+3 - r(n - 1) " 1W3n+2
s(n —2)z"" 2W2n+3W*n+2 = (n—2)z"" 2W2n+3W*n+4 r(n—2)z"" 2W§n+3
sx3x W2, W_s = 323W2,W_, —r x3xz3W3,
sx2x WA W_o = 2x2?W2, Wy —r x 2 x 2?W?3,
sx1Ixz'WeW_, = 1xz"WiW, —r x 1 x2'W.
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If we add the above equations by side by, we get
s Z kkaEkHW_k
k=1

= (—(n+Da" VW2, Woppa + 2 WEWa + 2t Y k"W Wy
k=1

+at Z W2 W 1) —r(—(n+ D" W3+ 2 W

k=1
2t Y kPR 42ty aRwE). (3.2)
k=1 k=1

Next we calculate Y _, zF W2 p+1W-k. Again using the recurrence relation

W_pyo=rW_pi1+sW_,

ie.
sW_, = W7n+2 - TanJrl
we obtain
SW2, = W2, =2 W_p oW +7°W2,
= W2 W_p1 = W2, oWy —20W2 W o +72W2
and so
S xnxa"W2 W_opi1 = na"W2, oW1 —2r xnx a"W2,  W_4o
+r? xnx 2"W3,
(= a" W2 Woss = (0= D" W2, Wi — 20(n— Da" W2, W
+r?(n — 1)$n_1WEn+2
$2(n—2)a" W2 Wiy = (n—2)2" 2W2 W3 —2r(n—2)2" 2W2 L, W_, 14

+7r2(n — 2):r"‘2W§n+3

s2x3x x3W33W,2 = 3x x?’WElW,Q —2r x 3 x xSWEQW,l +72x3x x3W§2

2 x 2 x x2WE2W_1 = 2x xQW(?W_l —2r x 2 x xQWElVVO +7r? x2x IQWEl
Sx1Ixa' WA Wy = 1xz'WiWy —2r x 1 x o WeW, + 72 x 1 x "W,
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If we add the above equations by side by, we get

52 Z kkaEkW_kH

k=1

= (—(n+ 02"V W2, W+ 2 WEWo + 2t Y kat W2 W,
k=1

+at Y " dFWR W) = 2r(—(n 4+ Da" W W + 2 W
k=1

+5E1 Z kl'kWEkwkad + l’l Z {,EkWEkW,}ﬁLl)
k=1 k=1
+r3(—(n 4+ D" w3

2! W3 erlekaik erlekWik). (3.3)
k=1 k=1

Then, using Theorem and solving the system (3.1))-(3.2)-(3.3), the required results of
(a), (b) and (c) follow.

3.1 Thecasez=1

See for the case z = 1.

3.2 The case z = —1

In this subsection we consider the special case x = —1.
Taking © = —1,7 = s = 1 in Theorem (a), (b) and (c), we obtain the following
proposition.

Proposition 3.2. If t = —1,7r = s =1 then for n > 1 we have the following formulas:

(@) Yo k(-D)MWE = (=D (@n+5) W2, + (20 =3) W3, — 3W2, ,W_, —
3(2n+2) W2 W_,,11) — 5W3 + 3W§ + 3WEW, + 6WZWh).

(b) Yo (=D W2 Wy = (D) (W2, — W2, + 202, W, — (204 1)
W

—nW—n-i-l) ng + WO WOZW )

=

(€) Zho i k(=DMW2 W = (D" (2n+4) W2, — 2n+2)W3, — (2n+1)
W2, AW — TW2 W) — AWF + 2W5 + WEW, + TWEWA).
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From the above proposition, we have the following corollary which gives sum formulas
of Fibonacci numbers (take W,, = F,, with F; =0, F; = 1).

Corollary 3.3. For n > 1, Fibonacci numbers have the following properties.
(@) Yo k(-DPF2 = ()" (2n+5)F2, 1y + 2n—=3)F2, — 3F2, \F_, —
32n+2)F2,F_,11) —5).

(b) ZZ:1 k(_l)kFEk+1F*k =
F2 F_ i) —1).

(©) Xhoi k(-DFF? Fopn = (D" (Cn+4) F2 0 — (2n+2)F3, — (2n+1)
F2n+1F*n - 7FEnF*n+1) - 4)

((_1)n <F3n+1 - Fin + 2nF‘EnJrlF‘*n - (2n+1>

N

Taking F,, = L, with Ly = 2,L; = 1 in the last proposition, we have the following
corollary which presents sum formulas of Lucas numbers.

Corollary 3.4. For n > 1, Lucas numbers have the following properties.

(@) Yo k(=DFL3, = 2(-1)"(@n+5) L%,y + (2n—3)L%, — 3L2, L —
3(2n+2) L2, L_pi1) + 49).

(b) Ypo k(=R Loy = ()" (L2 — L2, + 2002, Loy — (2n+1)
L2, L 1) +11).

(€) Yot k(-DFL%Logr = (D" (2n+4) L2, — @n+2) L2, — (2n+1)

L2—n+1L—n - 7L2_nL_n+1) + 42).

Taking © = —1,r = 2,5 = 1 in Theorem [3.1] (a),(b) and (c), we obtain the following

proposition.
Proposition 3.5. Ifx = —1,r = 2,s =1 then for n > 1 we have the following formulas:

(@) Yo k(=D WE L = G((-1)" ((Mn +19) W3, + (84n —5) W2, — 3(Tn +13)
W2,  W_, —32In+4) W2 W_,11) — 19W} + 5W3 + 39WEW, + 12WEW7).

(b) X B2 W = ()" (Tn+20) W2, — (Tn+13) W2, +
(14n —23) W2\ W_,, — (56n +41) W2 W_,, 1) — 20W + 13W§ + 23W2W, +
4IWEWY).

(€) Mo kD W2 Wi = (1) (n+25)W3, ., — @ln+4) W2, —
(56m +41) W2, W_,, + (28n —39) W2, W_,11) — 26W3 + AW§ + 41WEW, +
39WEWY).
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From the last proposition, we have the following corollary which gives sum formulas
of Pell numbers (take W,, = P, with Py =0, P, = 1).

Corollary 3.6. For n > 1, Pell numbers have the following properties.

() iy hDFP2 = g5((C1)" (n+19) P2y 4 (340 =5) P2, — 3(Tn+13)
P2, P, —3Q2In+4)P% P_, 1) —19).

(b) Yp_y k(—1)FP2 Py = d((—1)" ((Tn+20) P2, 4, — (Tn+13) P2, + (14n — 23)
Pz7z+lp—n — (56n + 41) P2 WPni1) — 20).

(€) Ypo i k(=1)*P2, Py = g5 ((-1)" ((21n+25) P2, ., — (2ln+ 4) P3, — (56n + 41)
P2n+1p—n + (280 — 39) P2 W Pont1) — 25).

Taking W,, = @, with Q¢ = 2,@Q1 = 2 in the last proposition, we have the following
corollary which presents sum formulas of Pell-Lucas numbers.

Corollary 3.7. For n > 1, Pell-Lucas numbers have the following properties.

(@) Yo k(-DFQ%, = (D" ((14n+19)Q%, ., + (84n—5)Q*, — 3(7Tn+13)
Q% ,11Q-n —3(2In+4) Q% ,Q—_nt1) + 296).

(b) S k(=1)PQ%, 1 Q k= & ((—1)" ((Tn +20) Q2,11 — (Tn +13) Q% + (14n — 23)
Q2 11Q—n — (561 +41) Q2 ,,Q_pn+1) + 456).

+1)
(©) P k(—1FQ%,Q k1 = & ((—=1)" (210 +25) Q%1 —(21n + 4) @, — (56n + 41)
Q2 ,1Q—n + (287 — 39) Q%,Q_nt1) +472).

If v = —1,r = 1,s = 2, then (=% + 22 + rsz)?(r3z + s — 22 + 3rsw)? =
0 so we cannot use Theorem [3.1] directly. But we can give another method to
find Y k(—=1)FW3, S0 k(=1)"W?2,  (W_y and Y, k(=1)*W2, W_j11 by using
Theorem [3.11

Theorem 3.8. Ifx = —1,r =1,s = 2, then for n > 1 we have the following formulas:

(@) Sh i k(=1)FW3, = = ((=1)" ((=9n? + 29n + 38)W3, | + (7202 + 110n)W3,, +
2(2Tn%+3n—16)W_,W?2 ., —4(27Tn?+39In+16)W2 W_, ;1) —38W3+32WZ W+
64WEWL).

(b) Yp  k(—1)FW2, W i = == ((-1)" (—(2Tn® +5Tn + 14)W3, | +8(27n? + 3n —
16)W3,, + (162n 4 396n + 168)W2,  \W_,, — 4(81n? + 63n — 18)W2 W_,11) +
1AW + 128W§ — 168WEW, — T2WEW7).
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() Y h i k(=D)*W2, W_i1 = 175((—1)" (2702 + 93n + 82)W3, | — 8(27n? + 39n +
16)W3, —2(81n2 +63n — 18)W2, .\ W_,, + (324n% + 198n — 192)W2 W_,, ;1) — 82
W3+ 128W§ — 36WEW, + 192WEW7).

Proof.

(a) We use Theorem [3.1] (a). If we set r = 1,5 = 2 in Theorem [3.1] (a), then we have

- kyir3 fa(x)
,;km Wk = P 72482 1 20 —3)

where

fax) = —((x*+8)(z* — 82> 4 182% + 64x + 64)
—n(—2® + 4z + 8)(—2* + Tz + 8)(z® + 22 — 8))z" M W3 .,
— (28162 + 160022 + 642> — 1362* 4 162° — 512
—n(—2? + Tz + 8) (2 + 22 — 8)(—2> + 5% + 222 — 8))z" W3 |
+6(1282 4 16022 + 402° — T2* — 22° 4 256 — n(x + 4)(—2?
+7z + 8) (2% + 22 — 8))a" ' W2, W,
—12(202% — 128z + 202% — 112* 4 225 + 128 + n(x — 2)(—2?
+72 + 8)(2? + 22 — 8))z" W2 W_, 1y
+a(2? + 8)(2* — 82 + 1822 + 64x + 64)W7
+82(22° — 172" + 823 + 2002% + 3522 — 64) W3
—62(—22° — Tx* + 4023 + 16022 + 128z + 256)W2W,
+122(22° — 112* + 202° + 202% — 128z + 128)WEW].

For x = —1, the right hand side of the above sum formulas is an indeterminate

form. Now, we can use L’Hospital rule (by applying twice). Then we get

) £(fi(a)
LW = T T R 20— )
1

= (D" (=90® +29n + 3)W2, 1, + (7207 + 110 W2,

+2(27n% + 3n — 16)W_, W2,
—4(27n% + 39n + 16)W2, W_,,11)
—38W3 + 32W32W, + 64WEW,).

n

z=—1
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(b) We use Theorem [3.1] (b). If we set r = 1, s = 2 in Theorem (b) then we have
- f5(x)

k(—1)*w? =
; (=D Wi s Wk (—22 4 Tz 4 8)2(22 4 2z — 8)2

where
fs(x) = —(1023 — 80x% — 352z + 82t 4 2° — 512

+n(z +4)(—2® + Tz + 8)(z® + 22 — 8))z" F*W3, .,
+8(128z + 16022 + 402° — 72* — 22° 4 256
—n(x +4)(—2? + Tz + 8) (2 + 22 — 8))z" W3,
—(2(z + 4) (22" + 223 — 3322 + 442 + 320)
—n(—2® + Tz + 8)(2* + 2z — 8)(—z® + z + 20))z" T*W2 ,W_,
—4((2? + 8)(x* + 42> — 1227 — 322 4 64)
4n(—z? + Tz + 8)(2® 4 22 — 8)%)x" W2, W_,. 11
+ (2% + 82* + 102 — 8022 — 3522 — 512)x? W
—82(—22° — Tx* + 402° + 16022 + 128z + 256) W
+22% (2 + 4) (22 + 223 — 3322 + 442 + 320)WEW,
+4x(x? + 8)(z* + 4a® — 1202 — 322 + 64)WZW,.

For x = —1, the right hand side of the above sum formulas is an indeterminate
form. Now, we can use L'Hospital rule (by applying twice). Then we get

D RN W
k—

—

_ £ (f5(a)
%((—1}2 + 7x 4 8)%(2? + 2z — 8)?) o
_ %58((*1)" (—(27n? + 57n + 1)W?,

+8(27n% + 3n — 16)W?2, + (162n> + 396n + 168)W?2, , \W_,,
—4(81n* +63n — 18)W2, W_,,11)
+14W3 4 128W3F — 168WEW, — T2WEW7).

(c) We use Theorem (c). If we set r =1, = 2 in Theorem (c) then we have

fo(x)
(=22 + 7z + 8)2(22 + 2z — 8)2

Zk‘kaEkW_kH =

k=1
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where
fo(z) = —(4023 — 80x% — 112z — 4z* 4 2° 4 256
+n(z — 2)(—2® + Tz + 8)(z® + 22 — 8))z" *W3, .,
—8(2022 — 1282 + 202 — 112 + 22° 4 128
n(x —2)(—x? + Tz + 8)(z% 4 22 — 8))2" W3 |
—2((x? + 8)(z* + 423 — 1222 — 322 + 64)
+n(—2® + Tz + 8)(2* + 2z — 8)*)z" ' W2, W_,
+(4(z — 2)(—102* + 1123 + 6622 + 322 — 256)
4n(—2? + Tz + 8)(2? + 22 — 8)(—2®
+522 4+ 10z — 32))z" W2 W_, 1,
—2?2(—2® + 42 — 4023 + 802% + 112z — 256)W7
+8z(22° — 112" 4 202° + 202° — 1282 + 128) W
+(x? + 8) (2t + 42® — 1227 — 322 + 64)22WEW,
—da(z — 2)(—10x* + 112® + 6622 + 322 — 256)WZW,.

+

For x = —1, the right hand side of the above sum formulas is an indeterminate

form. Now, we can use L’Hospital rule (by applying twice). Then we get

Z”:k Worr = 4 (fs(2))
s “i Wk A ((—2% 4 Tz + 8)2(22% + 2z — 8)2)
1

_ _1\" 2 3
= (D" (@m? 4 930+ 82)WP,

rx=—1

—8(27n% + 39n + 16)W?3 |

—2(81n” +63n — 18)W2 .\ W_,

+(324n? + 198n — 192)W?2 W_,, 1)
—82W} + 128W§ — 36W W, + 192W3W7).

From the last theorem, we have the following corollary which gives sum formula of

Jacobsthal numbers (take W,, = J,, with Jo =0,J; = 1).
Corollary 3.9. For n > 1, Jacobsthal numbers have the following properties:

(@) Yp_ k(=1)FJ3, = s ((=1)" ((—9n*+29n+38)J2, . 1 +(72n?+110n) J2 , +2(27n*+

3n —16)J_pJ2, 1 — 4(27Tn% +39n +16)J2 . J_,11) — 38).
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(b) Sr_ k(—DFJ2, T = s (1) (—(27n% + 57n + 14)J3, | + 8(27n2 + 3n —
16)J3,, + (16202 + 396n + 168)J2,, | J_,, — 4(81n% + 63n — 18)J2,J_,11) + 14).
(-

—n
() Yh i k(=D*J2 T i1 = 135((=1)" ((27n% + 93n + 82)J3, |, — 8(27n? + 39n +
16).J3,, — 2(81n% + 63n — 18)J2,, 1 J_, + (324n% 4+ 198n — 192)J2, J_,11) — 82).

Taking W,, = j, with jo = 2,41 = 1 in the last proposition, we have the following
corollary which presents sum formulas of Jacobsthal-Lucas numbers.

Corollary 3.10. For n > 1, Jacobsthal-Lucas numbers have the following properties:

(a) Sr_ k(—1)F43 = S (=)™ (~9n®+29n+38)52 1 + (7202 +110n) 5%, +2(27n> +
31— 16)j_nj2 sy — 4(270% + 390 + 16)52,_pni1) + 282).

(b) S0 k(=% ik = s (—1)" (—(27n2 + 57n + 14)53 | + 8(27n? + 3n —
16)52,, + (162n2 + 396n + 168)52,,, 1j_n — 4(81n2 + 63n — 18)52, j_,, 1) + 414).

(€) S0 k(=1)F52, 5 k1 = (1) ((27n% + 93n + 82)53,,, — 8(27n2 + 39n +
16)53,, — 2(81n2 + 63n — 18)52,,, 1 j—n + (324n> + 1980 — 192)j2 j_,11) + 1638).

3.3 Thecase z=1+1

In this subsection we consider the special case x =1 + 1.
Taking x = 14 4,7 = s = 1 in Theorem (a), (b) and (c), we obtain the following
proposition.

Proposition 3.11. Ifx = 1+i,7 = s = 1 then for n > 1 we have the following formulas:

(@) Si k(1 4+ W3, = e (- ()" (6 - 15) n — 5+ 10i) W2,y +
(57 —12¢)n + 7+ 18i) W3, - (27— 24i)n — 14+ 400) W2, W_,, —
(15+6i)n—3—8) W2, W_,11) — (15 =5i) W7 — (11 — 251) W3 + (41 — 39i)
W2W, — (5 — 11i) WgWh).

(b) i k(L +)PW2,  Woy = —ggabreor (L9 (1 +4) (27 — 24d) n + 26 + 164)
W3 .1+ ((27T—24i))n—1+400) W3,  —  (1+414)((15—8Li)n+ 5+ 5i)

W2, A W_n+((66 + 9i) n+ 7+ 34i) W2, W_,,11)+(32 — 52i) W+ (41 — 39i) W —

(10 — 108) W2Wo + (27 — 413) W3W7).

(€) i k(1 + )PW2 W1 = —ggorgeo (L) (1 +4) (15 + 6i) n + 12 — 2i)
W3, + (15+6i)n—3-8)W3, + ((66+9)n+7+34)W2 _ ,W_,

(102 + 6i)n + 26 — 18i) W2, W_,, 1) — (4 + 240) W3 — (5 — 11i) W + (27 — 414)
W2W,o + (44 + 8i) WEW).
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From the above proposition, we have the following corollary which gives sum formulas
of Fibonacci numbers (take W,, = F,, with F; =0, F; = 1).

Corollary 3.12. Forn > 1, Fibonacci numbers have the following properties.

(@) Sr_ k(1 + ) F, = gt (- (L) T ((6 - 150 n — 5+ 100) F3,, +
(57— 12i)n+ 7+ 18i) F3, - ((27 — 24i)n — 1+ 40i) F2,  F_, —
(15+6i)n —3 —8i) F2, F_41) — 15 + 5i).

(b) i k(1 + )FF2  Fop = —geabreo (L+4)"T (1 +14) (27 — 24i) n + 26 + 164)

F3 1+ ((27T—24i)n —1+40i) F3, — (1+4) (15— 8li)n+ 5+ 5i) 2, F_, +

((66 + 9i)n + 7+ 34i) F2, F_, 1) + 32 — 524).

(€) Sho k(1 + )" F2F g = —ggetge (L+0)"T (1 +4) (15 + 6i) n + 12 — 2i)
F2 0 + ((A5+6i))n—3—-8)F>, + ((66+9)n+7+34i)F2, F,
(102 + 6i)n + 26 — 18i) F2 F_,, 1) — 4 — 244).

Taking W,, = L,, with Ly = 2, L; = 1 in the last proposition, we have the following
corollary which presents sum formulas of Lucas numbers.

Corollary 3.13. For n > 1, Lucas numbers have the following properties.

(@) Sro k(1 + D)FLE, = =gt (— (L 4+9)" T (6 —150) n — 5+ 10i) L3, +
(57 —12i)n + 7+ 18i) L3, — (27 —24i)n — 14 400) L2, L_, -
(154 6i)n —3—8i) L2, L_p41) — 41 + 1714).

(b) i k(1 + L2, Loy = —ggargeo (L4 (1 +4) (27 — 24d) n + 26 + 164)
L3, 0+ ((27 = 24i)n — 1+ 40i) L2, — (1 +4) (15 — 81i) n+ 5+ 5i) L2, 1 L, +

—-n

((66 +9i)n + 7+ 34i) L% ,L_,,+1) + 448 — 5084).

(€) i k(1 + )L Lo = —geoegs (1+ )" (1 +4) (15 + 6i) n + 12 — 2i)
L, + (A5+6i))n—3-8i)L>, + ((66+9i)n+7+34i)L%, L,
((102 + 6i) n + 26 — 18i) L%, L_,,41) + 186 + 144).

Corresponding sums of the other second order linear sequences can be calculated
similarly when z =1 + 4.
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