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Abstract

In this article, we study the Modified Gamma function and more precisely we focus on properties
of some integrals involving ratios of the Modified Gamma function. The properties studied involve
estimates of square norms and Sobolev norms, using the definitions of L, and Sobolev functional
spaces. Additionally, estimates are derived where the integrand is the product of two or more functions
involving particular ratios of the Modified Gamma function. Lastly, continuous entropy is computed
for a particular function defined as ratio of the Modified Gamma function, and the corresponding
continuous entropy is calculated for the derivative of the negative ratio of the previously mentioned

function.

1 Introduction

It is well known that the Gamma function is ubiquitous in many branches of applied and pure mathematics,
and there is plenty of information in the mathematical literature [1], [2], [3], [4], [I1]. Primarily, one
significant application in the study of numbers (Number theory) is the association of the Gamma function
with the factorial, which these two entities are intimately connected. There are many identities and
inequalities obtained involving the Gamma function available in the literature. In this article we focus on
two key elements:1. is to obtain Square and Sobolev norm estimates of ratios of the Modified Gamma
Function and estimates for particular integrals involving quotients of the Modified Gamma Function,
2.0btain formulas for the continuous differential entropies on certain types of functions involving quotients
of the Modified Gamma Function . The modified Gamma function is an adjustment of the original Gamma
function by changing the exponential function which is located inside the integrand, by an exponential
function with arbitrary base a which is strictly greater than one. This idea comes from the articles which
are available in the mathematical literature [5], [6], [7], [8], [9], [10], [12], [13] . In these articles, the
authors have modified the kernel function. Consequently, this idea is employed here for deriving all the

corresponding results.
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2 Preliminary Notes

Before proceeding with the theorems and the associated proofs, we provide some essential background

information. The Gamma function is defined below
+o0
I'(x) :/ t*Lexp(—t)dt, = €]0,+oc, t €]0,+o0]. (1)
0
The modified Gamma function, by making an adjustment inside the integrand of (1), is

“+oo
Ty(z) :/0 t*La~tdt, x €)0,+o00|, t €)0,+o0|, a €]1,+o0]. (2)

3 Main Results

The main results of this article are presented in this section. For the derivation of all the results below,

the function prescribed by (2) is employed.

Theorem 3.1. The following identity holds.

Fo(z+1) =

n(a) [y(x),Yx > 0. (3)

Proof. A direct computation gives

“+o00
Fa(a:+1):/ trH gt
0

= /0 = tatdt
=) (i)
e[ () el (G e

“+o00
-7 / =gt
ln(a) 0

x
- Ty
n(a) o(2),Yz >0

by using integration by parts. And this result is identical to (3). O

Theorem 3.2. The following relationships hold

1

(x+ k)
Hr CC—i-k—l—l)’LQ((Ml,Mg) RN vouny il vy (4)
" x+k+D‘ 1 (5)
Fo(z+k+2) Lo((M,M2)) M1+k;+1 Myt k+1
a(r + k) H x+k+U‘ n
_— = NV >0,keZ,0< My < M. 6
HF $+k3+ ) Lg((Ml,MQ F ac—|—k—|—2) LQ((M17M2)) . ! 2 ()
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Proof. By the definition of the Ly functional norms and employing (3), we obtain

=)

1
M +k My+k’

I Feel

H x+k+1)‘
Loz +k+2)

1
_ /M2 <F<+k+1>>d
Lo(MiM2))  \Jar, \Ta(z +k+2)
]\42 ln(a) 2 % M2 1 %
= N =1 - -

1
My +k+1 My+k+1

which are the identical to (4), (5). To prove the inequality (6) we compute the quantity

" o+ k) ‘2 ” o+ k+1))2
Tyl x+k+1) Lo((M1,Mz)) T g(z + k 4 2) 1 Lo((My,M2))
and this yields
_H x+k)‘2 _H x+k+1m
Dol +k+ 1) o, M2)) T (x4 k 4 2) HLo (M, Ms))
1 1 1
= In? — —In? —
n(a)<M1+k: M2+k> n(a)(M1+/-c+1 M2+k:+1>
My — M My — M
= In%(a) (M5 ) — In*(a) (M; Y

(My + k)(My + k) (My +k+1)(M;+k+1)

1 1
= In*(a)(My — M) <(M2 TR)(M + k) (M +k:+1)(M1+k:+1)>

B <M1+M2+2]€+1)
= In*(a)(Ms — M) (My +k)(My +k)(My +k+1)(My+k+1) >0

Consequently, since this is a strictly positive quantity, we obtain the desired estimate

o+ k) ’

“ x+k+D‘
Lyl x+k+1)

Lo((Mi,Ms)) Hl‘x+k+2)

Lo((M1,Mz))

as prescribed by (6). O

Theorem 3.3. The relationships below hold

(x + k) _ ) 1 r+k)
HP 1‘+/€—|—1)HH1((M1,+00)) +3(M1+k HF x—i—k—i—l)’
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’Pa(x+k+1)’ B 1+ 1 H a:+k:+1)‘ ()
Lol 4k + 2) HHHY(M1,400)) 3(My +k+1)2 To(z 4+ k + 2) Lo ((My,400))

Fy(x+ k) ‘ ‘ x+k+1)’ n
e T SRR A Nz >0,keZt, M >0. 9
) Loz + k+ 1) HH (M1 ,400)) ‘F (x 4+ k4 2) [ H (M),400)) v ! ©)

Proof. By using the definition of Sobolev norm, we obtain

| Tetarh e (e )
Lo(a -+ k + 1) (i +00)) Fa(m’+k+1) (M +00)) Pal’“‘?“) £2((M,+00))
2
Loz + k)
= || In(a)— (M
Fa(l‘—l-k‘—i-l) ((My,+00)) +<n 1+k) )
2
Loz + k) -1
— || In( M +k
Fa(x+k+1) ((M1,+00)) +<n 1+k( e >
B Loz + k) ‘ Lo(z+ k) ’2
- Fa(x+k+1) L((M1,+oo>> 3(M1+k) Pa(@ + & + 1) llL2((M1+00))
1 (x+k) |2
3(My+ k)2 ) 1T( 95+k+1) Lo ((My,+00))
s iy _[|Tela k<12 | (Eeleiey
Po(x +k+2) i an,+o0)) oz +k +2) ia(nto0)) W\ Ta(z +k+2) ) Lo ,+00))
2
Fo(z+k+1)2 V3 3
— In(a)~= (M + k +1
EES ) LZ((M1’+OO))+(n(a) 5 (M +k+ )2>
| Pa(z+k+1))2
- Ta(z + k4 2) Lo (1,400
2
V3 1 1
1 — —————M1+k+1)"
+<n(“>3 AL ahToh ksl
alr k)¢
Do(x + Ek + 2) Lo (M1 ,+00))
1 oz +k+1)
+ 5|
3(My+k+1)21HTe(x + k + 2) Lo (M1 ,400))
< 1 > To(z+k+1))2
(14 |
3(My+k+1)2) lITq(x + k + 2) Lo ((M1,+00))

by employing the formulas (4), (5) where the upper bound of integration tends to +oo. Taking the square

root on the previous relationships, this yields

Lol + k) ’ B - 1 Fo(x + k) ‘

a(z + K+ 1) (M1, 400)) 3(My+k)? | HTa(z + k + 1) 1 La((M1 400))”
Lo(z +k+ )‘ L+ 1 Fa(x+k+1))

oz +E+2) llman 4o00) 3(My+k+1)% | Ta(2 + k + 2) L2 (M 400))
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identical to (7), (8) To prove the inequality, we take the squares of Sobolev norms and we compute the

difference, and this yields

Fo(z+k

_ )
P= Po(z+k+1)

= 1

=1

x
((l
(v

| I ey
r
= In%(

H((M1,+00)) $+k+2)HH1((M1,+OO))

2
Lz((M17+00))>

x+k+D‘

(My + Ek+1)2 )HF (x+k+2)

+ 3
2
_l’_
3 L2((M17+00))>

1 (x + k)
i) e
1
1

1 1 1
<M1—|—k+3(M1+k‘)3_M1+/<:—|—1_3(M1+k‘—|—1)3)

zln%a)<1%-:l-— N )
t 33 t+1 3(t+1)3
_ In*(a) (3t2(t+ 1) + (t+1)° — %)
3t3(t+1)3
In®(a) (3t + 613 + 62 + 3t + 1)

= 0
363(t + 1)3 .

where t = t(k) = M; + k. Since P is a strictly positive quantity, the desired inequality follows (9). O

Theorem 3.4. The following relationships hold

(x + k) 1 4 (x + k)
AN NV =|,/1 ., (10
HF x+k+n‘ H2((M,+00)) (¢ +3wﬁ+kﬁ+ 5(My + k)* )HF x+k+U) Lo ((M1,+00)) (10)
(x+k+1) 1 4
= 1 11
HF $—|—k—|—2)‘H2((M1,+oo)) (\/ Jr3(M1+k:+1)2Jr5(M1—|—l-c+1)4> (11)
(x+k+1)
_ < 12
HF x+k+2)‘L2((M1,+oo))’ (12)
(x 4+ k) (r+k+1) *
HI‘ x+k:+1)‘ H2((My +00)) HF ac+lc+2)‘1hr2((M1,+oo))’Wc>0’kEZ My > 0. (13)
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Proof. By the definition of H? norm we obtain

H a(z + k) ’2 _H alr + k) ‘2 H( a(z + k) >/’2
Co(x 4+ k+ 1) HHH2((M),400)) To(x 4+ k+ 1) Lo ((M1,+00)) (r+k+1) Lo ((M1,+00))
a(z + k) 2
+| <F(:c+k:+1)> | La((Mi,+00))
_ In*(a) In?(a) 41n?(a)
C Mi+k o 3(My+k)3 T 5(My +k)S
In?(a) 4
= + +
(M + k) < 3(My+ k)~ 5(My + k‘)4>
:(1+ T )(] I+k))2
3(My+ k)2 5(My+k)*) ITe(z+k+ 1) La((M;,400))’
H x—l—k-i—l)’ H x+k+1)‘ H( x+k+1)> ’2
Co(x 4k + 2) HHH2((M),400)) Fo(x+k+2) Lg((Ml +00)) (r+k+2) Lo ((M1,+00))

2

+ H <m> ’ La((My,+00))

_ In*(a) In?(a) 41n?(a)
S Mi+k+1 0 3(My+k+1)3 0 5(M +k+1)°
_ In*(a) ( N N 4 >
(My+k+1) 3(My+k+1)2  5(M;+k+1)4
(1+ 1 4 >H x+k+1)‘
3(M1+k—|—1) 5(M1+k+1 I, x+k+2)

La((M1,+00))

Taking the square root of the previous formulas, we obtain (10), (11). To prove the inequality (13) we

calculate the difference between the H? norms as follows

(x+Ek) |2

el il

H2((M,+00)) HF (x+k+2)

H2((M1,+00))

CIn¥(a)  I(a) (413 — %) 4ln’(a) ((E+1)° — )
Ct(t+1) t3(t+1)3 £5(t + 1)5
o (15t (E+ DT+ 52(+ 1)? ((E+1)° —#°) +12((E+1)° - 2°)
= t(a) 1565(t + 1)
In?(a)

T 1565t + 1)

(15t% 4 60t" + 105t% + 105¢° + 125¢* + 145> + 125¢* + 60t + 12) > 0,

where t = t(k) = My + k. Since the quantity D is strictly positive, the inequality (13) follows. O
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Theorem 3.5. The estimate

In(z + 1)Dy(x + k+1) (1 + My)(1+M2)
\/ a:+k+2) dz < /In(a) ( 1][1<(1+M1)<1+Ml) +(My = My )

o (i (ML)
k+ M +1
holds ¥z > 0,0 < My < Ma, k € Z+. The integrand function is strictly positive and it is assumed that the

integral over the prescribed domain absolutely converges.

N[

Proof. By direct calculation, we obtain

In(z + 1)Dy(x + k+1) Mz Lo(x+k+1)
dz = V1 1) = ——— g
\/ x—l—kz—i—?) S BE D\ e @

([ (Vi) ) Nl m)d
(J s >dx>f</;f“ crie)

S</MA1421 > <Ml w+k+1d$)2

<

n(a) (Mo In(Ms + 1) — My In(M; + 1) — My + My + In(Ms + 1) — In(M; + 1))2

k+ My +1 >
% <ln<k+M1+1>>
(1+M3)
< Vin(a) ( i (Eiiﬁi;(um)) +(My = My )>

(g (F M+ 2
L[t M+l
k+ M +1 ’

by employing the Schwarz-Cauchy inequality and integration by parts on the integral f M n(z+1)de. O

1

IN

IN

N

Theorem 3.6. The inequality

(In(a)(coshq(Ms)sin(Ma) — cosha(Ml)sin(]l\/fl))
Moo | . Lo(z+ k) —sinhg(Mz)cos(Ma) + sinhqg (M )cos(My))2
%mh e ke S (In%(a) + 1)

(M + k)(M; + k + 1))5
(My + k)(My + k + 1)

x In(a) (ln

is valid Yx > 0,0 < My < My < 7,k € Z*, where sinhgy(z) = %,a > 1. The integrand function is

strictly positive and it is assumed that the integral over the prescribed domain absolutely converges.
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Proof. A straightforward computation gives

o+ k)

\/sznh )sin( )F ( La(@ + ) dx = \/smh )sin(x) )]

x+k+2)
% M. ( k) 2
2 2 Fo(x +
< -z 20 7
< (/ <\/smh )sin J:)) dx) /M1 ( Tole -kt 2)> dx
1
M, 2
< / sinhg(x)sin(x > ( (z + k) dx>
1
My M 2
/ sinha(@)sin(a > (/ x+k) F(x+k+D¢0
1
Mz Mz In(a) 2
nhy
/Ml sinhg(x)sin(z ) (/M1 x—i—k (ac—i—k—l—l)dx)
M, 3 1 2
<l
< In(a) </M1 sinhg(x)sin(x dac) ( . @F k) Gkt 1)dac)

(In(a)(coshqy(Ms)sin(Msy) — cosha(Ml)sin(]lwl))

—sinhg(Ma)cos(Ma) + sinh,(My)cos(My))z
(an(a) +1 )%

(Mo + k)(M;y + Kk + 1))%

(My+ k) (Ma+k+1)

/\’1

N

x In(a) (ln

by using the Schwarz-Cauchy inequality, employing integration by parts on the integral

/M2 sinhg(x)sin(x)dz

My

and using partial fraction analysis on the integral f]\]\ff (lerk) (I+,1€+1)d:v. ]

Theorem 3.7. The inequality

k
\/ 1 (z+k+] d < In(a)+/arctan(M;) — arctan(My) + My — M,

—|—ac2 F (x 4+ k+2)

1
M +k+1 My+k+1

holds ¥z > 0,0 < My < Ms, k € Z+. The integrand function is strictly positive and it is assumed that the

integral over the prescribed domain absolutely converges.
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Proof. A direct calculation yields

1
2 3 1
oz +k+1) M2 ’ My Tz +k+1))? :
dmg dz —< | dx
1+:c21“ (x+k+2) M1 1+x2 v, \La(z+k+2)

1
M2 /M2 x+k+1)> i)
My 1—|—.%'2 M1 l‘+k+2)
1

IN

IN

/M21+x —1 ( a:+k:+1)>
5 —dz ‘
v, L1tz (z+k+2)
1
M, M 2 1
/ da:— 2dx> (W‘M)‘
My l+x Co(x+k+2)

< In(a)y/arctan(M;) — arctan(My) + My — M,

La((M1,M2))

IN

v
(
(

La((M1,Mz2))

1
Mi+k+1 My+k+1
by using the Schwarz-Cauchy inequality and employing relationship (5). O

Theorem 3.8. The following estimate holds

(z + k) 3 (14 MQ)(1+M2) 4
< —
\/ In? a:+1 a:+k:+1 ——————dz < 34 In(a) <ln<(1+M1)(1+M1) + (My — My)

< (M +1)F = (M +8)T )

Vo > 0,0 < My < My, k € ZT. The integrand function is strictly positive and it is assumed that the

-

NS

integral over the prescribed domain absolutely converges.

1
o(@ + k) M ) 12\ ° Dol +k)
\/ Vit + 1) a:+l<:+1 dx—/Ml (((ln CE0)2) ) ™

_ éﬂx
_/M1 (0 +1)*

([ (oo ) ([ (i) o)

3

< In(a) </MA142 In(z + 1)dx>‘1* (/MATQ (z + k)‘éfdx> 3

3 (1 + Mp)(1HM2)
< 31ln(a) <ln <(1 P YATESTS

x ((M1 +E)T - (Ma+ k)T )

Proof.

7

+(M1—M2 )>4

N[N .
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by employing Holder’s inequality and integration by parts on the integral [ AA/[/[I > In(z + 1)dz. O

Theorem 3.9. The continuous differential entropy over the finite interval (My, Ms) where 0 < My < My

of the functions

Ly(z+ k) <_ Lo(x + k) )’
Po(x+k+1) Loz +Ek+1)

is provided in closed form by the following formulas
Mz Fo(z + k) Loz + k)
Hi((My, M3)) = — log, d
1((M, M2)) /M1 9 (Fa(:c—i—k—i—l)) (Fa(z+k+1)> !
=In(a) (In(Ma + k) logs(Ms + k) — In(M1 + k) loga (M1 + k))

- % (In*(Mp + k) — In*(M; + k)

My +k
M+ k)’

Ha((My, M) = — /MM loga ((—m» (—m>d:¢

B loga(My + k) loga(Ms + k)
=2 1““”( M+ k) Mtk )

—1In(a) logy(In(a)) In <

1 1 1 1
2 — —1 log, (1 -
- <M1+k M2+k> n(a) loga(In(a)) (M1+k M2+k)

Vo > 0,0 < My < My, k € ZT. The entropy integrals over the prescribed domain, absolutely converge and
they are finite.

Proof. By the definition of the continuous differential entropy restricted on the interval (Mj, Ms) and

some algebraic manipulations we obtain

Hi((My, Ma)) = — /Mj\jz loga <ra12?c<i;:—]i)1)> <Fa12?6<frj/:i)1)> &

) ()
— In(a) /M]tlz W dz — In(a) logs(In(a)) /M]tlz - i Lda
~ In(a) /MATZ W dz —In(a) loga(Ina)) In <%§i:>

=1In(a) (In(Mz + k) loga(Ma + k) — In(My + k) log, (M1 + k))

- % (In*(My + k) — In*(M; + k))

Mo+ k
M+ k

—1In(a) loge(In(a)) In (
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employing integration by parts on the integral | Z\]\/l/ll 2 % dz and using the result [ ]3[412 IIE;TZ;) dr =

3 (In*(Ms + k) — In*(M; + k)). Similarly, for the second continuous differential entropy,we obtain

s am) = = [ ( (T2 0 ) ) (el )

Mo
= — /M loga (In(a)(z + k)~2) In(a) (z + k) 2dx

Mo
= —In(a) / (loga(ln(a)) (x + k)_2 —2loge(z + k) (x + k:)_2) dzx

My

M2 M2
= 2In(a) /M loga(z + k) (z + k) "2dx — In(a)log,(In(a)) /M (x4 k) %dx
B loga(My + k) loga(Ms + k)
=2 Infa) < Mi+k) (Mot k) >

1 1 1 1
2 — —1 log, (1 —
" <M1+k M2+k> n(a) loga(tn(a)) <M1+k M2+k)

using integration by parts on the integral f]\]\ff logo(z + k) (x + k) 2da. O

4 Conclusions

In this article, we have obtained estimates of integrals involving ratios of the modified Gamma function,
and more precisely inequalities involving Lo, H', H? norms during the first part of the article. Additionally,
we obtained inequalities where the ratio of the Modified Gamma function is multiplied by another type
of function on the positive interval (Mj, Ms). Lastly we obtained closed formulas for the continuous

differential entropy of the ratio of the Modified Gamma function over the positive one dimensional interval
(My, My).
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