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Abstract

In this work, two classes T'(b, A) and V (b, A) were defined. Coefficient bounds, Fekete-

Szego functional and Hankel determinants for the classes were obtained. The results
obtained generalized some earlier ones.

1. Introduction and Preliminaries

Let A be the class of analytic functions f(z) of the form:

00

flz)=z+ Zanz"

n=2

in U={z0C:|z| <1}. Furthermore, let S represent the family of all functions in A

which are univalent in U.
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Similarly, the class P of all analytic functions ¢ with positive real part in ID such that

@(0) =1 had been used by many authors. For functions in the class P expressed in the

form
oz) =1+ chz”;

sharp bound | ¢, | €2, n =1, 2, ... exist.

Using subordination principle defined in literature such as Miller and Mocanu [6],

some results have been established by many authors.

Kuroki and Owa [4] obtained the conditions necessary and sufficient for any

function f(z) 0 A to satisfy the subordination

mti-a)
'(2) B-a)., |1-e P4
f(z) <1+ ilog ——iM ,

l-e Pa,
and remarked as follows:

Let Sq g(z): U - C

T[(1 a)

—a) . | 1- :
SG’B(Z)=1+(Bn)llog en(la _1+ZBZ,

l1-e Bq

where

_2([B-a) Sin(nrt(l -a)

nT B-a

] a<l B>1.

(For details, see Remark 1.3 in [4]).

Fadipe-Joseph et al. [3] defined the modified sigmoid function

G(z)—l——1+ Z(zm [Z( } 0 P.

m=1 n=1
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Altinkaya and Yal¢in [1] gave the coefficient estimate of a class of bi-univalent functions
using the Schwarz function

_pl)-1_1 1[ 1 2)2
= =—pzt+—|p—-—= +..
u(z) PO LG GRS

Malik et al. [5] also used Schwarz function in obtaining the coefficient inequality of
functions in the class they defined using subordination principle.

Hence, subordination principle was used to establish the coefficient bounds of some

classes of univalent functions in this paper.
2. Main Results

Definition 2.1. A function f [J A is said to be in the class T(b, \); 0# b0C,

A =1 if the following subordination holds

1 \)\A
1+%(—Z(];((§))) - IJ =< Sq.p(2)-

Theorem 2.1. Let f O T(b, N). Then

la |<2|b|(B_a)sin(n(l_a)J
217 -1)m B-a
la |<2|b|(B—G)Sm(ﬂ(1—G)] C()S(Tf(l-fﬁl)}r2|b|(l3-0()| 4A—2>\2—1|Sin[ﬂ(1—a)]‘
e\ B-a B-a (2 —1)2 B-a
a1 APIB =) (M=) | o2 M-a)) 1. ofTl-a)
DS e L ey Ee e R =y
LA =68 —2|b|@-0) . (T(l-a)
A —1)(3A - )T Sm[ B-a )
2{1+ COSTr(l—a)_1‘+2|b|([3—a)|4)\—2)\2—1|Sinn(1—a)J
B-a m2A - 1)? B-a
2_ 4,3 _20, 2 _ 2
+46)\ SN -1 0 PR~ a) ri-q)
@x -1)3r2 B-a |
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4
Proof. Suppose f O T(b, ), then by definition
1 2(F ')
L+ —| 22 — 1] < Sq p(2)-
b\ f(2) ’
Consider
— 2 3
p(z) =1+ piz + ppz” + p3z” +..OP.
Let
2 3
_p&)-1_p 1 pi|2, 1 pi |3
wiz) = e v 2 el F A e 2 S +5- 0+
(z) O Y S R S Rk
Therefore,

1)\
e

- _ 2 _ 2y 2
L+ 2>\b 1aZZ N (BN =1)az + (2>\b 4\ +1)ay)z

((4)\ ~1Day + (6A* =11\ +2)aas + (g)@ - 60 + ?A - 1)a§jz3
+ ...
b

=1+

_ 2
Bip | Bipa (By ~ By) pi 2
2 2 4

3
+(B12p3 + (B ‘1;1)191172 + (B —2328+B3)P1 JZ3 L

Comparing coefficients of z, zz and z3;

i (20-0),, =)

a2:2(27\—1) Tt B-a
4b|B-a) _ (n(1-a)
lasy | < @r - sm[ 3-a ] 2.1
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Similarly,

“ - (3(>\—1))S [T[[(Bl o?)j{pﬁp?lzcos(%]_%%

+mfm—anm—zﬁ—wgmvw—an

m2A - 1)° B-a
_2b/@-a)_ (mi-0)
ol G e

(2.2)

o ) Aol 2|

ag = (4()\ — 1)) (nél ?][[1)3 ~D1p2 +P713J + (Plpz ‘%%JCOS(TE__;)]
(ot 521)

)

o B g - ) £i+mfm—axm—¢ﬂ-wgm1m—a)J
[p 2 ( ) 2 2\ - 1) (B—aj

3 (2A - 1) B-a
COS(%)

LA =68 =2||b|@-0a) . (T(l-a)
A —1)(3A - )T S‘“[ B-a )

_2b|B-0)(,,
ol = 2 (444

() o)
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2 _
az —Hay; =

a3 ~ a3 | <

Tr(l—or)_1‘+2|b|([3—0()|4)\—27\2—1|Sinn(1—a)J
B m2x - 1)? B-a

_453_20 2(a N2
8- 2A 1 06P6 - a) szn(l_a)}

23
A -1’2 B-a @)

Theorem 2.2. Let f OT(b, A). Then

o Abl@-a)_(mi-a),,
oy -t |5 2 Bl T

L 2@ =3mr - 2N —(1—u)IIbI(B—Ot)Sm(ﬂ(l—G)JJ
2 —1)° B-a )/

SR

B-a

Proof.

- 2 -2 -
b _[Bipy , (By = B)pi  (4A -2\ -1) 2 | - pal
A1 2 4 b

(e o3

RTINSl (R IR (1))
(2N - 1)? bri(B-a) (B—d n

b(B - a) Sin(”(l - “)m pr - 21 *ple“’S(wJ‘

Br -7 B-a 2

+

(4-30A =20 —(L-p), 2y . (T(1-a)
(2 - 1)? bri B -a) (B ]D

o db@-a)_(mi-a),,
g -t |5 2 Bl T

ol

B-a

+

J(-3r -2 - (1-p)||p|B-a) | [T[(I—O())
T[(Z)\—l)z sin .
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Theorem 2.3. Let f O T(b, A). Then

2B-a)b| . m-a)(,,
(4)\_1)1_[ sin b-a [1 2

CoS

)

|ay —azas | <
Mi-a), omi-a), 1 omi-a)

B-a B-a 3 B-a

=)y 0-0)

B-a B-a

+(1—-2cos

+|77\—67\2—1|E]]b|(f3—a)[1+
A —1)(3r - DT

34 4 on2 ‘
Noant -+ 2 )\ b a
‘3 bl @-a)’ Gip2 M- )
(2A -1) (3)\—1)1'[2 B-a
Proof.
bBips  b(By = B))pipa
— = +
WUTRBTo@m - 2@n-1)
4.5 5 20
—A -6\ +—A\ -1
L b(B —2B, +B3)pi 3 3 23
8(4A — 1) 4N -1 2
6A> —11A +2
| ———— *+1|aya;
4N -1

bBips , b(B, = B)pipy , b(Bi ~ 2B, + B3) pi
2041 —1) 2041 —1) 8(4A — 1)

_6N = TA+1((2py ~ pP)B +piBy |
4 -1 431 -1) 2

4.3 12,20,
5)\ 6A +?)\ 1 3 2)\2—47\+1 3
- ay - a;
4\ -1 3A -1
:B—Gsmﬂ(l—a)( bpy _, bmpy [Cosﬂ(l—a)_l}
Tt B-—a (4rA-1) 4r-1 B-a
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Lot (o mima), omi-a) ] zmp)
)[1 2 J

44N -1 B-a B-a 37 -a
2 ml-a) _
2(7)\—6)\2—1)b2pl([3—0()sinﬂ(1—0() 2p2+pl(cos B-a lj
4 -1 (A -1)m B-a 4(3n - 1)

34 4 2
TNt - 42 )\
3 bpi(B-a)’ . > m-a)

(4A =1)(31 - 1) A -1)*r B-a

ab=sl
i-a),  omli-a) 1o m(i-a)

B-a B-a 3 B-a

2B-a)b| . mi-a)(,,
(4)\_1)1_[ sin B-a [1 2 ¢

as — aaz | <

+(1—-2cos

+|77\—67\2—1|E]]b|(f3—a)(1+ cos
A —1)(3r - DT

34 4 2
4‘ N a4 )\‘|b| ®-a) riea)|
r -1} -1 B-a

Remark 2.1. Let f(z) OT(1,1). Then |a,| and |a3| agree with the bounds in
Kuroki and Owa [4].

Definition 2.2. A function f [0 A is said to be in the class V(b, A\); 0# b 0OC,
A =1 if the following subordination holds.

’ A
1+l(—z(f(z)) —1J<G(z)=1+lz—LZS+LZS—---.
bl f(2) 27 24 240

Theorem 2.4. Let f OV(b, N). Then

|02|S£
2021 - 1)
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_o2
las| < 1ol [, 12104 27\2 1
43\ - 1) (2x -1)

e - o2
(27 - 1)
1b2I6N2 - 233 =20 4
N 3 3
(2r -1)°
Proof.

1 2(f' () _
1+ 2 =4 1| =

* b( ) G(w(2))

1

.\ 2Ab— Lot (BA = 1)ay + (27\b2 — 4\ +1)a3)z?

4N = 1)a +6)\2—1l7\+2aa + —4)\3—67\2+—207\—1 a3 z3
( 4 203 3 3 2
+

b

LD 1 2\ 2 1( 23 3) 3
=1+PL 4+ (2p, - +—[4p, -4 +22 +o.
L ° 8( P2~ pi)z s\ 4p3 —4ppa + Pl )z

Comparing coefficient of z, 22 and 2°;

0 = br
27408 -1)
|612|$—|b|
202\ -1)
) 2y L bpE (4N = 2A% —1)
a3 = ———(2py — pi) +
3 8(3)\—1)( 2 A 2021 —1)>

_on2
las | < o] [, [oI04A 27; 1
- 1) (2x - 1)

|
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ay = (4)\1_ ) (2(4193 —4p1p2 +§p13)
S — 62 - bp 1 N Gt
(-6 2)[4(2)\ - 1)](8(3)\ -1) {b(zl’ 2= i) 12(2)\ —1)? B

3.3
+(6)\2 _d -2, +1) b
3 3 64(2n - 1)°

2 2
|a4|SL|1){3lg+|b|E|]11)\ 6A 2|(2+|b||:|]4)\ 2\ 1|]

8(4A 3 (2a-1)(3A-1) (A - 1)
1612 [6n2 =433 =20 4
. 3 3
8(2A - 1)

Theorem 2.5. Let f OV(b, N). Then

lay - pad | < 121 [, [ =32 ~2% - (1- )| Db |
R TC ) 2(2A - 1)?

o _b2py-pf) (N -4A+1)a3
ay = Has
8(3A —1) (Br-1)

__ b (2192 - pf (=3 -2N (1 - u))bpr
(32 - 1) 8 16(2A = 1)

ay —pad | < 1oL [} [@=30A 2N - (1-p)|Gb |
PTG 202 - 1) '

Theorem 2.6. Let f OV (b, N). Then

56 44
BIPISAY =2 +1002 -5 +2
|| 312+4|7)\—6)\2—1|+| | EF 3 3

ag —araz | <
47 a0 8(4r-1)| " 3 -1 4BA-1)(2A-1)}
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Proof.
1 (b 233)(43 » 20 )3j
ag —arays =—| —|4p; — 4 + — —|=AN -6\ +—A-1|a
4 T axa;3 4)\—1(8(1)3 Pipy * o i 3 3 2
A =11\ +2
_(6 )asas - aya
4N -1
b 23 3 (6M =7A+1)(2py - p?)
=——— | 4py —dpipy +— pi -
8(4)\—1)[ Py =P T, -1

(8)\4 BEL T mag Wt 2)b2p13
. 3 3

32(3A 1) (2A - 1)

56 44
bI> 8 =22 N +10M - 5N +2
|b| 31g+4|77\—67\2—1|+| | E‘] 3 3

8(4r-1)| " 3 3 -1 430 -1)(2A 1)

as —ajas | <
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