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Abstract 

In this work, two classes ( )λ,bT  and ( )λ,bV  were defined. Coefficient bounds, Fekete-

Szegö functional and Hankel determinants for the classes were obtained. The results 

obtained generalized some earlier ones. 

1. Introduction and Preliminaries 

Let A be the class of analytic functions ( )zf  of the form: 

( ) ∑
∞

=
+=

2n

n
nzazzf  

in { }.1: <∈= zz CU  Furthermore, let S represent the family of all functions in A 

which are univalent in .U  
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Similarly, the class P of all analytic functions ϕ with positive real part in D  such that 

( ) 10 =φ  had been used by many authors. For functions in the class P expressed in the 

form 

( ) ∑
∞

=
+=φ

1

;1

n

n
n zcz  

sharp bound ...,2,1,2 =≤ ncn  exist. 

Using subordination principle defined in literature such as Miller and Mocanu [6], 

some results have been established by many authors. 

Kuroki and Owa [4] obtained the conditions necessary and sufficient for any 

function ( ) Azf ∈  to satisfy the subordination 

( )
( )

( )
( )
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1
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and remarked as follows: 

Let ( ) CU →βα :, zS  

( ) ( )
( )

( ) ∑
∞

=α−β
α−π−

α−β
α−π

βα +=



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where 

( ) ( )
.1,1

1
sin

2 >β<α








α−β
α−π

π
α−β= n

n
Bn  

(For details, see Remark 1.3 in [4]). 

Fadipe-Joseph et al. [3] defined the modified sigmoid function 

( ) ( ) ( )
.
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Altinkaya and Yalçin [1] gave the coefficient estimate of a class of bi-univalent functions 

using the Schwarz function 

( ) ( )
( )

....
2

1
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1 22
121 +
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−= zppzp

zp
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Malik et al. [5] also used Schwarz function in obtaining the coefficient inequality of 

functions in the class they defined using subordination principle. 

Hence, subordination principle was used to establish the coefficient bounds of some 

classes of univalent functions in this paper. 

2. Main Results 

Definition 2.1. A function Af ∈  is said to be in the class ( );, λbT  ,0 C∈≠ b  

1≥λ  if the following subordination holds 

( )( )
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Theorem 2.1. Let ( )., λ∈ bTf  Then 
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Proof. Suppose ( ),, λ∈ bTf  then by definition 
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Comparing coefficients of 2
, zz  and ;
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Similarly, 
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Theorem 2.3. Let ( )., λ∈ bTf  Then 
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α−β
α−π








 −
α−β
α−π+

π−λ−λ
α−β⋅−λ−λ+ 1

sin1
1

cos1
1312

167 2
b

 

( )

( ) ( )
( )

.
1

sin
1312

3

5
84

3

34
4

2

23

22243










α−β
α−π

π−λ−λ

α−βλ+λ−λ−λ b

 

Remark 2.1. Let ( ) ( ).1,1Tzf ∈  Then 2a  and 3a  agree with the bounds in 

Kuroki and Owa [4]. 

Definition 2.2. A function Af ∈  is said to be in the class ( );, λbV  ,0 C∈≠ b  

1≥λ  if the following subordination holds. 

( )( )
( )

( ) .
240

1

24

1

2

1
11

1
1 53

Lp −+−+=












−

′
+

λ
zzzzG

zf

zfz

b
 

Theorem 2.4. Let ( )., λ∈ bVf  Then 

( )122
2 −λ

≤ b
a  
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( ) ( ) 













−λ
−λ−λ⋅+

−λ
≤

2

2

3
12

124
2

134

bb
a  

( ) ( ) ( ) ( )




















−λ
−λ−λ⋅+

−λ−λ
−λ−λ⋅+

−λ
≤

2

22

4
12

124
2

1312

2611

3

2
31

148

bbb
a  

( )
.

12

1
3

20

3

4
6

3

322









−λ

+λ−λ−λ
+

b

 

Proof. 

( )( )
( )

( )( )zwG
zf

zfz

b
=









−

′
+

λ
1

1
1  

(( ) ( ) )
b

zaa
za

b

22
2

2
3

2
1421312

1
+λ−λ+−λ+−λ+  

( ) ( )
...

1
3

20
6

3

4
211614 33

2
23

32
2

4

+















 −λ+λ−λ++λ−λ+−λ
+

b

zaaaa

 

( ) ....
24

23
44

8

1
2

8

1

4
1 33

1213
22

12
1 +







 +−+−++= zppppzppz
p

 

Comparing coefficient of 2
, zz  and ;3

z  

( )124

1
2 −λ

= bp
a  

( )122
2 −λ

≤ b
a  

( )
( ) ( )

( ) 










−λ
−λ−λ+−

−λ
=

2

22
12

123
122

124
2

138

bp
pp

b
a  

( ) ( ) 













−λ
−λ−λ⋅+

−λ
≤

2

2

3
12

124
2

134

bb
a  
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( ) 









 +−
−λ

= 3
12134

24

23
44

814

1
pppp

b
a  

( )
( ) ( )

( ) ( )
( ) 




























−λ
−λ−λ+−

−λ









−λ
−λ−λ+

2

22
1

2
2
12

12

122

124
2

138

1

124
2611

pb
ppb

bp
 

( ) 















−λ







 +λ−λ−λ+
3

3
1

3
32

1264
1

3

20

3

4
6

pb
 

( ) ( ) ( ) ( )




















−λ
−λ−λ⋅+

−λ−λ
−λ−λ⋅+

−λ
≤

2

22

4
12

124
2

1312

2611

3

2
31

148

bbb
a  

( )
.

128

1
3

20

3

4
6

3

322










−λ

+λ−λ−λ
+

b

 

Theorem 2.5. Let ( )., λ∈ bVf  Then 

( )
( ) ( )

( ) 










−λ
⋅µ−−λ−λµ−+

−λ
≤µ−

2

2
2
23

122

1234
1

132

bb
aa  

Proof. 

( )
( )138

2 2
122

23 −λ
−=µ− ppb

aa  
( )

( )
2
2

2
2

2

13

142
a

a µ−
−λ

+λ−λ−  

( )
(( ) ( ))

( ) 










−λ
µ−−λ−λµ−+−

−λ
=

2

2
1

22
12

1216

1234

8

2

13

bpppb
  

( )
( ) ( )

( )
.

122

1234
1

132 2

2
2
23 














−λ
⋅µ−−λ−λµ−+

−λ
≤µ− bb

aa  

Theorem 2.6. Let ( )., λ∈ bVf  Then 

( ) ( )( )
.

12134

2
3

44
10

3

56
8

13

1674

3

2
31

148 3

2342
2

324



















−λ−λ

+λ−λ+λ−λ⋅
+

−λ
−λ−λ+

−λ
≤−

b
b

aaa  
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Proof. 
















 −λ+λ−λ−






 +−
−λ

=− 3
2

233
1213324 1

3

20
6

3

4

24

23
44

814

1
apppp

b
aaa  

( )
32

32

14

2116
aa

aa −
−λ
+λ−λ−  

( )
( ) ( )







−λ
−+λ−λ−+−

−λ
=

13

2176

24

23
44

148

2
12

2
3
1213

pp
pppp

b
 

( ) ( ) 








−λ−λ








 +λ−λ+λ−λ
+

3

3
1

2234

121332

2
3

44
10

3

56
8 pb

 

( ) ( )( )
.

12134

2
3

44
10

3

56
8

13

1674

3

2
31

148 3

2342
2

324



















−λ−λ

+λ−λ+λ−λ⋅
+

−λ
−λ−λ+

−λ
≤−

b
b

aaa  
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