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Abstract

Olatinwo [4] introduced contractions of the derivative type, and used them to prove a variant of the
Banach fixed point theorem and theorems for implicit contractions. In this paper, some results
concerning Reich polynomial contractions of the derivative type are established in metric spaces,

together with an illustrative example. Finally, we apply our result to the Fredholm integral equation.

1 Preliminaries

Theorem 1.1. [I] Let (X,r) be a metric space, and suppose T : X — X is a mapping satisfying the
condition
r(Tz,Ty) < kr(z,y)

for all z,y € X and k € [0,1). If (X,r) is complete, then T' has a unique fized point.

Definition 1.2. [2] A self-mapping T on a metric space (X, r) is termed a polynomial contraction if there

is a collection of functions ag,...,ar : X x X — Ry and A € [0,1) such that for some natural number £,
the inequality

> ai(Tw, Ty)r' (T, Ty) < XY ai(z, y)r'(z,y)

=0 1=0

holds true.

Theorem 1.3. [2] Consider a complete metric space (X,r) endowed with T : X — X, a polynomial
contraction with respect to a collection of functions ag,...,a : X x X + RT. Assuming further that the

conditions below are in effect:

(i) The mapping T is continuous.

(73) There is an index j € {1,2,...,k} and A; > 0 such that the corresponding coefficient function a;
satisfies the inequality aj(x,y) > Aj for all x,y € X.
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Then T possesses exactly one fived point x* € X. Moreover, for any starting value xg € X the Picard

sequence {x,} converges to x*.

Theorem 1.4. [3] Let (X,r) be a complete metric space, and let f : X — X be a Reich type single valued

(a, b, c)-contraction, that is, there exist nonnegative numbers a,b,c with a + b+ ¢ < 1 such that

r(f(2), f(y)) < ar(z,y) + br(z, f(z)) + er(y, f(y))
for each x,y € X. Then f has a unique fixed point.
Definition 1.5. [1] Let (X, r) be a metric space. X is said to be d-bounded if
3q(X) = sup{r(z,y)|z,y € X} < oc.

Definition 1.6. |[!] A self-mapping T for k € [0,1) defined on a metric space (X, r) such that

dy i
dt t=r(Tz,Ty) dt t=r(z,y)
for all z,y € X is called a contraction of the derivative type, where ¢ : RT — R™ satisfies Cé—f > 0,

t=e

e > 0.

Theorem 1.7. [/] Assume that T is a self-mapping on a complete metric space (X,d) such that T is a
contraction of the derivative type. Suppose that X is d-bounded. Let @ : RT — RT be defined as in the

previous definition. Then T admits a unique fized point z € X, such that lim,_,o, T"(x) = z for each x.

Motivation/Novelty: The motivation for introducing Reich polynomial contractions of the derivative
type is to unify Reich contractions, polynomial contractions, and derivative-type contractions within
a single framework, thereby introducing a novel contraction which is more advanced than Banach
contractions. The novelty of this contraction lies in substituting classical linear contraction constants with
flexible higher order polynomial expressions of distance. This allows for a robust algebraic framework that
accommodates complex nonlinear behaviors, particularly in differential, integral, and fractional boundary

value problems.

2 Main Result

Definition 2.1. A mapping 7' : X — X on a metric space (X,r) will be called a polynomial Reich

1
3
ap,ai,...,ap: X x X — R, satisfying the following:

iai(Tx,Ty) [Ccl;; )]i SA{gaz‘(%y) [dt’

i=0
k d(p i
+ > ai(y, Ty) [ ] }
Z dt t:T(vay)

i=0
for all z,y € X, where ¢ : RT — R™ is a function as defined in Definition 1.6.

contraction of the derivative type if 0 < A < k € N, and there exists a collection of functions

i k
dep
+ E ai(z, Tx)|—
t:r(m,y):| ( ) |: dt

=0

i
t=r(Tz,Ty t:r(w,Tz):|
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Remark 2.2. The contraction factor 0 < A < % quantifies how much the mapping shrinks the distance

between any two points in the metric space.

Remark 2.3. The generalized Reich type condition introduced above encompasses various new classes of

contractive mappings as particular instances.

(i) Setting k =1, ap =0, and a1 = 1, yields the derivative type Reich contraction, which satisfies

dp
tar

dy
tar

dep

dp A [
t=r(Tz,Ty) B dt

dt

t=r(z,y) t=r(xz,Tx) t:r(y,Ty):|

for all z,y € X.

(27) More generally, setting k = m, with a;j = 0, for 0 < j < m — 1 and a,, = 1, yields a pure Reich

tr(y,Ty):| }

contraction of the derivative type of m-power, defined by the condition

d m d m d " d
M R (A B MR A -
t=r(Tz,Ty) dt t=r(z,y) dt t=r(z,Tz) dt

dt
for all z,y € X, and a certain A € [0, 1).

(741) Setting k =1, a9 =0, a3 = 1, and

_dy
Cdt

_dy
t=r(Tz,Ty) dt

_dy
S dt

dp
dt

=t
t=r(y,Ty)

t=r(x,y) t=r(z,Tx)

yields the Reich contraction
r(Tz, Ty) < Ar(z,y) +r(y, Ty) + r(z, Tz)]
for all z,y € X and X € [0, 3).
(tv) More generally, setting k = m, with a; =0, for 0 < j <m —1 and a,, =1, and

_dy
Cdt

_dy
t=r(Tz,Ty) dt

_dy
)_dt

dy
dt

=1
t=r(z,y)

t=r(z,Tz t=r(y,Ty)

yields a pure Reich contraction of m-power, defined by the condition
r"(Ta, Ty) < Alr™(z,y) + "™ (2, Tx) + 1" (y, Ty)]
for all z,y € X and X € [0, 3).

Theorem 2.4. Consider a complete metric space (X, d) endowed with a mapping T : X — X that satisfies
a polynomial Reich contractive condition of the derivative type with respect to a collection of functions

ai,...,ar : X x X = RT. Assume further that the following conditions hold:

(i) X is d-bounded.
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(ii) The coefficient function a; is symmetric in its arguments and continuous in its arguments for each

i=0,1,...,k

(i1) There is an index j € {1,2,...,k} and A; > 0 such that the corresponding coefficient function a;
satisfies the inequality aj(x,y) > Aj for all x,y € X.

Then T possesses exactly one fized point x* € X. Moreover, for any starting value xog € X, the Picard

sequence {x,} converges to x*.

Proof. Let g € X be chosen arbitrarily. Define the sequence {x,}2°, recursively by 41 = T, for all
n and also define

k
JIn = Zai(xnaxn—i-l)

=0

dy
dt

i
t=r(zn vxn+1):|

Letting x = x,, and y = 41 in Definition 2.1, we conclude that
Jn+1 < )\[Jn + Jn+1 + Jn]
which implies Jp4+1 < vJy, where v = % < 1, since A < % By induction we obtain
Jn < ’YnJO

<A"J5

] , and r(xg, 1) < 6,(X), and 6,(X) is stated as in Definition 1.5.

where, J§ = Z?:o ai(zo, 1) [Ucll‘f
t=6,(X)
Now from (iii), there is an index j such that a;(zp,zn4+1) > A; > 0. Then we have

i k
d(p J dgp
A E z ny4n

= J, <A"J
dt =7 Jo

1
t= T($na$n+1):|

i
< <V"J6*> )
t=r(n,Tn+1) Aj

Applying the triangle inequality for m > n > 0, it follows that

t=r(Tn,Tn+1)

which implies that

dy
dt

3 s L fy?
Z T=\2 T
t=7”(5'?z,93l+1) = ] 1 —~i

— 0. By the condition on ¢,
t=r(xn,zm)
we have r(xy,, ) — 0. This shows that {z,} is a Cauchy sequence in the complete metric space (X, r),

dy
dt

t=r(@n,tm)  |=p

Since v < 1, the right hand side approaches to zero, thus, E

ensuring its convergence to a point [* € X. To confirm that [* is a fixed point, we substitute x = [* and

Yy = x5, in Definition 2.1, then we have

J(TU xpg1) < AT, TU) 4+ J(2g, Tpg1) + T, 20)],
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where J(u,v) = Zf:o a;(u,v) [Csf

7
] . Letting n — oo in the above inequality and using the fact
t=r(u,v)

that ‘Z—f . = 0 (by the condition on ¢) we obtain, J(TI*,1*) < AJ(I*,Tl*). Owing to A < %, and a;
t—
is symmetric in its arguments, it follows that T* = [*. For uniqueness suppose that [* and b* are both

fixed points of T', then using Definition 2.1 with = I* and y = b*, we obtain, J(I*,b*) < A[J(I*,b*) +
J(*,1*) 4+ J(b*,b*)]. The condition on ¢ gives Cfl—f = 0, thus, J(I*,I*) = J(b*,b*) = 0. So we obtain

t=0
J(1*,b*) < AJ(1*,b*). Owing to A < % and (iii), leads to I* = b*, and this completes the proof. O

Example 2.5. We consider (X,r) a metric space with X = [0,1] and the standard Euclidean metric
r(z,y) = |z —y|. Define T': X — X by

Also define ¢ : Rt +— RT by o(x) = 23. T is not a classical Reich contraction. For instance, taking z = 0
and y = 1, we have r(T0,T1) = %, and A[r(0,70) +r(1,T1) + r(0,1)] = 3X. Thus we obtain

W =
IN
W ot
p

that is £ < A, which contradicts the fact that A should lie in [0,%). We admit T is a derivative type

polynomial Reich contraction with k = 1, ag(x,y) = 0 and a;(z,y) = 1+22+y>. To verify the contractive
condition we must establish that for some \ € [0, %), the inequality below holds for all x,y € X:

d d
+ay (2, Tr) =2 +ay(y, Ty) 2

t=r(z,y) dt t=r(z,Tx) dt

ai (TZL‘, Ty) d£

dt dt

< )\|:al(x7y)d¢

t=r(Tz,Ty) t:r(y,Ty):| '

Figure 1 shows that the “BlueGreenYellow” surface (RHS of the contraction inequality) dominates the
“LakeColors” surface (LHS of contraction inequality). This demonstrates that the inequality is satisfied for
all z,y € [0,1] with A = %. Moreover the function a;(z,y) satisfies the lower bound aq(z,y) > 1= A; > 0.
Therefore, the requirements of the above theorem hold, ensuring that 71" has exactly one fixed point, which

isx =0.
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Figure 1: Comparison of both sides of the polynomial Reich contraction of the derivative type inequality

in the above example over [0, 1].

By Remark 2.3 and Theorem 2.4, we obtain the following corollaries

Corollary 2.6. Assume that T is a self-mapping on a complete metric space (X, r) such that T is a Reich
contraction of the derivative type. Suppose that X is d-bounded. Let ¢ : RT + R be given in Definition
1.6. Then T admits a unique fized point x* € X, such that lim,,_,o T"(x) = x* for each x € X.

Corollary 2.7. Assume that T is a self-mapping on a complete metric space (X,r) such that T is a pure
Reich contraction of the derivative type of m-power. Suppose that X is d-bounded. Let o : RT — RT be
given as in Definition 1.6. Then T admits a unique fized point x* € X, such that lim, oo T™(x) = z* for
each x € X.

Corollary 2.8. Assume T is a self-mapping on a complete metric space (X,r) such that T is a Reich

contraction. Then T admits a unique fized point z* € X, such that lim, oo T™(x) = z* for each x € X.

Corollary 2.9. Assume T is a self-mapping on a complete metric space (X, 1) such that T is a pure Reich
contraction of m-power. Then T admits a unique fixed point z* € X, such that lim, oo T"(z) = z* for
each x € X.
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3 Application

We apply our result to establish an existence theorem for a nonlinear Fredholm integral equation. Let
Y = C[0,1] denote the set of all real continuous functions on [0, 1] equipped with the metric p(b,c) =
b — c| = maxg(oq)[b(t) — c(t)|, for all b,c € C[0,1]. Then (Y,p) is a complete metric space. Now we

consider the non-linear Fredholm integral equation

1
b(t) = c(t) + /O K(t,s,b(s))ds, (3.1)

where s,t € [0,1]. Assume that K : [0,1] x [0,1] x Y :— R and c: [0, 1] — R are continuous, where ¢(t) is

a given function in Y.

Theorem 3.1. Suppose (Y, p) is a metric space equipped with the metric p(b, ¢) = [b—c| = maxycg 1) [b(t) —
c(t)| for allbyc €Y, and F : Y — Y be an operator on'Y defined by

Fb(t) = e(t) + /0 "Rt 5.b(s))ds. (3.2)
If there ezists A € |0, %) such that for all byc € Y, s,t € [0,1], satisfying the following inequality
j;; ) < AM(b(s), c(s))
q=|K(t,5,b(s)) =K (t,5,¢(s))|
where M (b(s),c(s)) = Cé—ﬁ + % + ?T(p . Then the integral equation (3.2)

g=Ib(s)—c(s)| T lg=le(s)— Fe(s)|

has a unique solution in Y.

g=Ib(s)—Fb(s)|

Proof. From (3.1) and (3.2), we obtain

dy _ de
A lg=ipoy-—re) U g=| 1 K(tsb()ds [ Kt se(s))ds
I
UG | [ 1K (1,5,6()) ~ K (,5.0(5) I ds

1
g/ ili—(p ds
0 A g=|K (t,5,b(s)— K (t,5,c(5))]

1
<[
0 dq

Taking the maximum on both sides for all ¢ € [0, 1], we conclude that

d
Ly

g=lp(s)~Fb(s)| U

1 } ds.
q=Ib(s)—c(s)| 4 q=lc(s)—Fc(s)|

dp

dp <A[

dq

de
dq

dy

dq q:p(b,Fb) dq

q=p(Fb,I'c) q=p(b,c) q=p(c,F 0)]

Now set k = 1, and define the coefficient functions ag,a; : Y x Y — Rt by ag(z,y) = 0 and a1 (x,y) = C,

where C' is a positive real number. Then the above inequality becomes

d
—l—al(c,Fc)—gp

d
+ay (b, Fb) 22
g=p(b,Fb) dq

q:p(b,c) q

d
al(Fb,Fc)d—(p
q

d
<A |:a1 (b7 C)?@
q

q=p(Fb,Fc) q:p(c,Fc):|
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which shows that F satisfies the condition of a Reich polynomial contraction of the derivative type with
a bounded coefficient a; and & = 1. Since Y = C]0,1] is a complete metric space, we find that all the
conditions of Theorem 2.4 are satisfied and hence the integral equation (3.2) has a unique solution in
Y. O

References
[1] Banach, S. (1922). Sur les opérations dans les ensembles abstraits et leur application aux équations intégrales.
Fundamenta Mathematicae, 3(1), 133-181.

[2] Jleli, M., Picurar, C. M., & Samet, B. (2025). Fixed point results for contractions of polynomial type.
Demonstratio Mathematica, 58(1), Article 20250098. https://doi.org/10.1515/dema-2025-0098

[3] Reich, S. (1972). Fixed points of contractive functions. Bollettino dell’Unione Matematica Italiana, 6, 26—42.

[4] Olatinwo, M. O. (2009). Some fixed point theorems involving weak contraction conditions of the derivative
type. Octogon Mathematical Magazine, 17(2), 495-501.

This is an open access article distributed under the terms of the Creative Commons Attribution License (http://
creativecommons.org/licenses/by/4.0/), which permits unrestricted, use, distribution and reproduction in any medium,

or format for any purpose, even commercially provided the work is properly cited.

http: / /www. earthlinepublishers.com


https://doi.org/10.1515/dema-2025-0098
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

	Preliminaries
	Main Result
	Application

