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Some Fixed Point Theory Results for the Interpolative
Berinde Weak Operator

Clement Boateng Ampadu

Abstract

Partially inspired by [I] and [2], we introduce a concept of interpolative Berinde
weak contraction, and obtain some existence theorems for mappings satisfying

such a contractive definition, and some of its extensions.

1 A Result in Metric Space

Definition 1.1. Let (X, d) be a metric space. We say T : X +— X is an interpolative

Berinde weak operator if it satisfies
d(Tx, Ty) < X d(z,y)* d(z,Tx)' ",
where A € [0,1) and a € (0,1), for all z,y € X, z,y ¢ Fiz(T).

Theorem 1.2. Let (X, d) be a metric space. Suppose T : X — X is an interpolative
Berinde weak operator. If (X,d) is complete, then the fized point of T exists.

Proof. Define the sequence {z,,} € X by 241 = Tz, for all n € NU{0}, and observe

we have the following

d(Tpy1, Tote) = d(Twy, TTny1)
<\ d(@p, Tng1)® d(n, Te,)' ™
11—«

=A d($na xn—&-l)a d(l’n,.%'n+1)

= M(Zp, Tpy1).
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By induction, the following is clear for all n € NU {0},
d(xn, Tnt1) < A" d(zo, x1).

Now we show the sequence is Cauchy. For this, let n,m € N with m > n, and

observe we have the following

d(xma wn) < d(%m, 33m71) + d(xmfla $m72) + -+ d(l‘n+1, xn)
<AL AT A d (20, 71)
<A+ A ) d (g, 1)
=A"14+X+--)d(xg,x1)
An
<
—1-A

d(fb’o,l’l)-

Now letting m,n — oo in the above, it follows that {z,} is Cauchy, and since X is
complete, there is a € X such that

lim x, = a.
n—oo

Now we show the fixed point exists. First observe that since lim,_, x, = a, the
following is clear,
nh_}rrolo dla,zp41) = nh_)rrolo d(zp,a)

= nh_}rrgo d(Tpn, Tni1)

=0.

Now if a # T'a, then we know d(a,Ta) > 0, and we have the following

0 <d(a,Ta)
<d(a,rpt1) + d(xpni1,Ta)
=d(a,znt1) + d(Txyn, Ta)
< d(a, Tne1) + A(2y, a)d (2, Tr,) ™
=d(a,Tpt1) + Nd(xn, a)d(xp, Tpi1)
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Now letting n — oo in the above, we deduce that
0 <d(a,Ta) <0.

Thus, d(a,Ta) is bounded above and below by zero, hence d(a,T'a) = 0, and the
fixed point exists, that is, a = Ta. ]

2 A Result in Cone Metric Space over Banach Algebras

This section takes inspiration from [3] with preliminaries as is. Now we begin with

the following

Definition 2.1. Let €2 denote a Banach algebra, and let (X, d) denote a cone metric
space over €2, and let T : X +— X be a mapping. If there exists \,a € P, where P
is a cone, with 0 < p(A) < 1, and 0 < p(a) < 1, where p is the spectral radius, such
that

d(Tz,Ty) < X\ d(z,y)® d(z, Tx) ™

forall z,y € X, z,y ¢ Fiz(T) = {z € X|Tx = x}, then we say T is an interpolative

Berinde weak contraction in the setting of cone metric spaces with Banach algebras.
Our main result is as follows

Theorem 2.2. Let (X,d) be a complete cone metric space over a Banach algebra
Q. If T: X = X is an interpolative Berinde weak contraction, then the fized point
of T exists.

Proof. Define the sequence {z,,} € X by x,4+1 = Tz, for all n € NU{0}, and observe

we have the following

d(Tpt1, Tng2) = d(Ton, Trni1)
SN d(@n, Tpg1)” d(zn, Tay)' ™
11—«

=A d(mna mn—&-l)a d(xnvxn—‘rl)

= M(Zp, Tpy1).
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By induction, the following is clear for all n € NU {0},
d($n7$n+1) = A" d(])o,.l}l).
Now for all n,m € N with n < m, we have the following

d(xn, Tm) = d(Tp, Tpt1) + A(Tpg1, Tog2) + -+ d(Tm—1, Tm)
< (AN e XY (g, )
< An (e+)\+)\2 e AT (2, 1)
< \'(e — N7 d(zg, z1).

Now by Lemma 2.7[3] and Lemma 2.10[3], it follows that {z,} is Cauchy. Since
(X, d) is complete, there is a point € X such that lim, . x, = . Now we show
the fixed point exists. Since 1 —a € [0,1) and 2!7* < 2 | observe we have the

following

d(z,Tx) < d(x,zp+1) + d(xpi1, TT)
+d(Txy,, Tx)
+

A d(zp, )" (xn,Txn)l_o‘

Ty Tn+41

PN

T, Tn+l

l—«a

A
8

IA

T, Tpt1) + 2A d(xp, x)

T, Tpt1) + 2A [d(xn, ) + 2d(xp41, 2)]
T, Tnt1) + 2N d(xp, ) + 4N d(xpy1, )
+4N) d(z, Tpt1) + 2A d(zy, ).

( )

( )

( )

(,Zpt1) + X d(xp, ) d(Tpn, Tni1)

(2, 2n11) + A d(wn, @) [d(wn, 2) + d(@,2041)] "
( )

( )

(

IA

d
d
d
d
d
d
d
= (e

Now put hy, = (e+4X) d(z, xpt1) + 2\ d(xy, z). It follows from Lemma 2.7, Lemma
2.9, and Lemma 2.6 all contained in [3], that {h,} is a c-sequence, and thus for each
0 < ¢, there is ng € N such that d(z,Tz) < h,, < ¢ for n > ng. Thus, by Lemma
2.4[3], the fixed point exists, that is, Tz = . O
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3 A Result in Partial Cone Metric Space

This section is inspired by [4] with preliminaries as is. Our main result is as follows.

Theorem 3.1. Let (X, p) be a complete partial cone metric space, P be a normal

cone with normal constant K. Suppose T : X — X satisfies
p(Tz, Ty) < X pla,y)* p(x, Tz)' ",

where A € [0,1) and o € (0,1), for all z,y € X, z,y ¢ Fix(T). Then the fized point
of T exists, and for each xy € X, the iterative sequence {T"xo} converges to the

fixed point.

Proof. Define the sequence {z,,} € X by x,4+1 = Tz, for all n € NU{0}, and observe

we have the following

p(Tn+1, Tnt2) = p(Txn, Toni1)
=A P(xna $n+1)a d(xna Txn)l_a
11—«

=A P(l'n, wn+1)a P(fUm xn—o—l)

= )\p(xn, xn-l‘l)'
By induction, the following is clear for all n € NU {0},
P(-’Enaanrl) j )\Tl p($07$1)'

Now we show the sequence is Cauchy. For this, let m < n, and observe we have the
following

1
p(xn—kn -rn—k)

n

—m—
P(Tm; Tn) < p(Tm, Tim1) + p(Tm—1, Tm—2) + -+ + p(Tny1, Tn) — Z
k=1
< TTEE AT 4 A (0, 1)

An(1 — An=m)
< - 7
< T Plwo,z1)
)\Tl
< :
< T P(0, 1)
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Now taking norm to inequality in above, we have

n

A
1-A

lp(zm, zn)|| < lp(z0, z1)][-
It now follows that {T™z¢} is a Cauchy sequence in (X, p) such that

lim p(T"x9, T"xo) = 0.

n,m—00

As (X, p) is complete, there exists z¢g € X such that {T"x¢} converges to x and
pla,) = lim p(z,,2) = lim p(z,,2,) = 0.

Now we show existence of the fixed point. Observe, for any n € N, that we have the

following

p(Ta:, 'T) < p(T:L', Tn+lx0) + p(Tn—HJIo, .fL') — p(Tn—i_le’ Tn+1m9)
< Mp(a, T o) p(a, Tx)' = + p(T" g, ).

Taking norm to inequality in above, we deduce

lp(Tx, )| < N|p(a, T"xo)|l[|p(z, Ta) |~ + | o(T" o, z)[| — 0.
Hence, p(Tx,z) = 0. However,
(T, Tz) < Mp(z,x)%p(x, Tz)! = = 0.

Thus,
p(Tz, Tx) = p(z,Tz) = p(z,z) = 0.

which implies the fixed point exists, that is, Tx = x. O

4 A Best Proximity Result

This section takes inspiration from [5] with preliminaries as is. However, some

additional notions and notations are necessary.

http://www. earthlinepublishers.com
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Notation 4.1. The set of all best proximity points of T': A — B will be denoted
Bpyox(T) ={x € A:d(x,Tx) = d(A, B)}.

Definition 4.2. A mapping T : A — B will be called a prozimal interpolative
Berinde weak contraction of the first kind if there exists A € [0,1) and « € (0,1)
such that for all z1, x2,u1,us € A, x1, 22 ¢ Bprox(T), the following implication holds

d(ul,T.%'1> = d(A, B), d(UQ,TxQ) = d(A, B)

d(ul, UQ) § A d(l‘l, Jjg)ad(l’l, ul)l_o‘.

Definition 4.3. A mapping T : A — B will be called a prozimal interpolative
Berinde weak contraction of the second kind if there exists A € [0,1) and « € (0,1)
such that for all 21, x2,u1,us € A, x1,22 ¢ Bprox(T), the following implication holds

d(ul,T:rl) = d(A, B), d(’u,Q,TxQ) = d(A, B)

d(Tuy, Tug) < X d(Txy, Tao)*d(Txy, Tui ) 2.

Our main result is as follows, which extends the Interpolative Berinde Weak

Contraction Principle (of the first section) to the case of non-self mappings

Theorem 4.4. Let X be a complete metric space. Let A and B be nonempty, closed
subsets of X such that A is approximately compact with respect to B. Further,
suppose that Ag and By are nonempty. Let T : A — B and g : A — A satisfy the

following conditions

(a) T is a continuous prozximal interpolative Berinde weak contraction of the second

kind.
(b) g is an isometry.

(¢) T(Ap) is contained in By.

Earthline J. Math. Sci. Vol. 4 No. 2 (2020), 253-271
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(d) Ag is contained in g(Ap).

(e) T preserves isometric distance with respect to g. Then there exists an element
x € A such that

d(gx,Tx) = d(A, B).

Proof. Let xy be a fixed element in Ay. Since T'(Ap) is contained in By and Ay is

contained in g(Ap), there exists an element 1 in Ag such that
g(gz1, Txg) = d(A, B).

Again since Tz is an element of T'(Ap) which is contained in By and Ay is contained

in g(Ap) its follows there exists an element xy in Ay such that
d(gxe, Tx1) = d(A, B).

Since T'(Ap) is contained in By and Ag is contained in g(Ap), for every positive

integer n, haven chosen x,, in Ag, we can also find z,1 in Ay such that
d(gzp+1,Tx,) = d(A, B).

As T is a continuous proximal interpolative Berinde weak contraction of the second

kind we deduce the following
d(Tgxni1, Tgxy) < Xd(Txzp, Trp—1)%d(Tx), Tg:znﬂ)l_a
Since T preserves isometric distance with respect to g, we have,
A(Txni1, Txn) < MN(Txp, T2p1)d(Txy, Trpy) 2
From the above, we deduce,

A(T2ni1, Txn) < Nad(Tan, Ton1).

http://www. earthlinepublishers.com
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Since Ao < 1, it is easy to see that {T'x,} is Cauchy, hence it converges to some

element y in B. Further,

d(y, A) <

Therefore d(y, gx,) — A. In view of the fact that A is approximately compact with
respect to B, {gz,} has a subsequence {gx,, } converging to some z € A. It follows
that

d(z,y) = klg& d(gzn,, Txn,—1) = d(A, B).

Hence z is a member of Ag. Since Ay is contained in g(Ay), z = gz for some z € Aj.
As g(zp,) = g(x) and g is an isometry, x,, — . Since the mapping 7" is continuous,
it follows that T'z,, — Tx. Consequently, y and Tz are identical. Thus, it follows
that
d(gz, Tx) = lim d(gxy,,Trn,—1) = d(A, B).
k—o0

Hence the best proximity point exists, and the proof is finished. O
If g is the identity in the above theorem, then we get the following

Theorem 4.5. Let X be a complete metric space. Let A and B be nonempty, closed
subsets of X such that A is approximately compact with respect to B. Further,
suppose that Ay and By are nonempty. Let T : A — B satisfy the following
conditions

(a) T is a continuous prozximal interpolative Berinde weak contraction of the second

kind.
(b) T(Ap) is contained in By.
Then there exists an element x € A such that

d(z,Tx) = d(A, B).
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5 The Alternate Interpolative Berinde Weak Operator

in Metric Spaces

Keep a, A € (0,1). Now

d(Tx, Ty) < X d(x,y)*d(x, Tz)' =

_—
d(Ta;\,Ty) < d(z,y)*d(x, Tx) ™
_—
log (W) < alog(d(z,y)) + (1 — a) log(d(z, Tx))
< (a+1— o) max{log(d(z,y)),log(d(z, Tx))}
= max{log(d(z,y)),log(d(x,Tx))}
_—
2tog (“5TY ) <togd(e.y) o T)
_—
log <d(Tw)\,Ty)> < log(d(z,y) d(:c,Tm))%
_—

d(Tz, Ty) < A d(m,y)%d(x,Tx)%.
Thus we have the following

Definition 5.1. A map T : X — X will be called an alternate Interpolative Berinde

Weak operator if it satisfies

d(zx, TZL‘)%,

NI

d(Tz,Ty) < X d(z,y)

http://www. earthlinepublishers.com
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where A € (0,1), for all z,y € X, z,y ¢ Fix(T).

6 A Contraction Mapping Theorem in the Sense of

Istratescu

This section takes inspiration from [6], where the idea of convex contractions
first appeared. In particular, we introduce the convex interpolative Berinde weak
operator in metric spaces, and obtain a so-called “Convex Interpolative Berinde

M)

Weak Contraction Mapping Theorem’.

Definition 6.1. A continuous mapping T : X — X will be called a convex
interpolative Berinde weak operator if the following holds for all z,y € X, z,y ¢
{Fiz(T), Fiz(T?)}

+ Xod(T'z, Ty)%d(Tx, T2x)%,

=

d(T?z, T?y) < )xld(:c,y)%d(x,Tx)
where A1, A2 € (0,1) with A\ + Ao < 1.

Theorem 6.2. Let (X,d) be a metric space, and T : X — X be a convex

interpolative Berinde weak operator. If (X, d) is complete, then the fized point exists.

Proof. Define the sequence {x,} by z,+1 = Tz, = T?z,_1, and observe we have
the following

A(Tpi1, Togo) = d(T?zp_1, T?x)
< Md(zy, xn_l)%d(xn_l,Txn_l)% + /\gd(Txn,Txn_l)%d(Txn_l,Tan_l)%
= M d(zp, xn,l)%d(scn,l,xn)% + )\Qd(mn7l’n+1)%d($n, $n+1)%
= Md(Tp, Tpn-1) + Aad (T, Try1)
< (A + Ao) max{d(zy, xpn_1),d(Tn, Tpni1)}
= (A + X)d(zn, Tnt1)-

From the above, we deduce that

d(mn—&-la xn+2) < hd(xn; xn—&-l)a

Earthline J. Math. Sci. Vol. 4 No. 2 (2020), 253-271
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where h := A1 + Ay < 1. By induction, the following is clear for all n € NU {0}
d(.fl?n, xn+1> < h”d(l’o, .’1?1).

Now we show the sequence is Cauchy. For this, let n,m € N with m > n, and observe we

have the following

A(@m, Tn) < AT, Tp1) + d(@m—1, Tm—2) + - + d(Tpy1,Tn)
(hmil + pm—2 4+ hn)d(fEOaxl)
< (W™ 4+ B 4 )d(wo, 21)

(
= hn(l + h + - )d(l‘o,l‘l)

n

<

=71_ hd(anxl)'

Now letting m,n — oo in the above, it follows that {x,,} is Cauchy, and since X is complete,
there is a € X such that

lim z, = a.
n— oo

Now we show the fixed point exists. Suppose d(a,Ta) = 0, but d(a,T?a) > 0. Now observe

we have the following

0 < d(a,T?a)
< d(a,zns1) + d(@ns1, T?a)
=d(a,rpi1) + d(T%x,_1,T%a)
< d(a,2pi1) + Md(Tn_1,0)2d(@n—1,TTn-1)? + Xod(T2p_1,Ta)?d(T2p_1,T?2,_1)?.

Taking limits in the above, and using the continuity of T, we deduce that
0 < d(a,T?a) <0

which implies that d(a,T?a) = 0, which is a contradiction. So a is also a fixed point of T2,
and the proof is finished. O

7 A Result in the Sense of Wardowski on Metric Spaces

In [7], they introduced the notion of F-contraction, and used it to give a new proof

of the Banach contraction mapping theorem. Inspired by this development, this

http://www. earthlinepublishers.com
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section introduces a notion of F-interpolative Berinde weak contraction, and uses it
to give a new proof of the Interpolative Berinde weak contraction mapping theorem
(Section 1). We begin with the following

Definition 7.1. A mapping T : X — X will be called an F-interpolative Berinde
weak contraction if there exists 7 > 0 such that for all z,y € X, xz,y ¢ Fix(T), the

following implication holds
d(Tz,Ty) >0 = 7+ F(d(Tz,Ty)) < F(d(x,y)%d(a:,Tm)%),
where F' is a mapping satisfying Definition 2.1[7].

Example 7.2. Let F : [0,00) — (—00,00) be given by F(a) = In(a), then F
satisfies Definition 2.1 [7] for any A € (0,1). Now each mapping satisfying the

Definition 7.1 is an F-interpolative Berinde weak contraction such that

N

d(Tx,Ty) < e_Td(x,y)%d(x,Tm)
forall x,y € X, x,y ¢ Fix(T), Tx # Ty.
Remark 7.3. For z,y € X, x,y ¢ Fixz(T), such that Tz = Ty, the inequality
d(Tx, Ty) < e Td(x,y)2d(z, Tx)?.
In particular, T is an interpolative Berinde weak operator in the sense of Section 1

Now our main result is as follows

Theorem 7.4. Let (X,d) be a complete metric space, and let T : X — X be
a continuous F-interpolative Berinde weak contraction. Then T has a fixed point

z* € X and for every xo € X, the sequence {T"xo}nen converges to x*

Proof. Let g € X be arbitrary and fixed. Define the sequence {z,}n,eny € X by
Tny1 = Tap, n=0,1,2,---. Put v, = d(xpy1,2,), n = 0,1,2,---. If there exists

Earthline J. Math. Sci. Vol. 4 No. 2 (2020), 253-271
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ng € N for which x,,+1 = xp,, then T'x,, = z,,, and the proof is finished. So let us

assume that x,41 # x, for every n € N. Now observe we have the following
T+ F(d(zpt1,20)) =7+ F(Txp, Txp_1)

< F(d(2n, 2p_1)2d(zp, Tz,)?)

— F(d(@n, @n1)2d(@n, Tns1)?).
Since

d(xn,xn_l)%d(xn,xnﬂ)% < d(Tp,Tp—1) <= d(Tpt1,2n) < d(Tp,Tn_1)
and F' is strictly increasing, the above implies the following
T+ F(d(wp41,70)) < F(d(7p, T-1))

or equivalently

F(w) < F(yn-1) — 7.

By induction, we obtain
F(yn) € Flm-1) =7 < F(yn-1) =27 < -+ < F(y0) — n7.
Taking limits in the above we deduce that

lim F(v,) = —oc.

n—oo

From (F2) of Definition 2.1[7], we have lim;, ,oc 7, = 0. From (F3) of Definition
2.1[7], there is A € (0,1) such that

lim +;,F(7n) = 0.

n—oo

Since F(v5) < F(y0) — n7 holds for all n € N, we deduce the following for all n € N

YaF (1) — 1 F (0) < v (F(70) — n7) — 1 F(70)
= —yanT

<0.
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Since lim, 00 Vn = 0, and lim, 0o YA F(7,) = 0, if we take limits in the inequality
immediately above we deduce that

lim ny,) = 0.
n—oo

From the above, there is n; € N such that ny)} < 1 for all n; > n. It follows we

have the following
1
T

nx

Tn <

for all n > ny. Now we show the sequence {z,} is Cauchy. For this, let m,n € N
with m > n > ny. From definition of metric and above inequality we deduce the

following

d<xm7 mn) S Ym—1 -+ Ym—2 + .-+ Yn
o
<D v
i=n
<

Since the series > 7, L is convergent, it follows that the sequence {z,}nen is a
ix
Cauchy sequence. Since X is complete, there is a € X such that lim, . x, = a.

Since T is continuous, we deduce the following

d(Ta,a) = nh_}nolo d(Txy, ) = nh_)ngo d(zp41,2n) =0

and the proof is finished. ]

8 An Expanding Mapping Theorem in Partial Metric
Spaces
This section is inspired by [§] in which expanding mappings in the setting of partial

metric spaces analogous to expanding mappings in metric spaces are defined, and

some fixed point theorems for expanding mappings are obtained. In this section, we
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obtain a so-called Fxpanding Interpolative Berinde Weak Mapping Theorem in the

setting of partial metric spaces. We begin with the following

Definition 8.1. Let (X, p) be a partial metric space. We say a continuous mapping

T : X — X is an interpolative Berinde weak expanding operator if it satisfies

plz, Tx)?

N

p(Tz,Ty) > X p(z,y)
for all x,y € X, x,y ¢ Fix(T), where A > 1.
Our main result is as follows

Theorem 8.2. Let (X, p) be a complete partial metric space, and the continuous
mapping T : X — X be a surjection. Suppose T : X — X satisfies

p(Ta, Ty) > X p(a,y)? p(z,Tx)?

forallz,y € X, z,y ¢ Fix(T), where A > 1, and x #y. Then T has a fized point
mn X.

Proof. Let x9 € X. Since T is surjective, choose 1 € X such that Txz; = xg.
By induction we have x,_1 = Tx, for n = 1,2,---. If there exists ng such that
Tny—1 = Tny, then x,, is a fixed point of T', so we assume x,,—1 # x, forn =1,2,---.

Now observe we have the following

P(Cﬂn—h xn) = P(Txna TZEnJrl)

1 1
> Ap(Tp, Tpy1)? p(wn, Ty)?

N

1
= )‘p(xnawn+1)2 P(l’m%n—l) .

The above implies

N

1
P(mna Tpy1)? < 10(3371—17 Tp)

>| =

or equivalently

1 2
P($n7$n+1) < <)\> ﬂ(xn—l,ﬂfn)-
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2
Since (}\> < 1, by Lemma 2.1 [6], {z,} is a Cauchy sequence in X. Since (X, p)

is complete, then Lemma 1.1 [6], implies (X, p®) is complete, and so {x,,} converges

in the metric space (X, p®), that is, there exists z € X such that

lim p*(xy,2) = 0.

n—oo

Consequently, we can find v € X such that z = Tu. Again from Lemma 1.1[6], we

have,

plz,2) = lim p(zn,2) = lim  plan, om)-

Moreover, since {z,} is Cauchy in (X, p®), we have,

n,wlrizgloo ps (l‘n, :Em) =0

On the other hand since

maX{P@m xn)a P($n+1a $n+1)} < P(l’n, xn—l—l)v

2
using p(xp, Tni1) < (}\) p(Zp—1,Zn), by induction, we have

2n
1
maX{ﬁ(-Tmxn)yp(xn—i-lyl'n—i-l)} < ()\) p(a:l,xo).

It now follows that

nh_}rgo p(Tn, xy) = 0.

The definition of p* implies

lim p*(xp,xm) = 0.
n,M—00

Since p(z, z) = limy 00 p(@n, 2) = liMyp, m—00 P(Tn, Tm), We have

p(Z,Z) = lim p(mn,z) = lim P(%L,xm) =0.

n—oo n,Mm—00

Earthline J. Math. Sci. Vol. 4 No. 2 (2020), 253-271



270 Clement Boateng Ampadu

Now we show u = z. Using the inequality of the Theorem, we have
p(xna Z) = p(Tanrl’ TU)
1 1
> Ap(Tnt1, )2 p(Tpg1, TTni1)?.
Taking limits in above as m — oo, and using continuity of T', we have
0> Ao(z,u)2p(z, T2)%.

Since T'z = u, the above is equivalent to

0> Ap(z,u).
Since % # 0, the above implies p(z,u) = 0, that is, z = u. Since Tz = u, then we
have

Tz =u=z.
So z is a fixed point of T, and the proof is finished. O

9 Concluding Remarks

In this work we introduced the Interpolative Berinde weak contraction, and obtained
some fixed point theory results for operators satisfying the inequality and its various
extensions in the setting of metric spaces, cone metric space over Banach algebras,
partial cone metric spaces, and partial metric spaces. The interpolative weak
contraction was extended to accomodate non-self maps leading to a best proximity
result, it was also extended to accomodate convexity conditions leading to a convex
type contraction mapping theorem. We also gave an implicit characterization leading
to a Wardowski type mapping theorem, finally, the expanding counterpart of the

inequality was also presented leading to an expansion type theorem.
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