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Abstract

The notion of perturbed metric space appeared in [1], whilst the notion of multiplicative metric space
appeared in [2]. In this paper, we combine both notions to introduce perturbed multiplicative metric
space. We obtain the Banach fixed point theorem in this new space with an illustrative example.

1 Preliminaries

Definition 1.1. [1] Let K,L : B × B 7→ [0,∞) be two given mappings. We say that K is a perturbed
metric on B with respect to L if

K − L : B ×B 7→ R

(a, b) 7→ K(a, b)− L(a, b)

is a metric on B, that is, for all a, b, c ∈ B,

(i) (K − L)(a, b) ≥ 0.

(ii) (K − L)(a, b) = 0 if and only if a = b.

(iii) (K − L)(a, b) = (K − L)(b, a).

(iv) (K − L)(a, b) ≤ (K − L)(a, c) + (K − L)(c, b).

We call L a perturbed mapping, j = K − L an exact metric, and (B,K,L) a perturbed metric space.

Example 1.2. [1] Let K : R× R 7→ [0,∞) be the mapping defined by

K(a, b) = |a− b|+ a2b4, a, b ∈ R.
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Then K is a perturbed metric on R with respect to the perturbed mapping

L : R× R 7→ [0,∞),

given by
L(a, b) = a2b4, a, b ∈ R.

In this case, the exact metric is the mapping j : R× R 7→ [0,∞) defined by

j(a, b) = |a− b|, a, b ∈ R.

Example 1.3. [1] Let K : N× N 7→ [0,∞) be the mapping defined by

K(a, b) = (a− b)2, a, b ∈ N.

Then K is a perturbed metric on N, where the perturbed mapping

L : N× N 7→ [0,∞)

is given by
L(a, b) = (a− b)2 − |a− b|, a, b ∈ N,

and the exact metric j : N× N 7→ [0,∞) is given by

j(a, b) = |a− b|, a, b ∈ N.

Theorem 1.4. [1] Let (B,K,L) be a complete perturbed metric space, and let L : B 7→ B be a given
mapping. Assume that the following conditions hold:

(i) L is a perturbed continuous mapping.

(ii) There exists λ ∈ (0, 1) such that
K(La,Lb) ≤ λK(a, b)

for all a, b ∈ B.

Then L admits a unique fixed point.

Definition 1.5. [2] A multiplicative metric is a mapping j : B×B 7→ R satisfying the following conditions:

(i) j(a, b) ≥ 1 for all a, b ∈ B, and j(a, b) = 1 if and only if a = b.

(ii) j(a, b) = j(b, a) for all a, b ∈ B.

(iii) j(a, c) ≤ j(a, b) · j(b, c) for all a, b, c ∈ B (multiplicative triangle inequality).

Definition 1.6. [3] Let (B, j) be a multiplicative metric space, {an} be a sequence in B, and a ∈ B. If, for
every multiplicative open ball Mϵ(a), there exists a natural number N such that n ≥ N implies an ∈ Mϵ(a),
then the sequence {an} is said to be multiplicative convergent to a, denoted by an →∗ a (n → ∞).
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Lemma 1.7. [3] Let (B, j) be a multiplicative metric space, {an} be a sequence in B, and a ∈ B. Then
an →∗ a (n → ∞) if and only if j(an, a) →∗ 1 (n → ∞).

Definition 1.8. [3] Let (B, j) be a multiplicative metric space, and {an} be a sequence in B. The sequence
is called a multiplicative Cauchy sequence if, for all ϵ > 1, there exists N ∈ N such that j(an, am) < ϵ for
m,n ≥ N .

Lemma 1.9. [3] Let (B, j) be a multiplicative metric space, and {an} be a sequence in B. Then {an} is
a multiplicative Cauchy sequence if and only if j(an, am) →∗ 1 (m,n → ∞).

Definition 1.10. [3] We call a multiplicative metric space complete if every multiplicative Cauchy
sequence in it is multiplicative convergent to a ∈ B.

Definition 1.11. [3] Let (B, j) be a multiplicative metric space. A mapping L : B 7→ B is called a
multiplicative contraction if there exists a real constant λ ∈ [0, 1) such that

j(L(a1), L(a2)) ≤ j(a1, a2)
λ

for all a1, a2 ∈ B.

Theorem 1.12. [3] Let (B, j) be a multiplicative metric space, and let L : B 7→ B be a multiplicative
contraction. If (B, j) is complete, then L has a unique fixed point.

2 Perturbed Multiplicative Metric Space

Definition 2.1. Let Km, Lm : B × B 7→ [1,∞) be two given mappings. We say that Km is a perturbed
multiplicative metric on B with respect to Lm if

Km

Lm
: B ×B 7→ [1,∞)

(a, b) 7→ Km(a, b)

Lm(a, b)

is a multiplicative metric on B, that is, for all a, b, c ∈ B,

(i)

(
Km
Lm

)
(a, b) ≥ 1.

(ii)

(
Km
Lm

)
(a, b) = 1 if and only if a = b.

(iii)

(
Km
Lm

)
(a, b) =

(
Km
Lm

)
(b, a).

(iv)

(
Km
Lm

)
(a, b) ≤

(
Km
Lm

)
(a, c) ·

(
Km
Lm

)
(c, b).
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We call Lm a perturbed mapping, m = Km
Lm

an exact multiplicative metric, and (B,Km, Lm) a perturbed
multiplicative metric space.

Example 2.2. Let Km : R× R 7→ [1,∞) be the mapping defined by

Km(a, b) = 2|a−b|+a2b4 , a, b ∈ R.

Then Km is a perturbed multiplicative metric on R with respect to the perturbed mapping

Lm : R× R 7→ [1,∞),

given by
Lm(a, b) = 2a

2b4 , a, b ∈ R.

In this case, the exact multiplicative metric is the mapping m : R× R 7→ [1,∞) defined by

m(a, b) = 2|a−b|, a, b ∈ R.

Example 2.3. Let Km : N× N 7→ [1,∞) be the mapping defined by

Km(n, q) = 2(n−q)2 , n, q ∈ N.

Then Km is a perturbed multiplicative metric on N, where the perturbed mapping

Lm : N× N 7→ [1,∞)

is given by
Lm(n, q) = 2(n−q)2−|n−q|, n, q ∈ N,

and the exact multiplicative metric m : N× N 7→ [1,∞) is given by

m(n, q) = 2|n−q|, n, q ∈ N.

Remark 2.4. If j is a multiplicative metric, then log j is an ordinary metric, and conversely. Applying
this to m = Km

Lm
being a multiplicative metric is equivalent to logKm − logLm being an ordinary metric.

This suggests that a perturbed multiplicative metric space (B,Km, Lm) can be obtained directly from a
perturbed metric space (B,K,L) in the sense of [1] via Km = exp(K) and Lm = exp(L). In particular,
Theorem 3.1 of this paper follows from Theorem 1.4 of [1]. Note that the multiplicative presentation in
this paper offers natural example classes as in Example 2.2-2.3 and Example 3.3, or a more convenient
formulation for certain applications.

Proposition 2.5. Let Km, Lm, Rm : B ×B 7→ [1,∞) be three given mappings, and let α > 0.

(i) If (B,Km, Lm) and (B,Km, Rm) are two perturbed multiplicative metric spaces, then (B,Km, (Lm ·
Rm)

1
2 ) is a perturbed multiplicative metric space.
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(ii) If (B,Km, Lm) is a perturbed multiplicative metric space, then (B,Kα
m, Lα

m) is a perturbed
multiplicative metric space.

Proof. (i) Since Km
Lm

and Lm
Rm

are two multiplicative metrics on B, it follows that

(
Km

Lm
· Km

Rm

) 1
2

=
Km

(Lm ·Rm)
1
2

is a multiplicative metric on B.

(ii) Since Km
Lm

is a multiplicative metric on B, and α > 0, it follows that(
Km

Lm

)α

=
Kα

m

Lα
m

is a multiplicative metric on B.

Definition 2.6. Let (B,Km, Lm) be a perturbed multiplicative metric space, {an} be a sequence in B,
and S : B 7→ B be a mapping.

(i) We say that {an} is a perturbed convergent sequence in (B,Km, Lm), if {an} is a multiplicative
convergent sequence in the multiplicative metric space (B,m), where m is the exact multiplicative
metric, that is, m = Km

Lm
.

(ii) We say that {an} is a perturbed multiplicative Cauchy sequence in (B,Km, Lm), if {an} is a
multiplicative Cauchy sequence in the multiplicative metric space (B,m).

(iii) We say that (B,Km, Lm) is a complete perturbed multiplicative metric space, if (B,m) is a complete
multiplicative metric space, or, equivalently, if every perturbed multiplicative Cauchy sequence in
(B,Km, Lm) is a perturbed multiplicative convergent sequence in (B,Km, Lm).

(iv) We say that S is a perturbed continuous mapping, if S is continuous with respect to the exact
multiplicative metric m.

3 Generalization of Banach Fixed Point Theorem

Theorem 3.1. Let (B,Km, Lm) be a complete perturbed multiplicative metric space and S : B 7→ B be a
given mapping. Assume that the following conditions hold:

(i) S is a perturbed continuous mapping.
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(ii) There exists λ ∈ (0, 1) such that
Km(Sa, Sb) ≤ Km(a, b)λ

for all a, b ∈ B.

Then S admits a unique fixed point.

Proof. Let a0 ∈ B be fixed. Consider the Picard sequence {an} ⊂ B defined by an+1 = San, n ∈ N. Taking
(a, b) = (a0, a1) in the contraction definition of the theorem, we obtain, Km(Sa0, Sa1) ≤ Km(a0, a1)

λ,
that is, Km(a1, a2) ≤ Km(a0, a1)

λ. Similarly, taking (a, b) = (a1, a2) in the contraction definition of the
theorem, we obtain, Km(a2, a3) ≤ Km(a1, a2)

λ, that is, Km(a2, a3) ≤ Km(a0, a1)
λ2 . Continuing in the

same way, by induction, we obtain, Km(an, an+1) ≤ τλ
n , where τ = Km(a0, a1). Let m = Km

Lm
be the exact

multiplicative metric. Since Km(an, an+1) ≤ τλ
n , we deduce that m(an, an+1)·Lm(an, an+1) ≤ τλ

n
, n ∈ N.

Since m(an, an+1) ≤ m(an, an+1) · Lm(an, an+1), it follows that m(an, an+1) ≤ τλ
n
, n ∈ N. Thus making

use of this inequality and the multiplicative triangle inequality, we obtain that for all n ≥ 0 and m ≥ 1,
that

m(an, an+m) ≤ m(an, an+1) · · · ·m(an+m−1, an+m)

= τλ
n+···+λn+m−1

≤ τ
λn

1−λ → 1 as n,m → ∞.

It follows that {an} is a multiplicative Cauchy sequence in the multiplicative metric space (B,m), that
is, {an} is a perturbed multiplicative Cauchy sequence in the perturbed multiplicative metric space
(B,Km, Lm). By the completeness of the perturbed multiplicative metric space (B,Km, Lm), we deduce
there exists a∗ ∈ B such that limn→∞m(an, a

∗) = 1. We now show that a∗ is a fixed point of S.
Since S is a perturbed continuous mapping, limn→∞m(an, a

∗) = 1 yields limn→∞m(San, Sa
∗) = 1,

that is, limn→∞m(an+1, Sa
∗) = 1. Since m = Km

Lm
is a multiplicative metric on B, by the uniqueness

of the limit, we get a∗ = Sa∗, that is, a∗ is a fixed point of S. We now show that S admits a
unique fixed point. We argue by contradiction supposing that a, b ∈ B are two distinct fixed points
of S. By the contraction definition of the theorem, we have Km(a, b) = Km(Sa, Sb) ≤ Km(a, b)λ,
which yields m(a, b) · Lm(a, b) ≤ (m(a, b) · Lm(a, b))λ, that is, (m(a, b) · Lm(a, b))1−λ ≤ 1. Since a ̸= b,
m(a, b) · Lm(a, b) ̸= 1, and the last inequality yields λ ≥ 1, which contradicts the condition λ ∈ (0, 1).
Consequently, a∗ is the unique fixed point of S. This completes the proof.

Corollary 3.2. (Banach’s fixed point theorem) Let (B,m) be a complete multiplicative metric space, and
let S : B 7→ B be a given mapping. Assume that there exists λ ∈ (0, 1) such that m(Sa, Sb) ≤ m(a, b)λ for
all a, b ∈ B. Then S admits a unique fixed point.

Proof. Let Km = m and Lm ≡ 1(Lm(a, b) = 1 for all a, b ∈ B). Then (B,Km, Lm) is a perturbed
multiplicative metric space. Furthermore, by the contraction definition of the theorem, S is continuous
with respect to the exact multiplicative metric m, and (ii) of Theorem 3.1 holds. Then Theorem 3.1
applies, this completes the proof.
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Example 3.3. Let B = {A1, A2, A3, A4} ⊂ R3, where Ai, i = 1, 2, 3, 4, are the vertices of a regular
tetrahedron with ∥Ai − Aj∥ = 1, i ̸= j. Here ∥ · ∥ denotes the Euclidean norm in R3. We consider the
mapping S : B 7→ B defined by

SA1 = A1, SA2 = A3, SA3 = A4, SA4 = A1.

We introduce the mapping Lm : B ×B 7→ [1,∞) defined by

Lm(A1, A2) = Lm(A2, A1) = 24,

Lm(A1, A3) = Lm(A3, A1) = 23,

Lm(A1, A4) = Lm(A4, A1) = 22,

Lm(A2, A3) = Lm(A3, A2) = 24,

Lm(A2, A4) = Lm(A4, A2) = 29,

Lm(A3, A4) = Lm(A4, A3) = 23,

Lm(Ai, Ai) = 1, i = 1, 2, 3, 4.

We also consider the mapping Km : B×B 7→ [1,∞) defined by Km(Ai, Aj) = 2∥Ai−Aj∥ ·Lm(Ai, Aj), i, j ∈
{1, 2, 3, 4}. Observe that, (B,Km, Lm) is a perturbed multiplicative metric space. In this case, the exact
multiplicative metric is the discrete multiplicative metric m : B × B 7→ [1,∞) defined by m(Ai, Aj) =

2∥Ai−Aj∥, i, j ∈ {1, 2, 3, 4}, that is, m(Ai, Aj) = 2, if i ̸= j, and m(Ai, Aj) = 1, if i = j. We now show that
the mapping S satisfies condition (i) and (ii) of Theorem 3.1. It is clear that S is a perturbed continuous
mapping, that is, (i) is satisfied. On the other hand, (ii) of Theorem 3.1 is equivalent to

2∥SAi−SAj∥ · Lm(SAi, SAj) ≤ (2∥Ai−Aj∥ · Lm(Ai, Aj))
λ

for every i, j ∈ {1, 2, 3, 4}. Observe that if i = j, by the definition of the perturbed mapping Lm, we
have 2∥SAi−SAi∥ · Lm(SAi, SAi) = 1, which shows the contraction definition of the theorem is satisfied
for all λ > 0. Assume that i ̸= j. Table 1 provides the values of log(2∥SAi−SAj∥ · Lm(SAi, SAj)) and
log(2∥Ai−Aj∥ · Lm(Ai, Aj)). From Table 1, we deduce that

max
1≤i≤j≤4

log(2∥SAi−SAj∥ · Lm(SAi, SAj))

log(2∥Ai−Aj∥ · Lm(Ai, Aj))
≤ 4

5
.

Table 1: The values of log(2∥SAi−SAj∥ · Lm(SAi, SAj)) and log(2∥Ai−Aj∥ · Lm(Ai, Aj))

(i, j) log(2∥SAi−SAj∥ · Lm(SAi, SAj)) log(2∥Ai−Aj∥ · Lm(Ai, Aj))

(1,2) 4log(2) 5log(2)
(1,3) 3log(2) 4log(2)
(1,4) 0 3log(2)
(2,3) 4log(2) 5log(2)
(2,4) 4log(2) 10log(2)
(3,4) 3log(2) 4log(2)
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Then, by symmetry (notice that Lm is a symmetric mapping), we deduce that the contraction definition
of the example holds for all λ ∈ [45 , 1), which shows that condition (ii) of Theorem 3.1 is satisfied. Observe
that the only fixed point of S is the point A1, which confirms the result provided by Theorem 3.1. We
point out that the Banach fixed point theorem is not applicable in the multiplicative metric space (B,m),
where m is the multiplicative metric defined by m(Ai, Aj) = 2 if i ̸= j, and m(Ai, Aj) = 1, if i = j. This
can easily be seen by observing for instance that

logm(SA1, SA2)

logm(A1, A2)
=

logm(A1, A3)

logm(A1, A2)
= 1.
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