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Abstract

This paper dedicated to suggest a normalization of the seven-parameter Mittag-Leffler function, then
assume sufficient conditions to investigates certain essential geometric properties, such as starlikness,
convexity and closed-to-convexity on the unit disk. In addition, it constructs specific relations involving

that normalization to look into how it belong to a developed class of normalized univalent function.

1 Introduction

The study of geometric behaviors of analytic functions is one of the most fascinating areas in Geometric
Function Theory. It raised in the 20th century and persist to draw numerous attention for many researchers.
Besides, it was developed to be linked with certain lines of complex analysis such as univalent theory,
subordination theory, and special functions field, see [9, 11,14, 18,19] . Moreover, its applications played

an active role in pure mathematics branches, fluid mechanics, and mathematical physics, see [3,8, 12, 17].

Mittag-Lefler function, was appeared in the solutions of fractional differential equations, for instance
while investigating the fractional generalization of the kinetic equation. Its first form was deduced by
Gosta Mittag-Leffler in 1903, as

n

= z
E=S - C,R 0,
;F(Tn—i—l) z € e(r) >

which is an entire function of order p = R%(ﬂ and type 0 = 1. Due to its multiple uses in different

fields of science and engineering, this function has grown in relevance and popularity over the last
decades. Wherefore, it has seen many improvements from various researchers; some generalized it to
investigate assorted characteristics, while others concentrate on applications and geometric behaviors,
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Not long ago, Rasheed and Majeed [20], had submitted new generalization of Mittag-Leffler function

named, seven-parameter Mittag-Leffler function, defined as follows

Ea,b,c _ (a)n( n n 1
71,/\17T27/\2(Z) Z: (€)n T (Tin + AT (2m + A2) o .

where z € C and min{Re(a), Re(b), Re(c), Re(11), Re(12), Re(A1), Re(A2)} > 0. It is notable that the

function (1) assumed as entire function in the complex plane with order p = m, and type
1 \PRe(m) ¢\ pRe(m2)
o= -— — :
<plnl) (p|72|>
Here, we modify the function (1) for the normalized form as follows:
o0
7b7 7b’
Ngl,)\cl77'2,>\2 (Z) - F(/\l)r(/\g)ZE?L)\Cl,TQ,AQ (Z) =z Z pn2", (2)
n=2
where
@)n-1 (0)n—1T(A1)T (A
= (@)n—1 (0)n1T(A)T(A2) 3)

()1 T(M)T(r1(n —1) + A)D(12(n — 1) + Aa)

and z € C,n € NU {0} and min{Re(a), Re(b), Re(c), Re(t1), Re(12), Re(A\1), Re(A2)} > 0. Our
investigations of this work will assume real values for the parameters a, b, ¢, 71, A1, 72, and Ao as a special

case of the proposed function defined in (2).

It is noteworthy to mention that the function (2) involving several well-known functions as its special

case, such as

17 9
Nn,c)\i,o,)\g (Z) = IE7’17>\1 = F(AQ)ZETLM’

which is the normalized Mittag-Leffler function proposed by Bansal and Prajapat in 2015 in |2], where

E:, », is Wiman’s function. In addition,

NESE | 0(2) = Waya, (2) = (M) 2 W,y

http: / /www. earthlinepublishers.com



Geometric Attributes of Normalized Seven-Parameters Mittag-Leffler Function in the Unit Disk 871

which demonstrates the normalized wright function presented by Prajapat in [16], here W, , denotes the

Wright function. Moreover,

1,c,c 7
Noxione(?) =17 (4)
17 b
/\/'075167171(2) = ze®, (5)
17 k)
/\/'0;5172(,2) =e® -1, (6)
¢, 1 (2) =z cosh(V2), (7)
N5y 5(2) =z sinh(v2), (8)
1e, 6(e* —1—2)— 322
NO,/SlC,IA(Z) = 52 ’ (9)
1 1 3

The class of normalized analytic functions in the open unit disk I, denoted by A, such that every f € A

is of the form

oo
fe)=z2+) anz", z€D, (11)
n=2
also, S denotes the subclass of A which containing univalent functions |/]. Remind that,

z

. g [22)

o frean (2)0)

C=<feA:Re zf(z) >0:9€eK;,
9(2)

denotes the classes of convex, starlike and closed-to-convex functions respectively [1]. Furthermore, we

K:{feA:Re (Zf((z))>+1>c,0<§<1},

mention the subclass of normalized univalent functions, which is defined by Rosy et al. [22]

UCD(k) = {f e A: Re(f(z)) > K’Zf;(zﬂ,fi > 0}.

Now, we recall some fundamental lemmas that will be useful to prove our results:
Lemma 1. [5] Let {an}, 5, be a sequence of nonnegative real numbers such that ay = 1. If the quantities
Aay, = nay, — (n+ 1)any1,
and
Alag)? = nap — 2(n+ ans1 + (0 + 2)anio,

are nonnegative, then the function Y 7 | anz™ is starlike in D.
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Lemma 2. [15] Suppose that f is defined by (11) such that

or
1<2a3 < .. <na, <(n+1Dape < ... <2, (13)
then f is closed-to-convex with respect to the function —log(1l — z) in D.
Lemma 3. [/5] Let 9 >0,0>1 and a,, € RT, for alln > 2. If
1>22+9) % > ... > (n+9)%a, > (n+1+9)°%(n+ Day,

holds for all n > 2, then the function f € A is closed to convex of order k with respect to the starlike

z
1—22°

function

Lemma 4. [22] A function of the form (11) is in the class UCD(k), if

(0.9}
[n(1— k) +n%k] |an| < 1.

n=2
2 Geometric Outcomes

This part discusses certain geometric characteristics such as stalikeness criterion, close to convexity

criterion and univalency for the normalized seven parameters Mittag-Leffler function defined in (2).

Lemma 5. If
c>max{a+b+ (ab—1)/2,ab+ 1}, (14)
then, for the coefficient pin,,n > 2 which defined in (3), the following relation holds

npty — (n+ 1)pni1 = 0. (15)
Proof. We have

npin — (N4 1 pinr1 = (A1) (A2)
( n2(a)n—1(0)n_1(c)nl (T1n + A1) (T2n + o)
n(¢)n(€)n_1L(Tin + A1)T(ran + Ao)T(11(n — 1) + A)T(12(n — 1) + A2)
B (n4+1)(a)n(b)n(c)n-1T(m1(n — 1) + AT (12(n — 1) + A2) )
n(c)n(€)n_1T(Tin + A1)T(r2n + Ao)T(11(n — 1) + A)T(r2(n — 1) + X2)/~

For simplifying, the above formula will be written as

D

A1B1 — A>B
ntn — (4 Vst = DT (M) () ,
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where

Al = n2(a)n,1(b)n,1(c)n, By = F(’Tln + Al)F(Tgn + )\2),
As = (n+ 1) (a)n(b)n(c)n-1, B2 =T(ri(n—1)+ A )T(2(n— 1)+ A2). (16)

Mainly, we intend to confirm that A;B; — AsBs > 0, but it is obvious that By > Bs for all n > 2, so it is
enough to seek whether A; > As. Let

P(n) = n*(a)n-1(0)n-1(6)n — (n+ 1)(@)n(B)n(C)n-1. (17)
Using the fact that, (a), = (a + n — 1)(a),—1, implies

P(n) =n*(c+n—1)(a)n-1(0)n-1(c)n-1 = (n+ 1) (a+n = 1)(b+n — 1)(@)n-1(B)n-1(c)n-1,
=n?[c—(a+Db)] +n(l—ab) — (a—1)(b—1).

Since ¢ > a + b, then the term involving n? is nonnegative, so we can use the fact that n? > (2n — 1) for
all n > 1 as

Pn)>@2n—-1)[c—(a+b)]+n(l—ab) — (a —1)(b—-1),
=n2(c—a—-b)+1—abj+2(a+b)—ab—c—1=Q(n),

remind the condition (14), we obtain that Q(n) is nonnegative. In addition, P(n) > Q(n), hence P(n) is

nonnegative. [

The following theorem look into necessary conditions for the function (2) to be starlike in .

Theorem 1. If A\;, Ay > 0 and ¢ satisfy condition (14), then the function N b)\cl o (7) is starlike in D.

Proof. Immediately, from Lemma 5 we have Aa,, > 0. For the other condition of Lemma 1 to achieve

starlikeness, we have

é(ﬂn) =npy — 2(n + Dping1 + (0 + 2) o (A)T(A2)
( n2(a)n_1(b) ( ) (Tln + Al)F(Tgn + )\2)
nl(e)n(c)n1T(min + A1) (720 + A2)L(71(n — 1) + A)D(72(n — 1) 4 Ag)
2(n 4+ 1)(a)n(O)n(c)pn-1T(m1(n — 1) + A)T(12(n — 1) + A2)
n!(c)n(c)n_lI‘(nn + )\1)F(7'27”L + )\Q)F(Tl(n — 1) + )\1)1—‘(7'2(77, — 1) + )\2)
(n+2)(a)nt1(0)n+1
(n = DIn41T(11(n +1) + A1) (72(n + 1) A2)

=T
T

+

>. (18)
Using the same procedures as in Lemma 5, such that
D G

A1By — 24,8,  C
i — 200+ Vg1 + (0 + 2)pnya = T(A)T(A2) (1122+ )
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where Ay, Ay, B; and By mentioned in (16). Since % > 0 for all Ay, A2 > 0 and n > 2, then it is sufficient
to find that A;B; — 245 B> is nonnegative. Assume

S(n) = n*(@)n-1(0)n-1(6)n — 2(n + 1)(@)n (b)n(c)n-1, (19)
by a similar method used in Lemma 5, we imply that
S(n) >nl2c—4(a+b) +2(1 —ab)] +2(a + b) = T(n),
from the condition (14), we obtain that T'(n) > 0, i.e., S(n) is nonnegative. That is, A(u,)? is nonnegative

for all A\;, A2 > 0 and n > 2. Therefore, by Lemma 5, we conclude that the function (2) is starlike in
D. O

Further, we can achieve starlikness of the function (2) in D by another method and more specific

conditions, as in the subsequent theorem.

Theorem 2. If0 < a,b<1,¢,\1 > 1 and Ay > 1+ /3, then the function Nabe (z) is starlike in D.

T1,A1,72,A2

Proof. Consider

T1,A1,T2,A2

RN

T1,A1,72,A2

2N (2)
= iz €D,

evidently, G(z) is analytic in D with G(0) = 1. To certify starlikness of the function (2), we need only to
confirm that Re{G(z)} > 0. One can easily observe that

Cab.e (14 1)(@)n 0)uLM)T(N2)
’Yy — 1 ID).
1m0 () * Z nl(e)n T(min + A1) (12n + A2) = EE

n=1
By virtue of the given conditions we find that

(r)p<nlyn>1,r=ab

C(n+X) <T(rn+X\), i=1,2

hence,

L(A) rey) o1
C(min+ \;) = L(n+X\) - Oi)n’ 1=1,2.
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a,b,c (Z
T1,A1,7T2,A2

In addition, we have, Z ) % 0 on D, so the following inequalities are satisfied

a,b,c o)
‘ra,b,c (Z) . NT1,>\1772,/\2 (Z) < Z n(a)n (b)nr()‘l)r()‘Q) |Zn‘
TEALT2 A2 z ~ e nl(o)n D(min + AT (720 + Ag)
- T(A)T(A
< Z nl'(A)I'(A2)
= L(n+ M)C(n+ A2)
n—1 ()‘l)n()‘Q)n
> 1
< -
- ngl (n—1)I(Xo)n
< L + ! + ! +
Y )\2()\2 +1) AQ(A2+2)
oo n
o 2\ X 11 X
Also,
a,b,c 00
T1,>\17727,\2(Z) >1_ Z (@)n (0)nT(AD)T'(N2) o
z - = nl(c)n I'(min + A1) (m2n + A2)
Ao+ 1 A=A —1
>1-22 ;L =2- 27
)\2 )\2
Consequently, we obtain
‘ra,b,c ‘ra,b,c N;—L’?yc T, (2)
ZNn,)q,TQ,/\Q (Z) 1l = Nﬁ,)\l,’rz,/\z (Z) — z2 2 < Ay +1 (20)
a,0,Cc _ a,b,c .
Nﬂ’&hm,)\z (2) Nﬁv)\lgzﬂz(z) )‘% —A2—1
Now, by the hypothesis that Ay > 1 + /3 we conclude that /\2)?)2 171 < 1, hence our required result has
2
been proved. O

Example 1. Seta =1 =1,b=c,71 =0 and Ay = 4 in the function (2), we observe that

6(e* —1—2)— 322
2 Y

17 K —
0,551,4(2) = >

1s starlike on D.

Example 2. Set a =\ =1,b=c¢,70 =3 and Ao = 4 for the function (2), we have

1 11 NEEE
i3 o4 o ()]

[NCHIRN

1s starlike on .
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Further, we will verify closed-to-convexity criterion for the function (2) in the unit disk I, under some

necessary conditions to utilize Lemma 2, in the next theorem as one of the significant geometric property.

Theorem 3. If a,b,c, 71,72, A1, A2 > 0 with ¢ > 2ab and condition (14) is satisfied, then the function
a,b,c

LA, (2) s closed-to-conver with respect to the convex function —log(1l — 2).

Proof. By virtue of relation (15), for all n > 2 we have

npn > (0 + 1) 1. (21)

Hence, we intend to apply relation (12) to prove our required result. It is obvious that u, > 0 for all
n > 2. On the other hand,

2ab F()\l)r()\g)
c .F(Tl + )\1)F(7‘2 + )\2)’
LA (A2)
- F(Tl + )\1)F(7‘2 + )\2)7

2#2 =

since ¢ < 2ab. Also, It is clear that for (i = 1,2), we have T'(\;) < T'(7; + \).

So, we obtain that 2us < 1. Therefore, by Lemma 2 we conclude that the function N abe (z) is

T1,A1,72,A2
closed-to-convex with respect to the convex function — log(1 — z). O

Proposition 1. Ifa,b,c,> 0,71 = 70 = 1; A1, Ay > 1;¢ > 4ab, and condition (14) holds, then the function
Ni’?ii7T27A2(z) is closed-to-convex of order r with respect to the starlike function 1= .

Proof. First, under the given conditions, it is obvious that,

(a)n—1 (b)n—l

O O Oy &

Mn:(

for all n > 2, with p; = 1. In addition, relation (15) provides the coefficient property nu, > (n+ 1)pnt1,
for all n > 2. Furthermore, it is easy to find that p; > 4us, after

b
p1 — 4o =14<a> > 0.
c
Directly, by applying Lemma 3, we achieve the desired result. ]

Ultimately, we could assume a specific conditions to derive a recurrence relation of the function
Nebe (z) which belong to the class UCD(k).

T1,A1,72,A2

Theorem 4. If 0 <w <1,k >0 and

RNEEE () + (5w = BRw)NEBE () + (LN () = (s +1) <1 (22)

T1,A1,T2,A2 T1,A1,72,A2 T1,A1,T2,A2

Then (1 — w)N>%¢ (2) + wzN5e (2) € UCD(k).

T1,A1,T2,A2 T1,A1,T2,A2

http: / /www. earthlinepublishers.com
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Proof. Initially, consider

Gulz) = (L= NS () +wzNise L (2)

T1,A1,T2,A2 Ti,
=z+ Z(nw —w+ Dppz", z€D,
n=2

denote, v, = (nw —w + 1) py,, where u,, defined in (3). Now, in order to use Lemma 4, we take

o oo o0
Z [n(1 = K) +n?k] |ya| = Z(ngm —nk+n)y, = Z(n% —nk+n)(nw—w+1) py,
n=2 n=2 n=2

oo (0.9} oo
= men?’un—l— (ﬁ+w—25w)2n2un+ (kw — Kk + 1)Zn,un.
n=2

n=2 n=2

Employ the equality, n? = n(n — 1) +n and n® = n(n — 1)(n — 2) + 3n(n — 1) +n in above expression, we

acquire
Z [n(1 = K) +n’6] || = kw Z n(n—1)(n—2)+3n(n—1) +n] uy
n=2 n=2
+(/<c+w—5/<cw)2[(n—1)+n,un +(k+1) Znun
n=2
‘b - n(a)n—1 (0)n1 LA (A2)
N A (1) Z T(n)T(r1(n — 1) + A\)T(r2(n — 1) + o) Z””"’
b N n(n—1)(a)n-1 (0)n1I'(A)I(A2) N
Noviim 2 (1) = HZ:; (@1 DD (ri(n — 1) + A)D(ma(n — 1) + Aa) ;"(" Dt
and

Crape & a1 —2) (@1 (B)n—1T(M ) i afr — 1) —
NTI’ALTQ’)\Q(l) B n;Z (C)nfl F(n)F(Tl(n — 1) + /\1)F( ( + )\2 T; 1 2)#%

Directly from (24), (25) and (26), we can write expression (23) as

o0

b, b
S [0 = k) + 02k |yl = %w/\/fl 5 (D (5w 2R (1)
n=2

+ (k4 DN®EE (1) = (k+1).

T1,A1,T2,A2

By virtue of condition (22), we can immediately apply Lemma 3, which yields our vital result.

Conclusion

(26)

The summarize idea of this work, appeared in the confirmation of the essential geometric attributes of

the normalized seven-parameters Mittag-Leffler function (2), in the unit disk D such as starlikness under

Earthline J. Math. Sci. Vol. 16 No. 5 (2026), 869-879



878

Maryam K. Rasheed and Abdulrahman H. Majeed

certain sufficient conditions, closed-to-convexity with respect to the convex functions —log(l — z) and

closed-to-convexity with respect to the starlike function 1=5. Besides, it was showed that some specific

relation involving that normalized seven-parameter Mittag-Leffler function considering to be a member

of a developed subclass of the well-known class A under some given hypothesis. On the other hand, as

well as the functions 1 4+ z and z + 22, we remind that the normalized seven-parameter Mittag-Leffler

function (2), and the standard seven-parameters Mittag-Leffler function is different in many features not

only normalization property.
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