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Abstract

In this paper, we introduce and study some properties for strong differential
subordinations of analytic functions associated with Ruscheweyh derivative operator

defined in the open unit disk and closed unit disk of the complex plane.

1. Introduction

Let U ={z0C:|z| <1} and U ={z0C:| z| <1} denote the open unit disk and
the closed unit disk of the complex plane, respectively. Let H(U x U ) the class of all
analytic functions in U xU. For n ON ={1, 2, ..} and a OC, let Ht{a, n, {={f0
HU *xUT): f(z. ) =a+a,Q)z" +a,,(Q) "+, 20U, L0OUT}, where a;(2)
are holomorphic functions in U for k = n.

Also, let Ay ={f DH(UxT): (2, Q) = 2+ ayu@)"™ +---, 20U, 20T},

where a; () are holomorphic functions in U for k = n +1.

A function f [ HE{a, n, {] is said to be starlike in U x U if
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R (2 Q| 7
R{f(z,z)} 0, (OU,C0OU)

and convexin U xU if

Re {Zfzf'z (. Q)

e +1}>0, (zOUu,COU).

Denote the classes of starlike and convex functions in U XU by SZD and KZD,

respectively.

Let .AZD denote the subclass of the functions f(z, {) 0 H(U x U ) of the form:

Q=2+ a@:* 00,00 (1.1)
k=2

which are analytic and univalent in U X U .

The Ruscheweyh derivative operator R)‘ : AZD - AZD (see [7]) is defined by

R )=+ 3O @)k oy =NURD. (2

It is easy to obtain from (1.2) that
dRM (2. 0), = A+ DR f (2. Q) -ARM (2. 1), (1.3)

In recent years, many authors obtained various interesting results associated with

strong differential subordination and superordination for example (see [1, 2, 3, 8, 9, 10,
11)).

In order to derive our main results, we need the following definition and lemmas.

Definition 1.1 [6]. Let f(z, {), g(z, {) be analytic in U x U. The function f(z, {)
is said to be strongly subordinate to g(z, {), written f(z, Q) << F(z,), zOU,
¢ OU, if there exists an analytic function w in U with w(0) =0 and | w(z)| <1, zOU

such that f(z, ) = g(w(z), ¢) forall ZOU.
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Lemma 1.1 [5]. Let h(z, {) be a convex function with h(0, {) = a, for every { QU
and let y O CY = C\{0} with Re(y) 2 0. If p O HJa, n, (] and

p(z. ) +$zp;(z, 0) << h(z.2). (:00.200). (14)

then

pz. 1) =< q(z, ) =< h(z, Q). (20U, T0U),

Y
A
where q(z, {) = Lyjoztn h(z, {)dt is convex and it is the best dominant of (1.4).
nzn
Lemma 1.2 [4]. Let g(z, {) be a convex function in U xU for all L OU and let

h(z, ¢) = gq(z, ) + ndzq,(z, ¢), zOU, CO U, where 8>0 and n is a positive
integer. If

p(z,0) = 40, Q) + pu(Q)2" + ppar @™ + -,
is analytic in U xU and

pz. 0) +8pi (2. {) =< h(z. {). (z0U,Z0U),

then
p(z, Q) << ¢(z. ), (z0U,20U),

and this result is sharp.

2. Main Results

Theorem 2.1. Let h(z, {) be a convex function such that h(0, ) =1. If f O AZD

satisfies the strong differential subordination:

(R (=, Z))'Z <= h(z, 0), 2.1)

then

A
w << q(z, 1) << h(z, 2),

Earthline J. Math. Sci. Vol. 4 No. 1 (2020), 63-70



66 Asraa Abdul Jaleel Husien

where q(z, {) = — I Q) dt is convex and it is the best dominant.

Proof. Suppose that

A
»(z, Z):w, 0U,700. (2.2)

Then the function p(z, ) is analytic in U xU and p(0, ) =1

Simple computations from (2.2), we get

U

(s, Q)+ (1) = (R (2. Q) (2.3)
Using (2.3), (2.1) becomes

p(z, Q) + zp(z, {) << h(z, Q).

An application of Lemma 1.1 with n =1, y =1 yields

R f(2, Q)

Z

_4+(2p-0)z

1+z

<< gz, 1) = %j;h(t, )di << h(z, 7).

By taking A(z, Q) , 0<p<1 in Theorem 2.1, we obtain the

following corollary:

Corollary 2.1. If f O AZD satisfies the strong differential subordination:
A ' {+(2p-0)z
R , EE—
(R (2. Q) =<=—17 .
then

A
Rz ) J. {+(2p-0r dt:2p—Z+Mln(l+z).
1+1¢ z

Theorem 2.2. Let ¢(z, {) be a convex function such that q(0, {) =1 and let h be

the function h(z, () = q(z, Q) + z¢%(z. Q). If f O A(D satisfies the strong differential

subordination:
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RM (e, Z)J’
RAMEFACRYS BRSPY Y ER4 ) (2.4)
( R ), e
then
RMf (2. Q)
: q(z, C)
R f (2. Q)
Proof. Suppose that
A+l
»(z, z):%(z’;)), :0U,70U. 2.5)
Z,

Then the function p(z, ) is analyticin U xU and p(0, ) = 1.

Differentiating both sides of (2.5) with respect to z and using (2.4), we have

p(z, Q) + (2, O)

_RM (0, RM G QRM (2 ). - RM (e (R (2 Q)
R (2, Q) [R (2, QP

_ R QERM (2 1), = RM (e (R (2. 2))
[R}f(z. P

RMf(e, Z)J’
| Rz Q) n(z. 7). 2.6)
( R ). e

An application of Lemma 1.2, we obtain

RMf(2.0)

=< q(z. Q).
R (2. 0)
Theorem 2.3. Let ¢(z, {) be a convex function such that (0, {) =1 and let h be
the function h(z, {) = q(z, {) + X -1|- 5 zq%(z, {), where N +1> 0. Suppose that
A+2 ¢z —
F(z. Q) = =4 Jot}‘f(t, Qdt, z0OU,T0OU. 2.7)
Z
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If f0O A(D (p) satisfies the strong differential subordination

(R} (2, 0)), << h(z Q) 28)
then
(RMF(z, Q). =< 4(z Q).
Proof. Suppose that
p(z, Q) = (RMF(2, 7)., =z0U,200. (2.9)
Then the function p(z, ¢) is analyticin U xU and p(0, {) = 1.

From (2.7), we have
ME )=+ 2)[5# 70, 0)dr. 2.10)

Differentiating both sides of (2.10) with respect to z, we get

A+2)f(z. Q)= A +1)F(z, Q)+ 2F(z, Q)

and
(M +2)RM (2, 1) = (A +)RMF(z, Q) + 2(RMF (2, 1)), -
So
I I )\ "
(RM (e, Q)), = (RF(z q)), + AR EGE )2 @1
A+2
From (2.9) and (2.11), we obtain
Pl Q4 71 0 = (R (. Q). 12)
Using (2.12), (2.8) becomes
p(z, Q)+ v (2, 0) << q(z, Q) + 12 (2. Q).

An application of Lemma 1.2 yields p(z, {) << ¢(z, {). By using (2.8), we obtain

http://www.earthlinepublishers.com



Some Properties for Strong Differential Subordination of Analytic Functions ... 69

(RM (2. 7)), << 4(z. 0).
Theorem 2.4. Let h(z, {) be a convex function such that h(0,{) =1. If 0 < 0 < p,

60C and f O AZD satisfies the strong differential subordination:

1-6
1-0

A '
(R fz(z’ 9 —o]+%((7z%f(z, ). —0) << h(z. 7). (2.13)

then

1 (R)‘f(z, Q) _ GJ << q(z, Q) =< h(z, 0),

1-0 Z

1 1
1 —,z71
where q(z, {) = s 6 jozte h(t, Q)dt is convex and it is the best dominant.

Proof. Suppose that

A
p(z, Q) = ! [R fZ(Z’Z)—oJ, 0U,C0U. (2.14)

_1—0

Then the function p(z, ) is analyticin U xU and p(0, ) = 1.

Differentiating both sides of (2.14) with respect to z, we have

p(z, Q) +0p,(z, 0) = -8 [Rxf(z’ ) o] + %((Rhf(z, Z))Iz - 0). (2.15)

_1—0 z -

From (2.13) and (2.15), we get

p(z, Q) + 0zp(z, {) << h(z, Q).

An application of Lemma 1.1 with n =1,y = 1 yields

1
ejozte 1h(t, Q)dt << h(z, 0).

1-0 Z

1 [Rxf(z’ 4 _ oJ << q(z, Q) = %Z
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