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Abstract

This paper developed a three-state Semi-Markov model with Weibull waiting time distribution to
analyse crude oil spill occurrences in the Niger Delta region of Nigeria. Oil spills were categorized
into minor, medium, and major categories based on the volume of spill. An empirical data from the
National Oil Spill Detection and Response Agency (NOSDRA), Nigeria from January, 2006 to March,
2020 with particular consideration of crude oil spill incidences due to CHEVRON Nigeria Ltd and
Nigeria Agip Oil Company (NAOC) was used in the analysis. In the case of NAOC, the stationary
distribution of the Semi-Markov process was obtained as 0.6954, 0.2461 and 0.0585 for minor, medium
and major oil spills respectively, with corresponding mean waiting times before transition of 2.5438,
2.7429 and 3.6204 days. For CHEVRON Nigeria Ltd, the stationary distribution of the Semi-Markov
process was found to be 0.9373, 0.0393 and 0.0234 for minor, medium and major oil spills respectively
with corresponding mean waiting times of 6.4609, 6.0408 and 8.7861 days. Further results reveal that
crude oil spills due to NAOC occurred once in every 3 days while that of CHEVRON Nigeria Ltd was
once in every 6 days. The study recommends further investigation on the associated risk factors to oil

spills of all categories in the Niger Delta region.

1 Introduction

The oil and gas sector accounted for over 80% of Nigeria’s total export revenue in the first quarter of
2024 [1]. The Niger Delta region possesses Africa’s biggest crude oil reserve and hence it is the main crude
oil producer in Nigeria |2]. Crude oil exploration in the Niger Delta has been characterized by incessant
spills [3]. According to Akinpelu [1], 881 oil spill incidences were recorded in 12 States of Nigeria from
January 2019 to April 2021 with a corresponding volume of 42,565.42 barrels. Out of this, the Niger
Delta Region accounted for 90.12% of the oil spill incidences with a total volume of 40,618.14 barrels. An
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earlier study by Udoumoh et al. [5] revealed that a total of 6,288 oil spill incidences, which amounted to
211,377.17 barrels were recorded between January 2006 and May 2014 in the Niger Delta Region of Nigeria.
Another independent assessment conducted by the United Nations Environment Programme (UNEP)
on the environmental and public health impacts of crude oil contamination in Ogoni land presented 67
contaminated oil spill sites [6]. Suffice it to say that oil spills and their attendant effects on the ecosystem

is a common theme which characterize the Niger Delta region of Nigeria.

This development has generated several researches in the field of environmental studies [7—141]. While
some studies have provided information on incidences and causes of oil spills, others have handled the
economic and environmental impacts assessment of oil spills as well as security implications [15-19]. Wizor
and Wali [20] stated that less than 2% of oil spills are due to production failure/crude transfer operations,
while 28% of oil spills are due to sabotage/oil theft. Reliability theory has been adopted by some researchers
to analyze crude oil spills in the Niger Delta and also to identify risk factors associated with it [5, 21].
In Udoumoh [22], crude oil spills were modelled as a renewal process where the event of oil spills were
considered to be a counting process. Using the data from CHEVRON Nigeria Ltd with the assumption
of exponential inter-event time distribution, the mean time to spill was estimated to be 6 days. Mba et
al. [23] used a two-state Markov model to predict the occurrence of oil spills in the Niger Delta Region.
The model simply classified the states of the Markov chain as “spills” and “no-spills”, ignoring the volume
of spills and also the holding time distribution before each transition. Such a model is no doubt limited
in effectiveness, information and application. It is believed that a model which further classifies oil spills
based on volume of spills, taking into consideration the varying length of time spent on each state before
transition would provide a wealth of resource for a better understanding and analysis of crude oil spill
scenario. In general, Markov models provide robust approach for the analysis of multi-state stochastic

processes [21-27].

This paper therefore presents a Semi-Markov model for the analysis of crude oil spills using volume
of spills for state classification. The model presents a descriptive as well as an analytical procedure for a

robust understanding of oil spill incidences in selected oil exploration companies in Niger Delta, Nigeria.

2 Methods

2.1 Model Assumptions and Notations
Assumptions

The following assumptions hold for the model:

1. The events of crude oil spills are random, transiting between the three states of the process.
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2. The increasing and decreasing properties of a future transition of oil spills depend only on the last

transition and the waiting time distribution.
3. The time between two successive transitions is termed the waiting time and is measured in days.

4. The Semi-Markov chain is irreducible.

Notations

N = number of states in the Semi-Markov process (SMP).

Z; = integer value that denotes the state of the SMP at time ¢.

F;;(t) = CDF of the waiting time distribution from state i to state j.

fij(t) = PDF of the waiting time distribution from state i to state j.

fi(t) = CDF of the waiting time of the process in state i before making any transition at time ¢.

X; = a stochastic process at time t.

P;j = probability that the next state in the process is j given that the previous state was i (i, = 1,2, 3).
n;; = number of spills in state j at time ¢ + 1 given that the process was in state 7 at time ¢.

T;; = the time that the process takes in state ¢ before making a transition to state j, and is called the

holding time in state i.
hi;j(.) = the Holding time distribution function for a transition from state i to state j.

F;(t) = the cumulative probability distribution of a random variable T}, where T; is the time being spent

in state 7 irrespective of the successor state.

¢i;(t) = probability that the process that start in initial state i at instant ¢ = 0 will be in state j at

instant ¢.

2.2 The Semi-Markov Trajectory

The Semi-Markov process considers the transition probabilities and the period of stay (holding time) in a
state before making a transition to the next state. Figure 1 presents a portion of a possible Semi-Markov
trajectory of the process. Figure 1 shows a process which enters state B at time 0, remained in state B
for a time period of 2 days before transiting to state A. It again remained in state A for 1 day and then
transits to state C' and was held for a time period of 2 days as at the last observation. We shall start
model implementation with the transition probability matrix which describes the transition of the spills

among the three states (See Section 2.3).
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Figure 1: A Possible Semi-Markov Trajectory.

2.3 Markov Chain and Transition Probabilities

A discrete-time stochastic process X = {X;, t > 0} is called a Markov chain if, for any sequence
{Xo0,X1,..., X} of states, the next state depends only on the current state and not on the sequence

of events that preceded it. This is called the Markov property. Mathematically,
P(Xpp1 =j | Xo=io, X1 =ri1,..., Xy =) = P(Xe1 = j | Xy = 1) = B;. (1)

P;; must satisfy transition probabilities conditions as follows :
N

0<P;<1, 1<ij<N, and Y Pj=1, 1<ij<N, (2)
j=1

where N is the number of states in the system. Any matrix satisfying the above two equations is a

transition probability matrix of a Markov chain [25].

2.4 The Semi-Markov Process

The Semi-Markov model and its derivation as presented in this study is due to Howard [29].

Definition 2.1. Let {Xy;t > 0} be a stochastic process that visits states in discrete time intervals
S = {81,82,...,8n}

such that whenever it enters state i, © > 0, the next state it will enter is state 7, 7 > 0, with probability
Pi; (i,j € S). Given that the next state to be entered is state j, the time until the transition from i to j

occurs has the distribution Fi(t).

If Z(t) denotes the state of the process at time t, then {Z(t);t > 0} is a semi-Markov process. Hence, a

semi-Markov process {Z(t);t > 0} is a stochastic process that changes states in accordance with a Markov
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chain but takes a random amount of time between changes. A Markov chain is therefore a semi-Markov
process with
0, ift<l,

Fij(t) = , (3)
1, ift>1.

A schematic diagram of the three state Semi-Markov process is presented in Figure 2.

PIZ

Medium
state (2)

Figure 2: Schematic Presentation of the Semi-Markov Process.

P;; are computed for all pairs 4, j (i,j = 1,2, 3) using Equation (4)
Py = ~ '
Nij + Nij + Nij
The frequency matrix is presented in Equation (5).

nil M2 N3
Nij = |n21 mna2 mnog| - (5)

n31 N32 N33

Thus, the transition probability matrix for the embedded Markov Chain is presented in Equation (6).

P11 P12 P13
P = (pij) = |pa1 p22 p23| - (6)
P31 P32 P33

2.5 Derivation of Semi-Markov Process Model

Let X,,: © — S be a stochastic process with state space S = {s1,s2,...,5,} and T},: Q@ — R, be the

time of the n'" transition, with € domain of the process and R, set of positive real numbers. The kernel,
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Qi;(t) associated with the process and the transition probability P;; of the embedded Markov Chain is

defined as follows:

Qij(t) = P[Xns1 = J; Ty — T, < t/ X =1, (7)
Fij = lim Qi;(#)- (8)

Equation (8) defines the one-step transition probabilities for the embedded Markov chain.

Let F;(t), which denote the probability that the process will leave state i in a time ¢ be defined as
Equation (9).

FZ(t) :P[Tn+1_Tn St/Xn:i] :ZQij(t)v (9)
j=1
filt) = S F0)

Actually Fj(t) is the cumulative probability distribution of a random variable T;, where T is the time

being spent in state 4 irrespective of the successor state.

The cumulative density function of the waiting time from state 7 to state j is
Fyj(t) = P[Tp1 — T <t/ Xn =i, Xns1 = J] (10)
which can be computed as
Qij(t)/ Py if Pij # 0

Fij(t) = | : (11)
1 if Pij =0

From equation (8) the Semi-Markov kernel is obtained

Qij(t) = Py Fij(t). (12)

Substituting Equation (12) into Equation (9) yields Equation (13).

m

Fi(t) = PijFy;(t). (13)

=1

Noting that
fit) = Pifii(t). (14)
j=1

2.6 Stationary Distribution of the Semi-Markov Process

In order to obtain the stationary distribution of the Semi-Markov process, the theorem due to Ross [28]

is adopted without proof.
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Theorem 1.

Let {Z(t);t > 0} be a Semi-markov process with discrete state space S and continuous kernel Q(t) =
[Qi;(t);ij € S]. If the embedded Markov chain {X,,;n =0,1,...} contains one positive recurrent class C,
such that for each state i € S,j € C, fi; =1 and 0 < E(T;) < 00,4 € S, then
> mE(T;)

where m; = [r;,j € S] is the unique stationary distribution of the embedded Markov chain that satisfy

¢ = (15)

the following system of Equation (16)

Zﬂ-ipij = 7Tj, Zﬂ'i =1. (16)

€8 €S

E(Tj) is the expected (mean) time spent in state j per transition is defined in Equation (17);

o0
wi = E(T;) = / tdF;(t) (17)
0
and the mean time between transitions is given as Equation (18);

p=>Y mE(T). (18)
i

2.7 Waiting Time Distributions

It should be noted that for the Semi-Markov model that is considered here, the Weibull waiting time
distribution was selected for all pairs of transitions as the best fit distribution. The probability density
function of a Weibull waiting time distribution for all pairs of transitions (i, € S) is given as Equation
(19):

aijfl Y i
fij(t) — % (;) e (ﬂij) ;o t >0, (19)
] ij

where 3;; and o;; are the scale and shape parameters respectively.
B;; denote the spread of the distribution from state 7 to j and
a;; denote the shape of the distribution from state ¢ to j.

The probability distribution function of the waiting time distribution for all pairs of transitions (i, €

S) is given in Equation (20).

(™
Ejijt)=1—e¢ (‘%) . t>0. (20)
The mean waiting time for all pairs of transitions (7, j € S) is defined in Equation (21):

Oéij
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2.8 Goodness of Fit Test

In order to select a parametric distribution that suits the waiting time, the Anderson-Darling (AD) test
was adopted to carry out goodness of fit test. The Anderson-Darling test is a distance test which is suitable
for both small and large samples as presented by the waiting time data. The Weibull version of the AD

test statistic is given as:

~1-2

AD = [Zl - {ln(l — exp[—Z(i)]) — Z(n—i—l—i)} — n] , (22)

with adjusted statistic

0.2

AD* =14+ — | AD 23
(1+77) 42 >

Xo]”
where Z;y = 0*] and the asterisks (*) represent the estimators of the Weibull parameters [30]. The

null hypothesis Hy, that the waiting time follows a Weibull distribution, is rejected if the p-value is less

than 0.05 or if the test statistic is greater than the critical value at significance level a.

3 Application and Results

3.1 Data Source and Description

The data for this study were taken from the records of the National Oil Spill Detection and Response
Agency (NOSDRA), Nigeria (https://nosdra.oilspillmonitor.ng/). Oil spill data due to CHEVRON
Nigeria Limited and Nigeria Agip Oil Company (NAOC) exploration were considered. The data consist of
documented crude oil spills and associated volumes during exploration by the oil companies under review
from January 2006 to March 2020. With reference to Egbe and Thompson [3|, the following oil spill
categorizations were considered: oil spills with volume less than 25 barrels per unit time were classified as
minor spills (State 1); oil spills with volume from 25 to 250 barrels per unit time were classified as medium
spills (State 2); and oil spills with volume greater than 250 barrels per unit time were classified as major
spills (State 3).

3.2 Goodness of Fit Test

Goodness of fit tests were conducted to select the parametric distribution which fit the waiting times for
all pairs (i,7) € S of transitions in the Semi-Markov process. Results in Table 1 show that the Weibull
distribution makes a good fit of the waiting times for all pairs (i, j) € S in the Semi-Markov process because
the Anderson—Darling test statistics are all less than the critical value at the 5% level of significance. In
other words, the null hypotheses (Hp), which state that the waiting time follows the Weibull distribution,

cannot be rejected at o = 0.05.

http: / /www. earthlinepublishers.com
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Table 1: Goodness of Fit Test

Oil Company Transition (7,7) Test Statistic ~Critical Value Decision: Reject Hp?

CHEVRON  (1,1) 1.5368 2.5018 No
(1,2) 0.8297 2.5018 No
(1,3) 0.3547 2.5018 No
(2,1) 0.4537 2.5018 No
(2,2) N/A N/A -
(2,3) N/A N/A -
(3,1) 0.4755 2.5018 No
(3,2) N/A N/A -
(3,3) N/A N/A -

NAOC (1,1) 2.3570 2.5018 No
(1,2) 1.0140 2.5018 No
(1,3) 2.4580 2.5018 No
(2,1) 1.2535 2.5018 No
(2,2) 2.3253 2.5018 No
(2,3) 0.6216 2.5018 No
(3,1) 2.0974 2.5018 No
(3,2) 0.7150 2.5018 No
(3,3) 1.5368 2.5018 No

N/A = Not Applicable.

3.3 Semi-Markov Results
3.3.1 Transition Counts and Probabilities

Table 2 presents the transition counts and probabilities of the embedded Markov chain for all pairs of
transitions (7, j) € S. Matrix Nf}f A0C represents the transition counts for NAOC while matrix N%H EVRON
represents the transition counts for CHEVRON. Matrices Pijj\] A0C and PgH EVRON present the transition
probabilities for NAOC and CHEVRON respectively. For instance, PgH EVRON ghows that the probability
of transitioning from state 1 to state 1 is 0.7344, from state 1 to state 2 is 0.2209, and from state 1 to
state 3 is 0.0447. This implies that the probabilities of having a minor spill after a minor spill, medium
spill after a minor spill and a major spill after a minor spill are 0.7344, 0.2209 and 0.0447 respectively.
Observe that the probabilities of transiting from state 3 to state 1, from state 3 to state 2 and from
state 3 to state 3 are quite low with values 0.0447, 0.0356, and 0.0435 respectively. This means that
the probability of recording a major spill from NAOC exploration is low irrespective of the immediate

: CHEV RON
matrix P; ;

preceding category of oil spill. Similarly, shows high probabilities of having a minor

Earthline J. Math. Sci. Vol. 16 No. 5 (2026), 973-989
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spill after a minor spill, a minor spill after a medium spill and a minor spill after a major spill with values
0.9420, 0.8824, and 1.000 respectively. These indicate that the probability of recording a minor spill from
CHEVRON exploration is high irrespective of the immediate preceding category of oil spill. PZ?H EVRON
further records zero (0) probabilities of having a medium spill after a major spill and a major spill after a

major spill.

Table 2: Transition Counts and Probabilities

Transition Counts Transition Probabilities
1 2 3 1 2 3
NNAOC _ 1 575 173 35 PNAOC _ 1 0.7344 0.2209 0.0447
“ 2 1711 73 9 K 2 |0.6759 0.2885 0.0356
3 34 10 2 3 0.7391 0.2174 0.0435
1 2 3 1 2 3
N%HEVRON _ 1 357 16 6 PgHEVRON _ 1 0.9420 0.0422 0.0158
2 15 1 1 2 0.8824 0.0588 0.0588
3 7 0 O 3 1 0 0

3.3.2 Waiting Time Distribution of the Semi-Markov Process

Table 3 presents the scale (f;;) parameter, shape (a;;) parameter and mean (4;;) of the waiting time
distribution of the Semi-Markov process for NAOC and CHEVRON for all pairs of transitions (7,j) € S.
It should be observed that the mean (u;;) values for CHEVRON (where it exists) are generally higher
than that of NAOC except for the transition from State 2 to State 2. These indicate a longer waiting time
distribution in the case of CHEVRON as compared to NAOC exploration.

http: / /www. earthlinepublishers.com
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Table 3: Parameter Estimates of the Waiting Time Distribution

NAOC CHEVRON
1 2 3 1 2 3
NAOC _ 2.8178 2.7081 3.1147 SCHEVRON _ 1 6.7493 6.1840 8.4022
" 3.0444 2.9983  2.6950 " 2 6.1230  — —
2.8517 2.2126 27.5900 3 81190  — —
1 2 3 1 2 3
ANAOC _ 1.4325 1.6067 1.3267  CHEVRON _ 1 1.1408 1.2507 0.7839
*J 1.4666 1.3779 1.2324 Y 2 1.0315 — —
1.2827 2.0256 0.9285 0.8574  — —
1 2 3 1 2 3
NAOC _ 2.5593 2.4271 2.8652 CHEVRON _ 6.4386 5.7589 9.6628
K 2.7561 2.7397 2.5184 *J 6.0462 1 11
2.6410 1.9605 28.5570 8.7861 — —

3.3.3 The Semi-Markov Kernel

The Semi-Markov kernel for all pairs of transitions (i,7) € S were obtained using Equation (9) and the

graphs of the Semi-Markov kernels are presented in Figure 3, for all pairs of transitions (i, j) € S. Graphs

of the Semi-Markov kernels for NAOC depict increasing functions which converge as t increases. Apart

from the transition from state 3 to state 3 (S3 — S3), all Semi-Markov kernels for NAOC approach a limit
at about t = 10. Graphs of the kernels for CHEVRON are presented in Figure 4. Again, the Semi-Markov
kernels depict increasing functions which converge as ¢ increases. However, the Semi-Markov kernels of
CHEVRON converge to a limit at a slower rate compared to that of NAOC.
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Figure 4: Graphs of Semi-Markov Kernel for CHEVRON.

3.3.4 Stationary Distribution of the Semi-Markov Process

Table 4 presents results on the stationary distribution of the Semi-Markov process for NAOC and
CHEVRON. From Table 4, the probabilities of recording minor, medium, and major oil spills by NAOC are
0.6954, 0.2461, and 0.0585 respectively. This result reveals that NAOC exploration was characterized by
minor and medium spills. The probability of recording minor, medium, and major oil spills by CHEVRON
are 0.9373, 0.0393 and 0.0234 respectively. Hence, CHEVRON exploration was characterized by minor

spills.

Table 4: Stationary Distribution of the Semi-Markov Process

NAOC CHEVRON

é1 0.6954  0.9373
bo  0.2461 0.0393
¢s 0.0585  0.0234
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3.3.5 The Mean Waiting Time (MWT) Distribution

Table 5 presents the mean waiting time distribution of the Semi-Markov process for NAOC and CHEVRON
Nigeria Ltd. MWT describes the length of time that it takes for the process to transit into various states
of the Semi-Markov process. The mean waiting time before a record of a minor, medium and major spills
for the case of NAOC were obtained as p1 = 2.5438, us = 2.7429, us = 3.6204. This implies that it takes
approximately 3 days, 3 days and 4 days to record a minor, medium and major spills respectively due to
NAOC exploration. The mean waiting time before a record of minor, medium and major spills for the
case of CHEVRON were obtained as p1 = 6.4609, ps = 6.0408, us = 8.7861. This implies that it takes
approximately 6 days, 6 days, and 9 days to record a minor, medium and major spills respectively due to
CHEVRON exploration.

Furthermore, the length of time that it takes to record a spill of any category from NAOC and
CHEVRON were obtained using Equation (18). The mean time to oil spills due to NAOC exploration was
found to be p = 2.6368; meaning that crude oil spills due to NAOC occurred approximately once every 3
days. The mean time to oil spills due to CHEVRON Nigeria Ltd exploration was obtained as p = 6.4834;
meaning that crude oil spills due to CHEVRON Nigeria Ltd exploration occurred approximately once
every 6 days. This latter result agrees with that of Udoumoh [22] who estimated the mean time to spill
by CHEVRON Nigeria Ltd to be 6 days.

Table 5: Mean Waiting Time (MWT) Distribution of the Semi-Markov Process

MWT for NAOC (in days) MWT for CHEVRON (in days)

111 2.5438 6.4609
112 2.7429 6.0408
i3 3.6204 8.7861
[ 2.6368 6.4834

4 Conclusion

In this study, a three-state Semi-Markov model for the analysis of crude oil spills was developed with
Weibull waiting time distributions. The model provided an extension on the commonly used Markov
models by incorporating waiting time distributions for a more realistic application. An empirical data
of crude oil exploration from Nigeria Agip Oil Company (NAOC) and CHEVERON Nigeria Limited was
considered for model implementation. It was established that crude oil spills due to CHEVRON Nigeria
Ltd were mostly minor while that of NAOC were minor and medium. Further study is recommended to

identify risk factors associated with the various categories of oil spills in the Niger Delta region.
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