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A Study on Generalized Jacobsthal-Padovan Numbers

Yiiksel Soykan

Abstract

In this paper, we investigate the generalized Jacobsthal-Padovan
sequences and we deal with, in detail, four special cases, namely,
Jacobsthal-Padovan, Jacobsthal-Perrin, adjusted Jacobsthal-Padovan and
modified Jacobsthal-Padovan sequences. We present Binet’s formulas,
generating functions, Simson formulas, and the summation formulas for these
sequences. Moreover, we give some identities and matrices related with these
sequences.

1 Introduction

It is the aim of this paper to define and to explore some of the properties
of generalized Jacobsthal-Padovan numbers and is to investigate, in details,
four particular case, namely sequences of Jacobsthal-Padovan, Jacobsthal-Perrin,
adjusted Jacobsthal-Padovan and modified Jacobsthal-Padovan numbers. Before,
we recall the generalized Tribonacci sequence and its some properties.

The generalized Tribonacci sequence {W,,(Wy, W1, Wa;r, s,t)}n>0 (or shortly
{Whn}n>0) is defined as follows:

Wn=rWy_1+ sW,_o+tW,_3, Wo=a, Wi =bWy=¢, n>3 (1.1)

where Wy, Wi, Wy are arbitrary complex (or real) numbers and r,s,t are real
numbers.
This sequence has been studied by many authors, see for example @

[ (L1} 12} [13} [14} [L8) [19] 20} 21

The sequence {W,, }n>0 can be extended to negative subscripts by defining

S T 1
W_n = —¥W7(n71) - ;Wf(nf2) + ng(nf:a)
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228 Yiiksel Soykan

for n =1,2,3,... when t # 0. Therefore, recurrence (1.1)) holds for all integer n.

As {W,} is a third order recurrence sequence (difference equation), its
characteristic equation is

23 —rax? —sx—t=0 (1.2)
whose roots are
a = a(r,s,t):g—i-A—i—B,
B = ﬁ(r,s,t):g—i-wA—&—sz,
v = ~A(rs,t) = g +w?A + wB,

where

r3 rs t \Fl/g
A = — 4+ — + = A
(27+6+2+ > ’

o ors t VA 1/3

3 2.2 3 2
t t t
A = A(T,s,t):—r _rE +LS . +

27 108 ' 6 27 4’
_1 )
_;“/g = exp(27i/3).

w =
Note that we have the following identities

a+B+y =
af+ay+py = -s,
afy = t.

If A(r,s,t) > 0, then the Equ. has one real («) and two non-real solutions
with the latter being conjugate complex. So, in this case, it is well known that
generalized Tribonacci numbers can be expressed, for all integers n, using Binet’s
formula

bra™ by 8™ b3y
@—Ba— G-aB-7 (-—an-5"

W, = (1.3)
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where

by = Wy—(B8+~y)Wi+ pyWo,
by = Wi—(a+7y)Wi+ayWy,
b3 = Wy— (Oé + ﬁ)W1 + OJ,BW().

Note that the Binet form of a sequence satisfying (1.2)) for non-negative integers
is valid for all integers n, for a proof of this result see [8]. This result of Howard
and Saidak [§] is even true in the case of higher-order recurrence relations.

In this paper we consider the case r = 0, s = 1, ¢t = 2 and in this case
we write V,, = W,. A generalized Jacobsthal-Padovan sequence {V;,},>0 =
{Vo(Vo, V1, V2) }r>0 is defined by the third-order recurrence relations

Vn = Vn—2 + 2Vn—3 (14)

with the initial values Vy = ¢, V1 = ¢1, Vo = ¢9 not all being zero.

The sequence {V;,},>0 can be extended to negative subscripts by defining
1 1
Von = =5Vo@m-1n + 5V-(m-3)

for n =1,2,3,.... Therefore, recurrence ([1.4) holds for all integer n.

(1.3) can be used to obtain Binet formula of generalized Jacobsthal-Padovan
numbers. Binet formula of generalized Jacobsthal-Padovan numbers can be given

as
bla" bgﬁn bg’y”

Py S 7 € el oy vy &

where

by = Va—(B4+Vi+ BV,
b2 = ‘/2 - (O{ + 7)‘/1 + a’YVb,
by = Va—(a+pB)Vi+afW. (1.5)

Here, a, 8 and ~ are the roots of the cubic equation

22—z —-2=0.
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Moreover
V78 V78
a = i/l + o + i/l ~~9 1.521379706804568
V78 V78
8 = wifl+ L2 4wy 1——
9 9
vo= w23 1+£+w5 1_£7
9 9
where /3
—1+iv3
= % = exp(27i/3).
Note that
atpft+y = 0,
af+ay+py = -1,
afy = 2.

The first few generalized Jacobsthal-Padovan numbers with positive subscript

and negative subscript are given in the following Table 1.

Table 1. A few generalized Jacobsthal-Padovan numbers.

5V +6V1 +8Vp
6Va + 1317 + 10V,

512‘/2

256V2 + 128V1 + 256VO

n Vi V_,

0 Vo

1 Vi Vo — Vo

2 Va v+ ivi+ v
3 Vi + 2V %vz—ivntgvo
4 Vo 420 V2 Vo + 1V1
5 2+ Vi+42V V2+ Vi + 5V
6 Va+4Vy +4V, Vr V1+64V0
7 4V +50 42V 1;8V2 128Vo+givl
8

9

256‘/1 512‘/0
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A Study on Generalized Jacobsthal-Padovan Numbers 231

Now we define four special cases of the sequence {V,,}. Jacobsthal-Padovan
sequence{Qp }n>0,  Jacobsthal-Perrin  (Jacobsthal-Perrin-Lucas) sequence
{Ln}n>0, adjusted Jacobsthal-Padovan sequence {K,},>0 and modified
Jacobsthal-Padovan sequence {Mp}n>0 are defined, respectively, by the

third-order recurrence relations

Qnis = @ny1+2Qn, Qo=1,01=1,0Q2=1,
Lpys = Lpt1+2L,, Lo=3,L1=0,Ly =2,
Kpis = Kpp1+ Ky, Ky=0,Ki=1,Ky =0,
Mpts = Mpy1 + My, Mo =3,M; =1, My = 3.

The sequences {Qn}n>0, {Ln}tn>0, {Kn}tn>0 and {M,},>0 can be extended to

negative subscripts by defining

Q-n = —% 7(n71)+%Q7(n73)7 (1.6)
A S A A (17)
Ko = 5K o+ 5K sy (18)
M., = —% _(n_1)+% () (1.9)

for n = 1,2,3, ... respectively. Therefore, recurrences , , and
hold for all integer n.

For more information on Jacobsthal-Padovan sequence, see [4] and .

@y, is the sequence A159284 in associated with the expansion of x(1 +
7)/(1 — 22 — 223) and L, is the sequence A072328 in [15] and K, is the sequence
A159287 in associated with the expansion of 22/(1 — 22 — 223). M,, is not
indexed in [15].

Next, we present the first few values of the Jacobsthal-Padovan,
Jacobsthal-Perrin, adjusted Jacobsthal-Padovan and modified Jacobsthal-

Padovan numbers with positive and negative subscripts:

Earthline J. Math. Sci. Vol. 4 No. 2 (2020), 227-251
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Table 2. The first few values of the special third-order numbers with positive

and negative subscripts.

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
Qn 1 1 1 3 3 5 9 11 19 29 41 67 99 149
Q 0 1 1 1 5 _ 1 _ 3 23 _ 27 15 _77 185 245
—-n 2 1 8 16 32 64 128 56 512 1024 2048 1096
Ln 3 0 2 6 2 10 14 14 34 42 110 46 234
L _1 1 11 _ 15 19 25 _ 85 161 _ 61 _ 279 923 _ 1167 51
—-n 2 1 8 16 32 64 128 256 512 1024 2048 1096 8192
Kn 0 1 0 1 2 1 4 5 6 13 16 25 42
K 0 1 _1 1 3 _ T 11 1 _ 29 73 _ _69 47 339
—-n 2 1 8 16 32 64 128 56 512 1024 2048 1096
My, 3 1 3 7 5 13 19 23 45 61 91 151 213 333
M 0 1 5 _5 9 11 _ 31 67 _ 23 _ 101 369 _ 461 57
—n 2 4 8 16 32 64 128 256 512 1024 2048 4096

For all integers n, Jacobsthal-Padovan, Jacobsthal-Perrin, adjusted
Jacobsthal-Padovan and modified Jacobsthal-Padovan numbers (using initial

conditions in ([1.5))) can be expressed using Binet’s formulas as

(a+1) ntl (B+1) gt 4 (v+1) n+1

P = wmpa-" TE-06G- a5
Ly = a"+8"+4"
K, = 1 ot + 1 6n+1 + 1 ,Yn—i-l
(a—B)(a—7) (B=a)(B—7) (y—a)(vy—5) ’
__Batl) g BBAD e ByED)
Mo = G- TE-06-2" To-an-8"
respectively.

2 Generating Functions

oo
Next, we give the ordinary generating function ) V,z" of the sequence V;,.
n=0

o0
Lemma 1. Suppose that fy, (x) = > Vpa™ is the ordinary generating function
n=0

[e.e]
of the generalized Jacobsthal-Padovan sequence {V;,}n>0. Then, > V,z™ is given
n=0

by

o) _ 2
Y Vet = Vot Vi + (Vo = Vo)a” (2.1)
n=0

1— 22 — 223
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Proof. Using the definition of generalized Jacobsthal-Padovan numbers, and

substracting 2% >°°0 V2™ and 223 Y "°° (V2™ from Y o0 V2", we obtain
[ee] [ee] oo o
(1-— % — 2m3) Z | A% — Z V,z" — x? Z V,z" — 223 Z V"
n=0 n=0 n=0 n=0
[o¢] o0 o
= > Vaa" =) Vpa"t? -2y Vant?
n=0 n=0 n=0

0 0 oo
— Z V" — Z Vi—ox™ — 2 Z Vy—sx"
n=0 n=2 n=3

- (VO + Vl.%' + ‘/2.T2) — Vb.%'z + Z(Vn — Vn_g — 2Vn_3).%'n
n=3

= V()—FV1x+V2x2—Vox2:Vo—i-le—i—(Vg—Vo)xQ.

Rearranging above equation, we obtain

00 _ 2
Z V" — Vo + Vix +2(V2 SVO)x ‘
o 1—2¢—2x

The previous lemma gives the following results as particular examples.

Corollary 2. Generated functions of Jacobsthal-Padovan, Jacobsthal-Perrin,

adjusted Jacobsthal-Padovan and modified Jacobsthal-Padovan numbers are

oo
Y Qut =
— " 1—22—22%
[e.@]
S = T
vt " 1—22—22%
= x
K" = — 2
HZ% nt 1—a22—22%
o
3+x
n —
ZMnx 11— 22— 293

respectively.
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3 Obtaining Binet Formula from Generating Function

We next find Binet formula of generalized Jacobsthal-Padovan numbers {V,,} by
the use of generating function for V,,.

Theorem 3. (Binet formula of generalized Jacobsthal-Padovan numbers)

dloz” dzﬁn dg’}/n
Vi = , 3.1
@B G-aG- G-an-p
where
dy = Vool +Via+ (Vo — W),
dy = VoB*+ViB+ (Vo — Vo),
ds = Vo7’ +Viy + (1o — Vo).
Proof. Let
h(z) =1 —x? — 223
Then for some «, 5 and v, we write
hz) = (1 - az)(1 = Bz)(1 — yz),
ie.,
1—2%—22% = (1 —ax)(1 - Bz)(1 —yx). (3.2)

Hence é, %, and % are the roots of h(z). This gives «, 5, and ~ as the roots of

1 1 2
h)=1-— — = =o.
(w) x2 a3

This implies 22 — 2 — 2 = 0. Now, by (2.1)) and (3.2), it follows that

o Vot Viz+ (Vo — Vp)a?
2V = (T Al e

Then we write

VO + V1$ + (Vé — ‘/0)1’2 Al A2 A3

- ) T U=Fn) A= na)

(0~ an)(1~ po)(1—7z)  (1-az (33)
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So
VotViz+(Va—Vp)z? = A1 (1—Bx)(1—vyz)+ Az (1—ax)(1—yz)+ A3 (1—az)(1—Bz).

If we consider z = 1, we get Vo + Vil + (Vo — Vo) = Ai(1 - g)(l — ). This
gives
4 0+ Vig + (Vo= V)gr) _ Voo® + Via + (Vo — V)

1 (a—B)(a—7) (a—B)(a—7)

Similarly, we obtain

4y = VB2 ViB + (Vo — V)
(B —a)(8~7)

Thus (3.3) can be written as

A :V()72+V17+(V2*V0)
o (vy—a)(y—B)

> Vaa" = Ar(1 - ax) " 4 A(1 - Bx) ! 4 As(1—yx)

n=0
This gives
oo o0 o0 oo oo
Z V,z™" = Ay Z a4 Ay Z B x"+As Z A" = Z(Ala”+A2ﬁ”+A37”)x”.
n=0 n=0 n=0 n=0 n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain

Vo = A1a" + A" + Azy",

where
A Voo + Via + (Va = V)
1 ’
(= pB)(a—7)
A VoB% + Vi + (Vo — Vo)
B-a)B=7)
A, — Vo2 + Viy + (Ve — W)
(v —a)(y—5)
and then we get .
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Note that from (1.5) and (3.1)) we have

Vo— (B+)Vi+ Vo = Vool + Via+ (Vo — Vo),
Vo—(a+)Vi+ayVy = VB2 +Vig+ (Va— Vo),
Vo—(a+B)Vi+aBVy = Vo’ +Viy+ (Vo — Vo).

Next, wusing Theorem we present the Binet formulas of
Jacobsthal-Padovan, Jacobsthal-Perrin, adjusted Jacobsthal-Padovan and

modified Jacobsthal-Padovan sequences.

Corollary 4. Binet formulas of Jacobsthal-Padovan, Jacobsthal-Perrin, adjusted

Jacobsthal-Padovan and modified Jacobsthal-Padovan sequences are

_ (a + 1) an—i—l (5 + 1) n+1 ('7 + 1) n+1

P = e heY TEewe-" Thoon-p"
K. = ;an-l-l_‘_;ﬂn—i—l_'_;vn.%l
" T @B B-a)(F—7) CETSCE LA
o (Bar+1) ot (36+1) n+1 (3y+1) n+1
M= aope-n" T-a6-" Th-an-pT

respectively.

We can find Binet formulas by using matrix method with a similar technique
which is given in . Take k =i = 3 in Corollary 3.1 in . Let

o o 1 a1l a1
A= |1 a=]p 5|,

v oy 1 oyl

a2 a1 a2 a a !
Ay = | B2 gt 1 [ A= B2 B gt

7oyt oy
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Then the Binet formula for Jacobsthal-Padovan numbers is

3
1 1
@ = o ;Q‘* jdet(Aj) = +(Qs det(A1) + Qo det(Az) + Q1 det(As))
1
= Gery G det(ha) +det(As) + det(Ag))
"t a 1 | a? a ot a? a1
= (3]t B 1|+]|B> Bt 1|+ B2 B )/ B2 B
oyl ot ?oy ! ¥yl

Similarly, we obtain the Binet formula for Jacobsthal-Perrin, adjusted
Jacobsthal-Padovan and modified Jacobsthal-Padovan as

L. = XL;gdet 1) + Ly det(Ay) + Ly det(A3))
a1l a1 a? a o™t o a1
_ 6“161+3B2ﬂ5”’1/52ﬁ1
v o1 ¥ oy oyt 7oy 1
and
1
Ky = 5(Ksdet(Ar) + Ko det(Az) + K det(As))
an—l a 1 Oé2 « Oén_l Oé2 a 1
= (st B 1|+ B B s/ B2 B
An=l oyl v oy o4t v oy 1
and
1
My = 5 (Msdet(Ar) + Mydet(Az) + My det(As)
Oénfl o 1 042 anfl 1 a2 o anfl Oé2 a 1
= |7/t B L4382 gt 1|+ B /8 B
oy Yot 1] |y ” oyl
respectively.

4 Simson Formulas
There is a well-known Simson Identity (formula) for Fibonacci sequence {F},}, namely,

Fn+1Fn—1 - F’s = (_1)77.
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which was derived first by R. Simson in 1753 and it is now called as Cassini Identity
(formula) as well. This can be written in the form

Fn+1 Fn
Fn anl

= (—1)".

The following theorem gives generalization of this result to the generalized
Jacobsthal-Padovan sequence {V},},,>0.

Theorem 5 (Simson Formula of Generalized Jacobsthal-Padovan Numbers). For all
integers n, we have

Vn+2 Vn+1 Vn Vv2 Vl ‘/0
Vot Vo Voot | =21V Vo Vg |. (4.1)
Vn an 1 Vn72 VO V_ 1 V72

Proof. (4.1) is given in Soykan [17].

The previous theorem gives the following results as particular examples.

Corollary 6. For all integers n, Simson formula of Jacobsthal-Padovan,
Jacobsthal-Perrin, adjusted Jacobsthal-Padovan and modified Jacobsthal-Padovan
numbers are given as

Qn+2 Qn-i—l Qn

Qn+1 Qn anl =-2"

Qn anl Qn72
and
Ln+2 Ln+1 Ln
Ln+1 Ln Ln,1 = —-26 x 2"
Ln Ln—l Ln—2
and
Kn+2 KnJrl Kn
Kn+1 K, K, |= _27171
Kn Kn—l Kn—2
and
Mn+2 Mn+1 Mn
Mps1 M, M, |=-23x2"
Mn Mn—l Mn—2
respectively.

http://www. earthlinepublishers.com
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5 Some Identities

In this section, we obtain some identities of Jacobsthal-Padovan, Jacobsthal-Perrin,
adjusted Jacobsthal-Padovan and modified Jacobsthal-Padovan numbers. First, we can
give a few basic relations between {Q,} and {L,}.

Lemma 7. The following equalities are true:

8L, = —3Qnt4a+14Qn+t3 —9IQn+2,
4L, = TQni3 —6Qni2 —3Qny1,
2L, = _3Qn+2 + 2Qn+1 + 7Qn7
L, = Quy1+2Q,—3Qn_1,
L, = 2Qn—2Qn-1+2Qn-2, (5.1)
and
26Qn = —Lnia+3Lnis+5hnio,
%60, = 3Lnys+4Lnsa — 2Ly,
26Q, = 4Lpio+ Lpsr + 60,
26Q, = Lni1+10L, +8L, 1,
260, = 10L,+ 9Ly 1+ 2L o,

Proof. Note that all the identities hold for all integers n. We prove (5.1)). To show (5.1]),
writing
Ly=aXQnia+bxXQniz+cxQnyio

and solving the system of equations

Ly = axQi+bxXQ3+cxQ2
Ly = axQ5—|—b><Q4+c><Q3
LQ = axQ6+be5+ch4
we find that a = —%, b= %, c= —%. The other equalities can be proved similarly.

Note that all the identities in the above Lemma can be proved by induction as well.

Next, we present a few basic relations between {Q,,} and {K,}.

Earthline J. Math. Sci. Vol. 4 No. 2 (2020), 227-251



240

Yiiksel Soykan

Lemma 8. The following equalities are true:

4K,
2K,
2K,
2K,

and

4Qn
2Qn
o
@n

= —Qnta+3Qn42,

= Qni2— Qny1,

= —Qni1+Qn+2Qn 1,
= Qn+Qn-1—2Qn—2,

= Kpiu+2K,03 — Ko,
= Kpi3+ Knqa,

= Ko+ K,,

= K, 4+ K, 42K, .

Now, we give a few basic relations between {Q,,} and {M,}.

Lemma 9. The following equalities are true:

4M,,
oM,

and

92Q, =
16Q, =
23Q, =
23Q, =
23Q, =

—Qn+ta +6Qni3 — 3Qn+2,
3Qn+3 — 2Qnt2 — Qni1,
—Qnt2 + Qni1 + 3Qn,
Qnt1+2Qn — 2Qn-1,
2Qn — Qn-1+2Qn—2,

—TMpyq + 10M,y 45 + 19M,, 45,
5Mp i3+ 6 My — TMpi1,
38Mp o — M1 + 5M,,
—Myi1 + 8M,, + 6M,,_1,

8M,, + 5Mp_y — 2M,,_».

Next, we present a few basic relations between {L,} and {K,}.
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Lemma 10. The following equalities are true

and

52K,
52K,
52K,
52K,
52K,

—  Lypia—3Lnis +8Lnto,

= 3Lpy5+9Lnis + 2L,
— 9Lnis— Loyt — 6Ln,

= —Lpy1+3L, +18L, 4,
— 3L, +17Lp 1 — 2L, o,

1K g + 2Kpis — 15K,40,
Knyz —2K,q0 + 11K, 41,
—Kpi2+6K,11 + Ky,
3Kpy1 — Kn—1,

2K, _1 +6K,,_s.

Next, we give a few basic relations between {M,} and {L,}.

Lemma 11. The following equalities are true

and

184L, =
92L, =
46L, =
23L, =
23L, =

26M,,
26M,,
26M,,
26M,,
26M,,

—65My 4 + 106Mp 5 + 45M, 40,
53Mits — 10M 40 — 65M,41,
—5My 5 — 6Miq + 53M,,
—3M, 1 + 24M,, — 5M,,_1,
24M,, — 8M,_1 — 6M,_»

—4Lpta + 120543 + 7Ly 4o,
12L03 + 3042 — 8Ln1,
3Lmio +ALnsq + 240,
4L, 41 +27L, +6L,_1,
97L, + 10Ly_ 1 + 8L, _o.

Now, we present a few basic relations between {K,} and {M,,}.

Earthline J. Math. Sci. Vol. 4 No. 2 (2020), 227-251
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Lemma 12. The following equalities are true

AM, = b5Kp44+2K,43 —5K,49,
2M,, = Ku43+5K,41,
M, = 3K, + K,,
M, = K,+3K,_1+6K, -
and
92K, = Myyqs—8Myy3+ 17TMy o,
46K, = —-3Mp+1+ M, +18M,_;,
46K, = 9IM,42 —3M,41 —8M,,
46K, = —-3Mp41+ M, +18M, 1,
46K, = M, +15M,_1—6M,_,.

6 Linear Sums

The following proposition presents some formulas of generalized Jacobsthal-Padovan
numbers with positive subscripts.

Proposition 13. Ifr =0,s = 1,t = 2, then for n > 0 we have the following formulas:

(a) ZZ:O Vi = % (Vags + Vigo = Vo = 17).
(b) Sr_oVor = 3 (Vani1 + 2Va, — VA).
(c) ZZ:O Vok41 = % (Vant2 + 2Vapy1 — Va).

Proof. Take r =0,s = 1,t = 2 in Theorem 2.1 in .
As special cases of above proposition, we have the following four corollaries. First one
presents some summing formulas of Jacobsthal-Padovan numbers (take V,, = @,, with

Qo=1,0:1=1,Q2=1).

Corollary 14. For n > 0 we have the following formulas:
(a) Yoo @k = % (Qniz + Qni2 —2).

(b) Yr_oQor = 2 (Qant1 +2Qa, — 1).

(€) YhoQort1 =3 (Qant2 +2Q2n41 —1).
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A Study on Generalized Jacobsthal-Padovan Numbers 243

Second one presents some summing formulas of Jacobsthal-Perrin
(Jacobsthal-Perrin-Lucas) numbers (take V,, = L,, with Ly = 3,L; =0, Ly = 2).

Corollary 15. For n > 0 we have the following formulas:
(@) Yh oL =13 Lngs+ Lnta—2).

(b) YpoLox = 5 (Lan+1 + 2Lay) .

(c) ZZ:O Lopi11 = % (Lont2 +2Lonq1 —2).

Third one presents some summing formulas of adjusted Jacobsthal-Padovan numbers
(take Vn = Kn with KO = O,Kl = 1,K2 = 0)

Corollary 16. For n > 0 we have the following formulas:
(@) Yp oKi=13(Kniz+ Kny2—1).

(b) i Kok = 3 (Kong1 +2K2, — 1).

(¢) Yhoo Kans1 = 5 (Kans2 + 2Kant1) -

Fourth one presents some summing formulas of modified Jacobsthal-Padovan numbers
(take Vn = Mn with MO = 3,M1 = 1,M2 = 3)

Corollary 17. For n > 0 we have the following formulas:
(@) Yho My = 3 (Mpys+ My yo —4).

(b) i Mok = 5 (Mans1 +2Man — 1).

() YhoMaks1 =5 (Manyo +2Many1 — 3).

The following proposition presents some formulas of generalized Jacobsthal-Padovan

numbers with negative subscripts.

Proposition 18. Ifr =0,s = 1,t = 2, then for n > 1 we have the following formulas:
(@) Xpo Ve =5 (=3Vono1 =3V n = 2Vo 3 + Vo + V1),

(b) kot Veor = 5 (=Voznia + V1)

(C) ZZ:] V—Qk"rl = % (_V—Qn - 2V—2n—1 + ‘/2) .
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Proof. Take r =0,s = 1,¢t = 2 in Theorem 3.1 in [16].
From the above proposition, we have the following corollary which gives sum formulas
of Jacobsthal-Padovan numbers (take V,, = @, with Qo =1,Q1 = 1,Q2 = 1).

Corollary 19. Forn > 1, Jacobsthal-Padovan numbers have the following properties.

(a) Z::l Q—k = % (_3Q—n—1 - 3@—71—2 - QQ_7L_3 + 2) .
(b) Yo Q-2r = 3 (—Q-2n41 +1).
(C) ZZ:l Q—Qk-‘rl = % (_Q—Qn - QQ—Qn—l + 1) .

Taking V,, = L,, with Ly = 3,L; = 0,Ly = 2 in the last proposition, we have the

following corollary which presents sum formulas of Jacobsthal-Padovan-Lucas numbers.

Corollary 20. For n > 1, Jacobsthal-Perrin (Jacobsthal-Perrin-Lucas) numbers have
the following properties.

(a) Zzzl L_ = % (*3L—n—1 —3L_,,_o—2L_,_ 3+ 2) .
(b) 22:1 L g, = %L—2n+1~
(€) Yp_yLooki1 =L (=Lon —2L_ 9,1 +2).

From the above proposition, we have the following corollary which gives sum formulas
of adjusted Jacobsthal-Padovan numbers (take V;, = K, with Ky =0, K; =1, Ky = 0).

Corollary 21. For n > 1, adjusted Jacobsthal-Padovan numbers have the following
properties.

(a) 22:1 K_ = % (=3K 1 —3K_ 2—2K , 3+1).
(b) ZZ:1 K_o = % (*K—2n+1 + 1) .
(€) Yhoy Koopyr = 5 (=K 20 —2K 9, 1).

From the above proposition, we have the following corollary which gives sum formulas
of modified Jacobsthal-Padovan numbers (take V,, = M,, with My = 3, M; =1, My = 3).

Corollary 22. For n > 1, modified Jacobsthal-Padovan numbers have the following
properties.

(@) Yp o M_j=35(-3M_pn_1—3M_,_5—2M_,_35+4).
(b) Y M oy =3 (—M_gn41+1).
(€) Ypoi M gpp1 =5 (—M_5 —2M_5, 1 +3).
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7 Matrices related with Generalized Jacobsthal-

Padovan numbers

Matrix formulation of W, can be given as

Wiia r s t " Wy
Wit = 1 0 0 Wy . (7.1)
W 01 0 Wy

For matrix formulation ([7.1), see @ In fact, Kalman gives the formula in the following

w, 01 0\ [ W
W71,+1 = 0 0 1 W1
Whio r s t Wy

We define the square matrix A of order 3 as
01 2
A=11 0 0
010

such that det A = 2. From (1.4) we have

Vo 0 1 2 Vit
Veer | =11 0 0 v, (7.2)
Vn 0 1 0 Vn—l
and from (7.1)) (or using (7.2)) and induction) we have
Visa 01 2\" /(W
Va 0 1 0 Vo
If we take V = Q in (7.2)) we have
Qn+2 0 1 2 Qn+1
Qn—i—l = 100 Qn . (73)
Qn 0 10 Qn—l
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We also define

B,

and

(Qn+2 - Qn+1)

N | =

$(Qnea — Qnys) Qniz — Qnia

%(an%’ - Qn+2) Qn+1 - Qn

%(Qn+2 - Qn+1) Qn - anl
Qni+a — Qnyz 2(Qni2 — Qn+1)
Qn+3 - Qn+2 2(Qn+1 )
Qniz2 — Qni1 2(Qn — Qn-1)

(Vn+4 - Vn+3) Vn+2 - Vn+1
Vass = Vage) Vo = Vi
(Vn+2 - VnJrl) Vn - anl

N[ D N

Theorem 23. For all integers m,n > 0, we have

(a) B, =A™

(b) C1A™ = A"C,.

(C) Cn+m =CyB,, = B, C,.

Proof.

(a) By expanding the vectors on the both sides of (7.3]) to 3-columns and multiplying
the obtained on the right-hand side by A, we get

B, =AB,_;.

By induction argument, from the last equation, we obtain

But Bl

B, = A" B;.

= A. It follows that B, = A".

NOTE: (a) can be proved by mathematical induction (using directly).

(b) Using (a) and definition of C1, (b) follows.

http://www. earthlinepublishers.com



A Study on Generalized Jacobsthal-Padovan Numbers 247

(¢) We have
0 1 2 5Vare = Var1) 5(Vars —Vaga)  Vapr = Vi
ACn-1 = 100 %(V"""l - Vjﬂ) %(‘/H-FQ - Vn-‘rl) Ve =V
0 10 (Vo= Vaa) LWVes1 = Vo) Va1 = Vo

%Vn - Vn—l + %Vn-i-l %Vn—i-l - Vn + %Vn+2 Vn + Vn—l - 2Vn—2

= %Vn+2 - %Vn+1 % n+3 — %VtrH—Q Vn+1 -V
% n+1l — %Vn % n+2 — % n+1 Vn - V;L—l
5(Vars = Vaya) 5(Vara = Vags) Varz — Vo
= %(Vn+2 - Vn+1) %(Vn+3 - Vn+2) Vn+1 —Va = Cru
%(Vn—l-l - Vn) %(Vn+2 - Vn+1) Vn - Vn—l

i.e., C,, = AC,_1. From the last equation, using induction we obtain C,, = A"~ 1C}.
Now

Crgm = AVT10) = A1 A™C) = AV 1CLA™ = C, B,
and similarly

Cn+m = Bm Cn .

Note that Theorem [23]is true for all integers m, n.
Some properties of matrix A™ can be given as

A" = An—Q + 2An—3

and
An+m — AnAm — AmAn

and
det(A™) =2"

for all integers m and n.

Theorem 24. For m,n > 0, we have

2(Vism+2 = Varm+1) = (Varz = Vars)(Qmt1 — Qma2)
+ (Vag1 = Vig2) (Qms2 — Quys) (7.4)
+ Z(Vn - Vn+1)(Qm - Qm+1)~

Proof. From the equation C), ., = C,, By, = B,,,C), we see that an element of C,, 1, is the
product of row C), and a column B,,. From the last equation we say that an element of
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Ch4+m is the product of a row C), and column B,,,. We just compare the linear combination

of the 2nd row and 1st column entries of the matrices C), ., and Cy, B,,. This completes
the proof.

Remark 25. By induction, it can be proved that for all integers m,n < 0, holds.
So for all integers m,n, is true.

Corollary 26. For all integers m,n, we have

2(Qnim+2 — Qnim+1) = (@ni2 — Qnt3)(Qm+1 — Qm2)
+ (Qnt1 — Qnt2)(Qm+2 — Qumts)
+2(Qn — @n+1)(Qm — Qm+1)s
2(Lntm+2 — Lntmt1) = (Lnt2 = Lnt3) (Q@m+1 — Qme2)
+ (Lnt+1 — Lont2) (@m+2 — Qums)
+2(Ln = Ln41)(@m — Qum1),
2(Kntm+2 = Kngmt1) = (Knt2 — Kng3)(Qumar — Qum2)
+ (Knt1 — Knt2)(Qm2 — Qumts)
+2(Kn — Kn41)(@m — Qutr),
2(Mngmiz = Mypgmir) = (M2 = Myg3) (Quar — Qume2)
+ (M1 — Mpi2)(Q@miz — Qm+s)
+2(My, — Mp41)(Qm — Q1)

Note that using Theorem [23| (a) and the property

2K, = Quni2 — Qny1

we see that
KnJrl Kn+2 2Kn

K, Kn+1 2K, 1 = B,.
Kn—l Kn 2Kn—2

An

We define
Vn+1 Vn+2 2Vn
En = Vn Vn+1 2Vn71
Vn—l Vn 2Vn—2

In this case, Theorem 23] Theorem 24 and Corollary [26] can be given as follows:
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Theorem 27. For all integer m,n, we have
(a) B, =A™

(b) E1A™ = A™E;.

(¢) Enym = EnBy = B Ey.

Theorem 28. For all integers m,n, we have

Vn+m = n+1Km + VnKm+1 + 2Vn71Km71- (75)

Corollary 29. For all integers m,n, we have

Qnim = Qni1Km + QnKmi1 +2Qn—1Kpm-1,
Loom = LopiKm + LonKmi1 +20n 1 Km-1,
Kpim = KoKy + KnKpg1 + 2K, 1Ky,
Myim = MyKp+ MKy +2My 1K 1.

References

[1] 1. Bruce, A modified Tribonacci sequence, Fibonacci Quart. 22(3) (1984), 244-246.
[2] M. Catalani, Identities for Tribonacci-related sequences, arXiv:math/0209179, 2012.

[3] E. Choi, Modular tribonacci numbers by matrix method, Journal of the Korean
Mathematical Education Society Series B: Pure and Applied Mathematics 20(3)
(2013), 207-221.
https://doi.org/10.7468/jksmeb.2013.20.3.207

[4] O. Deveci, The Pell-Padovan sequences and the Jacobsthal-Padovan sequences in
finite groups, Util. Math. 98 (2015), 257-270.

[5] O. Deveci, The Jacobsthal-Padovan p-sequences and their applications, Proc. Rom.
Acad. Ser. A 20(3) (2019), 215-224.

[6] M. Elia, Derived sequences, the Tribonacci recurrence and cubic forms, Fibonacci
Quart. 39(2) (2001), 107-115.

[7] M.C. Er, Sums of Fibonacci numbers by matrix methods, Fibonacci Quart. 22(3)
(1984), 204-207.

Earthline J. Math. Sci. Vol. 4 No. 2 (2020), 227-251


https://doi.org/10.7468/jksmeb.2013.20.3.207

250 Yiiksel Soykan

[8] F.T. Howard and F. Saidak, Zhou’s theory of constructing identities, Congr. Numer.
200 (2010), 225-237.

[9] D. Kalman, Generalized Fibonacci numbers by matrix methods, Fibonacci Quart.
20(1) (1982), 73-76.

[10] E. Kilig and P. Stanica, A matrix approach for general higher order linear recurrences,
Bull. Malays. Math. Sci. Soc. (2) 34(1) (2011), 51-67.

[11] P.Y. Lin, De Moivre-Type identities for the Tribonacci numbers, Fibonacci Quart.
26 (1988), 131-134.

[12] S. Pethe, Some identities for Tribonacci sequences, Fibonacci Quart. 26(2) (1988),
144-151.

[13] A. Scott, T. Delaney and V. Hoggatt, Jr., The Tribonacci sequence, Fibonacci Quart.
15(3) (1977), 193-200.

[14] A. Shannon, Tribonacci numbers and Pascal’s pyramid, Fibonacci Quart. 15(3)
(1977), pp. 268 and 275.

[15] N.J.A. Sloane, The on-line encyclopedia of integer sequences, http://oeis.org/

[16] Y. Soykan, Summing formulas for generalized Tribonacci numbers, Universal Journal
of Mathematics and Applications 3(1) (2020), 1-11.
https://doi.org/10.32323/ujma.637876

[17] Y. Soykan, Simson identity of generalized m-step Fibonacci numbers, Int. J. Adv.
Appl. Math. Mech. 7(2) (2019), 45-56.

[18] Y. Soykan, Tribonacci and Tribonacci-Lucas sedenions, Mathematics 7(1) (2019), 74.
https://doi.org/10.3390/math7010074!

[19] W. Spickerman, Binet’s formula for the Tribonacci sequence, Fibonacci Quart. 20
(1982), 118-120.

[20] C.C. Yalavigi, Properties of Tribonacci numbers, Fibonacci Quart. 10(3) (1972),
231-246.

[21] N. Yilmaz and N. Taskara, Tribonacci and Tribonacci-Lucas numbers via the
determinants of special matrices, Appl. Math. Sci. 8(39) (2014), 1947-1955.
https://doi.org/10.12988/ams.2014.4270

http://www. earthlinepublishers.com


https://doi.org/10.32323/ujma.637876
https://doi.org/10.3390/math7010074
https://doi.org/10.12988/ams.2014.4270

A Study on Generalized Jacobsthal-Padovan Numbers 251

Yiiksel Soykan

Department of Mathematics, Art and Science Faculty,
Zonguldak Biilent Ecevit University, 67100, Zonguldak, Turkey
e-mail: yuksel_soykan@hotmail.com

This is an open access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted,
use, distribution and reproduction in any medium, or format for any purpose, even commercially

provided the work is properly cited.

Earthline J. Math. Sci. Vol. 4 No. 2 (2020), 227-251



	Introduction
	Generating Functions
	Obtaining Binet Formula from Generating Function
	Simson Formulas
	Some Identities
	Linear Sums
	Matrices related with Generalized Jacobsthal- Padovan numbers

