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Applications of Certain Operators to the Classes of
Analytic Functions Related to the Generalized

Janowski Functions

Khalida Inayat Noor and Shujaat Ali Shah”

Abstract

We introduce certain subclasses of analytic functions related to the class
of analytic, convex univalent functions. We discuss some results including
inclusion relationships and invariance of the classes under convex convolution
in terms of certain linear operators. Applications of these results associated
with the generalized Janowski functions and conic domains are considered.

Also, several radius problems are investigated.

1 Introduction

Let A be the class of analytic functions of the form
fz) =24 an2", (1.1)
n=2

in the open unit disk £ = {z: |z| < 1}. If f and g are analytic in E, we say that
f is subordinate to g, written f < g or f(z) < g(z), if there exists a Schwartz
function w in F such that f(z) = g(w(z)).

The convolution or Hadamard product of two functions f,g € A is denoted

by f * g and is defined as

(f*xg)(z) =2+ ianbnz”, z € FE. (1.2)
n=2
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Analytic functions p in the class P[A, B] can be defined by using subordination

as follows [§].

Let p be analytic in E' with p(0) = 1. Then p € P[A, B], if and only if,

1+ Az

—1<B<A<1,z€eFE.

Polatoglu et al. [23] introduced the class P[A, B, a] of analytic functions p, if
and only if, there exists p; € P[A, B] such that for z € E,

p(z) =1 —a)p1(2) + a, 0<a<). (1.3)

The class P[A1, By] of analytic functions p with p(z) < ﬁ’gi, z € E, by
1+A1z

5>, with A1 € C (complex

using more general bilinear transformation h(z) =
plane), By € [-1,0] and A; # B;.

IfA =[(1-a)A+aBland By = Bfor0 <a < 1l,and —1 < B < A <1, then
the class P[A;, By] reduces to the class P[A, B, ], which is denoted by P[A;, B].
See [13].

For k > 0, the conic domains ), defined as;
Q= {u+z’v:u>k (u—1)2+v2}.

The domains , (k = 0) represents right half plane, Q. (0 < k < 1) represents
hyperbola, € (k = 1) represents a parabola and € (k > 1) represents an ellipse.

The extremal functions for these conic regions are given as

\

1 _
£, , k=0
1+%<log}j£) : k=1
pr(z) =19 1+ —25 [(2 arccos k) arctan hy/z] | 0<k<1 (1.4)
u(z)
1. ™ Vi 1 1
1 + k21 S11n QR(t) fo mmdl’) + k271’k‘ > 1,

where u(z) = ZZ__‘/:;, t € (0,1), 2z € E and z is chosen such that k =
cosh (EZ((;))) , R(t) is Legendre’s complete elliptic integral of the first kind and
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R'(t) is complementary integral of R(t); see [9, [10] for more information. These
conic regions are being studied by several authors. See [I], (15, 17, 21].
Let f € A and D™ : A — A be the operator defined by

# x f(z); m>—1
DUIE) = He )

m!

meNy=1{0,1,2,..}

Note that D°f(z) = f(z) and D' f(z) = zf'(z). The operator D™ f is called the
Ruscheweyh derivative of mth order of f [24].
We can easily verify the following identity,

D™ f) = (m+1)D™ f — mD™f. (1.5)

Analogous to the Ruscheweyh derivative operator, Noor [16] and Noor and
Noor [19] defined an operator as follows:

Let
z

fm(2) = ag " €Nyo=1{0,1,2,..}

and let fr(n_l) be defined such that

2)x fD(2) = ——.

Then, the operator I, : A — A is defined by

(-1)

Lnf(2) = F50() * £(2) = ( T

The following identity can easily be verified,

(I f) = (m+ Dlpf —mlpi f. (1.6)

The multiplier transformation [6] £9 : A — A is defined as follows:

oo 0
G = w02 ) =2+ Y (1) e,

0 é
where ¥(0,b;2) =z + > (ﬁ—i) 2" (b> —1, 0 bereal, z € E).
n=2
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One can easily verify the following identity,
AL () = L+ D)Ly f(2) —bLYf(2). (1.7)

For further detail about above given operators, one may see [5] [6l, 13, [16] 18],
19].

Dziok and Noor [7], introduced the concepts of some general classes as follows:

Let Ag be the class of functions f ¢ A with f(0) = 1. Assume that u, A,
¢ be real parameters, p > 0, £ > 2 and let ® = (¢,9) € A x A, £ € A and
H = (h1,h2), where h; (i =1,2) are analytic, univalent convex functions with
hi(0) =1 (i =1,2). Then

P(h)={q€ Ap:q<h},
Py(H) ={pg + (1 —p)g2: q1 < h1, ¢ < ha},

142 ¢ 1
Py((h,h)) = Pu(h) andPM(l_Z):Pg, <M:4+2)
where Py is the class introduced and studied by Pinchuk [22].
A function f € A is said to be in the class MQ(QJ,E,H), if and only if,

I\(f(2)) € P,(H), where

bréx]  oxf
pxlxf poxf

We denote by W, (®,&, H) = MB(@,&,H), the class of functions f € A such
that

I(f(2) =1 =A)

oxExf _p

Moreover, let us define

S*(QO, 57 h) = Wl((zsola Sp)a 57 h) and C(SO, 57 h) = Wl((9027 @1)7 g) h)a
where p1(z) = z¢/(2) and @a(2) = z¢].
Definition 1. A function f € A is in the class S*(p, &, h), if and only if,

2(p*Ex f)

(ornp) LM
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Definition 2. A function f € A is in the class C(p, &, h), if and only if,
(z(p =& f))
(px&x f)
For different choices of ¢, & and h, we will obtain well-known classes, see
14, [13], 141, 20, 27].
It is noted that

e P(h).

feC(p,&h) & 2f € 8 (p, & h). (1.8)

2 Preliminary Results

Lemma 1 ([12]). Let h be analytic, univalent convex function in E with h(0) =1
and Re(vh(z)+o0) > 0, o,y € C and v # 0. If p(z) is analytic in E and

p(0) = h(0), then
B\
{par+ ZE L <, 1)

implies p(z) < q(z) < h(z), where q(z) is best dominant and is given as,

(ﬂz)::[{j€1<expj{mlwul__1du>ch}1—»z].

Lemma 2 ([26]). Let p be an analytic function in E with p(0) = 1 and Re{p(z)} >
0, z€ E. Then, for 9 >0 and v # —1 (complez),
Vzp/(2)

Re {p(z) + pi(z) T

} > 0, for |z| < ro, where g is given by

v+ 1]

r, = :
\/s+\/52—|1/2—1|2

and this radius 1s best possible.

s=20W0+1)>*+ > -1 (2.2)

Lemma 3 ([25]). If f € C,g € S*, then for each h analytic in E with h(0) =1,

(f * hg) (E)
(fx9) (E)
where Coh(E) denotes the convex hull of h(E).

C Coh(E), (2.3)
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3 Main Results

We assume throughout this paper £ > 0, b > —1, § be a real, m € Ny =
{0,1,2,3,..}, A1 = [l —a)A+aB], By =B, (-1<B<A<1)and z € E,

unless otherwise stated.
Theorem 1. Let Re{h(z) + b} > 0 and Re {h(z) +m} > 0. Then
S W@+ 1,b;2), i), h) © ST W(0,b2), £ )
C S ((5,b:2), 1 h).

Proof. Let f € S*(¢(0 +1,b; Z),fr(nfl),h).
For I,,f(z) = fr(n_l)(z) x f(2), we set

2 [L3UInf(2)]
EICSE) N o
where p(z) is analytic with p(0) = 1.
Using identity (1.7) and (3.1), we have
(1+0b) —Lgﬂ U f (2)) =p(z) +b.

L) (I f(2))

Logarithmic differentiating both sides, to get

S|t )] ) .
T R TE R o

Since f € S*(¢(6 + 1,b; 2), ﬁl_l),h), so from (3.2) we have
p(z) + 2(2) =< h(z). (3.3)

p(z)+0b

By applying Lemma 1, it conclude that, p(z) < h(z) and consequently,

2 [L5(Tnf(2)]
[L5(Im f(2))]

This implies f(z) € S*(¢(6,b; 2), fvsm_l)a h).

< h(z).
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Now suppose that f € S*(1(0, b; 2), f,(n_l), h).
For Lf(2) = ¥(3,b; 2) * f(z), we set

2 Ly (£35(2)]

Tt (Go1(2) O 4
where Q(z) is analytic with Q(0) = 1.
From (1.6) and (3.4), we have
In (£5(2)) _
(1+ m)m =Q(z) + m.
Logarithmic differentiating both sides, to get
2 [In (£05(2)]" _ Q' (2)
() DT e (39
Since f € S*(¢(6,b; 2), f7({1), h), so from (3.5) we have
2Q'(2)

By applying Lemma 1, it conclude that, Q(z) < h(z) and consequently,
2 [T (£57(2)]
Iny1 (L£5£(2))
This implies f(z) € S*(1(6,b; 2), £, h). O

m

< h(z).

Theorem 2. Let Re{h(z) + b} >0 and Re{h(z) +m} > 0. Then

CW( +1,b:2), fi,V h) © C@(6,b:2), i, h)
C CW©O,b;2), £ 1.1).

m

Proof. Let
FeC(d+1,b;2), f7Y h).
& zf € S*(p(6 +1,b;2), fY, n), (by (1.8))
= 2f" € S*((6,b; 2), £V, h), (by Theorem 1)
& [ eCE(8,b;2), £V, h). (by (1.8))
Similarly, we can prove C(1(8,b; 2), £ V', h) € C((6,b; 2), £, h). O

Earthline J. Math. Sci. Vol. 4 No. 2 (2020), 211-225
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We can deduce some main results as corollaries of the above theorems for

different values of h(z) given as bellow;

(a) h(z) = TH52.

(b) h(z2) = pr(z), where pr(z) is defined by (1.4).

Theorem 3. Let f € S*(p,&,h) and g be any convexr univalent functions in E.
Then fxg € S*(p,&,h).

Proof. Let f € S*(p,&,h). Then for F'=¢ x f.
Consider
e (ge ) zlgrlprF))
(px&x(g*f)) (9% (p* F))
gxz(pxF)
(9% (p*F))
g% 85 (p* F)
(9% (p* F))
Since p*x F' € S*(h) C S*, so by lemma 3, it follows that fxg € S*(¢,§,h). O

Theorem 4. Let f € C(p,&, h) and g be any convex univalent functions in E.
Then fxge C(p, &, h).

Proof. We can easily prove this result by using Theorem 3 along with relation
(1.8). O

We can deduce some special cases for the Theorem 3 and Theorem 4, for
different choices of ¢ , £ and h as given below:
(i) If o(z) = ¥(d,b;2), £(2) = 7(,1_1)(2) and h is analytic, univalent convex

function.

(ii) If p(2) = fim(2), &(2) = iy and h(z) is analytic, univalent convex
function.

(iii) If p,& € A and h(z) = 111‘%1;.

(iv) ¢, & € A and h(z) = pi(z), where pi(z) is defined by (1.4).

We can apply Theorem 3 and Theorem 4 to prove Integral preserving

properties for the classes S*(¢, &, h) and C(¢, &, h).
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Corollary 1. The class S*(p,&,h) and C(p, &, h) is closed under the following

operators.

(i) fi(z) = J§ TP,
(i) fa(2) = %foz (t)dt, (Libera’s operator [11]).
(iii) f3(z) = [Z IO gy o) <1, 2 # 1.
(iv) fa(z) = <& Jot f(t), Re(c) >0, (Generalized Bernardi operator [3]).

Proof. We may write, f;(z) = f(2) % ¢i(2), where ¢;(2), i = 1,2, 3,4, are convex
and given by

¢1(2) = —log (1 — 2) = §%2n7

boz) = =2z=lom(=2)] _ X 2 on

3
Il
—

[o¢]
03(2) = 5 log (172 = s el <La# L,
n=

Pa(z) = iiiz”, Re(c) > 0.

n=1

The proof follows easily by using Theorem 3 and Theorem 4. O

Now, we discuss some radius problems as follows:

Theorem 5. Let f € S*(¢(6,b; z),f,%_l), 111%1;). Then

1+ Az
14 Bz

fe s (O +1,b;2), fG

), for |z| <rs, where

o 2(1+49)
L+VI2—4M’
where L = 347+ 6 (A1 + B) — B, M = (1+6) (A +6A1B). The value of rs

s sharp.

rs (3.7)

Proof. Let f € S*(1(4,b; z),f,(n_l), 111’?91;). Then, for I, f(z) = f,({l)(z) * f(2)

2 [L8(Inf ()]
L Lnf )] P (3.8

Earthline J. Math. Sci. Vol. 4 No. 2 (2020), 211-225
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where p(z) is analytic with p(0) = 1. Using identity (1.7) and (3.8), we have

L Unf() _
L) Pt

Logarithmic differentiating both sides, to get

(1+0)

/
2 637 (I f ()] e )
=p(z) + ——. :
A O N ORY
Since 111‘439: < Rep(z) < 111’439[ and ij ES) > (1_(21155)_71&), (see [2], 23]), then

(3.9) implies,

1-Ar){1-Ar)+6(1—-Br)}— (A, —B)r
(1-Ar){1-A4Ar)+6(1—DBr)}

The right hand side of above inequality is positive, for |z| < rs, where rs is given
by (3.7). O

Corollary 2. Let f € S*(¢(9,b; z), ,Sfl), %igz) Then

f e S Wb, 1, 1), Jor 2] < s, where
2049
" L+VIT—aM

where L =3A?+6§(A+B)— B, M =(1+46)(A%+40AB). The value of rs is
sharp.

Corollary 3. Let f € S*(¢(9,b; 2), A 1£2) " Then

P 1—2z

1
[ €S WOH1,b52), 5V, ), for 2] < o, where
L (1+9)
Tt VBr

The value of rs is sharp.
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Theorem 6. Let F. € S*(¢(6,b; 2), fm, 111%1;), where F, is defined by

Fc:C+1 S .
| e

ZC

Then

L3(D™f(z)) € S* <1+(11__225)Z> , for |z| <rg, where

v + 1

WW

where s =2 (0 +1)* + [v|* — 1, 19_% V_l ’ 6211—,;131

(3.10)

s sharp.

Proof. Let F. € S*(¢(0,b;2), fm, 111%1;). Then for D™F,(z) = fim(2) * F.(2),
(L0 ER)] (1 + A1z>

S N T AB)) 1+ Bz (3.11)

where p(z) is analytic with p(O) =1
Since F, = C‘H fo t°=1f(t), so by differentiating, we have

(2°Fe(2)) = (14 )z (),

SF(2) + cFul(2) = (14 0)f(2).

Taking convolution both sides of the above equation by (6, b; z) * f,, to get

2 [LDF(2)] + e [LADM =) = (1+ LD f(2)),

2[LyDmE())]) 140 LY(D™f(2))
Ly (D™ Fe(2)) Ly (DM F(2))
Lo(D"f(2) _
(1+C)W =p(z) +c. (by (3.11))

Logarithmic differentiating both sides, we get

2 [L5(Tnf(2)]
L5 (Imf(2))

Earthline J. Math. Sci. Vol. 4 No. 2 (2020), 211-225
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Since p(z) € P (11:%1;) cPpP (%), S0

p(z) = (1= B)pi1(2) + 5, p1 € P, (3.13)

where 3 = B
From ( 2) and (3.13), we have

1 [z[eomfe)] ) TP ()
(=8| &omiG) ﬁ] BRAYER

Take v = B > 0and v = fffg # —1, then by applying Lemma 2, we conclude
that

(1=5) | L3(D™f(2)) for 2] <rg (3.14)

where 7g is given by (3.10).
Hence L3 (D™ f(z) € S* (%), for |z| < rg, where rg is given by (3.10).
O

1 [z [c5(Dmf(=)] 5] 0

4 Conclusion

In the present work, we have introduced subclasses of analytic functions, which are
generalization of many well-known classes. Several inclusion and inverse inclusion
properties in terms of certain linear operators are discussed. We have proved
preserving properties for these subclasses under convex convolution. Also, various
applications of these results are deduced by using generalized Janowski functions

and conic domains.
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