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Abstract

In this article, we establish some interesting geometric properties for fuzzy differential

subordination associated with Wanas operator which defined in the open unit disk.

1. Introduction

Let the notation H(U) stand for the family of holomorphic functions in the unit disk
U={zO0C:|z|<1}. For nON and a O C, we indicate by

Hla, n] ={f DHWU): f(z) = a +a,2" + @™+ 20U}
and

Ay ={f OHWU): f(2) = 2+ apu2™™ + a0+ 20U},
with 4, = A.

Definition 1.1 [13]. Let X be a non-empty set. An application F : X - [0, 1] is

called fuzzy subset. An alternate definition, more precise, would be the following:
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A pair (S, Fg), where Fg:X - [0,1] and supp(S, Fg) ={x0X :0< Fg(x) < 1}
is called fuzzy subset. The function Fg is called membership function of the fuzzy

subset (S, Fg).

Definition 1.2 [6]. Let two fuzzy subsets of X, (M, F,;) and (N, Fy ). We say that
the fuzzy subsets M and N are equal if and only if Fj;(x) = Fy(x), x 0 X and we
denote this by (M, Fy;) = (N, Fy). The fuzzy subset (M, Fj;) is contained in the
fuzzy subset (N, Fy) if and only if Fj;(x) < Fy(x), xO X and we denote the
inclusion relation by (M, Fy;) O (N, Fy).

Assume that Dis asetin C and f, g are holomorphic functions. We indicate by
f(D) = supp(f (D), Fr(py) ={f(2): 0 < Fp(p)(f(2)) <1 z O D}
and
g(D) = supp(g(D), Fg(p)) ={2(2) : 0 < Fy(py(g(2)) <1, z O D}.

Definition 1.3 [6]. Suppose that D is a setin C, zy U D is a fixed point and let the
functions f, g 0 H(D). The function f is named a fuzzy subordinate to g and write

f <p g or f(z) <p g(z) if satisfies the following:
(1) f(z0) = g(z0)
) Ff(D)(f(Z)) = Fg(D)(g(Z)), zOD.

Definition 1.4 [7]. Let & be univalent in I/ and : C3xU - C. If P is

holomorphic in U satisfies the fuzzy differential subordination:

Fycxn WPGR). 2P (). 2P"(2); 2)) < Fyguy (h(2)). (1.1)

W(P(2), 7P'(z). 22P"(2); z) < h(z), z O U,

then P is called a fuzzy solution of the fuzzy differential subordination. The univalent
function ¢q is called a fuzzy dominant of the fuzzy solutions of the fuzzy differential

subordination, or more simple a fuzzy dominant, if P(z) <z ¢(z), zOU for all P
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satisfying (1.1). A fuzzy dominant § that satisfies §(z) <p ¢(z), zOU for all fuzzy
dominant g of (1.1) is said to be the fuzzy best dominant of (1.1).

For a OR,B=0 with a +B >0, m, A\ONy =NU{0} and f 0.4, we consider
the differential operator W, B : A - A, introduced by Wanas [11], where
- A
Wk = +,,z;[n;( ] 1’””(%ﬂ a,z". (1.2)
By making use of (1.2), it is evident that

WD () = {i(,’;] - 1)'”“[[%}’" : 1]} WM (o)

m=1

_ [i[i) (- 1)m+1[%jm]WO’(‘:é‘f(z). (1.3)

1

We will need the following lemmas in investigating our main results.

Lemma 1.1 [5]. Suppose that the convex function h satisfies h(0) = a, let p 0 C"

= C\0} such that Re(p) = 0. If P OH[a, n] with P(0)=a and §:C*xU - C,

W(P(z), zP'(z)) = P(z) + i 7P'(z) is holomorphic in U, then

1 i
F (szu)[P(z) + EZP (z)} < Fyu)h(z),

g
implies
FpunP(2) < Fyu4(z) < Fyenh(z), 20U

ie.,

P(z) <F q(z) <p h(z).
where

z Ky
q(z) = Lujh(t)t" dt

is convex and is the fuzzy best dominant.
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Lemma 1.2 [5]. Suppose that q is a convex function in U, let h(z) = q(z) +

nvzq'(z), v >0 and n ON. If P OH[g(0), n] and P : C*> xU - C, Y(P(z), zP'(z))
= P(z) + vzP'(z) is holomorphic in U, then

Fuc2xa[P@) +v2P ()] < Fyeh().

implies

ie.,

P(2) <F 4(z)
and q is the fuzzy best dominant.

Recently, Oros and Oros [7, 8], Lupas [2-5], Haydar [1] and Wanas and Majeed [10,
11, 12] have obtained fuzzy differential subordination results for certain classes of
holomorphic functions.

2. Main Results
Theorem 2.1. Suppose that convex function h satisfies h(0) =1. Let f 0 A and

B G - G e

m=1 m=1
+2(Wyh £(2)

is holomorphic in U.

If

http://www.earthlinepublishers.com
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then

k, A '

F(Wolf’é‘ f)’(u)((Wa 5./ (2))) < Fyuya(z) < Fh(z),
ie.
kA '
Wo'g f(2)) <r a(z) <F h(z),
where q(z) = 1 J()Zh(t) is convex and is the fuzzy best dominant.
Z
Proof. Assume that
_ kA '
P(e) = Wep (). @2

Then P O H[l, 1] and P(0) = 1. Therefore, in view of (1.3) and (2.2), we have

00 k m m A
P+ P =1+ Z#[Z[i} oy S J] s

k m m A+l

+ _
[ j(_ 1)m+1 a np anzn 1
n=2Lm=1 a” + Bm
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£ PERN GRS

m=1
Sk m+1 A " kA kA U

} Z[mj(‘ ! [g] Wopf(2) |+ Wy pf(2)) . @23)
m=1

According to (2.1) and (2.3), we deduce that

FyctanlPE) + 2P (@] S Fyohle).

Thus applying Lemma 1.1 with @ =1, we obtain

Fpu)P(2) € Fy)a(z) < Fyuyh(z)-

From (2.2), we find that

00 W £ < Fyua(@) < Figuph(a).
i.e.,

k,A '
Wo'p f(2)) <r a(2) <F h(z),
where ¢(z) = 1 J()Zh(t) dr is convex and is the fuzzy best dominant.
z

1+(2p-1)

Putting A =0 and h(z) = " (0 <p<1) in Theorem 2.1, we obtain the
tz

following corollary:

Corollary 2.1. Let f O A and zf"(z) + f'(z) is holomorphic in U. If

1+(2p-1)z
1+z ’

f"(2) + f(z) <F

then
1+(2p-1
£e) <r a0 <p I
<
2(1-p)
<

where q(z) =2p—1+ In(1 + z) is convex and is the fuzzy best dominant.
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Theorem 2.2. Suppose that the convex function h satisfies h(0) =1. Let f O A and

(Wé{”é\f(z))’ is holomorphic in U. If

k w(c2xu)[(W§,’€ F() 1= Fyah(z), 2.4)
then
Wed £(2)
k) P | S Fyal) S Fyuah(a),
ie.,

<r q(z) <p h(2),

where q(z) = 1 jgh(t) dt is convex and is the fuzzy best dominant.
z
Proof. Assume that
P(z) = 2B 2.5)
z

It is clear that P O (1, 1] and P(0) = 1.
We find

P(2) + 2P'(2) = Wy g £(2)) (2.6)

In view of (2.6), the fuzzy differential subordination (2.4) becomes

FyctanlPE) + 2P (@] S Fiyohle).

Thus applying Lemma 1.1 with @ =1, we obtain

Fp(q)P(2) < Fy1)a(2) < Fu)h(z).

From (2.5), we get

< Fy(u)4(2) < Fauh(z),
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i.e.,

<r q(z) <p h(z),

where ¢(z) = 1 I Ozh(t)dt is convex and is the fuzzy best dominant.

s

Putting A =0 and h(z) = ¢®*,|b| <1 in Theorem 2.2, we obtain the following

corollary:

Corollary 2.2. If f O A, f'(z) is holomorphic in U and f'(z) <p €, then

(Z)

< q(z) <F ebz’

bz

where q(z) = is convex and is the fuzzy best dominant.

bz

Theorem 2.3. Suppose that q is a convex function in U such that q(0) =1,

() :q(z){zﬁm("](— 1)"’“[LH (). Let £ OA and WEDT£(2))

m am +Bm

is holomorphic in U. If

llJ(szu)[(Wa,,B f(Z)) ] < Fh(z,{)h(z), 2.7
then
F(Wé‘ é‘f (( ( )) ) < Fyuya(2),
ie.,

and q is fuzzy best dominant.

Proof. Assume that
_ k,A\ !
P(e) = (WEbr(2)). 28)

It is clear that p O H[l, 1].

http://www.earthlinepublishers.com
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By simple computations of (2.8), we find that

oS8 ()

m=1

k m Y
= Wy f(2)) +[ZU m”(amﬁwmﬂz(wcf;@f(z))- (29)

1

7P'(z)

Using (1.3) and differentiating with respect to z, we obtain

WEM ) = R () {im(_ 1)m+1[LHz(Wk’)\ £ @.10)
G’B g G,B -\ m Gm+Bm ’ avB ) )
m=1

In the light of (2.9) and (2.10), (2.7) becomes

k m
Z(:J (- 1)m+1(amﬁ—m]] zP'(Z)] < Fh(u)h(z)-

m=1 + B

F . 2

w(c2a| PE)*

m +

k m
Thus applying Lemma 1.2 with v = {Zi—l( j(— l)mﬂ[%ﬂ, we obtain
- o+

W FEN) < Fyuayal?),
Wb (@) <F al2)

and g is fuzzy best dominant.

Theorem 2.4. Suppose that q is a convex function in U such that ¢(0) =1,

h(z) = q(z) + z¢'(z). Let f O A and L is holomorphic in U. If
G’B f(Z)

Wp U f (e )

F —F | | < Fyph(z), 2.11)
W(C?xU) a,Bf(Z) h(U)
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then
. Waip /(2 (2
KA+ < F,una(z),
Wa,[3+ f (u) W;’é\f(z) CI( )
kA
Wa:Bf
ie.,
Wa £ (2)
T <r 4q(2)
WQ:B f(Z)
and q is fuzzy best dominant.
Proof. Assume that
k,A+1
Wop f(2)
=28 (2.12)
WQ:B f(Z)
Therefore, we note that P O H[l, 1].
Differentiating both sides of (2.12) with respect to z, it yields
L WET () (Wah £(2))
P(Z) = ’k A _P(Z) —]; ) .
WC(:B f(Z) WC(:B f(Z)
Then
piey s (o) < VAL QCOR" QI Wi () - Wi () v )
z)+t7P(z) =
WD £
KA+ YY)
Woe f(2)
=| —XB ) (2.13)
WQ:B f(Z)

Utilizing (2.13) in (2.11), we can get

Fw(szu)[P(Z) + 2P'(2)] £ Fynh(z).

http://www.earthlinepublishers.com
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Thus applying Lemma 1.2 with v = 1, we obtain

kA1
Wa ’B f(Z)
Fr o ksl — 5 | £ Fyua(2),
Pab 7\ Wop /()
Wap !
ie.,
Warn £ (2)
AN N F q(z)
Wa:B f(Z)

and g is fuzzy best dominant.
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