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Abstract

The purpose of the present paper is to determine the necessary and sufficient conditions

for the power series By, (z) whose coefficients are probabilities of the Borel distribution

to be in the family (A, g, 8, ) of analytic functions which defined in the open unit disk.

We derive a number of important geometric properties, such as, coefficient estimates,
integral representation, radii of starlikeness and convexity. Also we discuss the extreme

points and neighborhood property for functions belongs to this family.

1. Introduction

Indicate by A the family of all functions f of the form
fR) =2+ a,2", (1.1)
n=2

which are analytic and univalent in the open unitdisk U ={z O C:| z| < 1}.

Also, let W denote the subfamily of A consisting of functions of the form:
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fR)=2-> a,a" (a, 20). (1.2)
n=2

The function f OW is said to be starlike of order a (0 < o <1) if it satisfies the

condition:

Re{%(;))} >a (zOU),

and is said to be convex of order a (0 < a < 1) if it satisfies the condition:

Re{1+zj:'—((zz))} >a (zOU).

Denote by SD(O( ) and C(a) the families of starlike and convex functions of order a,

respectively. These families were introduced and studied by Silverman [7].

The elementary distributions such as the Poisson, the Pascal, the Logarithmic, the
Binomial have been partially studied in the Geometric Function Theory from a
theoretical point of view (see [1, 2, 4, 5]).

A discrete random variable x is said to have a Borel distribution if it takes the values

~H 2}16_2” 9}126_3”

1, 2, 3, ... with the probabilities el' , Y , 3 , ... respectively,

where [ is called the parameter.

r=1 _—ur
P(x:r):(ur)—'e, r=1,2,3, ...
r!

Now, we introduce a power series whose coefficients are probabilities of the Borel
distribution, that is,
© _1 n-2 —p(n—l)
(M =1))""e n

My, z)=z+nzz‘5 = 2, 70U, (1.3)

where 0 < <1. We note that, by using ratio test we conclude that the radius of

convergence of the above power series is infinity.
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We also define the series

NW 2)=2z- M, z) =z - i ((n — 1)) 2 )

n

Z', z0OU. (1.4)
-1\

ppct (n=1)

Now, we consider the linear operator B, (z): A - A defined by the convolution or

Hadamard product
)~ 2 —|J(n 1)
B,(z) = N(u, 2) Z(U (n—l a,z", (a, 20,z0U). (1.5)
2. Main Results

We begin this section by defining the family H(y, , T, 1) as follows:

Definition 2.1. A function By, is said to be in the family H(A, 0, 3, p) if it satisfies
| 2B[(z)| < 3 AzB(z) + (N +1)(1 - 0) By ()| 2.1)
where 0 <A <1,0<0<1,0<d<l,0spu<land zOU.

In the first theorem, we establish the necessary and sufficient conditions for the

power series B, to be in the family H(A, 0, &, W).

Theorem 2.1. A function By is in the family H(A, 0, 8, W) if and only if

i U - 1))"2H (Ln_—11)+6(7\(n— )+1—0)]anS5(7\+1)(1_g), 2.2)

where 0 <A <1,0<0<1,0<0<1,0su<land zOU.

The result is sharp for the function By, given by

_ 51+ 1)(1 - 0) (n - 1! -
) = e 0 S s oy s o - P @Y

Proof. Assume that the inequality (2.2) holds true | z | = 1. Then, we obtain

| B (z | - 6| AzBj(z) + (N +1)(1 - G)BL(Z)|
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_ ‘ I P )

a,z
= (n - 1)!

~[3(n +1)(1-0) - i Bn(A(n = 0) +1- (c;) Eul()z? —1))" 2 H ) g1
n=2 ’

) i n(n - 1) (u(n - 1))n—Ze—H(n—1) a2 |n—1 -3\ +1)(1-0)

& Sn(A(n—0) +1-0) (u(n —1))" 2R o

+
(n-1)! fnl <

n=2

© - 2 _—u(n-r,, _ _ _
= (n=1)!
by hypothesis. Hence, by maximum modulus principle, we have B, O H(A, 0, &, W).

Conversely, let B, [ H(A, 0, 3, 1). Then from (2.2), we obtain

2B} (2)
AzB[(z) + (A +1)(1 - 0) B, (z)

i n—=1)( nn—_lgn_ze_“(n_l) a,7"!
- n=2 ' <.
)= S A=)+ 1= o)l — )P
SOIELEY 200
Since Re(z) <|z| forall z (z OU), we get
ol =1) (un =1)" 2D
2. (n—-1)! “n’
Re =2 T e <5 (24)
n(A(n—0)+1-0)(u(n —1))" e M~ n—-1
( +1)(1—o)—nZ::2 1) 4,2
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"

Bz
We choose the value of z on the real axis so that — is real. Upon clearing the

B, (2)

denominator of (2.4) and letting z — 1, through real values, thus we can write (2.4) as

[e)

n(u(n - 1)) 2e M — 1+ 5(A\(n - 0) +1 - 0)]
nzz (n - 1)!

a, <3\ +1)(1 - 0),

which completes the proof.

Corollary 2.1. If By OH(\, 0, 3, W), then

SA+1)(1-0)(n-1)
n(u(n = 1)) 2 M0 -1+ 5(A(n - 0) +1 - 0)]

a, <

, (n=2).

In the following theorem, we find integral representation of the family
H(A, 0, d, W).

Theorem 2.2. Let By U H(A, 0, 8, W). Then

B =[x Uzn(x +1)(1- 0)u(1)

dty |dt,,
0 0 f(l-nA(y)) 1} ?

where | Y(z)| <1, z OU.

. zBu(2) .
Proof. By letting — = E(z) in (2.1), we have
Bp (2)
E(2) <5
AE(z)+ (A +1)(1-0)
or equivalently
E(z)

N+ 41 (-0) nw(z). (w(z)[ <1 z00).
So

Bi(z) _ n( +1)(1 - 0)y(z)
By (2) z(1 = nAg(z))
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after integration, we obtain

, _ran(A+1)(1-0) ()
log(By,(2)) = Io 1(1 - nAw(r)) “

Therefore

Tt -o)ul)
Bule) = e""“ 0 (- mAw() ‘”}‘

By integration once again, we get

e (o) o)uln)
B“”‘Ifmﬂo naﬂnwm»lwﬁmb

and this gives the required result.
Theorem 2.3. If B, [ H(A, 0, 8, 1), then B, is starlike of order a (0O<sa<1)in
the disk | z| < r, where

1
. (nl=a)[n-1+3A(n—0)+1-0)]|n—1 >
n —mf{ S = o) (r + (I - o) } . (nz2).

n
The result is sharp for the function By, given by (2.3).

Proof. It is sufficient to show that

2B, (2)
-1/ <1-a for <n. 2.5)
BH(Z) | Zl n
We have
® _ _ -2 —u(n-1)
| S0 2 Dy
2B, (2) il nz2 (n—1)
B,(2) _1 T
" Z s (n—1)! al 2| 1

Thus (2.5) will be satisfied if

o (=) (u(n = 1))" Y
Z‘g (1-0a)(n—-1)!

ay z|" <1 (2.6)
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Also from Theorem 2.1, if By [ H(A, 0, 8, ), then
® —1\)V2, M, 1 4 —g) 41—
Z n(u(n =1))" e [n=1+3\(n-0)+1-0) a, <1, .7
e S +1)(1-0)(n-1)!

In view of (2.7), we notice that (2.6) holds true if

(n— @) (e —1))""2eH
(1-0o)(n —1)!

_ (e =) 2D — 1+ 3\ (n - 0) +1- 0)]
B SA+1)(1-0)(n-1)

|Z|n—1

b

or equivalently

1
< n(l-a)[n-1+8A(n—0)+1-0)]|n-1
|Z|—{ dn-a)(A+1)(1-0) } '

this given the desired result.

Theorem 2.4. If By OH(A, 0, 8, |), then B is convex of order a (0 < a <1) in

the disk | z| < ry, where

1

}E, (n22).

r < inf
n

{(l—a)[n—1+6(7\(n—0)+1—0)]
3(n-a)(A+1)(1-0)

The result is sharp for the function By, given by (2.3).

Proof. It is sufficient to show that

2B} (2)

<l1-a for|z|<nr.
BL[(Z) | | 2

The result follows by application of arguments similar to the proof of Theorem 2.3.

Next, we obtain an extreme point of the family By [J H(A, 0, d, W).

Theorem 2.5. Let By (z) = z and
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dA+1)(1-0)(n-1)! " s
n(p(n - 1))n_26_”(n_1)[n -1+3\(n-0)+1-0) & (n22).

By (2)=z-

Then By 0 H(N, 0, d, W) if and only if it can be expressed in the form

=D VuBy, (2). (2.8)
n=1

where y, 20, n 21 and Z:tozl Yn =

Proof. Suppose that By, is expressed in the form (2.8). Then

:Zyann( yl Ul Zyn |Jn
n=1

n=2
. - _ SA+1)(1-0)(n-1) n
ley( a(n ~ 1)) 2 MOV =1+ 5A(n - 0) +1-0)] J
_._N\ SA+1)(1-0)(n-1)
Z Z; )2 M <14 3\ -0) +1-0)]

Now

— n(p(n — 1) 26_“("_1)[n -1+ 8A(n—0)+1-0)]
Z SA+1)(1-0a)(n-1)!

n=2

dA+1)(1-0)(n-1)
n(u(n —1))" 2 M0 D[ =1+ 3\ (n - 0) + 1 - 0)]

:Zyn =l-y; <L
n=2

This shows that By [ H(A, o, 3, W).

Yn

X
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Conversely, assume that By, given by (1.5) is in the family H(A, 0, 3, u). Then by
Corollary 2.1, we find that

dA+1)(1-0)(n-1)
a(u(n —1))""2e Mo D[ -1+ 8(A(n - o) +1-0)]

a, <

we can set

_ nfu(n = 1))*"D 20D — 1+ §(A(n - 0) + 1 - 0)]

" 30 +1)(1-0) (n - 1) o 22
where y; =1- Z::Z Y- Thus
o0 )~ 2 —p(n—l)

nzz n - 1 Ont
B Gl "

n=2 (n B

x (A +1)(1-0)((n-1))* v
a(u(n —1))202) =2 D[, _1 1 §(N(n—0) +1-0)]

:Z_i 3\ +1)(1-0)(n - 1) v,

on(u(n - 1))"2e M D] ~ 1+ 5\ (n - 0) + 1 - 0)]

—z—Z(z— [I—ZanHZvn W, (2

=ViBy, (2 Zyn 0, () = D VaBy, (2),
n=1

that is the required representation.

In view of the work of Goodman [3] and Ruscheweyh [6], we define the T-

neighborhood for the power series By, by means of the definition below:
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_ (u(n - 1))~ 2, —p(n-1) ;
Nr(Bp)‘{h z (n—l bz
_ 2 ,~u(n-1)
andz n(u(n (1 0 |an—bn|ST,OST<1} (2.9)
n—

In particular, for the identity function e(z) = z, we have

n—1))2 —u(n—l) ;
{huhu )= - U

n_an —p(n-1)
and by| €T, 0T <1} 2.10
Z oo (2.10)

Definition 2.2. A function B, is said to be in the family y(7\, 0, O, ) if there
exists a function iy, O H(A, 0, 8, 1), such that

-1|<1-y (zOU,0<y<1).

Theorem 2.6. If h, O H (A, 0, 8, 1) and

8(A(2 - o) +1-0)]
2[6(A(2-0)+1-0)]-8(\ +1)(1-0)’

y=1-

2.11)

then Nt(hu) O Hy()\, o, d, H).

Proof. Let B, O N¢(/, ). Then we find from (2.9) that

S o - )Y

|an — by | <T,
= (n—=1)!

which implies the coefficient inequality

T
(n-1)! T2

PG A PP
n=2
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Applications of Borel Distribution Series on Analytic Functions 81

Since hu O H()\, o, 0, u), then by using Theorem 2.1, we have

Z (u n 2 —H(n—l) b < 6()\ + 1) (1 - O')

"'1) " A2 -0)+1-0)]
So that
°° _ )2 (a1
I;“(Z)—l ’;(u(n 1();2—1; - )| =by|lz"
- Z(M_I(Z—l)ev_u( 2l 2l
< ,%(U(n - 1()’3"_‘i)e!-u(n—1) T
Z(un—l(’z_l; M(n- )bn

1d8(A (2 - 0) +1-0)]
" 2[3(A2-0)+1-0)] -8 +1)(1 -

=1=-y.
o) Y

Hence, by Definition 2.2, equivalently to B, OH (A, 0, 3, p) for y given by (2.11).

This completes the proof of the theorem.
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