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Abstract

In this article, we find the cyclic decomposition of the finite abelian factor group
AC(G) = R(G)/T(G), where G = Q,,, and m is an even number and Q,,, is the

quaternion group of order 4m.

(The group of all Z-valued generalized characters of G over the group of induced unit

characters from all cyclic subgroups of G).
We find that the cyclic decomposition AC(Q,,,) depends on the elementary divisor of m.

We have found that if m = p{' Opy* 0. Op,” 2", p; are distinct primes, then:

(n+1) (1 #1)... (1, +1) (R +2)-1

AC(QZm) = — C2'
i=
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Moreover, we have also found the general form of Artin characters table Ar(Q,,,) when

m is an even number.

1. Introduction

Representation theory is a branch of mathematics that studies abstract algebra
structures by representing their elements as linear transformations of vector spaces. So
that representation theory is a powerful tool because it reduces problems in abstract
algebra to problems in a linear algebra which is a very well understood theory.
Moreover, representation and characters theory provide applications, not only in other

branches of mathematics but also in physics and chemistry.

For a finite group G, the factor group R(G)/T(G) is called the Artin cokernel of G
denoted AC(G), R(G) denotes the abelian group generated by Z-valued characters of G

under the operation of pointwise addition, T(G) is a subgroup of R(G) which is

generated by Artin characters.

A well-known theorem which is due to Artin asserted that 7(G) has a finite index in

R(G), ie., [R(G) : T(G)] is finite so AC(G) is a finite abelian group.
The exponent of AC(G) is called Artin exponent of G denoted by A(G).

In 1968, Lam [10] proved a sharp form of Artin theorem and he determined the least
positive integer A(G) such that [R(G): T(G)] = A(G).

In 1976, David [4] studies A(G) of arbitrary characters of cyclic subgroups.

In 1995, Mahmood [8] studied the cyclic decomposition of the factor group
cf(Qs, Z)/R(Q,,,) and he found the rational valued characters table of the quaternion

group O, -
In 1996, Knwabuez [6] studied A(G) of p-groups. In 2000, Yassein [5] found

n
AC(G) for the group 0 Z,,. In 2001 Ibraheem [3] studied A(G) of alternating group.
i=1

Proposition 1.1 [9]. If p is a prime number and s is a positive integer, then
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11 1
01 1 - 1
M(C )=]0 0 1 - 1
0 0 0 1

which is of order (s +1) x (s +1).

Example 1.2. Consider the matrix M (Cgy4), we can find it by Proposition 1.1

111 1 1 1 1
01 1 1111
0011 11°1
M(Ces) =M(Cy)=[0 0 0 1 1 11
0000111
0000011
00000 0 1]

Itis 7 X 7 square matrix.

Lemma 1.3 [7]. Let A and B be two non-singular matrices of the ranks n and m

respectively, over a principal domain R and let:
R DA W, = D(A) = diag{d(A). d3(A). .... d, (A}
and
P, OB OW; = D(B) = diag{d,(B), d>(B). .... d,(B)}
be the invariant factor matrices of A and B. Then:
(A O P)HADB)OW, OW,) = D(A) O D(B)
and from this we get the invariant factor matrices of A B.

Proposition 1.4 [9]. The general form of the matrices P(C » ) and W(Cps ) are:

Earthline J. Math. Sci. Vol. 4 No. 1 (2020), 169-188
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1 -1 0 0 O - 0 O
0 1 -1 0 0
o 0 1 -10 -0 O

[e]
(@]

o 0 0 0 0 -1 -1
o 0 0 o0 0 -0 1

which is (s +1) x (s + 1) square matrix.

W(C ) = I441, where 1,4 is an identity matrix and D(C ;) = diag{l, 1, 1, ..., 1}.
P ‘ ! s

Remarks 1.5 [2].

MHIf m= 2" , h is any positive integer, then we can write M (C,,) as follows:

11
11

R/(C,,) Do

M(Cy) = " -
0 011

10 0 0 1 1

which is (h +1)x (h + 1) square matrix, R;(C,,) is the matrix obtained by omitting the
last two rows {0,0,..,1,1} and {0,0,..,0,0,1} and the last two columns
{1,1,..,1,0} and {1, 1, ..., 1, I} from the matrix M(Czh) in Proposition 1.1.

(2) In general, if m = 2" Epfi I:p? 0..0p,» such that p;,i=1,2,.., n are prime
numbers p; # 2 and ged(p;, p j) =1, hand 7 are any positive integer numbers for all

i =1,2,..,n, then we can write C,, in the form:

C, =C., XC , XC , X--XC , .
meT2 P e

(i) By proposition, we get

M(C,,)= M(Czh)D M(Cpl,l )O M(Cp£2 )d---o M(Cp;n )-

http://www.earthlinepublishers.com
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We can write M (C,,) in the form:

h times<: 1

RZ (Cm ) 0

h times-
M(C,,) =

h times- '
0 0 “ee 1 1

0 0 01

which is (4 +1)0..0r, +1)(A+1)x(n +1)0..dr,, +1)(h +1) square matrix,
R,(C,,) is the matrix obtaining by omitted the last two rows {0,0, ..., 1,1} and
{0,0,..,0,1} and the last two columns {1, ...,1,0,1,..., 1,0, .., 1,0} and {1, 1, ..., 1}

from the tensor product

M(c.,)Oom(c ,)am(C ,,)O---O0M(C , ).
()0 M(C)OM(C )0 M(C,,)

(i1) By Lemma 1.3 we have:

(1) P(Cyy) = P(C,y) D P(Cpl,l )0 P(Cp? )00 P(C ).

n

2) W(C,) =W(Cy) 0 W(Cp,l )O W(Cp? )O---0 W(Cp,n )-

1 n

Theorem 1.6 [6]. Let M be an n X n matrix with entries in a principal ideal domain
R. Then there exist matrices P and W such that:

(1) P and W are invertible.

(2) PMW =D.

(3) D is a diagonal matrix.

(4) If we denote D;; by d;, then there exists a natural number m; 0 < m < n such
that j >m implies d; =0 and j<m implies d; #0 and 1< j<m implies

dj Idj+1'

Earthline J. Math. Sci. Vol. 4 No. 1 (2020), 169-188
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2. The Main Results

Theorem 2.1. The Artin characters table of the quaternion group Q,,, when m is an

even number is given as follows:

Ar(QZm) =

where | is the number of I'-classes of C,,, and @ j1sjsi+2 are the Artin

characters of the quaternion group Q,,,.

Proof. Let ¢ 0Q,,,.

Case (I):

If H is a subgroup of C,,, =(x),1< j <! and ¢ is the principal character of H, then
by using theorem

[Co(&)IN gy s
CDj(g)z |CH(g)|§¢(hl) f n OH N CL(g)

0 if HNCL(g) =0

http://www.earthlinepublishers.com
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HIf g =1

¢, ()] am_20m - _2Cc, )]
*0=Teamr O e, wr ! e e )

=2¢';(1) since H N CL(1) = {1}

0 =20()

and ¢ is the principal character where d)'] is the Artin characters of C,,,.

Gi)If g =x"and g OH

_ €0y, (8)] __ 4m _
®;(g) = T @ C; @) (g) = ()] 0O since H N CL(g) ={g} and ¢(g) =
2 m 2 Ccz,,, )| .

(i) If ¢ # x" and g O H

0,060 = 5 ) 1 4471

| Cy(g)]
- 2m
| Cy(g)]

_ 2| Cczm(g)|
| Cr(g)]

(v If g OH

(1+1) since H NCL(g) ={g. ¢} and ¢(g) =¢(g™") =

=208 (g)

®;(g) =0 since HNCL(g)=0
=200 =201"(g).
Case (II):

If H =(y)={1, y y2, »’}.

HIf g =1

Earthline J. Math. Sci. Vol. 4 No. 1 (2020), 169-188
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| CQZm (1) | 4m

®;44(1) = 0l (1) = — 0O = m since H N CL(1) ={1}

(i)If g=x" =y>and g OH

®4(g) = ()] E11>()-————E1 m since H (1 CL(g) ={g} and ¢(g) =1

(i) If g # x™ and g O H, ie.,{g =y or g =y}

P11(g) = %(W) +ols™)

= 2(0+1) = 2 since 11 CL{g) ={g. ¢ 7'} and 6(¢) = (s ™) =1
otherwise
®;41(g) =0 since HNCL(g)=0.
Case (III):

I H = (xy) ={L xy, ()* = y> = 2", ()’ =0}

(I g =1

€., O] (1) = 2 0 = m since H N CL(1) = {1}.
| Cu (1) 4
) If g = (xy)2 = y2 =x" and g UH

| Cr(g)l

i) If g # (xy)> = y> =x" and g O H, ie., {g = xy or g = (xy)}

|CQ2m (g)|
| Cr(g)l

= 2(1+1) = 2 since H N CL(g) ={g, ¢} and §(g) = ¢(s ") =1

qu+2(g)=
(B(g )——El m since H (1 CL(g) ={g} and ¢(g) =

®40(g) =

®40(g) = (@(g)+d(g™)

N

http://www.earthlinepublishers.com
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otherwise
®;4,(g) =0 since HNCL(g)=0.

Example 2.2. To construct Ar(Qs¢) by using Theorem 2.1 we get the following

table:

Ar(Qas6) = Ar(Q5) =

Proposition 2.3. If m=2" Epl'1 Ep;? O.Cp»  such that p; are primes,

gcd(p;, p j) =land p; 2 forall i=1,2,..,h, hand n any positive integers, then

Earthline J. Math. Sci. Vol. 4 No. 1 (2020), 169-188
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I 111 1 ]
it ith+1[imes
111 1
010 1
111 1
2[Ry (Cy,,,) :i ot ith+1imes
M(Qom) = ;ig z
1 111
{5 : ot ith+1imes
0 0 0 0O 011111
0 0 0 0O 0010 1
0 0 01 1 1 0 01 1
0 0 01 1 1100 1 |

which —is [(n +1)(ry +1)-+- (5, +1) (2 +2) + 2] x[(n +1)(ry +1)--(, +1)(h+2) +2]

square matrix.

R,(Cy,,) is similar to the matrix in Remark 1.5.

Proof. By Theorem 2.1, we obtain the Artin character table A(Q,,) of the

quaternion group, and from previous proposition we get the rational valued character

table =" (Q,,,) of the quaternion group.

Thus, by the definition of the matrix M (Q,,,)

M(Qy) = AF(Q2)- (7 ()

http://www.earthlinepublishers.com
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11

1

01

11

2[Ry (Cy,) Pl

11

M(sz): 0 1
1

00 0 0O 0 (11
0 0 0 0O 0 01
00 011 1 00
10 0 011 1 10

S = O =ttt

s yh+1Uimes

s yh+1Uimes

: vh+1Uimes

which —is  [(n +1)(rp +1)-(r, +1)(h +2)+ 2 x[(n +1)(ry +1)-+- (1, +1) (2 +2) +2]

square matrix.

Example 2.4. Consider the quaternion group Qug, we can find matrix M (Qsg) by

two ways:

First: by the definition of M (Qyg)
M(Q4s) = M(Q, ,4)-
We must find Ar(Q3 24) and (=" (Q3 ” )7L

By using corollary we get
Ar(Cyg) = Ar(C, 14) = Ar(C3) O Ar(C,4)

16 00 00
8 8 00 0
30
:{11}544400
2 2220
11111

Earthline J. Math. Sci. Vol. 4 No. 1 (2020), 169-188
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44 0 0 00 0 00 O0 O
24 24 0 00 0 00 0 0O
12 121200 0 00 0 0
6 6 6 6 0 0 0000
13 3 33300000
/16 0 0 0016 0 0 0 0
8 8 0 00 8 800 0
4 4 4 00 4 4400
2 2 2 20 2 2220
1 1 1 11 1 111 1]

Then from Theorem 2.1 we find Ar(Q3 4 ) as follows:

(96 0 0 O O O O O O 0 0 O
48 48 0 0 O O O O O O O O
32 0 32 0 0 0 0 0 0 O0 O00O0
24 24 0 24 0 O O O O O O O
16 16 16 0 16 0 0 0 0 0 0 O
Ar(0. ) = 12 12 0 12 0 12 0 0 0 0 O O
3.2 § 8 8 8 8 0O 8 0 0 0 0 O
0O 6 0 6 0 6 0 0 0O
4 4 4 4 4 4 4 0 4 0 0 O
2 2 2 2 2 2 222200
2424 0 0 O O O 0O 0 0 2 0
124 24 0 0 0O 0 0 0 0 0 0 2]
a
Now, we find = (C3.24) as
a a O a
= (C) = (B (0, = () D (= (C,0)

http://www.earthlinepublishers.com
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0

~4

4 4

0

-16

16

4
-2

-4
-2

0 -2

-4

(Q3.24 ) as:

]|
N—r

-8 0

-16

-4 -8 -4

8

4 -2 -4 -2

-2

-1

By pervious proposition we get
16

Now,

-1
(Q4s))
Earthline J. Math. Sci. Vol. 4 No. 1 (2020), 169-188
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(96 0 0 O O O O 0 O 0 O O]
48 48 0 0O O 0O O 0 O O O O
32 0 32 0 0 0 00 O0O0O0O0
24 24 0 24 0 0 O O O O O O
16 16 16 0 16 0 0 0 0 0 0 O
1212 0 12 0 12 0 0 0 0 0 O
|8 8 8 8 8 0 800000
6 6 0 6 0 6 06 0 O0O00
4 4 4 4 4 4 40 4 000
2 2 2 2 2 2 222200
2424 0 0 0O 0 O 0O O O 20
124 24 0 0 0 O O 0O O O O 2]
[1/48 1/48 1/48 1/48 1/48 1/48 1/48 1/48 1/96  1/96  1/96  1/96]]
—1/48 —1/48 1/48  1/48  1/48 148 1/48  1/48 1/96 1/96 1/96 1/96
—-1/48 1/24 -1/48 1/24 -1/48 1/24 -1/48 -1/48 1/48 1/48 1/48 1/48
0 0 —1/24 —-1/24 1/24 1/24 1/24  1/24  1/48 1/48 1/48 1/48
1/48 —1/24 —1/48 1/24 —1/48 1/24 ~—1/48 ~-1/48 1/48 1/48 1/48 1/48
. 0 0 0 0 -1/12 -1/12  1/12 1/12 /24 1/24  1/24 1/24
0 0 /24  -1/12 -1/24 112 -1/24 -1/24 124 124 1/24 1/24
0 0 0 0 /12 -16 -112 -1/12 112 112 112 112
0 0 0 0 0 0 -1/6 76 -1/12 1/12 -1/12 1/12
0 0 0 0 0 0 6 -16 =16 16 -16 1/6
0 0 0 0 0 0 0 0 -14 -14 14 14
) 0 0 0 0 0 0 0 /4 -1/4 -14 14|
2 22222221111
0222202211171
002 220021T1T1:1
000220001111
00 O0O020O0O0O0T1TQO0T1
/000002 221T1T11
“loooo0oo00221111
00 O0O0O0O0OO0ODZ2 1111
00 O0O0O0O0OO0ODO0OT1TT1TT1T1
00 O0O0O0O0O0ODO0OO0OT1TO0OT1
001111110011
10 01 1111110 0 1]

which is 12 x 12 square matrix.

http://www.earthlinepublishers.com
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Second:

By Proposition 2.3, we find R(C3 24) by using Remark 1.5 as:

M(C,,4)=M(C3)OM(Cp)

1

1

(el

—_ =

L 1

O
S O o o =
S O O = =
O = = = e
e e e

O O = = e

S O O O = O O O O =
S O O = = O O O = =
S O = == O ===
S = === O = = ==
e e e e e

SO O O OO O O o o =
[=lelolNcBoNeo ol e
[=lelolcoceo -l T al
SO OO OO O ===
S O O OO === = =

Thus, by omitting the last two columns and the last two rows of this matrix, we get:

Rz(C3.24 )=

S O = O O O O =
O == OO OO =
— e e OO = =

S O O O O O O =
S O O O O O = =
S O O oo = = =
S O O O = ===
S O O = === =

which is 8 x 8 square matrix.

Then, by Proposition 2.3 we have:

Earthline J. Math. Sci. Vol. 4 No. 1 (2020), 169-188
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[ 1111 ]
2R(C ) b 4 [fimes
23730t 1111
1111
0101
1111
M(0 =
(0:) R .
4 [fimes
1111
00 000 0 (1111
00 000 0 0101
00 011 1 0011
10 0 011 1 1001 |
which is 12 x 12 square matrix.
Then:
222222211 11]
022220221T1T1:1
002220021T1T1:1
00022000T1T1T1:1
000020000T1TUO01
0000022211711
M(Q,4) 0000O0O0221111/
0000O0O0O02T1T1T1:1
0000O0O0O0O0T1T1T11
0000O0O0OO0O0T1O01
0011111100711
00111111100 1]

Proposition 2.5. If m= 2" Epl’l Ep? O.0p»  such that p; are primes,
g.cd(p;, pj) =1 and p; #2 forall i=12,..,n, hand r, any positive integers,

then the matrices P(Q,,,) and W(Q,,,) take the forms:

http://www.earthlinepublishers.com
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o
o

and

W(QZm ) =

0 11
-0 0 0
S0 -1 -1

(=R e i)
oS O O

O =

-1

o

o O

o

where k =[(n +1)(r, +1)-++(r, +1)(h +2)] =1 and I, is an identity matrix of the

order k. These matrices are

[(n +1)(ry +1)+(, + 1) (h+2) + 2] < [((1 +1) (2 + 1)+ (5, +1)(h +2) +2]

square matrix.

Proof. By using Theorem 1.6 and taking the form of M (Q,,,) from Proposition 2.3
and the above forms of P(Q,,,)and W(Q,,,), then:

2
0
0

P(QZm) DM(Q2m) D}V(QZm) =

0
2
0

0
0
2

(=l

o O

o O

(=l

o O

= D(Q,,,) = diag{2, 2, ..., 2,1, 1, 1}

which is [( +1)(ry +1)- (5, + 1) (A +2) + 2] x[((1 +1) (2 +1)--(r, +1) (2 +2) +2]

square matrix.

Earthline J. Math. Sci. Vol. 4 No. 1 (2020), 169-188
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Example 2.6. Consider the Qqg, then we can find the matrices P(Qgg) and W (Qgg)

immediately by using Proposition 2.5 and we can find M(Qgg) by Proposition 2.3,

QZSBZ

where Qgg

P(Qo6) M (Qg6 ) W (Do)

1
1
1
1
1

2 2222 222221
02222202221
0022222020221
000222200021
00002200001

000O0O0O20O0O0O0O0OT1O01

1
1
1
1
1

000O0O0O0OZ272221
000O0O0OO0ODO0OTZ272 21
000O0O0OO0OO0OTO0OTZ22°1
000O0O0OO0OO0OO0OT 021
000O0O0OO0OO0OTO0O®O0OQ 011
000O0OO0OOOOOOOTIO0OI1

1 0011
11001

1

http://www.earthlinepublishers.com
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0 000
0 000
0 000
0 000
0 000
0 000
0 000
0 000
0 000
0 000

0
0
0
0
0
0
0
0
0

0

1

-1 -1 -1 -1 -1-1-1-1-1001

0 0

200000O0OO0ODO0OO0OO0OOOO
020000O0OO0O0O0OO0OO0OO0OO0OO
002000O0O0O0O0LO0OO0OO0OTGO
000200O0O0O0O0O0O0OO0OTGO0
000O020O0O0O0O0O0DO0ODO0OO
000O0O0O20UO0O0O0O0O0O0TPO0
000O0O0OO0O2O0O0O0O0O0OO0OTGO0
000O0O0OO0OO2O0O0O0O0OO0OO
000O0OO0OOOZ2®0O0O0O0OTGO

000O0O0OO0OO0OOO0OZ2®0O0O0TFO0

000O0O0OO0OO0OOO0OOZ2O0O0P90

000O0OO0OO0OOOO0OOOTI OGO

000O0O0OO0OO0OOO0OOOOTIO

000O0O0OO0OO0OOOOO0OO0OTO0O?1

diag{2,2,2,2,2,2,2,2,2,2,2,1,1, 1}

which is 14 X 14 square matrix.

Theorem 2.7. If m = 2" Epl'l Ep? O..0p,» such that p; are primes g.cd(p;, pj)

. 1, h and r;, any positive integers, then the cyclic

L2, .

1 and p; # 2 for all i

decomposition of AC(Q,,,) is:

(n+1) (r+1)...(5, +1) (h+2)-1

AC(QZm) =

Proof. By pervious proposition we find M(Q,,,) and by Proposition 2.5 we have

P(Q,,,) and W(Q,,,). Hence

Earthline J. Math. Sci. Vol. 4 No. 1 (2020), 169-188
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P(Q2n) M (Q3,,) W(Qyy,) = diag(2, 2, ..., 2,1, 1, 1}
={d1, dy, s (1) (1 +1).. (1, +1) (B +2)=15 Ay +1) (ry +1)....(1, +1) (h+2)

(5 +1) (ry +1)... (1, +1) (1+2)=15 D(y +1) (ry+1)...(1, +1) (A +2) 423 -

Then by theorem we have

(n+1) (my +1)...(1, +1) (h+2)-1
AC(QZm) = El CZ'
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