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Abstract

For λ ≥ δ ≥ 0, let R0
H(λ, δ) denote the class of normalized harmonic mappings

f = h + g in the open unit disk D satisfying the third-order differential inequality
Re{h′(z) + λzh′′(z) + δz2h′′′(z)} > |g′(z) + λzg′′(z) + δz2g′′′(z)|, whose members are known to be
close-to-convex in D. In this paper, the image of harmonic mappings under the Cesàro operator
Cf = Ch + Cg is studied. Under four natural families of coefficient conditions, among them the sharp
coefficient bounds of the class K0

H of convex harmonic mappings and a coefficient bound of the class
R0

H(λ, δ) itself, sufficient radii r ∈ (0, 1) are determined such that the normalized Cesàro operator 2Cf
belongs to R0

H(λ, δ) in the disk Dr. Since the underlying coefficient condition is only sufficient, the
radii obtained are lower bounds for the exact radii. In particular, it is shown that the normalized
Cesàro operator f 7→ 2Cf maps R0

H(λ, δ) into itself in an explicitly determined disk. Each radius is
characterized as the unique root in (0, 1) of an explicit polynomial or logarithmic–polynomial equation,
and the radii corresponding to the four coefficient conditions are completely ordered. The results extend
recent radius results for the Cesàro operator to a class generated by a third-order differential inequality.

1 Introduction

A continuous complex-valued function f = u+ iv defined in a domain B ⊂ C is said to be harmonic in B

if both u and v are real harmonic in B. In any simply connected domain we may write f = h+ g, where
h and g are analytic in B; the functions h and g are called, respectively, the analytic and the co-analytic
part of f . By a classical result of Lewy, f is locally univalent and sense-preserving in B if and only if
|h′(z)| > |g′(z)| in B; see [1, 2].

Let H denote the class of harmonic functions f = h + g in the open unit disk D = {z ∈ C : |z| < 1}
normalized by h(0) = fz(0)− 1 = 0, and let H0 = {f ∈ H : fz(0) = 0}. Every f = h+ g ∈ H0 admits the
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representation

h(z) = z +
∞∑
n=2

anz
n, g(z) =

∞∑
n=2

bnz
n, z ∈ D. (1)

As usual, SH denotes the subclass of H consisting of univalent and sense-preserving mappings,
S0
H = {f ∈ SH : fz(0) = 0}, and S0,∗

H , K0
H, C0

H are the subclasses of S0
H mapping D onto starlike, convex

and close-to-convex domains, respectively. With g ≡ 0, these classes reduce to the classical families S, S∗,
K and C of analytic univalent functions.

Ponnusamy, Yamamoto and Yanagihara [3] introduced the class of mappings f = h+g ∈ H0 satisfying
Re fz(z) > |fz(z)| in D and proved that such mappings are univalent and close-to-convex; partial sums of
this class were studied by Li and Ponnusamy [4]. Ghosh and Vasudevarao [5] investigated the class defined
by the second-order inequality Re{h′(z) + αzh′′(z)} > |g′(z) + αzg′′(z)|. Motivated by the class RS(λ, δ)

of analytic functions satisfying Re{f ′(z)+λzf ′′(z)+ δz2f ′′′(z)} > 0, which was studied by Rosihan Ali et
al. [6] (see also Al-Refai [7]), Yaşar and Yalçın [8] introduced and studied the harmonic class defined by a
third-order differential inequality.

Definition 1.1 ([8]). Let λ ≥ δ ≥ 0. A mapping f = h + g ∈ H0 of the form (1) belongs to the class
R0

H(λ, δ) if

Re
{
h′(z) + λzh′′(z) + δz2h′′′(z)

}
>

∣∣g′(z) + λzg′′(z) + δz2g′′′(z)
∣∣, z ∈ D. (2)

The members of R0
H(λ, δ) are close-to-convex (hence univalent) in D, and the class contains the classes

of [3] and [5] as the special cases R0
H(0, 0) and R0

H(λ, 0), respectively; see [8, Theorem 2.5 and Remark 2.12].
In particular, R0

H(0, 0) coincides with the class P0
H of [3, 4], consisting of the mappings f = h + g ∈ H0

with Reh′(z) > |g′(z)| in D.

The Cesàro operator, a classical tool in summability theory, acts on an analytic function
φ(z) =

∑∞
n=0 anz

n in D by

Cφ(z) :=
∞∑
n=0

( 1

n+ 1

n∑
k=0

ak

)
zn =

∫ 1

0

φ(tz)

1− tz
dt. (3)

Its boundedness and spectral properties on classical spaces of analytic functions were investigated by
Siskakis [9] and Stempak [10], among many others. Recently, Hu, Srivastava and Wang [11] initiated the
study of radius constants for the Cesàro operator: although Cf need not inherit a geometric property
of f in the whole disk D, one may ask for the largest r ∈ (0, 1) such that Cf possesses this property in
Dr = {z ∈ C : |z| < r}. In [11], such radii were obtained for starlikeness and convexity of order α of
harmonic mappings in the sense of Jahangiri [12]; in the conference contribution [13] the corresponding
problem was considered for the Goodman–Rønning-type class G0

H(α) of [14].

The purpose of the present paper is to carry this problem over, by the method of [11,13], to the class
R0

H(λ, δ) generated by the third-order differential inequality (2); what is new here is this target class,
whose coefficient weight Ψn in (4) is cubic in n, together with the applications in Corollaries 3.2, 3.4
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and 3.8 to the classes S, K, R0
H(λ

′, δ′) and to stable harmonic mappings. Under four natural families of
coefficient conditions, namely

(i) |an|, |bn| ≤ n, (ii) |an|, |bn| ≤ 1,

(iii) |an| ≤ n+1
2 , |bn| ≤ n−1

2 , (iv) |an|+ |bn| ≤ 2
n ,

we determine in Section 3 sufficient radii r1, r2, r3, r4 ∈ (0, 1) such that the normalized Cesàro operator
2Cf of the corresponding harmonic mappings belongs to R0

H(λ, δ) in Dri ; the necessity of the normalizing
factor 2 is explained in Remark 2.1.

The four coefficient conditions above arise naturally in geometric function theory. Condition (i) is
satisfied by the stable univalent harmonic mappings studied by Hernández and Martín [15]; in the analytic
case g ≡ 0 it holds for the full class S in view of de Branges’ theorem, and already for every close-to-convex
function by a classical result of Reade [16]. Condition (ii) is fulfilled by considerably more mappings than
its formal appearance suggests: by MacGregor’s theorem [17], every analytic function f with Re f ′(z) > 0

in D satisfies |an| ≤ 2
n ≤ 1 for n ≥ 2, and the members of every class R0

H(λ
′, δ′) with λ′ ≥ δ′ ≥ 0 obey

the stronger condition (iv) by [8, Theorem 2.7]; hence (ii) covers, in particular, the harmonic classes of [3]
and [5]. Condition (iii) consists of the sharp coefficient bounds of the convex class K0

H due to Clunie and
Sheil-Small [1]; and condition (iv) holds for the class R0

H(λ, δ) itself by [8, Theorem 2.7]. As a consequence
we obtain that the normalized Cesàro operator f 7→ 2Cf maps R0

H(λ, δ) into itself in a disk Dr∗4 with
r∗4 ≥ r4 (Corollary 3.8), and we prove the strict ordering r1 < r3 < r2 < r4 for all admissible parameters
(Proposition 3.9).

We emphasize that Lemma 2.2 is only a sufficient condition for membership in R0
H(λ, δ); hence the

radii obtained in this paper are sufficient radii, that is, lower bounds for the exact radii (see Remark 3.10).
Graphs of the radius functions and tables of numerical values are provided.

2 Preliminaries

Throughout the paper λ ≥ δ ≥ 0,

Ψn = Ψn(λ, δ) := n
[
1 + λ(n− 1) + δ(n− 1)(n− 2)

]
= δn3 + (λ− 3δ)n2 + (1− λ+ 2δ)n,

(4)

and
M = M(λ, δ) := 1− 2λ+ 6δ. (5)

Observe that Ψn ≥ n for all n ≥ 1 and that the elementary division identity

Ψn

n+ 1
= δn2 + (λ− 4δ)n+M − M

n+ 1
(6)

holds; it will be used repeatedly.
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In view of (3), the Cesàro operator of a harmonic mapping f = h+ g ∈ H0 of the form (1) is defined,
following [11], by

Cf(z) := Ch(z) + Cg(z) =
∫ 1

0

h(tz)

1− tz
dt+

∫ 1

0

g(tz)

1− tz
dt. (7)

Observe that the analytic part of Cf has first Taylor coefficient 1
2 , so that Cf itself does not belong to H0.

Since a0 = b0 = b1 = 0 and a1 = 1, the function 2Cf does belong to H0; we call

C̃f(z) := 2Cf(z) = z +

∞∑
n=2

Anz
n +

∞∑
n=2

Bnzn,

An =
2

n+ 1

n∑
k=1

ak, Bn =
2

n+ 1

n∑
k=2

bk,

(8)

the normalized Cesàro operator of f . All results of this paper are formulated for C̃f .

Remark 2.1. Both sides of the inequality (2) are positively homogeneous of degree one in the pair (h, g):
if c > 0, then f satisfies (2) if and only if cf does. Consequently, Cf satisfies the differential inequality
(2) at a point of D if and only if the normalized Cesàro operator C̃f = 2Cf does. Membership in the
class R0

H(λ, δ), however, additionally requires the normalization f ∈ H0, which Cf fails; for this reason all
statements below are made for C̃f rather than for Cf . The analogous convention is adopted in [11].

The radius problem is made precise by means of the following dilation identity. For F = H +G ∈ H0

and 0 < r < 1 put Fr(z) := r−1F (rz) = Hr(z) +Gr(z). Writing w = rz, a direct computation gives, for
φ ∈ {H,G},

φ′
r(z) + λzφ′′

r(z) + δz2φ′′′
r (z) = φ′(w) + λwφ′′(w) + δw2φ′′′(w), w = rz. (9)

Hence Fr ∈ R0
H(λ, δ) if and only if the inequality (2) holds for F at every point of Dr. Accordingly, we

say that F belongs to R0
H(λ, δ) in the disk Dρ if Fr ∈ R0

H(λ, δ) for every 0 < r ≤ ρ.

The following sufficient coefficient condition and sharp coefficient bounds are due to Yaşar and Yalçın
[8].

Lemma 2.2 ([8, Theorem 2.8]). Let f = h+ g ∈ H0 be of the form (1). If

∞∑
n=2

Ψn

(
|an|+ |bn|

)
≤ 1, (10)

then f ∈ R0
H(λ, δ); in particular, f is close-to-convex in D.

Lemma 2.3 ([8, Theorems 2.6 and 2.7]). If f = h+ g ∈ R0
H(λ, δ) is of the form (1), then

|an|+ |bn| ≤
2

Ψn
(n ≥ 2),

and the bound is sharp for f(z) = z +
∑∞

n=2
2
Ψn

zn.
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Lemma 2.4 ([1]). If f = h+ g ∈ K0
H, then for all n ≥ 1,

|an| ≤
n+ 1

2
, |bn| ≤

n− 1

2
.

We shall also need the following elementary summation formulas; here and in what follows
Qn :=

∑n
k=1

1
k denotes the n-th harmonic number and log is the principal branch.

Lemma 2.5. For 0 < r < 1 the following identities hold:
∞∑
n=2

rn−1 =
r

1− r
,

∞∑
n=2

nrn−1 =
1

(1− r)2
− 1,

∞∑
n=2

n2rn−1 =
1 + r

(1− r)3
− 1,

∞∑
n=2

n3rn−1 =
1 + 4r + r2

(1− r)4
− 1,

∞∑
n=2

n4rn−1 =
1 + 11r + 11r2 + r3

(1− r)5
− 1,

∞∑
n=2

rn−1

n+ 1
= − log(1− r)

r2
− 1

r
− 1

2
,

∞∑
n=2

Qnr
n−1 = − log(1− r)

r(1− r)
− 1,

∞∑
n=2

nQnr
n−1 =

1− log(1− r)

(1− r)2
− 1,

∞∑
n=2

n2Qnr
n−1 =

(1 + r)(1− log(1− r)) + r

(1− r)3
− 1,

∞∑
n=2

Qn

n+ 1
rn−1 =

log2(1− r)

2r2
− 1

2
.

Proof. The first five identities follow from the geometric series
∑∞

n=1 r
n = r

1−r by repeated application
of the operator r d

dr and removal of the term n = 1. For the sixth, since
∑∞

m=1
rm

m = − log(1 − r), we
have

∑∞
n=2

rn+1

n+1 =
∑∞

m=3
rm

m = − log(1 − r) − r − r2

2 , and dividing by r2 gives the stated value. The
generating function

∑∞
n=1Qnr

n = − log(1−r)
1−r , obtained as the Cauchy product of 1

1−r and − log(1 − r),
gives the seventh identity after division by r and removal of the term n = 1; differentiating it once yields∑∞

n=1 nQnr
n−1, and multiplying by r and differentiating once more yields

∑∞
n=1 n

2Qnr
n−1, whence the

eighth and ninth identities follow by discarding the term n = 1. Finally, integrating the generating function
of Qn,

∞∑
n=1

Qn

n+ 1
rn+1 =

∫ r

0

− log(1− t)

1− t
dt =

log2(1− r)

2
,
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and dividing by r2 before removing the term n = 1 gives the last identity.

3 Main Results

Throughout this section f = h+ g ∈ H0 is of the form (1),

F (z) := C̃f(z) = 2Cf(z),

Fr(z) =
F (rz)

r
= z +

∞∑
n=2

Anr
n−1zn +

∞∑
n=2

Bnrn−1zn,
(11)

with An, Bn as in (8). In view of Remark 2.1, the identity (9) and Lemma 2.2, in order to show that the
normalized Cesàro operator C̃f belongs to R0

H(λ, δ) in Dρ it suffices to verify that

S(r) :=
∞∑
n=2

Ψn

(
|An|+ |Bn|

)
rn−1 ≤ 1 for r = ρ, (12)

because the left-hand side of (12) is nondecreasing in r, so that (12) then holds for every 0 < r ≤ ρ as
well.

All numerical values of the radii reported in Tables 1, 2, 3 and 4 below were computed by applying
the bisection method to the equations Fi(r) = 0 (for r∗4, to the series equation of Corollary 3.8), and
were verified independently by direct partial summation of the corresponding series; the values are stated
rounded to four decimal places.

3.1 The coefficient condition |an|, |bn| ≤ n

Theorem 3.1. Let f = h+g ∈ H0 be of the form (1) and suppose that |an| ≤ n and |bn| ≤ n for all n ≥ 2.
Then the normalized Cesàro operator C̃f = 2Cf belongs to R0

H(λ, δ) in the disk Dr1, where r1 = r1(λ, δ)

is the unique root in (0, 1) of the equation F1(r) = 0 with

F1(r) = M(1− r)5 log(1− r)− r7 + 5r6 − (10 + λ− 5δ)r5

+ (7 + 13λ− 55δ)r4 + (2− 19λ+ 47δ)r3

− (4− 9λ+ 27δ)r2 +Mr,

(13)

and M = 1− 2λ+ 6δ. Moreover, F1(r) > 0 for 0 < r < r1 and F1(r) < 0 for r1 < r < 1.

Proof. By (8) and the hypothesis (recall a1 = 1),

|An| ≤
2

n+ 1

n∑
k=1

k = n, |Bn| ≤
2

n+ 1

n∑
k=2

k = n− 2

n+ 1
,

http://www.earthlinepublishers.com
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so that S(r) ≤
∑∞

n=2Ψn

(
2n− 2

n+1

)
rn−1, and by (12) it suffices to prove that

∞∑
n=2

Ψn

(
2n− 2

n+ 1

)
rn−1 ≤ 1. (14)

Using (4) and (6),

Ψn

(
2n− 2

n+ 1

)
= 2

[
δn4 + (λ− 3δ)n3 + (1− λ+ 2δ)n2

]
− 2

[
δn2 + (λ− 4δ)n+M − M

n+ 1

]
,

so that, summing term by term by means of Lemma 2.5, the condition (14) takes the explicit form

2δ
[1 + 11r + 11r2 + r3

(1− r)5
− 1

]
+ 2(λ− 3δ)

[1 + 4r + r2

(1− r)4
− 1

]
+ 2(1− λ+ δ)

[ 1 + r

(1− r)3
− 1

]
− 2(λ− 4δ)

[ 1

(1− r)2
− 1

]
− 2Mr

1− r

− 2M
[ log(1− r)

r2
+

1

r
+

1

2

]
≤ 1.

Multiplying by r2(1−r)5

2 > 0 and rearranging, (14) becomes the equivalent inequality F1(r) ≥ 0, with F1

as in (13); indeed

F1(r) =
1
2 r

2(1− r)5
(
1−

∞∑
n=2

Ψn

(
2n− 2

n+1

)
rn−1

)
.

The series here has positive coefficients, hence increases strictly from 0 to +∞ on (0, 1) and equals 1 at a
single point r1 ∈ (0, 1); consequently F1(r) > 0 for 0 < r < r1, F1(r1) = 0, and F1(r) < 0 for r1 < r < 1.
The claim now follows from (12).

As recalled in Section 1, the coefficients of a stable univalent harmonic mapping satisfy |an| ≤ n

and |bn| ≤ n; in fact, de Branges’ theorem applied to the univalent functions h + εg, |ε| = 1 [15], gives
|an|+ |bn| ≤ n, whence |An|+ |Bn| ≤ 2

n+1

∑n
k=1 k = n by (8). Since this is the estimate used in the proof

of Theorem 3.5 below, we obtain the following consequence.

Corollary 3.2. If f = h+ g ∈ H0 is a stable univalent harmonic mapping in the sense of Hernández and
Martín [15], then the normalized Cesàro operator C̃f = 2Cf belongs to R0

H(λ, δ) in the disk Dr3, where
r3 = r3(λ, δ) > r1(λ, δ) is as in Theorem 3.5. In particular, the same conclusion holds for every analytic
univalent function f ∈ S (the case g ≡ 0), by de Branges’ theorem.

The graphs of F1 for several admissible pairs (λ, δ) are shown in Figure 1, and the corresponding values
of r1 are listed in Table 1.
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0.02 0.04 0.06 0.08 0.1 0.12 0.14

−0.002

−0.001

0.001

r

F1(r)

(0, 0)

( 1
8 , 0)

( 1
4 , 0)

( 1
2 , 0)

( 3
4 ,

1
4 )

(1, 1
2 )

( 3
2 ,

1
2 )

(2, 1)

(3, 2)

Figure 1: The graphs of F1(r) for several admissible pairs (λ, δ); each curve meets the level F1 = 0 at the
corresponding radius r1(λ, δ).

Table 1: The values of r1(λ, δ) (rounded to four decimal places).

(λ, δ) (0, 0) ( 1
8
, 0) ( 1

4
, 0) ( 1

2
, 0) ( 3

4
, 1
4
) (1, 1

2
) ( 3

2
, 1
2
) (2, 1) (3, 2)

r1 0.1115 0.0995 0.0902 0.0766 0.0643 0.0561 0.0472 0.0396 0.0304

3.2 The coefficient condition |an|, |bn| ≤ 1

Theorem 3.3. Let f = h+g ∈ H0 be of the form (1) and suppose that |an| ≤ 1 and |bn| ≤ 1 for all n ≥ 2.
Then the normalized Cesàro operator C̃f = 2Cf belongs to R0

H(λ, δ) in the disk Dr2, where r2 = r2(λ, δ)

is the unique root in (0, 1) of the equation F2(r) = 0 with

F2(r) = 6M(1− r)4 log(1− r) + 2r6 − 8r5 + 2(1 + 13λ− 45δ)r4

+ 2(9− 28λ+ 78δ)r3 − 2(10− 21λ+ 63δ)r2 + 6Mr.
(15)

Moreover, F2(r) > 0 for 0 < r < r2 and F2(r) < 0 for r2 < r < 1.

Proof. The hypothesis gives

|An| ≤
2

n+ 1

n∑
k=1

1 =
2n

n+ 1
, |Bn| ≤

2

n+ 1

n∑
k=2

1 =
2(n− 1)

n+ 1
,

hence |An|+ |Bn| ≤ 2(2n−1)
n+1 = 4− 6

n+1 , and by (12) it suffices to establish

∞∑
n=2

Ψn

(
4− 6

n+ 1

)
rn−1 ≤ 1. (16)
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By (4) and (6),

Ψn

(
4− 6

n+ 1

)
= 4δn3 + (4λ− 18δ)n2 + (4− 10λ+ 32δ)n− 6M +

6M

n+ 1
,

so that, by Lemma 2.5, the condition (16) takes the explicit form

4δ
[1 + 4r + r2

(1− r)4
− 1

]
+ (4λ− 18δ)

[ 1 + r

(1− r)3
− 1

]
+ (4− 10λ+ 32δ)

[ 1

(1− r)2
− 1

]
− 6Mr

1− r

− 6M
[ log(1− r)

r2
+

1

r
+

1

2

]
≤ 1.

Multiplying by r2(1− r)4 > 0 and simplifying, (16) becomes the equivalent inequality F2(r) ≥ 0, with F2

as in (15); indeed

F2(r) = r2(1− r)4
(
1−

∞∑
n=2

Ψn

(
4− 6

n+1

)
rn−1

)
.

The series has positive coefficients, hence increases strictly from 0 to +∞ on (0, 1) and equals 1 at a single
point r2 ∈ (0, 1); therefore F2(r) > 0 for 0 < r < r2, F2(r2) = 0, and F2(r) < 0 for r2 < r < 1, exactly as
in Theorem 3.1.

Since every analytic convex univalent function has Taylor coefficients bounded by 1, Theorem 3.3
applies in particular to the class K; since moreover bn = 0 for f ∈ K, a larger radius is obtained.

Corollary 3.4. If f ∈ K is an analytic convex univalent function (the case g ≡ 0), then the normalized
Cesàro operator C̃f = 2Cf belongs to R0

H(λ, δ) in the disk Dr∗2 , where r∗2 = r∗2(λ, δ) > r2(λ, δ) is the unique
root in (0, 1) of the equation

∑∞
n=2Ψn

2n
n+1 r

n−1 = 1.

Proof. If f ∈ K, then |an| ≤ 1 for all n ≥ 2, a classical bound for analytic convex univalent functions, while
bn = 0; hence Bn = 0 and |An| ≤ 2n

n+1 , and the claim follows from (12) as in the proof of Theorem 3.3.
Since 2n

n+1 < 2(2n−1)
n+1 for n ≥ 2, we have r∗2 > r2.

The graphs of F2 for several admissible pairs (λ, δ) are shown in Figure 2, and the corresponding values
of r2 are listed in Table 2.
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0.04 0.08 0.12 0.16 0.2

−0.008

−0.004

0.004

r

F2(r)

(0, 0)

( 1
8 , 0)

( 1
4 , 0)

( 1
2 , 0)

( 3
4 ,

1
4 )

(1, 1
2 )

( 3
2 ,

1
2 )

(2, 1)

(3, 2)

Figure 2: The graphs of F2(r) for several admissible pairs (λ, δ); each curve meets the level F2 = 0 at the
corresponding radius r2(λ, δ).

Table 2: The values of r2(λ, δ) (rounded to four decimal places).

(λ, δ) (0, 0) ( 1
8
, 0) ( 1

4
, 0) ( 1

2
, 0) ( 3

4
, 1
4
) (1, 1

2
) ( 3

2
, 1
2
) (2, 1) (3, 2)

r2 0.1740 0.1554 0.1412 0.1204 0.1007 0.0879 0.0745 0.0627 0.0484

3.3 The Clunie–Sheil-Small bounds

Theorem 3.5. Let f = h+ g ∈ H0 be of the form (1) and suppose that

|an| ≤
n+ 1

2
(n ≥ 2), |bn| ≤

n− 1

2
(n ≥ 2).

Then the normalized Cesàro operator C̃f = 2Cf belongs to R0
H(λ, δ) in the disk Dr3, where r3 = r3(λ, δ)

is the unique root in (0, 1) of the equation F3(r) = 0 with

F3(r) = 1− (9 + 4λ)r + (21 + 2λ− 18δ)r2 − (21− 2λ+ 6δ)r3 + 10r4 − 2r5. (17)

Moreover, F3(r) > 0 for 0 ≤ r < r3 and F3(r) < 0 for r3 < r < 1.

Proof. Since a1 = 1 = 1+1
2 , the hypothesis yields

|An| ≤
2

n+ 1

n∑
k=1

k + 1

2
=

n(n+ 3)

2(n+ 1)
, |Bn| ≤

2

n+ 1

n∑
k=2

k − 1

2
=

n(n− 1)

2(n+ 1)
,

and therefore the remarkably simple estimate

|An|+ |Bn| ≤
n(n+ 3) + n(n− 1)

2(n+ 1)
= n.
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Thus, by (12), it suffices to prove that
∞∑
n=2

nΨn r
n−1 ≤ 1. (18)

By (4), nΨn = δn4+(λ−3δ)n3+(1−λ+2δ)n2; substituting the closed forms of Lemma 2.5, multiplying by
(1−r)5 > 0 and using δ+(λ−3δ)+(1−λ+2δ) = 1, the inequality (18) becomes the equivalent inequality
F3(r) ≥ 0, with F3 as in (17); indeed F3(r) = (1 − r)5

(
1 −

∑∞
n=2 nΨnr

n−1
)
. The series has positive

coefficients, hence increases strictly from 0 to +∞ on (0, 1) and equals 1 at a single point r3 ∈ (0, 1); thus
F3(r) > 0 for 0 ≤ r < r3, F3(r3) = 0, and F3(r) < 0 for r3 < r < 1, as before.

Lemma 2.4 immediately yields the following consequence.

Corollary 3.6. If f ∈ K0
H, then the normalized Cesàro operator C̃f = 2Cf belongs to R0

H(λ, δ) in the disk
Dr3, where r3 = r3(λ, δ) is as in Theorem 3.5.

The graphs of F3 for several admissible pairs (λ, δ) are shown in Figure 3, and the corresponding values
of r3 are listed in Table 3.

0.03 0.06 0.09 0.12 0.15 0.18 0.21

−1

−0.5

0.5

1

r

F3(r)

(0, 0) ( 1
8 , 0)

( 1
4 , 0) ( 1

2 , 0)

( 3
4 ,

1
4 ) (1, 1

2 )

( 3
2 ,

1
2 ) (2, 1)

(3, 2)

Figure 3: The graphs of F3(r) for several admissible pairs (λ, δ); each curve meets the level F3 = 0 at the
corresponding radius r3(λ, δ).

Table 3: The values of r3(λ, δ) (rounded to four decimal places).

(λ, δ) (0, 0) ( 1
8
, 0) ( 1

4
, 0) ( 1

2
, 0) ( 3

4
, 1
4
) (1, 1

2
) ( 3

2
, 1
2
) (2, 1) (3, 2)

r3 0.1649 0.1473 0.1340 0.1146 0.0956 0.0835 0.0713 0.0600 0.0466
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3.4 The Cesàro operator on R0
H(λ, δ) itself

We finally treat the coefficient condition satisfied by the members of the classes R0
H(λ

′, δ′) themselves
(Lemma 2.3); the resulting radius involves the harmonic numbers Qn through Lemma 2.5.

Theorem 3.7. Let f = h+ g ∈ H0 be of the form (1) and suppose that

|an|+ |bn| ≤
2

n
(n ≥ 2).

Then the normalized Cesàro operator C̃f = 2Cf belongs to R0
H(λ, δ) in the disk Dr4, where r4 = r4(λ, δ)

is the unique root in (0, 1) of the equation F4(r) = 0 with

F4(r) = M(1− r)3 log2(1− r)

+
[
(1− 4λ+ 16δ)r3 − (1− 4λ+ 12δ)r2 −Mr +M

]
log(1− r)

− r5 + 3r4 − (2 + λ+ δ)r3 − (1− 3λ+ 9δ)r2 +Mr,

(19)

and M = 1− 2λ+ 6δ. Moreover, F4(r) > 0 for 0 < r < r4 and F4(r) < 0 for r4 < r < 1.

Proof. By (8) and the hypothesis,

|An|+ |Bn| ≤
2

n+ 1

[
1 +

n∑
k=2

(
|ak|+ |bk|

)]
≤ 2

n+ 1

[
1 +

n∑
k=2

2

k

]
=

2 (2Qn − 1)

n+ 1
,

so that, by (12), it suffices to show that

∞∑
n=2

2Ψn (2Qn − 1)

n+ 1
rn−1 ≤ 1. (20)

Writing 2Ψn(2Qn−1)
n+1 = 4Ψn

n+1Qn − 2Ψn
n+1 and applying the division identity (6) to Ψn

n+1 in both terms expresses
the summand as a linear combination of n2Qn, nQn, Qn,

Qn

n+1 and n2, n, 1, 1
n+1 ; a direct computation

with the corresponding closed forms of Lemma 2.5 shows that, after multiplication by r2(1−r)3

2 > 0 and
rearrangement, the condition (20) is equivalent to F4(r) ≥ 0, with F4 as in (19); indeed

F4(r) =
r2(1− r)3

2

(
1−

∞∑
n=2

2Ψn(2Qn − 1)

n+ 1
rn−1

)
.

The series has positive coefficients, hence increases strictly from 0 to +∞ on (0, 1) and equals 1 at a single
point r4 ∈ (0, 1); therefore F4(r) > 0 for 0 < r < r4, F4(r4) = 0, and F4(r) < 0 for r4 < r < 1, as in the
previous proofs.

Combining the proof of Theorem 3.7 with the sharp bounds of Lemma 2.3 and the inequality
Ψn(λ

′, δ′) ≥ n, valid for all λ′ ≥ δ′ ≥ 0, we obtain the announced self-improvement property of the
Cesàro operator.
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Corollary 3.8. Let λ′ ≥ δ′ ≥ 0. If f ∈ R0
H(λ

′, δ′), then the normalized Cesàro operator C̃f = 2Cf belongs
to R0

H(λ, δ) in the disk Dr∗4 , where r∗4 = r∗4(λ, δ;λ
′, δ′) is the unique root in (0, 1) of the equation

∞∑
n=2

Ψn(λ, δ) c
∗
n r

n−1 = 1, c∗n =
2

n+ 1

[
1 +

n∑
k=2

2

Ψk(λ′, δ′)

]
,

and r∗4 ≥ r4(λ, δ), with equality if and only if (λ′, δ′) = (0, 0). In particular, the normalized Cesàro operator
f 7→ 2Cf maps the class R0

H(λ, δ) into itself in the disk Dr∗4(λ,δ;λ,δ)
, in the sense described in Section 2.

Proof. By Lemma 2.3, |ak|+ |bk| ≤ 2
Ψk(λ′,δ′) for k ≥ 2, so that |An|+ |Bn| ≤ c∗n by (8), and the first claim

follows from (12) as in the proof of Theorem 3.7. Since Ψk(λ
′, δ′) ≥ k, with strict inequality for k ≥ 2

when (λ′, δ′) ̸= (0, 0), we have c∗n ≤ 2(2Qn−1)
n+1 , the factor in (20), with strict inequality in that case; hence

r∗4 ≥ r4, with equality if and only if (λ′, δ′) = (0, 0).

The graphs of F4 for several admissible pairs (λ, δ) are shown in Figure 4, and the corresponding values
of r4 are listed in Table 4, together with the values of the self-map radius r∗4(λ, δ;λ, δ) of Corollary 3.8.

0.05 0.1 0.15 0.2 0.25 0.3

−0.008

−0.004

0.004

r

F4(r)

(0, 0)

( 1
8 , 0)

( 1
4 , 0)

( 1
2 , 0)

( 3
4 ,

1
4 )

(1, 1
2 )

( 3
2 ,

1
2 )

(2, 1)

(3, 2)

Figure 4: The graphs of F4(r) for several admissible pairs (λ, δ); each curve meets the level F4 = 0 at the
corresponding radius r4(λ, δ).

Table 4: The values of r4(λ, δ) and r∗4(λ, δ;λ, δ) (rounded to four decimal places).

(λ, δ) (0, 0) ( 1
8
, 0) ( 1

4
, 0) ( 1

2
, 0) ( 3

4
, 1
4
) (1, 1

2
) ( 3

2
, 1
2
) (2, 1) (3, 2)

r4 0.2454 0.2193 0.1996 0.1709 0.1425 0.1245 0.1064 0.0897 0.0697

r∗4 0.2454 0.2307 0.2187 0.1997 0.1756 0.1596 0.1446 0.1271 0.1046
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3.5 Comparison of the radii

Proposition 3.9. For all λ ≥ δ ≥ 0, the radii of Theorems 3.1, 3.3, 3.5 and 3.7 satisfy

r1(λ, δ) < r3(λ, δ) < r2(λ, δ) < r4(λ, δ).

Proof. For i = 1, 2, 3, 4 and r ∈ (0, 1), the sufficient condition established in the proof of the corresponding
theorem has the form

∑∞
n=2Ψnc

(i)
n rn−1 ≤ 1, where

c(1)n = 2n− 2

n+ 1
, c(2)n =

2(2n− 1)

n+ 1
, c(3)n = n, c(4)n =

2(2Qn − 1)

n+ 1

are the coefficient factors in (14)–(20); each of these sums increases strictly from 0 to +∞ on (0, 1), and
ri is the unique point at which it attains the value 1. For every n ≥ 2,

c(1)n − c(3)n = n− 2

n+ 1
> 0, c(3)n − c(2)n =

(n− 1)(n− 2)

n+ 1
≥ 0,

c(2)n − c(4)n =
4(n−Qn)

n+ 1
> 0,

with strict inequality c
(3)
n > c

(2)
n for all n ≥ 3. Hence, at each fixed r ∈ (0, 1),

∞∑
n=2

Ψnc
(1)
n rn−1 >

∞∑
n=2

Ψnc
(3)
n rn−1 >

∞∑
n=2

Ψnc
(2)
n rn−1 >

∞∑
n=2

Ψnc
(4)
n rn−1,

and since each of these strictly increasing sums attains the value 1 the later the smaller it is, the
corresponding roots satisfy r1 < r3 < r2 < r4.

Remark 3.10. Since Lemma 2.2 is only a sufficient condition for membership in R0
H(λ, δ), the radii

r1, . . . , r4 are lower bounds for the exact radii; they are, however, the largest radii that can be obtained
from Lemma 2.2 together with the triangle inequality. Indeed, choosing nonnegative coefficients which
saturate the respective hypotheses (namely an = bn = n in Theorem 3.1, an = bn = 1 in Theorem 3.3,
an = n+1

2 and bn = n−1
2 in Theorem 3.5, and an = 2

n , bn = 0 in Theorem 3.7), all estimates used in the
proofs become equalities, so that S(r) coincides with the left-hand side of the corresponding condition
(14)–(20) and hence exceeds 1 for every r > ri; for such coefficients the condition (10) consequently fails
for Fr whenever r > ri, which does not mean that Fr /∈ R0

H(λ, δ).

To illustrate the four radii geometrically, Figure 5 shows the images of the disks Dri , at the parameter
values (λ, δ) = (0, 0), under the normalized Cesàro operators C̃f = 2Cf of the four functions of
Remark 3.10. In each case the image is a close-to-convex Jordan domain, in agreement with Theorems 3.1,
3.3, 3.5 and 3.7; the analytic function of Theorem 3.7 (for which g ≡ 0) produces the most nearly circular
image.

Remark 3.11. (i) Since Ψn(λ, δ) is nondecreasing in each of the parameters λ and δ, every sum in (14)–(20)
increases and hence every radius ri(λ, δ) decreases as λ or δ grows; this is apparent in Tables 1–4. The
largest radii occur for (λ, δ) = (0, 0), i.e. for the class of [3], in which case, for instance, r4(0, 0) ≈ 0.2454.
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(ii) For δ = 0 the results of this section yield sufficient radii for the second-order class of Ghosh and
Vasudevarao [5], and for λ = δ = 0 for the class of Ponnusamy, Yamamoto and Yanagihara [3]; these
special cases are also new.

−0.1 0.1

−0.1

0.1

(a) an = bn = n

−0.1 0.1 0.2 0.3

−0.2

−0.1

0.1

0.2

(b) an = bn = 1

−0.1 0.1 0.2

−0.2

−0.1

0.1

0.2

(c) an = n+1
2

, bn = n−1
2

−0.2−0.1 0.1 0.2 0.3 0.4

−0.3

−0.2

−0.1

0.1

0.2

0.3

(d) an = 2
n
, bn = 0

Figure 5: Images of the disks Dri , for (λ, δ) = (0, 0), under the normalized Cesàro operator C̃f = 2Cf
of the four functions that saturate the coefficient conditions (i)–(iv): (a) an = bn = n, r1 = 0.1115;
(b) an = bn = 1, r2 = 0.1740; (c) an = n+1

2 , bn = n−1
2 , r3 = 0.1649; (d) an = 2

n , bn = 0, r4 = 0.2454. The
concentric curves are the images of the circles |z| = m

5 ri (m = 1, . . . , 5), the outermost (bold) being the
image of the boundary ∂Dri , and the radial curves are the images of equally spaced diameters.

4 Conclusion

In this paper, the action of the classical Cesàro operator on harmonic mappings has been investigated
in connection with the class R0

H(λ, δ) defined by the third-order differential inequality (2). For four
natural families of coefficient conditions (including the sharp bounds of the convex harmonic class K0

H
and a coefficient bound of R0

H(λ, δ) itself), we determined sufficient radii r1 < r3 < r2 < r4 such
that the normalized Cesàro operator C̃f = 2Cf belongs to R0

H(λ, δ) in the corresponding subdisk, each
radius being the unique root in (0, 1) of an explicit polynomial or logarithmic–polynomial equation. In
particular, the normalized Cesàro operator f 7→ 2Cf maps R0

H(λ, δ) into itself in the disk Dr∗4(λ,δ;λ,δ)
, where
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r∗4(λ, δ;λ, δ) ≥ r4(λ, δ); in each of the disks obtained, the operator C̃f is univalent and close-to-convex,
since so are all members of R0

H(λ, δ).

Since they are derived from the sufficient coefficient condition of Lemma 2.2 combined with the triangle
inequality, the radii obtained here are lower bounds for the exact radii (Remark 3.10). A natural direction
for further research is to replace the Cesàro operator by its generalizations of order β, or by other integral
means, and to ask for the analogous radii for the class R0

H(λ, δ).
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