
Earthline Journal of Mathematical Sciences 

ISSN (Online): 2581-8147   

Volume 4, Number 1, 2020, Pages 71-82 

https://doi.org/10.34198/ejms.4120.7182  
 

Received: March 7, 2019; Accepted: April 2, 2020 

2010 Mathematics Subject Classification: 30C45. 

Keywords and phrases: analytic function, Borel distribution, probability, coefficient estimates, integral 

representation, neighborhood. 

Copyright © 2020 Abbas Kareem Wanas and Jubran Abdulameer Khuttar. This is an open access article 

distributed under the Creative Commons Attribution License, which permits unrestricted use, distribution, 

and reproduction in any medium, provided the original work is properly cited. 

Applications of Borel Distribution Series on Analytic Functions  

Abbas Kareem Wanas
1

 and Jubran Abdulameer Khuttar
2

  

1 Department of Mathematics, College of Science, University of Al-Qadisiyah, Iraq  

e-mail: abbas.kareem.w@qu.edu.iq 

2 Department of Mathematics, College of Science, University of Al-Qadisiyah, Iraq 

e-mail: jubalaa2012@gmail.com 

Abstract 

The purpose of the present paper is to determine the necessary and sufficient conditions 

for the power series ( )zBµ  whose coefficients are probabilities of the Borel distribution 

to be in the family ( )µδσλ ,,,H  of analytic functions which defined in the open unit disk. 

We derive a number of important geometric properties, such as, coefficient estimates, 

integral representation, radii of starlikeness and convexity. Also we discuss the extreme 

points and neighborhood property for functions belongs to this family. 

1. Introduction 

Indicate by A  the family of all functions f of the form 

 ( ) 
∞

=
+=

2

,

n

n
n zazzf  (1.1) 

which are analytic and univalent in the open unit disk { }.1: <∈= zzU C  

Also, let W denote the subfamily of A  consisting of functions of the form: 
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 ( ) ( )
∞

=
≥−=

2

.0

n

n
n

n azazzf  (1.2) 

The function Wf ∈  is said to be starlike of order ( )10 <α≤α  if it satisfies the 

condition: 

( )
( )

( ),Re Uz
zf

zfz ∈α>






 ′

 

and is said to be convex of order ( )10 <α≤α  if it satisfies the condition: 

( )
( )

( ).1Re Uz
zf

zfz ∈α>








′
′′

+  

Denote by ( )α∗
S  and ( )αC  the families of starlike and convex functions of order ,α  

respectively. These families were introduced and studied by Silverman [7]. 

The elementary distributions such as the Poisson, the Pascal, the Logarithmic, the 

Binomial have been partially studied in the Geometric Function Theory from a 

theoretical point of view (see [1, 2, 4, 5]). 

A discrete random variable x is said to have a Borel distribution if it takes the values 

1, 2, 3, … with the probabilities ...,
!3

9
,

!2

2
,

!1

322 µ−µ−µ− µµ eee
 respectively, 

where µ  is called the parameter. 

( ) ( )
....,3,2,1,

!

1

=µ==
µ−−

r
r

er
rxP

rr

 

Now, we introduce a power series whose coefficients are probabilities of the Borel 

distribution, that is, 

 ( ) ( )( ) ( )

( )
∞

=

−µ−−
∈

−
−µ+=µ

2

12

,,
!1

1
,

n

n
nn

Uzz
n

en
zzM  (1.3) 

where .10 ≤µ≤  We note that, by using ratio test we conclude that the radius of 

convergence of the above power series is infinity. 
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We also define the series 

 ( ) ( ) ( )( ) ( )

( )
∞

=

−µ−−
∈

−
−µ−=µ−=µ

2

12

.,
!1

1
,2,

n

n
nn

Uzz
n

en
zzzz MN  (1.4) 

Now, we consider the linear operator ( ) AA →µ :zB  defined by the convolution or 

Hadamard product 

( ) ( ) ( ) ( )( ) ( )

( )
( ).,0,

!1

1
,

2

12

Uzaza
n

en
zzfzzB n

n

n
n

nn

∈≥
−

−µ−=∗µ= 
∞

=

−µ−−

µ N  (1.5) 

2. Main Results 

We begin this section by defining the family ( )µτδγ ,,,H  as follows: 

Definition 2.1. A function µB  is said to be in the family ( )µδσλ ,,,H  if it satisfies 

 ( ) ( ) ( ) ( ) ( ) ,11 zBzBzzBz µµµ ′σ−+λ+′′λδ<′′  (2.1) 

where 10,10,10,10 ≤µ≤≤δ<<σ≤<λ≤  and .Uz ∈  

In the first theorem, we establish the necessary and sufficient conditions for the 

power series µB  to be in the family ( ).,,, µδσλH  

Theorem 2.1. A function µB  is in the family ( )µδσλ ,,,H  if and only if  

 
( )( ) ( ) ( )( )[ ]

( )
( ) ( )

∞

=

−µ−−
σ−+λδ≤

−
σ−+σ−λδ+−−µ

2

12

,11
!1

111

n

n

nn

a
n

nnenn
  (2.2) 

where 10,10,10,10 ≤µ≤≤δ<<σ≤<λ≤  and .Uz ∈  

The result is sharp for the function µB  given by 

 ( ) ( ) ( ) ( )
( )( ) ( ) ( )( )[ ]

,
111

!111
12

n

nn
z

nnenn

n
zzB

σ−+σ−λδ+−−µ
−σ−+λδ−= −µ−−µ  ( ).2≥n   (2.3) 

Proof. Assume that the inequality (2.2) holds true .1=z  Then, we obtain 

( ) ( ) ( ) ( ) ( )zBzBzzBz µµµ ′σ−+λ+′′λδ−′′ 11  
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( ) ( )( ) ( )
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∞
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−µ−−

−
−µ−−=
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1
12

!1
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n

nn
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ennn
 

( ) ( ) ( )( ) ( )( ) ( )

( )
∞

=

−
−µ−−

−
−µσ−+σ−λδ−σ−+λδ−

2

1
12

!1

11
11

n

n
n

nn

za
n

ennn
 

( ) ( )( ) ( )

( )
( ) ( )

∞

=

−
−µ−−

σ−+λδ−
−

−µ−≤
2

1
12

11
!1

11

n

n
n

nn

za
n

ennn
 

( ( ) ) ( )( ) ( )

( )
∞

=

−
−µ−−

−
−µσ−+σ−λδ+

2

1
12

!1

11

n

n
n

nn

za
n

ennn
 

( )( ) ( ) ( )( )[ ]
( )

( ) ( )
∞

=

−µ−−
≤σ−+λδ−

−
σ−+σ−λδ+−−µ=

2

12

,011
!1

111

n

n

nn

a
n

nnenn
 

by hypothesis. Hence, by maximum modulus principle, we have ( ).,,, µδσλ∈µ HB  

Conversely, let ( ).,,, µδσλ∈µ HB  Then from (2.2), we obtain 

 
( )

( ) ( ) ( ) ( )zBzBz

zBz

µµ

µ
′σ−+λ+′′λ

′′
11

 

( ) ( )( ) ( )

( )

( ) ( ) ( )( ) ( )( ) ( )

( )

.

!1

11
11

!1

11

2

1
12

2

1
12

δ<

−
−µσ−+σ−λ−σ−+λ

−
−µ−

=




∞

=

−
−µ−−

∞

=

−
−µ−−

n

n
n

nn

n

n
n

nn

za
n

ennn

za
n

ennn

 

Since ( ) zz ≤Re  for all ( ),Uzz ∈  we get 

( ) ( )( ) ( )

( )

( ) ( ) ( )( ) ( )( ) ( )

( )

.

!1

11
11

!1

11

Re

2

1
12

2

1
12

δ<

























−
−µσ−+σ−λ−σ−+λ

−
−µ−




∞

=

−
−µ−−

∞

=

−
−µ−−

n

n
n

nn

n

n
n

nn

za
n

ennn

za
n

ennn

   (2.4) 
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We choose the value of z on the real axis so that 
( )
( )zB

zBz

µ

µ
′
′′

 is real. Upon clearing the 

denominator of (2.4) and letting ,1−→z  through real values, thus we can write (2.4) as 

( )( ) ( ) ( )( )[ ]
( )

( ) ( )
∞

=

−µ−−
σ−+λδ≤

−
σ−+σ−λδ+−−µ

2

12

,11
!1

111

n

n

nn

a
n

nnenn
 

which completes the proof. 

Corollary 2.1. If ( ),,,, µδσλ∈µ HB  then  

( ) ( ) ( )
( )( ) ( ) ( )( )[ ]

( ).2,
111

!111
12

≥
σ−+σ−λδ+−−µ

−σ−+λδ≤ −µ−− n
nnenn

n
a

nnn  

In the following theorem, we find integral representation of the family 

( ).,,, µδσλH  

Theorem 2.2. Let ( ).,,, µδσλ∈µ HB  Then 

( ) ( ) ( ) ( )
( )( )  









ηλψ−
ψσ−+λη=µ

z z
dtdt

tt

t
zB

0
2

0
1

11

1 ,
1

11
exp  

where ( ) .,1 Uzz ∈<ψ  

Proof. By letting 
( )
( )

( )zE
zB

zBz
=

′
′′

µ

µ
 in (2.1), we have 

( )
( ) ( ) ( )

,
11

δ<
σ−+λ+λ zE

zE
 

or equivalently 

( )
( ) ( ) ( )

( ) ( )( ).,1,
11

Uzzz
zE

zE ∈<ψηψ=
σ−+λ+λ

 

So 

( )
( )

( ) ( ) ( )
( )( )

,
1

11

zz

z

zB

zB

ηλψ−
ψσ−+λη=

′
′′

µ

µ
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after integration, we obtain 

( )( ) ( ) ( ) ( )
( )( ) ηλψ−

ψσ−+λη=′µ
z

dt
tt

t
zB

0
.

1

11
log  

Therefore 

( ) ( ) ( ) ( )
( )( )

.
1

11
exp

0









ηλψ−
ψσ−+λη=′ µ

z
dt

tt

t
zB  

By integration once again, we get 

( ) ( ) ( ) ( )
( )( )  









ηλψ−
ψσ−+λη=µ

z z
dtdt

tt

t
zB

0
2

0
1

11

1 ,
1

11
exp  

and this gives the required result. 

Theorem 2.3. If ( ),,,, µδσλ∈µ HB  then µB  is starlike of order ( )10 <α≤α  in 

the disk ,1rz <  where 

( ) ( )( )[ ]
( ) ( ) ( )

( ).2,
11

111
inf

1

1

1 ≥








σ−+λα−δ
σ−+σ−λδ+−α−= −

n
n

nnn
r

n

n
 

The result is sharp for the function µB  given by (2.3). 

Proof. It is sufficient to show that 

 
( )
( )

α−≤−
′

µ

µ
11

zB

zBz
 for .1rz <  (2.5) 

We have 

( )
( )

( ) ( )( ) ( )

( )

( )( ) ( )

( )

.

!1

1
1

!1

11

1

2

1
12

2

1
12




∞

=

−
−µ−−

∞

=

−
−µ−−

µ

µ

−
−µ−

−
−µ−

≤−
′

n

n
n

nn

n

n
n

nn

za
n

en

za
n

enn

zB

zBz
 

Thus (2.5) will be satisfied if 

 
( ) ( )( ) ( )

( ) ( )
∞

=

−
−µ−−

≤
−α−

−µα−

2

1
12

.1
!11

1

n

n
n

nn

za
n

enn
 (2.6) 
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Also from Theorem 2.1, if ( ),,, µδ,σλ∈µ HB  then 

 
( )( ) ( ) ( )( )[ ]

( ) ( ) ( )
∞

=

−µ−−
≤

−σ−+λδ
σ−+σ−λδ+−−µ

2

12

.1
!111

111

n

n

nn

a
n

nnenn
 (2.7) 

In view of (2.7), we notice that (2.6) holds true if 

( ) ( )( ) ( )

( ) ( )
1

12

!11

1 −
−µ−−

−α−
−µα− n

nn

z
n

enn
 

( )( ) ( ) ( )( )[ ]
( ) ( ) ( )

,
!111

111 12

−σ−+λδ
σ−+σ−λδ+−−µ≤

−µ−−

n

nnenn
nn

 

or equivalently 

( ) ( )( )[ ]
( ) ( ) ( )

,
11

111 1

1

−









σ−+λα−δ
σ−+σ−λδ+−α−≤ n

n

nnn
z  

this given the desired result. 

Theorem 2.4. If ( ),,, µδ,σλ∈µ HB  then µB  is convex of order ( )10 <α≤α  in 

the disk ,2rz <  where  

( ) ( )( )[ ]
( ) ( ) ( )

,
11

111
inf

1

1

2
−









σ−+λα−δ
σ−+σ−λδ+−α−≤ n

n n

nn
r     ( ).2≥n  

The result is sharp for the function µB  given by (2.3). 

Proof. It is sufficient to show that 

( )
( )

α−≤
′
′′

µ

µ
1

zB

zBz
 for .2rz <  

The result follows by application of arguments similar to the proof of Theorem 2.3. 

Next, we obtain an extreme point of the family ( ).,, µδ,σλ∈µ HB   

Theorem 2.5. Let ( ) zzB =µ1
 and  
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( ) ( ) ( ) ( )
( )( ) ( ) ( )( )[ ]

( ).2,
111

!111

12
≥

σ−+σ−λδ+−−µ
−σ−+λδ−=

−µ−−µ nz
nnenn

n
zzB

n

nnn
 

Then ( )µδ,σλ∈µ ,,HB  if and only if it can be expressed in the form 

 ( ) ( )
∞

=
µµ γ=

1

,

n

n zBzB
n

 (2.8) 

where 1,0 ≥≥γ nn  and 
∞

= =γ
1

.1
n n  

Proof. Suppose that µB  is expressed in the form (2.8). Then 

( ) ( ) ( ) ( ) 
∞

=

∞

=
µµµµ γ+γ=γ=

1 2

1 1

n n

nn zBzBzBzB
nn

 

 z

n

n 












γ−= 

∞

=2

1  

( ) ( ) ( )
( )( ) ( ) ( )( )[ ]

∞

=
−µ−− 











σ−+σ−λδ+−−µ
−σ−+λδ−γ+

2
12

111

!111

n

n

nnn z
nnenn

n
z  

( ) ( ) ( )
( )( ) ( ) ( )( )[ ]

∞

=
−µ−− γ

σ−+σ−λδ+−−µ
−σ−+λδ−=

2
12

.
111

!111

n

nnn
nnenn

n
z  

Now 

( )( ) ( ) ( )( )[ ]
( ) ( ) ( )

∞

=

−µ−−

−σ−+λδ
σ−+σ−λδ+−−µ

2

12

!111

111

n

nn

n

nnenn
 

( ) ( ) ( )
( )( ) ( ) ( )( )[ ] nnn

nnenn

n γ
σ−+σ−λδ+−−µ

−σ−+λδ×
−µ−−

111

!111

12
 

.11 1

2

≤γ−=γ=
∞

=n

n  

This shows that ( ).,, µδ,σλ∈µ HB  
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Conversely, assume that µB  given by (1.5) is in the family ( ).,, µδ,σλH  Then by 

Corollary 2.1, we find that 

( ) ( ) ( )
( )( ) ( ) ( )( )[ ]

,
111

!111

12 σ−+σ−λδ+−−µ
−σ−+λδ≤ −µ−−

nnenn

n
a

nnn  

we can set  

( )( ) ( ) ( ) ( )( )[ ]
( ) ( ) ( )( )

( ),2,
!111

111

2

1222

≥
−σ−+λδ

σ−+σ−λδ+−−µ=γ
−µ−−

na
n

nnenn
n

nn

n  

where 
∞

= γ−=γ
21 .1

n n  Thus 

( ) ( )( ) ( )

( )
∞

=

−µ−−

µ −
−µ−=

2

12

!1

1

n

n
n

nn

za
n

en
zzB  

( )( ) ( )

( )
∞

=

−µ−−

−
−µ−=

2

12

!1

1

n

nn

n

en
z  

( )( ) ( )( )
( )( ) ( ) ( ) ( )( )[ ]

n
nnn

z
nnenn

n γ
σ−+σ−λδ+−−µ

−σ−+λδ× −µ−−
111

!111

1222

2

 

( ) ( ) ( )
( )( ) ( ) ( )( )[ ]

∞

=
−µ−− γ

σ−+σ−λδ+−−µ
−σ−+λδ−=

2
12

111

!111

n

n
nnn

z
nnenn

n
z  

( ( )) ( ) 
∞

=

∞

=
µ

∞

=
µ γ+














γ−=γ−−=

2 22

1

n n

n

n

nn zBzzBzz
nn

 

( ) ( ) ( ) 
∞

=

∞

=
µµµ γ=γ+γ=

2 1

1 ,
1

n n

nn zBzBzB
nn

 

that is the required representation. 

In view of the work of Goodman [3] and Ruscheweyh [6], we define the τ -

neighborhood for the power series µB  by means of the definition below: 
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

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µµµτ

2

12
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1
:

n

n
n

nn
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zzhhBN  
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( )( ) ( )

( )
.10,

!1

1

2

12







<τ≤τ≤−
−

−µ

∞

=

−µ−−

n

nn

nn
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n
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 (2.9) 

In particular, for the identity function ( ) ,zze =  we have 

( ) ( ) ( )( ) ( )

( )





−
−µ−== 

∞

=
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12

!1

1
:

n

n
n
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n
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.10,

!1

1

2

12







<τ≤τ≤
−

−µ

∞

=

−µ−−

n

n

nn

b
n

enn
 (2.10) 

Definition 2.2. A function µB  is said to be in the family ( )µδσλ ,,,yH  if there 

exists a function ( ),,,, µδσλ∈µ Hh  such that 

( )
( )

( ).10,11 <≤∈−<−
µ

µ
yUzy

zh

zB
 

Theorem 2.6. If ( )µδσλ∈µ ,,,Hh  and 

 
( )( )[ ]
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,

11122

12
1
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σ−+σ−λδτ−=y  (2.11) 
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Proof. Let ( ).µτµ ∈ hNB  Then we find from (2.9) that 
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∞
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2
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,
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1

n
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n
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which implies the coefficient inequality  
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∞

=

−µ−− τ≤−
−

−µ

2

12

.
2!1

1

n

nn

nn

ba
n

en
 



Applications of Borel Distribution Series on Analytic Functions 

Earthline J. Math. Sci. Vol. 4 No. 1 (2020), 71-82 

81 

Since ( ),,,, µδσλ∈µ Hh  then by using Theorem 2.1, we have  
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So that 
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µ
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2

1
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−
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<

2

12

2

12
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1
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( )( )[ ]
( )( )[ ] ( ) ( )σ−+λδ−σ−+σ−λδ

σ−+σ−λδτ≤
11122

12
.1 y−=  

Hence, by Definition 2.2, equivalently to ( )µδσλ∈µ ,,,yB H  for y given by (2.11). 

This completes the proof of the theorem. 
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