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Abstract

Functional interpolation inequalities play a huge role in Mathematical Analysis and these inequalities
are widely used in other parts of hard analysis such as Partial Differential Equations. In this
article, geometric functional Nirenberg-Gagliardo type inequalities are obtained and rigorously proved.
The norms that appear depend on the geometry of the domain. Additionally, applications of the
Nirenberg-Gagliardo type inequalities are given to obtain estimates involving mollifier type functions

which are ubiquitous in Analysis and Partial Differential Equations.

1 Introduction

Functional interpolation inequalities play a critical role in Analysis and especially in the hard type
Analysis that requires precision and obtaining hard estimates. The work presented in this article is
motivated by the works of one of the greatest analysts of the 20th century, Louis Nirenberg [19]. Louis
Nirenberg has discovered and worked on some interpolation inequalities during the end of 50s involving
the norm of a function w and the product of the norm or the function with the norm of the first
derivative, working in specific function spaces [1|. These types of inequalities are a cornerstone in modern
analysis. Louis Nirenberg presented them in a seminal work and in the context of Elliptic type Partial
Differential equations, as these inequalities are very useful for obtaining apriori estimates and finding
properties of the solution and its higher order derivatives |5, [6], [7], [L7]. There are various works in
the literature about Nirenberg interpolation inequalities. Around the same period, an Italian analyst
named Emilio Gagliardo discovered the interpolation estimates independently |2], and are now referred
to as Nirenberg-Gagliardo inequalities [3]. There are various works in literature where the authors derive
variants of Nirenberg-Gagliardo inequalities 3], [9], [10], [11], [12]. This work is novel and differs from
other works in the following sense: In this article, the author derives Nirenberg-Gagliardo type estimates
that depend on the geometry of the domain, and have extra geometric terms and in some cases there are

correction terms such as energy type integrals. Furthermore, if the domain is fixed, the constants that
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appear in front of the norms can be specified. In most works, specifying the constant C' is not evident.
Also the derivation of the inequalities relies on various decompositions of the integrand function and then
applying fundamental functional inequalities to yield the results. Another aspect that needs to be indicated
is that the Nirenberg-Gagliardo estimates derived in this work are then employed to derive inequalities
involving mollifier functions which are commonly used in Partial Differential Equations. More details
about such functions can be found in the works of Kurt Friedrichs [14], [15], Haim Brezis [13] and other
works in the literature [16]. The inequalities presented here involving mollifier functions are considered new
in the literature to the best of the author’s knowledge. Consequently, the work is organized as follows:
Initially, there is a preliminary section explaining the novelty of the Nirenberg-Gagliardo inequalities
obtained in this article. Then, the first part of the article presents the main Nirenberg-Gagliardo type
inequalities with rigorous proofs included. The 2nd part of the article contains detailed commentary on
the derived inequalities. The 3rd part of the article employs the Nirenberg-Gagliardo type inequalities to
derive estimates involving mollifier type functions. The last part of the article presents the graphs of the

estimates involving mollifier functions to verify the theoretical results.

2 Novelty of the Nirenberg-Galgiardo Geometric Type Inequalities

The inequalities obtained in this article are structurally new in the literature, compared to the inequalities
given L. Nirenberg [1], [7] and by Emilio Gagliardo [2]. The inequalities given by the previous authors
consider a fixed domain, and the coefficients in the norms at the right hand side of the inequality are difficult
and tedious to specify. Additionally, the authors do not consider extra energy terms arising at the right
hand side of the inequality. Also, considering the |1 1], the authors do not consider any energy extra terms
in the inequality. Also, taking into notice the work [3], the authors do not consider extra energy terms,
the domain is fixed and they incorporate Fourier Analysis tools in their work. Concerning the work [10],
the authors study various Nirenberg-Gagliardo type inequalities in various spaces such as Lorenz, BMO
and the domain considered is fixed (N dimensional Euclidean space), the structure of the inequalities is
different, and extra terms are not embedded at the right hand side of the inequality. Also, checking classical
works of Brezis [3], [13], no geometry dependence is discussed and no extra functional terms are involved
with geometric dependence. The inequalities presented in this article also rely on decomposition of the
integrand function in various ways and then employing analytical inequalities which are standard in the
literature of the mathematical analysis. All the inequalities presented here are structurally new involving
geometry dependence and extra energy terms. However, the most interesting ones are (2), (3), (4), (5), (6),
(7). All the inequalities presented here are complementary to the original Nirenberg-Gagliardo inequalities
and the geometry dependence and geometric terms could be useful in geometric analysis where the region

of integration depends on spatial coordinates.
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3 Main Geometric Nirenberg-Gagliardo Type Inequalities with

Rigorous Proofs

In this section, the main geometric Nirenberg type inequalities are introduced and they are rigorously
proved. The domain of integration is geometry dependent where the bounds of integration are functions
of space coordinates, and the function u is assumed to be smooth , well behaved function belonging to
C class of functions. Furthermore, the norms appearing in the inequalities are geometry dependent and
we assume that the norms are well behaved and exist in the sense of a closed formula. The inequalities
are proved using Functional Analysis machinery, avoiding monotonicity, series expansion or convexity
properties. The approach used is the following: The first step is doing appropriate integral decomposition,
by balancing the integrand function. Then there is heavy reliance on Schwarz, Holder and Minkowski
functional inequalities to derive the interpolation inequalities. The triangle inequality is also important

tool to split the integrand function.

Theorem 3.1.

[l 2, ((ate) b)) < 2l Lo (a(@) b@) W | La(@@) b)) + Ul La (@) b)) VO(Z) — alz),
u=u(z1), v =u (1)

0 <a(x) < b(x), ulxy) € C((a(x),b(x))). (1)

The functions a(x),b(x) are smooth, fixed functions of space coordinate x. The variable x1 € (a(z),b(z)).
Proof.

b(x)
ull Ly (a(2) b)) = /( | lu| dxy

xT

b(x)

= / lu(u' + 1 —u)|dxy
a(z)
b(x)

= / lun’ + u(1 — u')|dxq
a(x)

b(z) b(x)
Triangle inequality < / |un|dxy +/ lu(1 — u')|dxy
a(x) a(x)

b(x) 1/2 b(x) 1/2
Schwarz inequality < (/ u2d1‘1> (/ u’Qdm) +
a(z) a(z)
bz) 1/2 b(x) 1/2
+ (/ u2d:z:1> </ (1— u')Qd.m)
a(x) a(x)

= |u| L ((at@) b)) 1 | La((at@) b)) + 18] (@) b)) 11— | La((a@) b))
Minkowski inequality < 2[u|| Ly ((a(z) b)) 1% | La((a@)b(2))) + U] La(ae) b)) VO(T) — alz).
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Theorem 3.2.

V3
ull L, (a(@) b)) < 3V ()% — a(@)?||ul] Ly () p@) W] La(a@) b)) +

o) 1/2
Hull Ly ((at@) b)) | VO() —alz) + / (210 (21))?dzy ,
a(z)
u=u(z1), v =u (1)
0 <a(z) <b(x), u(z1) € C((alz),b(x))). (2)

The functions a(x),b(x) are smooth, fixed functions of space coordinate x. The variable x1 € (a(z),b(z)).

Proof.

b(x)
[l ((a(2) b)) = /( | lu| dxy

b(x)
= / lu(z1u’ + 1 — z10)|dxy
a(x)

b(z)
= / |z un + u(l — xqu’)|day
a(z)

b(z) b(z)

Triangle inequality < / |7y un|day +/ lu(1 — z1u')|dzy

a(z) a(z)

() 1/2 () V4 1 b 1/4
Schwarz and Holder inequality < </ :L‘1|2dac1> (/ ]u|4dm1> </ |u/|4dx1> +
a(x) a(x) a(x)
b(a) 1/2 () 1/2
T O T B e
a(x) a(x)

Minkowski inequality < == b(x)3 — a(@)[|ull L, ((a(@) b)) W | Ly ((a(@) b))+

() 1/2

Hull Ly ((a@) b)) | VO(T) —alz) + (w10 (1)) da
)

a(z
Il
Theorem 3.3.
V2 ,
[ull L, (a(@) b)) < TVGXD(—QG(QT)) —exp(—2b(x)) [[v] Ly ((a(@)b@) U | La((a(@) b)) T
b(x) , 1/2
Hull Lo ((a(@) b)) | VO(T) —alz) + /( | (v’ exp(—z1))*dz; ,
u=u(r), v =u'(x1)
0 <a(z) < b(x), u(zr) € C((a(x),b(x))). (3)
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The functions a(x),b(x) are smooth, fized functions of space coordinate x. The variable 1 € (a(x),b(zx)).

Proof.

b(x)
[ull Ly (a(2) b)) = /( | lu| dx

b(z)

= / |u(exp(—z1)u’ + 1 — exp(—z1)u')|dzy
a(x)

b(x)

— / |exp(—z1)ued + u(l — exp(—1)u')|day
a(x)

b(x) b(x)

| exp(—x1)ur|dzy +/ |u(1 — exp(—z1)u’)|dry

a(z)

Triangle inequality < /

a(z)

Schwarz and Holder inequality

) 1/2 ) 1/4 ba) 1/4
< (/ exp(—2:v1)d:v1> (/ u4dx1> (/ u'4da:1> +
a(x) a(x) a(z)
b(z) 1/2 ) 1/2
+ </ u2dx1> (/ (1-— exp(—xl)u’)zdm)
a(z) a(z)

V2
= 7\/8XP(—261(96)) — exp(—2b(2)) [[ul] Ly ((ae) @) 1 1 La((a(@) b))+

[l Ly ((a(2) b)) 11— exp(=21) || Ly ((a(2) b(2)))

Minkowski inequality < 7\/6Xp(—2a(93)) — exp(—20(2)) |[ull L, ((a(@)b)) 1 La((at@) b))+

b(ac) 1/2
+Hu||L2 ((a(z),b(z) (\/7(1—}- (/ @ U exp(—ml))2d:c1> ) .

O
Theorem 3.4.
[l 2, ((at@) b)) < 11l Logat@) b@) 1 1 Lagate) b)) 1 1 Lata@) b))+
1l (oo ey (V@) — ale) + [l ”HLQ @) )
u=u(r), v =u'(x1), u" =u (ml)
0 <a(z) <b(z), u(z1) € C*((a(z),b(x))) - (4)

The functions a(x),b(x) are smooth, fixed functions of space coordinate x. The variable x1 € (a(z),b(z)).
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Proof.

()
lull 21 (@) b)) = / @

b(z)
_/ | (’U/U”—{—l l//)‘ daTl

a(z)

b(z)
= / luv'v” 4+ u(1 — u'u")|dxy
a

(z)
b(z) b(x)
Jun/ v |day +/ lu(1 — u'u")|dzy

(z)

|u| dxy

Triangle inequality < /
a(x)

Schwarz and Holder inequality

b(z) 1/2 ) 1/4 b(x) 1/4
< / u?dz / 'z / u"day +
a a(x) a(z)

(=)

ba) 1/2 b) 1/2
+ (/ u2d1‘1) (/ (1-— u’u”)Qd:m)
a(x)

a(z)

= |ull s ((ae) b)) 1€ 1] La (a2 b)) 18 | La (o) b)) T

@) |11 =" || Ly ((a@) b))

+| |u| |L2((a(
@),b@)) [ La((a(@) b)) +

Minkowski inequality < |[u]| L, ((a(z)b2)) 1% Lo ((a

Hull Ly (a(@) b (v — a(x) + |[u"u"|| Ly ((a() (m)))>'

OJ
Theorem 3.5.
b(z)+1
[lull L, (@) b)) <4/ (a($) n 1) [ull Ly (@)@ 18N (@t b))+
b(x) w'? 1/2
Hul| Lo ((at@) b)) | VO(@) — alx) + /a(x) o oy :
u=u(z), v =u"(z1),
(5)

0 <a(z) <blx), u(z1) € C((a(x),b(x))) .

The functions a(x),b(x) are smooth, fized functions of space coordinate x. The variable x1 € (a(x),b(z))
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Proof.

b(x)
ol 21 (el o)) = / ol den

T

b(z) u o

= U +1—- — | |dz
/a(:c)‘ <\/9€1+1 \/9«“1+1>‘ '
b(z) u” o

= U—— F+u|l— —— dx
/a(z) | Var+1 ( \/901+1>| !

b(z) u b(x) o
< d +/ <1 — > d
/a(m) e v +1 4 a(x) e var +1 ld1

Schwarz and Holder inequality <

bo) 1/2 b(z) 1/4 () 1/4
/ dxq / utdry / u"*dxy +
az) T1+1 al)
b 1/2 o 9 1/2
: / _)
a(x) r1+1

l‘

CL’ H HL4(a(:1: )Hu HL4 ((a(x),b

Hlull Ly (ae

7\/—+HL2 (a(@),b(z)))

b(x
Minkowski < \/ID<T ||UHL4 (a(@) o 14"l La((a(@) e
b(x) u//2
b(x) — d '
Hlull (@) b)) | Vo) —alz) + /a(:C) o1

Theorem 3.6.

||y (o) b)) < Varctan(b(z)) — arctan(a(z)) [[u”]] Ly ((a@) b)) |18 La((a@) b@) +

N EErc bz) 2 ; 1/2
+||U||L2 ((a(z),b /au) $%+1 X1 )

w= v =" (x1),

0 <a(z) <b(x ), ( 1) € €% ((a(2),b(x))) - (6)

The functions a(x),b(z) are smooth, fixed functions of space coordinate x. The variable x1 € (a(z),b(z)).
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Proof.

7, _ b() " d
" 1 ((a(2) b)) = . |u”| dxy

alx

b(z)

e Y
/a(x)‘ (ww%%—l Vai+1 |

b(z)
= / ]u"L b (1- |dxy
a(x) 37% +1 37% +1

b(z) U
Triangle inequality < / |u” : |dz1+

a(x) \ l‘% +

b() "
T (R
a(x) 1'1+1

Schwarz and Holder inequality <

o) 1/2 b(a) 1/4 b(x) 1/4
/ 5 dry / utdry / u"dxy +
a(z) *1 +1 a(z) a(z)
b) 1/2 ba) y 2 1/2
+ / u2daf1> / (1 — > dzr
( a(z) a(z) \ $% +1

= y/arctan(b(z)) — arctan(a(z)) |[v”|| L, ((a@) b)) |18 La((a@) b))+
u

Hul| o ((a(@) b)) 11— \/ﬁﬂm((a(m),b(m)))
1

Minkowski inequality <

Varctan(b(z)) — arctan(a(z)) [|u”]] 1, ((a(e) b)) 1] La((ate) b))+

bz) 2 1/2
Hiuleaar o | VIR —a@) + ([ qan ] ).

Theorem 3.7.

]| 21 (a(a) bay)) <

b
V2 sin(b(x) — sin(a(x
V2 Jota) — afa) - DIy s e s+

bz) 1/2
'l Ly (@) p@))) | VO(E) = alz) + (/( ) (usin(xl))Qdm) ,

0 <a(z) < blx), u(z1) € C®((a(x),b(x))) . (7)

The functions a(x),b(z) are smooth, fixed functions of space coordinate x. The variable x1 € (a(z),b(z)).
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Proof.

, B b(x) , p
|2y ((a(e) b)) = " |u'| dxq
= / o/ (sin(z1)u + 1 — sin(xq)u)|dz;

b(x)
= / |u' sin(z1)u + o' (1 — sin(xq)u)|dzy
b(x)

Triangle inequality < / lu' sin(z1)u|dxy+

a(z)

b(x)
+/ [/ (1 — sin(z1)u)|dxy
a(z)

Schwarz and Holder inequality <

b(z) 1/2 b(z) 1/4 b(z) 1/4
(/ (sin(ml))zdm) (/ (u)4d1:1> </ (u’)4d:c1> +
a(x) a(x) a(x)
b(a) 1/2 ) 1/2
+ </ (u’)zdm) (/ (1- sin(azl)u)2dm1>
a(x) a(z)

V2 sin(b(z) — sin(a(x
=5 b(x) —a(x) — (sin(b() 5 (al ))HU|!L4((a(x),b(m)))!\U'!\L4((a(a¢),b(x)))+

'l Lo () b)) 111 = sin(@1)ul| Ly ((a(@) b))
Minkowski inequality <

V2 sin(b(z) — sin(a(z
> b(x) —a(x) — (sin(b() 5 (al ))Hu|’L4((a(z),b(m)))HUIHL4((a(x),b(x)))+

b() 1/2
1| Ly ((a() b)) (\/ b(z) —alz) + (/ (USiﬂ(xl))2d$1> ) :

(z)
O
Theorem 3.8.
Hu”Ll((a(x),b(x))) < 2\’u\|L2((a(x),b(x)))\’u/\’%4((a(z),b(x)))+
Hul| Ly ((a(@) b)) VO(T) — a(z),
0 <a(z) <b(x), u(z1) € C=((a(x),b(z))) - (8)

The functions a(x),b(z) are smooth, fixed functions of space coordinate x. The variable x1 € (a(z),b(z)).
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Proof.
b(x)
4l12s (et ar)) = / juldazy

()
b(z)

B /( ) fu (u® +1—u?) |day

b(x)
= / luu + u (1 — u') |day
a(x)

b(z) b(z)
Triangle inequality < / |un'?|day + / lu (1 — ') |da
a(x) a(x)

b(a) 1/2 b(a) 1/2
Schwarz inequality < (/ (u)Qd:m) (/ (u’)4d1:1) +
a(z) a(z)

() 1/2 () 1/2
+ (/ (u)Qde’l) (/ (1- u/2)2dﬂsl>
a(x) a(x)

2
= |l Lo((at@) @) 11T (0 b)) T
| Lo (@) b)) 11— U] La((at@) b))
Minkowski inequality < 2‘|UHL2((a(x),b(z)))‘|U/H%4((a(x),b(x)))+

[l Ly ((a(2) b)) V O(2) — alx).

4 Commentary on the Geometric Nirenberg-Gagliardo Type

Inequalities

There is a commentary on the functional inequalities derived. The details comments follow below:

e (1): Thisis a Nirenberg-Gagliardo type interpolation inequality for the L; norm. The right hand side
has the product of the norm of the function and its derivative in Lo with a constant plus the 2 norm
of the function times a quantity that depends on the geometry. The norms depend on the geometry,
as a, b are functions of x. The function wu is assumed to be smooth with infinite order of derivatives.
The standard Nirenberg-Gagliardo inequalities have fixed geometry and the constant sometimes is
not specified. In this case, this interpolation inequality is geometry-variable and includes additional

extra term at the right hand side.

e (2) : This is an interpolation type inequality resembling Nireberg-Gagliardo type estimate. The 1st
quantity at the right hand side has a geometry dependent quantity times the product of norms of
the function and its derivative in the 4 norm. The 2nd quantity involves the product of the 2 norm

of the function with the sum of two terms. The first term is geometry dependent. The 2nd term is

http: / /www. earthlinepublishers.com
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an energy type integral over a variable region, as the bounds of integration are functions of spatial

variable.

e (3) : This is a functional inequality for the L; norm of the function u in a geometry dependent
region. The right member of the inequality consists of two quantities. The first one has the product
of a geometry dependent quantity with the product of the norm of v and its derivative in L4 norm.
The second quantity involves the 2 norm of the function u times the sum of two terms. The 1st term
arises from the geometry. The 2nd term is an energy type integral with geometry variable bounds

of integration.

e (4) : This is a functional inequality for the L; norm of the function. This norm is bounded by a sum
of two quantities. The first one is the product of the norm of the function in 2 norm, the norm of
its first derivative in 4 norm and the norm of the second derivative in 4 norm. The second quantity
involves a product of the norm of the function in 2 norm with the sum of two terms. The first term
is geometry dependent. The 2nd term is the 2 norm of the product of 1st and 2nd derivative of the

function u. It is a Nirenberg type estimate with extra terms.

e (5) : There is an interpolation bound for the norm of the function w in Ly. The first quantity involves
the product of the square root of logarithmic function depending on the geometry with the product
of the norm of function v and u” in the Ly . The 2nd term involves the product of the norm of
function u in Lo with the sum of two terms. The 1st term is square root of the difference b — a and

the second term is an energy type integral involving the 2nd derivative of the function.

e (6) : This is an interpolation inequality for the L; norm of the 2nd derivative of the function. The
right member of the inequality consists of two quantities. The first one is the multiplication of a
term that is square rooted and the arument involves inverse trigonometric function depending on
the variable region and the product of norm of the function with the norm of 2nd derivative in L.
The 2nd quantity involves the Ly norm of the function u and the sum of tow terms. The first term
arises from the geometry type domain and the 2nd term is the square root of an energy type integral

over a geometric variable domain.

e (7) : This is a functional inequality for the norm of v’ in Lj. At the right hand side , there are
various terms. There is a constant times a square rooted quantity involving trigonometric functions,
and the product of the norm of u and its derivative in L4 norm. There is also the norm of v’ in Lo
and the sum of two terms, the one stemming from geometry and the second term is an energy type

integral involving a trigonometric function.

e (8) :This is a geometric type functional inequality. The left member consists of the L; norm of
the function u. The right hand side involves the 2 norm of the function u and the L4 norm of the
derivative in some positive integer power. There is an additional term that involves the product of

the 2 norm of u and a square root quantity that demonstrates dependence on the geometry.

Earthline J. Math. Sci. Vol. 16 No. 4 (2026), 157-772
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5 Applications of the Geometric Nirenberg-Gagliardo Type

Interpolation Inequalities

In this section, explicit estimates are provided involving mollifier type functions of the form

(o) = exp (4113 ) € P20+

1+ 22

where CT°°([0, +oc]) denotes the class of smooth functions with infinite order of derivatives in the positive

real line. All the results are presented below as corollaries of the previously established estimates (1)-(8).

Corollary 5.1.

V2

2 Va2z+1
-1
o(x) = exp (1—1—:):2> , = € [0, +00].

¢*(x) < p(x) + - — ¢z 9)

Proof. The result follows by employing (1), picking u(x;) = exp(—z1),z1 > 0,a(z) = 0,b(z) = ﬁ O

Corollary 5.2.

501 \2 ) V2 o [ 1
LD T e () —v) () + L@ -1
2 1+ a2 1+ a2 2 ’
P(x) = exp <1—i—1:):2> , = € [0, +00].
Proof. The result follows by employing (2), choosing u(x1) = exp(x1),z1 > 0,a(x) = 0,b(x) = ﬁ . O

Corollary 5.3.

<1+\/¢4 —1—251nh< ) (11)
+V2 W,/m,
Y(z) = exp (14_1%2> , = € [0, +00].
Proof. The result follows by using (3), choosing u(z1) = exp(z1),z1 > 0,a(x) = 0,b(x) = ﬁ O

Corollary 5.4.

1- () < L VT= 30— P + 30 + 2

#(z) = exp (@) Lz e [0, +00].

1—¢?(x), (12)
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Proof. The result follows with the aid of (4), picking u(z1) = exp(—z1),z1 > 0,a(x) = 0,b(x) = H% O

Corollary 5.5.

1 6(x) < 1\ fin <fj> =)+ (13)

1/2
V2 1 T2 exp(—2z1)
270 /1 — @2 —— 7
* Pyt /o 1 ’

2

-1 1
o(x) = exp i .2 , v €[0,+00[, 21 € O,W .

Proof. The result is derived with the aid of the inequality (5),choosing u(z1) = exp(z1),x1 > 0,a(x)
0,b(x) = ﬁ

Corollary 5.6.

1= o(z) < ;\/arctan (1 jx2> V= @)+ (14)

1/2
V2 [ 1 e exp(—2z1)
270 /1 — @2 I /= 77
+2\/ @?(x) 1+x2+ /0 422 dxy )

-1 1
o(x) = exp i , ¢ €[0,+00[, 71 € O,W .

Proof. The result is derived with the assistance of inequality (6) , picking u(z1) = exp(—x1),z1 > 0,a(x) =

0,b(x) = ﬁ

Corollary 5.7.

1= ‘f\/HxQ—sm( ) VIm o (15)
ST P g + 5 (1 6).
o) =exp (z) + @ €040l

Proof. The result follows with the aid of inequality (7), choosing u(z1) = exp(—z1),a(x) = 0,b(x) = H%’

b(z) 1/2 b(x) 12
(/ (USin($1))2d$1> g(/()u%l) = llull 2o ((ate) b))

a(z)

and the property

since |sin(z1)| < 1.
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Corollary 5.8.

1 o) < Vi (x/ljggz e ¢4(x>) , (15
¢(x) = exp <1_T_13:2> , x € [0,400].

Proof. The inequality is derived with the aid of estimate (8), choosing u(z1) = exp(—x1),z1 > 0,a(z) =

0,b(2) = 752 O

6 Graphical Illustration

This section is dedicated to the graphical illustration of the estimates (9) to (16). The blue curve
represents the left member of the inequality and the green dotted curve represents the right hand side of

the inequality.It is evident that the illustrations verify the rigorous theoretical results.

estimate 15

estimate 12
estimate 9

. estimate 16
estimate 13

Estimate 10

o z El & []

estimate 14

estimate 11

Figure 1: Graphical illustration of the estimates inlvolving mollifier type functions (9) -(16).

7 Conclusion

In this article, Nirenberg-Gagliardo type inequalities of geometric flavor have been derived having extra

terms. In some cases the extra terms are energy type integrals. The results have been proved rigorously
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and using integral decomposition and classical functional inequalities. The approach taken is different from
the literature in the sense that most works derive this class of inequalities for fixed domains, with various
types of operators, the constants sometimes are not specified and the extra terms appearing are rare.
Furthermore, there are no correction terms such as energy integrals. Explicit estimates involving mollifier
functions have been yielded, new to the literature to the best knowledge of the author, by employing the
derived Nirenberg-Gagliardo type inequalities. This work motivates further mathematical investigations in
Analysis. Next aim is to work on variants on Caffarelli-Kohn-Nirenberg interpolation inequalities [1], [18]

which are also ubiquitous in Analysis.
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