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On Commutators of Fuzzy Multigroups

P. A. Ejegwa” and J. M. Agbetayo

Abstract

Fuzzy multigroup is an application of fuzzy multiset to group theory.
Although, a lots have been done on the theory of fuzzy multigroups, some
group’s theoretic notions could still be investigated in fuzzy multigroup
context. Certainly, the idea of commutator is one of such group’s theoretic
notions yet to be studied in the environment of fuzzy multigroups. Hence, the
aim of this article is to establish the notion of commutator in fuzzy multigroup
setting. A number of some related results are obtained and characterized.
Among several results that are obtained, it is established that, if A and B
are fuzzy submultigroups of a fuzzy multigroup C, then [A,B] C AU B
holds. Some homomorphic properties of commutator in fuzzy multigroup
context are discussed. The notion of admissible fuzzy submultisets A and B
of C € FMG(X) under an operator domain D is explicated, and it is shown
that (A, B) and [A, B] are D-admissible.

1 Introduction

Fuzzy set theory proposed by Zadeh [26] (although with heated disagreement
as at then) has been widely studied with applications ranging from engineering
and computer science to medical diagnosis and social behavior, etc. In a way of
extending the application of fuzzy sets to group theory, Rosenfeld [22] proposed
the idea of fuzzy groups as an application of fuzzy sets to group theory and some
number of results were obtained. Numerous studies have been carried out on some
group theoretic notions in fuzzy group setting (cf. [I}, 4, 13} I8, 19, 20]).

By synthesizing the concepts of fuzzy sets and multisets (cf. [14]), the idea of

fuzzy multisets or fuzzy bags was proposed in [25] as a generalization of fuzzy sets
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in multiset framework. Many researches have been carried out on the theory of
fuzzy multisets (cf. [3], 5L [T [15] [16] 17, 24]). In recent times, the concept of fuzzy
multigroups was introduced as an application of fuzzy multisets to group theory
[23]. The ideas of abelian fuzzy multigroups and order of fuzzy multigroups have
been studied with some results [2 6], and the notions of center and centralizer in
fuzzy multigroup context were established [6]. In the same vein, the concept of
fuzzy multigroupoids was introduced and the idea of fuzzy submultigroups was
explored with a number of results [7]. The concept of normal fuzzy submultigroups
has been established and some of it properties were explicated [§]. In [9], the
idea of homomorphism in the environment of fuzzy multigroups was defined and
some homomorphic properties of fuzzy multigroups were elaborated. Some group
analog concepts were established in fuzzy multigroup context, as seen in [10, [12].
The idea of fuzzy multigroups was extended to t-norms and some results were
established [21].

The notion of commutator occupied a loft height in crisp group theory.
Notwithstanding, this idea has not been investigated in fuzzy multigroup setting.
Thus, an attempt to establish commutator in fuzzy multigroup setting is not only
necessary but overdue. This constitutes the motivation of the article. In recap,
this paper assay to introduce commutator in fuzzy multigroups with some analog
results. The remaining part of this article is thus presented: Section 2 provides
some preliminaries on fuzzy multisets and fuzzy multigroups. In Section 3, the
idea of commutator in fuzzy multigroups is proposed and some of its properties
are discussed. Section 4 discusses some homomorphic properties of commutator
in fuzzy multigroup context. Lastly, Section 5 concludes the paper and provides

direction for future studies.

2 Preliminaries

Definition 2.1 ([25]). Assume X is a set of elements. Then, a fuzzy bag/multiset

A drawn from X is an object of the form

CMy(x)

A= {{ ) [z e X}
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defined by a count membership function
CMy: X — Q,

where @ is the set of all crisp bags or multisets from the unit interval I = [0, 1]

and
CMA(:E) = {M}A(m)a /‘?4($)> ) Mﬁ(x)}a

where 1} (2), f4,(2), ., 13 () € [0,1] such that ik (@) > 4 () = .. > 1} (2).
From [24], a fuzzy multiset can also be characterized by a high-order function.

In particular, a fuzzy multiset A can be characterized by a function
CMy:X — NorCMy: X —[0,1] = N,

where I = [0,1] and N = NU{0}.
We denote the set of all fuzzy multisets by FMS(X).

Definition 2.2 ([15]). Let A and B be fuzzy multisets of X. Then
(i) ACB < CMy(x) < CMp(z) Vo € X.
(i) A=B & CMy(x) =CMp(z) Vx € X.
(iii) ACB< AC Band A# B.
(iv) ANB = CMy(x) NCMp(z)Vx € X.
(v) AUB = CMy(x) Vv CMp(z)Vx € X.
Note that A and \/ denote minimum and maximum operations.

Definition 2.3 ([23]). Suppose X is a group. Then, a fuzzy multiset A of X is

called a fuzzy multigroup of X if the following conditions are satisfied:
(i) CMa(zy) > CMa(x) NCMy(y) Ve, y € X,

(i) CMa(z™!) > CMy(z) V2 € X.
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By implication, a fuzzy multiset A over X is called a fuzzy multigroup of a group
X if
CMa(zy™) > CMa(x) NCMy(y),Vz,y € X.

It follows immediately from the definition that,
CMy(e) > CMy(z) Vo € X,

where e is the identity element of X. The second condition above is strictly
CMy(z71Y) = CMa(z) Vo € X, since CMa(z) = CMa((z71)71) > CMa(x71).
We denote the set of all fuzzy multigroups of X by FMG(X).

Definition 2.4 ([8]). Let A, B € FMG(X). Then, the product A o B is defined

to be a fuzzy multiset of X as follows:

Viey[CMa(y) NCMp(2)], if3y,z € X such that z = yz

0, otherwise.

CMyop(z) = {

Proposition 2.5 ([23]). Let A € FMS(X). Then A € FMG(X) if and only if
Ao A=A

Definition 2.6 ([7]). Let A € FMG(X). A fuzzy submultiset B of A is called
a fuzzy submultigroup of A denoted by B C A if B is a fuzzy multigroup. A

fuzzy submultigroup B of A is a proper fuzzy submultigroup denoted by B C A,
if BC Aand A # B.

Proposition 2.7 ([7]). Let A € FMG(X). Then, the sets A, and A* defined by
A ={r e X | CMa(z) > 0}

and
A*={rx € X | CMy(x) = CMjy(e)}

are subgroups of X.

Proposition 2.8. Let A € FMG(X). Then, the set A, defined by

A ={z € X | CMa(z) > a,a € [0,1]}
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is a subgroup of X for a < CMy(e) and Al® defined by
Al = {2 e X | CMu(2z) > a,a € [0,1]}
is a subgroup of X for o > CMy(e).
Definition 2.9 ([8]). Let A, B € FMG(X) such that A C B. Then, A is called
a normal fuzzy submultigroup of B if for all z,y € X,
CMa(zyz~t) = CMu(y).

Definition 2.10 ([6]). Let A € FMG(X). Then, A is said to be commutative if
for all z,y € X,
CMa(zy) = CMa(yz).

Definition 2.11 ([9]). Let X and Y be groups and let f : X — Y be a
homomorphism. Suppose A and B are fuzzy multigroups of X and Y, respectively.

Then, f induces a homomorphism from A to B which satisfies

(i) CMA(f (yry2)) = OMa(f~ (1)) ACMA(f " (y2)) YY1, 42 € Y,
(ii) CMp(f(z122)) > CMp(f(21)) N CMpB(f(22)) VI1,22 € X,
where

(i) the image of A under f, denoted by f(A), is a fuzzy multiset over Y defined
by
Vies-1(y) CMa(z), f~H(y) #0
CM — zef~Hy)
& ) { 0, otherwise
for each y € Y.

(ii) the inverse image of B under f, denoted by f~1(B), is a fuzzy multiset over
X defined by
C’qu(B)(x) = CMB(f(J})) Vr € X.

Theorem 2.12 ([9]). Let X, Y be two groups and f : X — 'Y be a homomorphism.
If A € FMG(X) and B € FMG(Y), respectively, then f(A) € FMG(Y) and
F7YB) € FMG(X).
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Definition 2.13 ([12]). Let A be a fuzzy submultigroup of B € FMG(X). Then,

A is called a characteristic (f-invariant) fuzzy submultigroup of B if
CMyo(x) = CMa(z) Ve € X
for every automorphism, 6 of X. That is, 8(A) C A for every 6 € Aut(X).

It follows from [12] that, every characteristic fuzzy submultigroup of a fuzzy

multigroup is normal.

3 Commutator of fuzzy multigroups

Recall that the commutator of two elements x and y of a group X is the element
[z, y] = 27y~
subgroup or derived subgroup [H, K| of X is generated by {[z,y]|x € H, y € K}.

xzy € X. If H and K are subgroups of X, then the commutator

Now, the idea of commutator in fuzzy multigroup context is introduced.

Definition 3.1. Let A and B be fuzzy submultigroups of C' € FMG(X). Then,
(A, B) is a fuzzy multiset of X defined as follows: Va € X

VicanlCMa(a) A\CMp(b)], ifzis a commutator in X

0, otherwise.

CMa,p(r) = {

The commutator of A and B is a fuzzy multigroup [A, B] of X generated by
(A, B).

Now, we present some properties of commutator in fuzzy multigroup context

as follow:

Proposition 3.2. Suppose A € FMG(X) and [x,y] is a commutator of x and y
in A. Then CMa([z,y]) = CMa(e) if and only if A is commutative.

Proof. Assume CM4([x,y]) = CMjy(e), where e is the identity element in A.
Then CM4(z~ty~tay) = CMa(e) = CMa((yz) tzy) = CMa(e) = CMa(xy) =
CMy(yx). Thus, A is commutative.
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On Commutators of Fuzzy Multigroups 195

Conversely, if CM4(xy) = CMy(yx). Then, we have

CMa((yz)~'zy) = CMa((yx) 'yx)
= CMA((w z)(y™'y))
> CMa(z~'e) ACMa(y~'y)
— CMu(e),

Thus, CMa(xy~toy) = CMa([z,y]) > CMa(e). Again, we have CMa(e) =
CM4((yx)~tyx) > CMa([z,y]), since CMa(e) > CMy(x) Vz € X. Thus,
CMa([z,y]) = CMa(e). The result follows. O

Proposition 3.3. Suppose A € FMG(X). If A is commutative, then
CMa([z,y]™") = CMa(ly, 2]) Yo,y € X.

Proof. Suppose A is commutative. Then, we get
CMa([z,y]") > CMa([z,y]) = CMa(z"'y 2y
= CMy(y tz~lyx)
= CMa([y, z]),

~—

= CMu([z,y]™') > CM4([y, z]). Similarly,

CMa([y,2]) = CMa(([y,2] ™)) > CMa(ly,2]™")
= CMa((y o yz)™)
= CMu((z 'y lay)™)
= CMa([z,y]™),

= CMa([y,z]) > CMa(Jx,y]™1). Hence, CM4([x,y]™t) = CMa([y,x]) Vz,y €
X. ]

Remark 3.4. If a fuzzy multigroup A of X is commutative, then it is easy to see
that CMa(z[z,y]z=1) = CMa([zz271, 2y271]) Va,y,2 € X.

Proposition 3.5. Let x,y,z € X and A be a commutative fuzzy multigroup of
X. Then
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(1) CMa([zy, 2]) = CMa([z, ][y, 2]),
(i) CMa([z,yz]) = CMa([z, 2]z, y]?).
Proof. For x,y,z € X, we have

(i)

CMa([ry.z])) = CMa((xy) 'z wy2)
= CMu(y a2z ay2)
= CMa(y a7 2 tazy)
= OMu([z, 2])

Similarly,
OMa([z,y)ly.z)) = CMa(ly™ "=y ayy)ly. 2))
= CMa([z,2]Y).
Hence, the result.
(i)

CMa([z,yz])) = CMa(z™'(y2) " ay2)
= CMy(z 27y tayz2)
= OMu([z,y]%)

and similarly, we have
CMa([z, 2)[z,y)") = CMa(z 'z ly tayz)
= CMa([z,y]?).

The result follows.
O

Lemma 3.6. If x,y,z € X and A is a commutative fuzzy multigroup of X, we

have
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(Z) CMA([.Ty, Z]) = CMA([.T,Z][ZE,Z,y] [yv Z]);

(i) CMa([z,yz]) = CMa([z, 2]z, yl[x, y, 2]).
Proof. Straightforward from Proposition [3.5 O
Proposition 3.7. Let z,y,z € X, and A be a fuzzy multigroup of X. Then, we

have CMa([z,y~ L, 29[y, 271, 2)*[z, 271, y]*) = CMa(e), where e is the identity of
X.

Proof. For z,y,z € X, we have
CMa([z,y~ 1 2)Y) = CMaly 'z yay ™", 2ly)
= CMa(y '(yz 'y 'a)z" (@ yay ™) zy)
= CMy(z ty tez e lyzyL2y).

1

Setting a = xzaz " lyx, b = yay 'zy and ¢ = zyz~'xzz. By observation, b and

c can be obtained by cyclic permutation of x,y,z. Furthermore, we see that
CMy([z,y~t,2]Y) = CMa(a=1b). Deducibly, it follows that CMa([y, 21, z)?) =
CMa(b~te) and CMa([z, 271, y]*) = CMa(c ta). Since

C'MA((aflb)(bflc)(cfla)) = CMjy(e),
the result follows. O

Theorem 3.8. Let z,y € X, z = [z,y] commutes with both x and y. If A is a
fuzzy multigroup of X, then CMa([z*,vy7]) = CMa(2Y) Vi, j.

Proof. By a given hypothesis, CMa(z) = CMu(z 'y l2y), and so
CMa(y~tzy) = CMy(x2), where

CMa(y~'a'y) = OMa((y~'zy)’) = CMa((x2)")

= CMy(2'2")
as x and z commute. Conjugating by y gives
CMa(y ?z'y?) = OMa(y™'a'z'y) = CMa(y™'a'y2")
= CMy((z'2)2%)
= CMy(z2%)
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as y and z commute. Repeating this argument j times, we have CM(y 7 x'y’) =
CMa(2%27), hence CM4([z?,97]) = C M4 (2"). ]

Theorem 3.9. Let A € FMG(X) and x,y,z € X. If y commutes with z in A
and X is abelian, then CMy([x,y,z]) = CMa([x, z,y).

Proof. To start with, we have

CMu([z,y,2]) = CMa([[z,y],z])
= CMy([z,y] 27z, y]2)
= CMy(y o tyzz"ta y tayz)
= OMa(z oy a7ty (zz 27 2) 27 y tayz).

1 1,.—1

We observe that xy~'z~'y and zz~ 12712 lies in X, and thus commute. It follows

that
CMu([z,y,2]) = CMa(z™ Y zz e ) (wy Lo ly) 2 Ly~ Lay2).
Since y and z commute, then
CMa([z,y,2]) = CMs(z 'z tzay e e tezy)
= CMu([z,z,y]).
This completes the proof. O

Theorem 3.10. Let A € FMG(X) and x,y,z € X. If [x,y] commutes with both
x and y, then

CMa([z,y]™") = CMa([z™,y]) = CMa([z,y™1)).
Proof. By synthesizing Lemma [3.6] we have
CMa(e) = CMa([zz™",y]) = OMa([z, y)[z, y, 27 [z 7", y)).

But, [z,y,271] = [[z,y],27!] and [z, y] commutes with x by hypothesis. It follows
that CMa([z,y,271]) = CMa(e) = [x,y,27!] = e, where e is the identity of X.
Thus,

OMa(e) = CMa([z,ylla™"y]) = OMa(fz,y]™") = CMa([z™", y)).

Similarly, we have CM 4 ([x,y] ') = CMa([z,y~!]). Hence, the equality holds. [J
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Definition 3.11. Let A, B € FMG(X) such that A C B. Define A®) = A. For
n € N and suppose A1) can be defined for n > 1. Then, A™ can be defined
by

A — (A(nfl) A(nfl)).

)

Theorem 3.12. If A is a fuzzy multigroup of X, then A™ C A1 for all
n € N.

Proof. We establish the proof by induction on n. Let x € X. If x is not a

commutator in X. Then
CM(A,A) =0and CMy(z) >0 = CM(A’A) =0< CMy(x).
Suppose z is a commutator in X. Then, for a,b € X we have

CMaay = \/ [CMa(a) AN CMu(D)]
z=l[a,b]

=\ [CMa(a™) ACMA(b™") ACMu(a) A CMa(D)]
z=[a,b]

< \/ [CM(a= b ab)]
x=[a,b]
= CMy(x),

and so (A, A) C A. Since A € FMG(X), then

and so the result follows for k = 1. Since CM 4n)(z) < CM 4(n-1)(z) for n € N,
we have
CMpxin(x) = CMpm am)(@)
< CM(A(kfl),A(ka)(x)

Thus, A®+D) C AK®) = AK) € A= Hence, the result follows for n = k.
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Theorem 3.13. If A and B are normal (characteristic, fully invariant) fuzzy
submultigroups of a fuzzy multigroup C of X.  Then [A,B] is a normal

(characteristic, fully invariant) fuzzy submultigroup of C' contained in AN B.

Proof. Suppose A and B are normal (characteristic, fully invariant) fuzzy
submultigroups of C, then [A, B] is a normal (characteristic, fully invariant) fuzzy
submultigroups of C. Because A and B are normal and so, they assume constant
value on the conjugacy classes of X.

Since ANB is a fuzzy multigroup of X, it suffices to proves that (4, B) C ANB.

Let x € X. If x is not a commutator, then
CM(A7B)(J}) =0 < CMAQB(JZ’).
Suppose that 2 = aba~'b~! for some a,b € X. Then
CMynp(x) = CMy(x) NCMp(x)
CMy(aba™ b1 A CMp(aba™'b71)
[CMa(a) ANCMa(ba™ b1 A [CMp(aba™') ACMp(b™1)]

[CMa(a) ACMa(a™")] A[CMp(b) ACMp(b~")]
= CMy(a) NCMg(b).

AV

AV

This implies that

CManp(z) > \/  CMa(a) ACMp(b)
z=aba—1b—1
= CMap(z).
Thus, (A, B) € AN B. Consequently, [4,B] C AN B. O

Corollary 3.14. Using the same hypothesis in Theorem then [A, B] is a
normal (characteristic, fully invariant) fuzzy submultigroup of C contained in

AUB.

Proof. By Definition we get AN B C AU B. Hence, the result follows by
transitivity because [A, B] C AN B. O
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Theorem 3.15. Suppose A and B are fuzzy submultigroups of C € FMG(X).
Then [A, B] = [B, A].

Proof. Let x € X. Since [A, B] is a fuzzy multigroup generated by (A, B), if we

prove that (A, B) = (B, A) we are done. Assume z is not a commutator in X,

1

then 7" is not a commutator and consequently,

CMp)(x) = 0= CMp a(z").
Suppose z = [a, b] for some a,b € X. Then

CMapy(z) = \/ [CMa(a) ACMp(D)]
z=[a,b]

- \/ [CMp(b) ACMa(a)]

z—1=[b,a]

= CM(B,A)(:L'*l).
Hence, (A, B) = (B, A) and the result follows. O
Corollary 3.16. If A and B are fuzzy submultisets of C € FMG(X). Then
(i) [A, Bl. = [B, Al,
(ii) [A, B]* = [B, A]*.
Proof. Using Proposition and Theorem the results follow. O

Corollary 3.17. If A and B are fuzzy submultisets of C € FMG(X). Then, for
a € [0,1],

(7’) [A7 B][a] - [B7 A][a}y
(ii) [A, B]l*l = [B, A]l°,
Proof. Combining Proposition [2.8) and Theorem the results follow. O

Theorem 3.18. If A € FMG(X), then [A, A] C A.
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Proof. If x is not a commutator in X, then CM(AA)(ZL') = 0. Suppose z is a

commutator, then

CMga)(z) = \/ [CM4(a) NCM4(b)] for some a,b € X
z=[a,b]

=\ [CMa(a™") ACMA(D™") A CMy(a) A CMa(D)]
z=[a,b]

< \/ [CMa(a"'b"ab)]
z=[a,b]
= CMa(z).

Thus, (A4, A) C A = [A, A] C A. O

Theorem 3.19. If A,B,C,D € FMG(X) such that A C B and C C D, then
[A,C] C [B, D).

Proof. Recall that [4,C] = ((A,C)). If x is not a commutator in X, then
CM(A7B)(x) = 0 and therefore there is nothing to prove. Suppose z is a

commutator, then

CMacy(r) = \/ [CM4(a) AN CMc(b)] for some a,b € X

z=[a,b]

<\ [CMp(a) ACMp(b)]

z=[a,b]

= CM(B,D)($)
Thus, [A,C] = ((A,C)) C ((B,D)) = [B, D]. Hence, [A,C] C [B, D]. O

Corollary 3.20. Let A,B,C,D,E,F € FMG(X). If [C,D] C [A,B] and
[E,F] C [A, B], then [[C, D], [E, F]] C [A, B].

Proof. Suppose [C,D] C [A,B] and [E,F] C [A,B]. Then [[C,D],[E,F]] C
[[A, B],[A, B]] C [A, B]. Hence, [[C,D],[E, F]] C [A, B]. O

Proposition 3.21. Let A, B € FMG(X). Then [A, B]o [B, A] = [A, B].
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Proof. Combining Proposition and Theorem we get [A,B] o [B,A] C
[A, B]. Again, if z = 0, we have C M4 pjo[B,4)(7) = 0. Otherwise,

CMipopa(@) =\ [CMap(a) ACMp 4(0)]
r=ab
> CMsp(z) NCMy ple)
= CM[A,B] (‘T)7
and so, [A, B] C [A, B] o [B, A]. Hence, [A, B]o[B, A] = [A, B]. O

Proposition 3.22. Let A,B,C,D,E,F € FMG(X) such that [C,D] C [A, B]
and [E, F| C [A,B]. Then [C,D]o[E,F] C [A, B].

Proof. Let x € X. If z = 0, we have CM|¢ pjo(g,r)(z) = 0. Otherwise,

CMic.plole,F](T) = \/ [CMic,py(a) NCMg (b))

r=ab

\/ [C M py(a) A CM 4 5 (D))

r=ab
= CMa plo[a,B)(T)
== CM[A,B] (.I) .

IN

Hence, [C, D] o [E, F] C [A, B]. O
Lemma 3.23. Suppose A and B are fuzzy submultigroups of D € FMG(X) such
that A C B, then [A,C| C [B,C] for any fuzzy submultigroup C' of D.
Proof. Given A C B, then CMy(x) < CMp(z) Vx € X. Let C be any fuzzy
submultigroup of D. If z is not a commutator in X, then
CMa,c)(z) =0=CMgpc)(z).
Suppose x = [a, b] for some a,b € X. Then, we have

CMacy(z) = \/ [CMa(a) NCMc(b))
z=[a,b]
\/ [CMg(a) A CMe(D)]
x=[a,b]

= CMey(x),

IA
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implies that (A,C) C (B,C) and so [A,C] C [B,C]. O

Theorem 3.24. Let A and B be normal fuzzy submultigroups of D € FMG(X)
and let C' be any fuzzy submultigroup of D. Then [Ao C, B] C [A, B] o [C, B] with
equality holding if CMy(e) = CMe(e), where e is the identity of X.

Proof. Firstly, we show that (Ao C,B) C [A,B]o[C,B]. Let x € X. If z is not a

commutator in X, then CM4,¢,p)(z) = 0 and the result is trivial. Suppose z is
a commutator in X. Then

CMpoc,)(®) = \{CMaoc(a) ACMp(b)|z = [a,b], a,b € X}
= VAV{CMA(u) A CMc(v)|a =uv, u,v € X} ACMp(b)|z = [a,b], a,b € X}

= V{V{CMA(uw) A CMc(v)] A CME(b)|a = uv, u,v € X}z =[a,b], a,b € X}

VAVAICMA(w) A CMEB ()] A [CMg(v) ACMp(b)la =uv, u,v € X}z = [a,b], a,b € X}

VAICMa(w) A CMpB (1)) A [CMe(v) A CMp(B)]|z = [uv,b], uv,b € X}

IN

V{CM[A,B]([“ab]) AN CMc, gy ([v, b)) |z = [uv,b], uv,b € X}
= \/{C]W[A,B]([u,b]v) N CMc gy ([v, b)) |z = [uv, b], uv,b € X}

\VA{CM 4 5)(v) A CM(c B (2)|z = yz, y, 2 € X}

CM4,Blolc,B] (%)

I IA

where y = [u,b]’, z = [v,b] and x = yz = [uv,b] = [u,b]"[v,b]. Since [A, B] is
normal, [A, Blo[C, B] is a fuzzy multigroup of X. Hence, [AoC, B] C [A, B]o[C, BJ.
Finally, suppose CM4(e) = CMc(e). Then, AC AoC and C C AoC. Thus,
[A, B] C [AoC, B] and [C, B] C [AoC, B] by Lemma[3.23] Hence, [A, B]o[C, B] C
[Ao C,B] since [A o C, B] is a fuzzy multigroup of X. Consequently, the desired

equality holds.
0

4 Some homomorphic properties of commutator in
fuzzy multigroup context

Now, we consider homomorphic images and preimages of commutator of fuzzy

multigroups.

Lemma 4.1. Let f be a homomorphism of a group X into a group Y. If A and
B are fuzzy submultisets of C € FMG(X), then f([A, B]) is a fuzzy multigroup
of Y generated by f((A, B)).
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Proof. Since [A, B] is generated by (A, B), then f([A, B]) is a fuzzy multigroup
of Y generated by f((A, B)), which is a direct consequent of Theorem O

Lemma 4.2. Let f be an isomorphism of a group X into a group Y. If A and B
are fuzzy submultisets of C € FMG(Y), then f~Y([A, B)]) is a fuzzy multigroup of
X generated by f~1((A, B)).

Proof. Similar to Lemma O

Theorem 4.3. If f is a homomorphism of a group X into a group Y. Then
[f(A), f(B)] = f([A, B]) for fuzzy multigroups A and B of X.

Proof. Foremostly, we show that f((4,B)) C [f(A),f(B)]. Let y € Y. If
£ (y) = 0, then
CMya,B)(y) =0 < CMga),1(3)(Y)-

Assume y = f(x) for some x € X. Then, we have

CMapy(z) = \/{CMa(a) NCMp(d)|z = [a,b], a,b € X}

< \H{CMpay(f(@) ACMyp) (f()ly = [f(a), f(b)), a,b € X}
< \/{C’Mf 1) ACMppy(d)]y = [c,d], ¢,d € X}

= Cra.rm)W)

< Crpa).5))-

Hence,

CMpapyy) = \{CMup(x)ly=f(z), € X}
CMga),1(5) (1)

IN

Thus, (4, B)) C [f(4), £(B)]. By Lemma &1, f([4, B]) C [f(A), f(B)]
Now, we proof that (f(A), f(B)) C f([]A,B]). Let y € Y. If y is not a

commutator of Y, then

CMf(a),5(8))(y) =0 < CMp(a,p)(y)-
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Suppose y is a commutator in Y. Then, y = [u, v] for some u,v € Y. If either

fHu) =0 or f~(v) =0, then
CMf(A)(u) A\ CMf(B)(’U) = 0.
Otherwise, we get

CMyay(u) ACMpgy(v) = (\{CMa(s)lu= f(s)}) A (\{CMp(1)lv = f(t)})
\VACMA(s) ACMp(t)|u= f(s), v = f(t)}
\/{OM(A B ([s; Dy = f([s,])}

\ACMa 5 ([s, Dy = £([s,])}

\VACM gy (2)ly = f(x)}
CMy(ia,m))(y)-

INIAN

IN

Thus, (f(A), f(B)) C f([A, B]) = [f(A4), f(B)] € f([A, B]). Hence, the equality holds.
O

Theorem 4.4. Let f : X — Y be a homomorphism such that A,B € FMG(X).
Then [f-}(A), f(B)] C £~'([A, B)) in FMG(X).

Proof. Let x € X. If x is not a commutator in X, then
CM(j-1(a),f-1(m)) (%) = 0 < CM{p-1(4), p-1(3)) (2).

Assume that z is a commutator in X. Then, we have

CMs-1ay,-1my(@) = \{CMa(f(a)) ACMp(f(b))| 2 = [a,b], a,be X}
= VA{CMa(f(a) ACMp(f(b)] f(x) = [f(a), f(V)], a,b € X}
< V{CMa(c) A\CMp(d)| f(z) = [c,d], ¢c,d € X}
= CM,p)(f(x))
< CMu g (f(x)).
Hence, (f~'(A),f~'(B)) < [ '([A B]) and consequently, [f~'(A),f~'(B)] <
f7H([A, B)). O
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Definition 4.5. A non-empty collection D of endomorphisms of a group X is
an operator domain on X. A fuzzy multiset A of X is admissible under D or
D-admissible if for every f € D, f(A) C A, where f is a function. Thus, f(A4) C A
if and only if A C f1(A).

Theorem 4.6. Suppose A and B are admissible fuzzy submultisets of C €
FMG(X) under an operator domain D, then (A, B) and [A, B] are D-admissible.

Proof. The fact that A and B are D-admissible, we have
CMy-104)(7) > CMa(z) and CMy-1(g)(x) > CMp(z) Vf € D.
Let f € D and z € X. If x is not a commutator in X, then

CMa,y(z) =0 < CM4,)(f()).
Suppose x = [a, b] for some a,b € X. Then

CMap(z) = \/ [CMa(a) ACMp(b)]
z=la,b]

\/ [CMa(f(a)) ACMp(f(D))]

z=[a,b]

= (OMa(f(@) A ()]
f(@)=[f(a),f(b)]

< [CMa(c) N\CMp(d)], c,de X
f(@)=[e,d]

= OMu,p)(f(@)).

Thus, (4,B) C f~1((4,B)). Hence, (A, B) is D-admissible. Since [4, B] is
generated by (A, B), it follows that (A4,B) C f~'([A,B]). Thus, [A,B]
f~Y([A, B]). Hence, [A, B] is D-admissible.

IN

LN

5 Conclusion

This work further the study of fuzzy multigroup theory parallel to crisp group

theory. The ideas of commutator of fuzzy multigroups and commutator fuzzy
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submultigroups of fuzzy multigroups were proposed and characterized with a
number of some related results. Some homomorphic images and preimages
of commutator of fuzzy multigroups were considered with some results. The
notion of admissible fuzzy submultisets A and B of C € FMG(X) under an
operator domain D was explicated, and it was shown that (A, B) and [A, B|
are D-admissible. However, more properties of commutator in fuzzy multigroup

setting could be exploited in future investigation.
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