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Abstract 

In this article, we introduce and study a certain family of functions which are analytic and multivalent in the open 
unit disk defined by the Borel distribution series. We determine some results related to inclusion relationship, 
argument estimate, integral representation and subordination property. 

1. Introduction 

Suppose that 𝒜𝒜𝑝𝑝 be the family of functions 𝑓𝑓 of the form: 

𝑓𝑓(𝑧𝑧) = 𝑧𝑧𝑝𝑝 + � 𝑎𝑎𝑘𝑘𝑧𝑧𝑘𝑘
∞

𝑘𝑘=𝑝𝑝+1

 , 𝑝𝑝 ∈ ℕ = {1,2, … } ,                                                 (1.1) 

which are analytic and 𝑝𝑝-valent in the open unit disk 𝑈𝑈 = {𝑧𝑧 ∈ ℂ ∶ |𝑧𝑧| < 1} and let 𝒜𝒜1 = 𝒜𝒜. 

Given two functions 𝑓𝑓 and 𝑔𝑔 which are analytic in 𝑈𝑈, we say that 𝑓𝑓 is subordinate to 𝑔𝑔, written 𝑓𝑓 ≺ 𝑔𝑔 or 
𝑓𝑓(𝑧𝑧) ≺ 𝑔𝑔(𝑧𝑧)(𝑧𝑧 ∈ 𝑈𝑈), if there exists a Schwarz function 𝑤𝑤 which is analytic in 𝑈𝑈 with 𝑤𝑤(0) = 0 and |𝑤𝑤(𝑧𝑧)| <
1 such that 𝑓𝑓(𝑧𝑧) = 𝑔𝑔�𝑤𝑤(𝑧𝑧)�, (𝑧𝑧 ∈ 𝑈𝑈). In particular, if the function 𝑔𝑔 is univalent in 𝑈𝑈, then 𝑓𝑓 ≺ 𝑔𝑔 if and only if 
𝑓𝑓(0) = 𝑔𝑔(0) and 𝑓𝑓(𝑈𝑈) ⊂ 𝑔𝑔(𝑈𝑈). 

For functions 𝑓𝑓 given by (1.1) and 𝑔𝑔 ∈  𝒜𝒜𝑝𝑝 given by 

𝑔𝑔(𝑧𝑧) = 𝑧𝑧𝑝𝑝 + � 𝑏𝑏𝑘𝑘𝑧𝑧𝑘𝑘
∞

𝑘𝑘=𝑝𝑝+1

 , 

the Hadamard product 𝑓𝑓 ∗ 𝑔𝑔 of 𝑓𝑓 and 𝑔𝑔 is defined by 

(𝑓𝑓 ∗ 𝑔𝑔)(𝑧𝑧) = 𝑧𝑧𝑝𝑝 + � 𝑎𝑎𝑘𝑘 𝑏𝑏𝑘𝑘  𝑧𝑧𝑘𝑘
∞

𝑘𝑘=𝑝𝑝+1

= (𝑔𝑔 ∗ 𝑓𝑓)(𝑧𝑧). 

Elementary distributions such as the Poisson, Pascal, logarithmic, binomial, and beta negative binomial 
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distributions have been partially investigated within Geometric Function Theory from a theoretical perspective 
(see for example [1,2,7,8,9,12]). 

Very recently, Wanas and Khuttar [13] introduced the Borel distribution (BD) whose probability mass 
function is 

𝑃𝑃(𝑥𝑥 = 𝑟𝑟) =
(𝜆𝜆𝜆𝜆)𝑟𝑟−1𝑒𝑒−𝜆𝜆𝜆𝜆

𝑟𝑟!
 ,    𝑟𝑟 = 1,2,3, … 

Wanas and Khuttar [13] introduced a series whose coefficients are probabilities of the Borel distribution 
(BD) 

𝑁𝑁𝑝𝑝(𝜆𝜆; 𝑧𝑧) = 𝑧𝑧𝑝𝑝 + �
(𝜆𝜆(𝑘𝑘 − 𝑝𝑝))𝑘𝑘−𝑝𝑝−1𝑒𝑒−𝜆𝜆(𝑘𝑘−𝑝𝑝)

(𝑘𝑘 − 𝑝𝑝)!

∞

𝑘𝑘=𝑝𝑝+1

𝑧𝑧𝑘𝑘 , 

where 0 < 𝜆𝜆 ≤ 1. 

Now, we define a linear operator 𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑓𝑓 ∶ 𝒜𝒜𝑝𝑝 → 𝒜𝒜𝑝𝑝 defined by the convolution 

𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑓𝑓(𝑧𝑧) = 𝑁𝑁𝑝𝑝(𝜆𝜆; 𝑧𝑧) ∗ 𝑓𝑓(𝑧𝑧) = 𝑧𝑧𝑝𝑝 + �
�𝜆𝜆(𝑘𝑘 − 𝑝𝑝)�𝑘𝑘−𝑝𝑝−1𝑒𝑒−𝜆𝜆(𝑘𝑘−𝑝𝑝)

(𝑘𝑘 − 𝑝𝑝)!

∞

𝑘𝑘=𝑝𝑝+1

𝑎𝑎𝑘𝑘𝑧𝑧𝑘𝑘 ,                    (1.2)  

where 𝑎𝑎𝑘𝑘 ≥ 0, 0 < 𝜆𝜆 ≤ 1 and 𝑧𝑧 ∈ 𝑈𝑈. It is easy to deduce from (1.2) that 

𝑧𝑧�𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑓𝑓(𝑧𝑧)�′ =
𝑝𝑝 − 𝑘𝑘

1 − (𝑘𝑘 − 𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘
𝐷𝐷(𝑝𝑝, 𝜆𝜆 + 1)𝑓𝑓(𝑧𝑧) 

+ �𝑝𝑝 −
𝑝𝑝 − 𝑘𝑘

1 − (𝑘𝑘 − 𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘
�𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑓𝑓(𝑧𝑧),                 (1.3) 

Let 𝑇𝑇 be the family of functions ℎ of the form: 

ℎ(𝑧𝑧) = 1 + �ℎ𝑘𝑘𝑧𝑧𝑘𝑘
∞

𝑘𝑘=1

, 

which are analytic and convex univalent in 𝑈𝑈 and satisfy the condition: 

𝑅𝑅𝑅𝑅{ℎ(𝑧𝑧)} > 0,   (𝑧𝑧 ∈ 𝑈𝑈). 

We will require the following lemmas to prove our main results. 

Lemma 1.1 [4]. Let 𝑢𝑢, 𝑣𝑣 ∈ ℂ and suppose that 𝜓𝜓 is convex and univalent in 𝑈𝑈 with 𝜓𝜓(0) = 1 and 
𝑅𝑅𝑅𝑅{𝑢𝑢𝑢𝑢(𝑧𝑧) + 𝑣𝑣} > 0, (𝑧𝑧 ∈ 𝑈𝑈). If 𝑞𝑞 is analytic in 𝑈𝑈 with 𝑞𝑞(0) = 1, then the subordination 

𝑞𝑞(𝑧𝑧) +
𝑧𝑧𝑞𝑞′(𝑧𝑧)

𝑢𝑢𝑢𝑢(𝑧𝑧) + 𝑣𝑣
≺ 𝜓𝜓(𝑧𝑧) 

implies that 𝑞𝑞(𝑧𝑧) ≺ 𝜓𝜓(𝑧𝑧). 

Lemma 1.2 [5]. Let ℎ be convex univalent in 𝑈𝑈 and  𝒯𝒯 be analytic in 𝑈𝑈 with 𝑅𝑅𝑅𝑅{𝒯𝒯(𝑧𝑧)} ≥ 0, (𝑧𝑧 ∈ 𝑈𝑈). If 𝑞𝑞 is 
analytic in 𝑈𝑈 and 𝑞𝑞(0) = ℎ(0), then the subordination 

𝑞𝑞(𝑧𝑧) + 𝒯𝒯(𝑧𝑧)𝑧𝑧𝑞𝑞′(𝑧𝑧) ≺ ℎ(𝑧𝑧) 

implies that 𝑞𝑞(𝑧𝑧) ≺ ℎ(𝑧𝑧). 
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Lemma 1.3 [3]. Let 𝑞𝑞 be analytic in 𝑈𝑈 with 𝑞𝑞(0) = 1 and 𝑞𝑞(𝑧𝑧) ≠ 0 for all 𝑧𝑧 ∈ 𝑈𝑈. If there exists two points 
𝑧𝑧1, 𝑧𝑧2 ∈ 𝑈𝑈 such that  

−
𝜋𝜋
2
𝑏𝑏1 = 𝑎𝑎𝑎𝑎𝑎𝑎�𝑞𝑞(𝑧𝑧1)� < 𝑎𝑎𝑎𝑎𝑎𝑎�𝑞𝑞(𝑧𝑧)� < 𝑎𝑎𝑎𝑎𝑎𝑎�𝑞𝑞(𝑧𝑧2)� =

𝜋𝜋
2
𝑏𝑏2 , 

for some 𝑏𝑏1 and 𝑏𝑏2 (𝑏𝑏1 > 0, 𝑏𝑏2 > 0) and for all 𝑧𝑧(|𝑧𝑧| < |𝑧𝑧1| = |𝑧𝑧2|), then 

𝑧𝑧1𝑞𝑞′(𝑧𝑧1)
𝑞𝑞(𝑧𝑧1) = −𝑖𝑖 �

𝑏𝑏1 + 𝑏𝑏2
2

�𝑚𝑚         𝑎𝑎𝑎𝑎𝑎𝑎       
𝑧𝑧2𝑞𝑞′(𝑧𝑧2)
𝑞𝑞(𝑧𝑧2) = 𝑖𝑖 �

𝑏𝑏1 + 𝑏𝑏2
2

�𝑚𝑚 , 

where 

𝑚𝑚 ≥
1 − |𝜀𝜀|
1 + |𝜀𝜀|      𝑎𝑎𝑎𝑎𝑎𝑎    𝜀𝜀 = 𝑖𝑖 𝑡𝑡𝑡𝑡𝑡𝑡

𝜋𝜋
4
�
𝑏𝑏2 − 𝑏𝑏1
𝑏𝑏1 + 𝑏𝑏2

�. 

Lemma 1.4 [10]. The function 

(1 − 𝑧𝑧)𝜂𝜂 ≡ 𝑒𝑒𝑒𝑒𝑒𝑒(𝑙𝑙𝑙𝑙𝑙𝑙(1 − 𝑧𝑧)),   (𝜂𝜂 ≠ 0) 

is univalent if and only if  𝜂𝜂 is either in the closed disk |𝜂𝜂 − 1| ≤ 1 or in the closed disk |𝜂𝜂 + 1| ≤ 1. 

Lemma 1.5 [6]. Let 𝑞𝑞 be univalent in the unit disk 𝑈𝑈 and let 𝜃𝜃 and 𝜙𝜙 be analytic in a domain 𝐷𝐷 containing 
𝑞𝑞(𝑈𝑈) with 𝜙𝜙(𝑤𝑤) ≠ 0 when 𝑤𝑤 ∈ 𝑞𝑞(𝑈𝑈). Set 𝑄𝑄(𝑧𝑧) = 𝑧𝑧𝑞𝑞′(𝑧𝑧)𝜙𝜙�𝑞𝑞(𝑧𝑧)� and ℎ(𝑧𝑧) = 𝜃𝜃�𝑞𝑞(𝑧𝑧)� + 𝑄𝑄(𝑧𝑧). Suppose that  

(1) 𝑄𝑄(𝑧𝑧) is starlike univalent in 𝑈𝑈, 

(2) 𝑅𝑅𝑅𝑅 �𝑧𝑧ℎ
′(𝑧𝑧)

𝑄𝑄(𝑧𝑧)
� > 0  for 𝑧𝑧 ∈ 𝑈𝑈. 

If 𝐺𝐺 is analytic in 𝑈𝑈, with 𝐺𝐺(0) = 𝑞𝑞(0),𝐺𝐺(𝑈𝑈) ⊂ 𝐷𝐷 and 

𝜃𝜃�𝐺𝐺(𝑧𝑧)� + 𝑧𝑧𝐺𝐺′(𝑧𝑧)𝜙𝜙�𝐺𝐺(𝑧𝑧)� ≺ 𝜃𝜃�𝑞𝑞(𝑧𝑧)� + 𝑧𝑧𝑞𝑞′(𝑧𝑧)𝜙𝜙�𝑞𝑞(𝑧𝑧)�, 

then 𝐺𝐺 ≺ 𝑞𝑞 and 𝑞𝑞 is the best dominant. 

2. Main Results 

Definition 2.1. A function 𝑓𝑓 ∈ 𝒜𝒜𝑝𝑝 is said to be in the family 𝑊𝑊(𝜆𝜆, 𝛾𝛾, 𝑝𝑝; ℎ) if it satisfies the following 
differential subordination condition: 

1
𝑝𝑝 − 𝛾𝛾

 �
𝑧𝑧�𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑓𝑓(𝑧𝑧)�′

𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑓𝑓(𝑧𝑧) − 𝛾𝛾� ≺ ℎ(𝑧𝑧), 

where 0 < 𝜆𝜆 ≤ 1, 𝑝𝑝 ∈ ℕ, 0 ≤ 𝛾𝛾 < 𝑝𝑝 and  ℎ ∈ 𝑇𝑇. 

Theorem 2.1. Let 𝑅𝑅𝑅𝑅 �(𝑝𝑝 − 𝛾𝛾)ℎ(𝑧𝑧) + 𝑝𝑝−𝑘𝑘
1−(𝑘𝑘−𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

+ 𝛾𝛾 − 𝑝𝑝� > 0. Then 

𝑊𝑊(𝜆𝜆 + 1, 𝛾𝛾, 𝑝𝑝; ℎ) ⊂ 𝑊𝑊(𝜆𝜆, 𝛾𝛾, 𝑝𝑝; ℎ). 

Proof. Let 𝑓𝑓 ∈ 𝑊𝑊(𝜆𝜆 + 1, 𝛾𝛾,𝑝𝑝; ℎ) and put 

𝑞𝑞(𝑧𝑧) =
1

𝑝𝑝 − 𝛾𝛾
 �
𝑧𝑧�𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑓𝑓(𝑧𝑧)�′

𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑓𝑓(𝑧𝑧) − 𝛾𝛾� .                                                           (2.1) 

Then 𝑞𝑞 is analytic in 𝑈𝑈 with 𝑞𝑞(0) = 1. According to (2.1) and using the relation (1.4), we obtain 
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𝑝𝑝 − 𝑘𝑘
1 − (𝑘𝑘 − 𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

 
𝐷𝐷(𝑝𝑝, 𝜆𝜆 + 1)𝑓𝑓(𝑧𝑧)
𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑓𝑓(𝑧𝑧) = (𝑝𝑝 − 𝛾𝛾)𝑞𝑞(𝑧𝑧) +

𝑝𝑝 − 𝑘𝑘
1 − (𝑘𝑘 − 𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

+ 𝛾𝛾 − 𝑝𝑝.        (2.2) 

By logarithmically differentiating both sides of (2.2) with respect to 𝑧𝑧 and multiplying by 𝑧𝑧, we get 

𝑞𝑞(𝑧𝑧) +
𝑧𝑧𝑞𝑞′(𝑧𝑧)

(𝑝𝑝 − 𝛾𝛾)𝑞𝑞(𝑧𝑧) + 𝑝𝑝−𝑘𝑘
1−(𝑘𝑘−𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

+ 𝛾𝛾 − 𝑝𝑝
=

1
𝑝𝑝 − 𝛾𝛾

 �
𝑧𝑧�𝐷𝐷(𝑝𝑝, 𝜆𝜆 + 1)𝑓𝑓(𝑧𝑧)�′

𝐷𝐷(𝑝𝑝, 𝜆𝜆 + 1)𝑓𝑓(𝑧𝑧) − 𝛾𝛾� ≺ ℎ(𝑧𝑧).       (2.3) 

Since 𝑅𝑅𝑅𝑅 �(𝑝𝑝 − 𝛾𝛾)ℎ(𝑧𝑧) + 𝑝𝑝−𝑘𝑘
1−(𝑘𝑘−𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

+ 𝛾𝛾 − 𝑝𝑝� > 0, applying Lemma 1.1 to the subordination (2.3), 

yields 𝑞𝑞(𝑧𝑧) ≺ ℎ(𝑧𝑧), which implies 𝑓𝑓 ∈ 𝑊𝑊(𝜆𝜆, 𝛾𝛾,𝑝𝑝; ℎ). 

Theorem 2.2. Let 𝑓𝑓 ∈ 𝒜𝒜𝑝𝑝 , 0 < 𝑎𝑎1,𝑎𝑎2 ≤ 1 and 0 ≤ 𝛾𝛾 < 𝑝𝑝. If 

−
𝜋𝜋
2
𝑎𝑎1 < 𝑎𝑎𝑎𝑎𝑎𝑎 �

𝑧𝑧�𝐷𝐷(𝑝𝑝, 𝜆𝜆 + 1)𝑓𝑓(𝑧𝑧)�′

𝐷𝐷(𝑝𝑝, 𝜆𝜆 + 1)𝑔𝑔(𝑧𝑧) − 𝛾𝛾� <
𝜋𝜋
2
𝑎𝑎2, 

for some 𝑔𝑔 ∈ 𝑊𝑊 �𝜆𝜆 + 1, 𝛾𝛾,𝑝𝑝; 1+𝐴𝐴𝐴𝐴
1+𝐵𝐵𝐵𝐵

� , (−1 ≤ 𝐵𝐵 < 𝐴𝐴 ≤ 1), then 

−
𝜋𝜋
2
𝑏𝑏1 < 𝑎𝑎𝑎𝑎𝑎𝑎 �

𝑧𝑧�𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑓𝑓(𝑧𝑧)�′

𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑔𝑔(𝑧𝑧) − 𝛾𝛾� <
𝜋𝜋
2
𝑏𝑏2, 

where 𝑏𝑏1 and 𝑏𝑏2 (0 < 𝑏𝑏1, 𝑏𝑏2 ≤ 1) are the solutions of the equations: 

𝑎𝑎1 =

⎩
⎪
⎨

⎪
⎧
𝑏𝑏1 +

2
𝜋𝜋
𝑡𝑡𝑡𝑡𝑡𝑡−1 �

(1 − |𝜀𝜀|)(𝑏𝑏1 + 𝑏𝑏2) 𝑐𝑐𝑐𝑐𝑐𝑐 𝜋𝜋
2
𝑡𝑡

2(1 + |𝜀𝜀|) �(1+𝐴𝐴)(𝑝𝑝−𝛾𝛾)
1+𝐵𝐵

+ 𝑝𝑝−𝑘𝑘
1−(𝑘𝑘−𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

+ 𝛾𝛾 − 𝑝𝑝� + (1 − |𝜀𝜀|)(𝑏𝑏1 + 𝑏𝑏2) 𝑠𝑠𝑠𝑠𝑠𝑠 𝜋𝜋
2
𝑡𝑡
� ,𝐵𝐵 ≠ −1

𝑏𝑏1                                                                                                                                                                          ,   𝐵𝐵 = −1

 

(2.4) 

and 

𝑎𝑎2 =

⎩
⎪
⎨

⎪
⎧
𝑏𝑏2 +

2
𝜋𝜋
𝑡𝑡𝑡𝑡𝑡𝑡−1 �

(1 − |𝜀𝜀|)(𝑏𝑏1 + 𝑏𝑏2) 𝑐𝑐𝑐𝑐𝑐𝑐 𝜋𝜋
2
𝑡𝑡

2(1 + |𝜀𝜀|) �(1+𝐴𝐴)(𝑝𝑝−𝛾𝛾)
1+𝐵𝐵

+ 𝑝𝑝−𝑘𝑘
1−(𝑘𝑘−𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

+ 𝛾𝛾 − 𝑝𝑝� + (1 − |𝜀𝜀|)(𝑏𝑏1 + 𝑏𝑏2) 𝑠𝑠𝑠𝑠𝑠𝑠 𝜋𝜋
2
𝑡𝑡
� ,𝐵𝐵 ≠ −1

𝑏𝑏2                                                                                                                                                                          ,   𝐵𝐵 = −1

 

(2.5) 

with 

𝜀𝜀 = 𝑖𝑖 𝑡𝑡𝑡𝑡𝑡𝑡
𝜋𝜋
2
�
𝑏𝑏2 − 𝑏𝑏1
𝑏𝑏1 + 𝑏𝑏2

�   𝑎𝑎𝑎𝑎𝑎𝑎   𝑡𝑡 =
2
𝜋𝜋
𝑠𝑠𝑠𝑠𝑠𝑠−1 �

(𝐴𝐴 − 𝐵𝐵)(𝑝𝑝 − 𝛾𝛾)

� 𝑝𝑝−𝑘𝑘
1−(𝑘𝑘−𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

+ 𝛾𝛾 − 𝑝𝑝� (1 − 𝐵𝐵2) + (𝑝𝑝 − 𝛾𝛾)(1 − 𝐴𝐴𝐴𝐴)
�. 

(2.6) 

Proof. Define the function 𝐺𝐺 by 

𝐺𝐺(𝑧𝑧) =
1

𝑝𝑝 − 𝜏𝜏
 �
𝑧𝑧�𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑓𝑓(𝑧𝑧)�′

𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑔𝑔(𝑧𝑧) − 𝜏𝜏� ,                                              (2.7) 

where 𝑔𝑔 ∈ 𝑊𝑊 �𝜆𝜆 + 1, 𝛾𝛾,𝑝𝑝; 1+𝐴𝐴𝐴𝐴
1+𝐵𝐵𝐵𝐵

� , (−1 ≤ 𝐵𝐵 < 𝐴𝐴 ≤ 1) and 0 ≤ 𝜏𝜏 < 𝑝𝑝. 
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Then 𝐺𝐺 is analytic in 𝑈𝑈 with 𝐺𝐺(0) = 1. Therefore, by making use of (1.3) and (2.7), we obtain 

�(𝑝𝑝 − 𝜏𝜏)𝐺𝐺(𝑧𝑧) + 𝜏𝜏�𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑔𝑔(𝑧𝑧)

=
𝑝𝑝 − 𝑘𝑘

1 − (𝑘𝑘 − 𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘
𝐷𝐷(𝑝𝑝, 𝜆𝜆 + 1)𝑓𝑓(𝑧𝑧) + �𝑝𝑝 −

𝑝𝑝 − 𝑘𝑘
1 − (𝑘𝑘 − 𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

�𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑓𝑓(𝑧𝑧). 

Differentiating above relation with respect to 𝑧𝑧 and multiplying by 𝑧𝑧, we get 

�(𝑝𝑝 − 𝜏𝜏)𝐺𝐺(𝑧𝑧) + 𝜏𝜏�𝑧𝑧�𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑔𝑔(𝑧𝑧)�′ + (𝑝𝑝 − 𝜏𝜏)𝑧𝑧𝐺𝐺′(𝑧𝑧)𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑔𝑔(𝑧𝑧)

=
𝑝𝑝 − 𝑘𝑘

1 − (𝑘𝑘 − 𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘
 𝑧𝑧�𝐷𝐷(𝑝𝑝, 𝜆𝜆 + 1)𝑓𝑓(𝑧𝑧)�′ 

+ �𝑝𝑝 −
𝑝𝑝 − 𝑘𝑘

1 − (𝑘𝑘 − 𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘
� 𝑧𝑧�𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑓𝑓(𝑧𝑧)�′.                          (2.8) 

Suppose that 

𝐻𝐻(𝑧𝑧) =
1

𝑝𝑝 − 𝛾𝛾
 �
𝑧𝑧�𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑔𝑔(𝑧𝑧)�′

𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑔𝑔(𝑧𝑧) − 𝛾𝛾�. 

Using (1.3) again, we have 

𝑝𝑝 − 𝑘𝑘
1 − (𝑘𝑘 − 𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

𝐷𝐷(𝑝𝑝, 𝜆𝜆 + 1)𝑔𝑔(𝑧𝑧)
𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑔𝑔(𝑧𝑧) = (𝑝𝑝 − 𝛾𝛾)𝐻𝐻(𝑧𝑧) +

𝑝𝑝 − 𝑘𝑘
1 − (𝑘𝑘 − 𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

+ 𝛾𝛾 − 𝑝𝑝.         (2.9) 

From (2.8) and (2.9), we easily get 

𝐺𝐺(𝑧𝑧) +
𝑧𝑧𝐺𝐺′(𝑧𝑧)

(𝑝𝑝 − 𝛾𝛾)𝐻𝐻(𝑧𝑧) + 𝑝𝑝−𝑘𝑘
1−(𝑘𝑘−𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

+ 𝛾𝛾 − 𝑝𝑝
=

1
𝑝𝑝 − 𝜏𝜏

 �
𝑧𝑧�𝐷𝐷(𝑝𝑝, 𝜆𝜆 + 1)𝑓𝑓(𝑧𝑧)�′

𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑔𝑔(𝑧𝑧) − 𝜏𝜏� .          (2.10) 

Notice that from Theorem 2.1, 𝑔𝑔 ∈ 𝑊𝑊 �𝜆𝜆 + 1, 𝛾𝛾,𝑝𝑝; 1+𝐴𝐴𝐴𝐴
1+𝐵𝐵𝐵𝐵

� implies 𝑔𝑔 ∈ 𝑊𝑊 �𝜆𝜆, 𝛾𝛾,𝑝𝑝; 1+𝐴𝐴𝐴𝐴
1+𝐵𝐵𝐵𝐵

�. Thus, 

𝐻𝐻(𝑧𝑧) ≺
1 + 𝐴𝐴𝐴𝐴
1 + 𝐵𝐵𝐵𝐵

   (−1 ≤ 𝐵𝐵 < 𝐴𝐴 ≤ 1). 

By using the result of Silverman and Silvia [11], we have 

�𝐻𝐻(𝑧𝑧) −
1 − 𝐴𝐴𝐴𝐴
1 − 𝐵𝐵2

� <
𝐴𝐴 − 𝐵𝐵
1 − 𝐵𝐵2

   (𝐵𝐵 ≠ −1,   𝑧𝑧 ∈ 𝑈𝑈)                                (2.11) 

and 

𝑅𝑅𝑅𝑅{𝐻𝐻(𝑧𝑧)} >
1 − 𝐴𝐴

2
   (𝐵𝐵 = −1,   𝑧𝑧 ∈ 𝑈𝑈).                                      (2.12) 

It follows from (2.11) and (2.12) that 

�(𝑝𝑝 − 𝛾𝛾)𝐻𝐻(𝑧𝑧) +
𝑝𝑝 − 𝑘𝑘

1 − (𝑘𝑘 − 𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘
+ 𝛾𝛾 − 𝑝𝑝 −

� 𝑝𝑝−𝑘𝑘
1−(𝑘𝑘−𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

+ 𝛾𝛾 − 𝑝𝑝� (1 − 𝐵𝐵2) + (𝑝𝑝 − 𝛾𝛾)(1 − 𝐴𝐴𝐴𝐴)

1 − 𝐵𝐵2
�

<
(𝐴𝐴 − 𝐵𝐵)(𝑝𝑝 − 𝛾𝛾)

1 − 𝐵𝐵2
 , 

when 𝐵𝐵 ≠ −1,   𝑧𝑧 ∈ 𝑈𝑈 
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and 

𝑅𝑅𝑅𝑅 �(𝑝𝑝 − 𝛾𝛾)𝐻𝐻(𝑧𝑧) +
𝑝𝑝 − 𝑘𝑘

1 − (𝑘𝑘 − 𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘
+ 𝛾𝛾 − 𝑝𝑝� 

>
(1 − 𝐴𝐴)(𝑝𝑝 − 𝛾𝛾)

2
+

𝑝𝑝 − 𝑘𝑘
1 − (𝑘𝑘 − 𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

+ 𝛾𝛾 − 𝑝𝑝 ,  

when 𝐵𝐵 = −1,   𝑧𝑧 ∈ 𝑈𝑈. 

Putting 

(𝑝𝑝 − 𝛾𝛾)𝐻𝐻(𝑧𝑧) +
𝑝𝑝 − 𝑘𝑘

1 − (𝑘𝑘 − 𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘
+ 𝛾𝛾 − 𝑝𝑝 = 𝜌𝜌𝑒𝑒𝑖𝑖

𝜋𝜋
2𝜙𝜙 , 

where 

−
(𝐴𝐴 − 𝐵𝐵)(𝑝𝑝 − 𝛾𝛾)

� 𝑝𝑝−𝑘𝑘
1−(𝑘𝑘−𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

+ 𝛾𝛾 − 𝑝𝑝� (1 − 𝐵𝐵2) + (𝑝𝑝 − 𝛾𝛾)(1 − 𝐴𝐴𝐴𝐴)
< 𝜙𝜙

<
(𝐴𝐴 − 𝐵𝐵)(𝑝𝑝 − 𝛾𝛾)

� 𝑝𝑝−𝑘𝑘
1−(𝑘𝑘−𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

+ 𝛾𝛾 − 𝑝𝑝� (1 − 𝐵𝐵2) + (𝑝𝑝 − 𝛾𝛾)(1 − 𝐴𝐴𝐴𝐴)
,       (𝐵𝐵 ≠ −1) 

and −1 < 𝜙𝜙 < 1, (𝐵𝐵 = −1), then 

(1 − 𝐴𝐴)(𝑝𝑝 − 𝛾𝛾)
1 − 𝐵𝐵

+
𝑝𝑝 − 𝑘𝑘

1 − (𝑘𝑘 − 𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘
+ 𝛾𝛾 − 𝑝𝑝 < 𝜌𝜌

<
(1 + 𝐴𝐴)(𝑝𝑝 − 𝛾𝛾)

1 + 𝐵𝐵
+

𝑝𝑝 − 𝑘𝑘
1 − (𝑘𝑘 − 𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

+ 𝛾𝛾 − 𝑝𝑝,    (𝐵𝐵 ≠ −1) 

and 

(1 − 𝐴𝐴)(𝑝𝑝 − 𝛾𝛾)
1 − 𝐵𝐵

+
𝑝𝑝 − 𝑘𝑘

1 − (𝑘𝑘 − 𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘
+ 𝛾𝛾 − 𝑝𝑝 < 𝜌𝜌 < ∞,   (𝐵𝐵 = −1). 

An application of Lemma 1.2 with 𝒯𝒯(𝑧𝑧) = 1

(𝑝𝑝−𝛾𝛾)𝐻𝐻(𝑧𝑧)+ 𝑝𝑝−𝑘𝑘
1−(𝑘𝑘−𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

+𝛾𝛾−𝑝𝑝
, yields 𝐺𝐺(𝑧𝑧) ≺ ℎ(𝑧𝑧). 

If there exist two points 𝑧𝑧1, 𝑧𝑧2 ∈ 𝑈𝑈 such that 

−
𝜋𝜋
2
𝑏𝑏1 = 𝑎𝑎𝑎𝑎𝑎𝑎�𝐺𝐺(𝑧𝑧1)� < 𝑎𝑎𝑎𝑎𝑎𝑎�𝐺𝐺(𝑧𝑧)� < 𝑎𝑎𝑎𝑎𝑎𝑎�𝐺𝐺(𝑧𝑧2)� =

𝜋𝜋
2
𝑏𝑏2 , 

then by Lemma 1.3, we get 

𝑧𝑧1𝐺𝐺′(𝑧𝑧1)
𝐺𝐺(𝑧𝑧1) = −

𝑚𝑚𝑚𝑚
2

(𝑏𝑏1 + 𝑏𝑏2)        and       
𝑧𝑧2𝐺𝐺′(𝑧𝑧2)
𝐺𝐺(𝑧𝑧2) =

𝑚𝑚𝑚𝑚
2

(𝑏𝑏1 + 𝑏𝑏2) , 

where 

𝑚𝑚 ≥
1 − |𝜀𝜀|
1 + |𝜀𝜀|      and    𝜀𝜀 = 𝑖𝑖 tan

𝜋𝜋
4
�
𝑏𝑏2 − 𝑏𝑏1
𝑏𝑏1 + 𝑏𝑏2

�. 

Now, for the case 𝐵𝐵 ≠ −1, we obtain 
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𝑎𝑎𝑎𝑎𝑎𝑎�
1

𝑝𝑝 − 𝜏𝜏
 �
𝑧𝑧1�𝐷𝐷(𝑝𝑝, 𝜆𝜆 + 1)𝑓𝑓(𝑧𝑧1)�′

𝐷𝐷(𝑝𝑝, 𝜆𝜆 + 1)𝑔𝑔(𝑧𝑧1) − 𝜏𝜏�� = 𝑎𝑎𝑎𝑎𝑎𝑎�𝐺𝐺(𝑧𝑧1) +
𝑧𝑧1𝐺𝐺′(𝑧𝑧1)

(𝑝𝑝 − 𝛾𝛾)𝐻𝐻(𝑧𝑧1) + 𝑝𝑝−𝑘𝑘
1−(𝑘𝑘−𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

+ 𝛾𝛾 − 𝑝𝑝
�

= 𝑎𝑎𝑎𝑎𝑎𝑎�𝐺𝐺(𝑧𝑧1)� + 𝑎𝑎𝑎𝑎𝑎𝑎�1 +
𝑧𝑧1𝐺𝐺′(𝑧𝑧1)

�(𝑝𝑝 − 𝛾𝛾)𝐻𝐻(𝑧𝑧1) + 𝑝𝑝−𝑘𝑘
1−(𝑘𝑘−𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

+ 𝛾𝛾 − 𝑝𝑝� 𝐺𝐺(𝑧𝑧1)
�

= −
𝜋𝜋
2
𝑏𝑏1 + 𝑎𝑎𝑎𝑎𝑎𝑎 �1 −

𝑚𝑚𝑚𝑚
2𝜌𝜌

(𝑏𝑏1 + 𝑏𝑏2)𝑒𝑒−𝑖𝑖
𝜋𝜋
2𝜙𝜙�

= −
𝜋𝜋
2
𝑏𝑏1 + 𝑎𝑎𝑎𝑎𝑎𝑎 �1 −

𝑚𝑚
2𝜌𝜌

(𝑏𝑏1 + 𝑏𝑏2) cos
𝜋𝜋
2

(1 − 𝜙𝜙) +
𝑚𝑚𝑚𝑚
2𝜌𝜌

(𝑏𝑏1 + 𝑏𝑏2) sin
𝜋𝜋
2

(1 − 𝜙𝜙)�

≤ −
𝜋𝜋
2
𝑏𝑏1 − tan−1 �

𝑚𝑚(𝑏𝑏1 + 𝑏𝑏2) sin 𝜋𝜋
2

(1 − 𝜙𝜙)

2𝜌𝜌 + 𝑚𝑚(𝑏𝑏1 + 𝑏𝑏2) cos 𝜋𝜋
2

(1 − 𝜙𝜙)
�

≤ −
𝜋𝜋
2
𝑏𝑏1 − tan−1 �

(1 − |𝜀𝜀|)(𝑏𝑏1 + 𝑏𝑏2) cos 𝜋𝜋
2
𝑡𝑡

2(1 + |𝜀𝜀|) �(1+𝐴𝐴)(𝑝𝑝−𝛾𝛾)
1+𝐵𝐵

+ 𝑝𝑝−𝑘𝑘
1−(𝑘𝑘−𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

+ 𝛾𝛾 − 𝑝𝑝� + (1 − |𝜀𝜀|)(𝑏𝑏1 + 𝑏𝑏2) sin 𝜋𝜋
2
𝑡𝑡
�

= −
𝜋𝜋
2
𝑎𝑎1, 

where 𝑎𝑎1 and 𝑡𝑡 are given by (2.4) and (2.6), respectively. 

Also, 

𝑎𝑎𝑎𝑎𝑎𝑎�
1

𝑝𝑝 − 𝜏𝜏
 �
𝑧𝑧2�𝐷𝐷(𝑝𝑝, 𝜆𝜆 + 1)𝑓𝑓(𝑧𝑧2)�′

𝐷𝐷(𝑝𝑝, 𝜆𝜆 + 1)𝑔𝑔(𝑧𝑧2) − 𝜏𝜏��

≥
𝜋𝜋
2
𝑏𝑏2 + tan−1 �

(1 − |𝜀𝜀|)(𝑏𝑏1 + 𝑏𝑏2) cos 𝜋𝜋
2
𝑡𝑡

2(1 + |𝜀𝜀|) �(1+𝐴𝐴)(𝑝𝑝−𝛾𝛾)
1+𝐵𝐵

+ 𝑝𝑝−𝑘𝑘
1−(𝑘𝑘−𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

+ 𝛾𝛾 − 𝑝𝑝� + (1 − |𝜀𝜀|)(𝑏𝑏1 + 𝑏𝑏2) sin 𝜋𝜋
2
𝑡𝑡
�

=
𝜋𝜋
2
𝑎𝑎2, 

where 𝑎𝑎2 and 𝑡𝑡 are given by (2.5) and (2.6), respectively. 

Similarly, for the case 𝐵𝐵 = −1, we have 

𝑎𝑎𝑎𝑎𝑎𝑎�
1

𝑝𝑝 − 𝜏𝜏
 �
𝑧𝑧1�𝐷𝐷(𝑝𝑝, 𝜆𝜆 + 1)𝑓𝑓(𝑧𝑧1)�′

𝐷𝐷(𝑝𝑝, 𝜆𝜆 + 1)𝑔𝑔(𝑧𝑧1) − 𝜏𝜏�� ≤ −
𝜋𝜋
2
𝑏𝑏1 

and 

𝑎𝑎𝑎𝑎𝑎𝑎�
1

𝑝𝑝 − 𝜏𝜏
 �
𝑧𝑧2�𝐷𝐷(𝑝𝑝, 𝜆𝜆 + 1)𝑓𝑓(𝑧𝑧2)�′

𝐷𝐷(𝑝𝑝, 𝜆𝜆 + 1)𝑔𝑔(𝑧𝑧2) − 𝜏𝜏�� ≥
𝜋𝜋
2
𝑏𝑏2. 

The above two cases contradict the assumptions. Consequently, the proof of the theorem is complete. 

In the following theorem, we find integral representation of the class 𝑊𝑊(𝜆𝜆, 𝛾𝛾,𝑝𝑝; ℎ). 

Theorem 2.3. Let 𝑓𝑓 ∈ 𝑊𝑊(𝜆𝜆, 𝛾𝛾,𝑝𝑝; ℎ). Then 
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𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑓𝑓(𝑧𝑧) = 𝑧𝑧𝑝𝑝. 𝑒𝑒𝑒𝑒𝑒𝑒 �(𝑝𝑝 − 𝛾𝛾)�
ℎ�𝑤𝑤(𝑠𝑠)� − 1

𝑠𝑠

𝑧𝑧

0

𝑑𝑑𝑑𝑑�, 

where 𝑤𝑤 is analytic in 𝑈𝑈 with  𝑤𝑤(0) = 0 and |𝑤𝑤(𝑧𝑧)| < 1, (𝑧𝑧 ∈ 𝑈𝑈). 

Proof. Assume that 𝑓𝑓 ∈ 𝑊𝑊(𝜆𝜆, 𝛾𝛾,𝑝𝑝; ℎ). It is easy to see that subordination condition (1.5) can be written as 
follows 

𝑧𝑧�𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑓𝑓(𝑧𝑧)�
′

𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑓𝑓(𝑧𝑧) = (𝑝𝑝 − 𝛾𝛾)ℎ�𝑤𝑤(𝑧𝑧)� + 𝛾𝛾,                                                (2.13) 

where 𝑤𝑤 is analytic in 𝑈𝑈 with  𝑤𝑤(0) = 0 and |𝑤𝑤(𝑧𝑧)| < 1, (𝑧𝑧 ∈ 𝑈𝑈). 

From (2.13), we find that 

�𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑓𝑓(𝑧𝑧)�
′

𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑓𝑓(𝑧𝑧) −
𝑝𝑝
𝑧𝑧

= (𝑝𝑝 − 𝛾𝛾)
ℎ�𝑤𝑤(𝑧𝑧)� − 1

𝑧𝑧
 ,                                         (2.14) 

After integrating both sides of (2.14), we have 

log�
𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑓𝑓(𝑧𝑧)

𝑧𝑧𝑝𝑝
� = (𝑝𝑝 − 𝛾𝛾)�

ℎ�𝑤𝑤(𝑠𝑠)� − 1
𝑠𝑠

𝑧𝑧

0

𝑑𝑑𝑑𝑑 .                                       (2.15) 

Therefore, from (2.15), we obtain the required result. 

Theorem 2.4. Let 1 < 𝛽𝛽 < 2 and 𝜂𝜂 ∈ ℝ ∖ {0} such that either � 2𝜂𝜂(𝛽𝛽−1)(𝑝𝑝−𝑘𝑘)
1−(𝑘𝑘−𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

+ 1� ≤ 1 or 

� 2𝜂𝜂(𝛽𝛽−1)(𝑝𝑝−𝑘𝑘)
1−(𝑘𝑘−𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

− 1� ≤ 1. If 𝑓𝑓 ∈ 𝒜𝒜𝑝𝑝 satisfies the condition 

𝑅𝑅𝑅𝑅 �1 +
𝐷𝐷(𝑝𝑝, 𝜆𝜆 + 1)𝑓𝑓(𝑧𝑧)
𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑓𝑓(𝑧𝑧) � > 2 − 𝛽𝛽 +

�1 − (𝑘𝑘 − 𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘�(1 − 𝑝𝑝)
𝑝𝑝 − 𝑘𝑘

,                       (2.16) 

then,  

�𝑧𝑧𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑓𝑓(𝑧𝑧)�𝜂𝜂 ≺ (1 − 𝑧𝑧)− 2𝜂𝜂(𝛽𝛽−1)(𝑝𝑝−𝑘𝑘)
1−(𝑘𝑘−𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘 

and (1 − 𝑧𝑧)− 2𝜂𝜂(𝛽𝛽−1)(𝑝𝑝−𝑘𝑘)
1−(𝑘𝑘−𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘 is the best dominant. 

Proof. Define the function 𝑘𝑘 by 

𝑘𝑘(𝑧𝑧) = �𝑧𝑧𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑓𝑓(𝑧𝑧)�𝜂𝜂 .                                                                     (2.17) 

Differentiating (2.17) with respect to 𝑧𝑧 logarithmically and using (1.3), we obtain 

𝑧𝑧𝑘𝑘′(𝑧𝑧)
𝑘𝑘(𝑧𝑧) =

𝜂𝜂(𝑝𝑝 − 𝑘𝑘)
1 − (𝑘𝑘 − 𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

𝐷𝐷(𝑝𝑝, 𝜆𝜆 + 1)𝑓𝑓(𝑧𝑧)
𝐷𝐷(𝑝𝑝, 𝜆𝜆)𝑓𝑓(𝑧𝑧) −

𝜂𝜂(𝑝𝑝 − 𝑘𝑘)
1 − (𝑘𝑘 − 𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

+ 𝑝𝑝 . 

Now, in view of the condition (2.16), we have the following subordination 

1 +
�1 − (𝑘𝑘 − 𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘�𝑧𝑧𝑘𝑘′(𝑧𝑧)

𝜂𝜂(𝑝𝑝 − 𝑘𝑘)𝑘𝑘(𝑧𝑧) ≺
1 + (2𝛽𝛽 − 3)𝑧𝑧

1 − 𝑧𝑧
. 
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Assume that 

𝜃𝜃(𝑤𝑤) = 1 ,    𝜙𝜙(𝑤𝑤) =
�1 − (𝑘𝑘 − 𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘�

𝜂𝜂(𝑝𝑝 − 𝑘𝑘)𝑤𝑤
 

and 

𝑞𝑞(𝑧𝑧) = (1 − 𝑧𝑧)− 2𝜂𝜂(𝛽𝛽−1)(𝑝𝑝−𝑘𝑘)
1−(𝑘𝑘−𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘 , 

then by making use of Lemma 1.4, we know that 𝑞𝑞 is univalent in 𝑈𝑈. It now follows that 

𝑄𝑄(𝑧𝑧) = 𝑧𝑧𝑞𝑞′(𝑧𝑧)𝜙𝜙�𝑞𝑞(𝑧𝑧)� =
2(𝛽𝛽 − 1)𝑧𝑧

1 − 𝑧𝑧
 

and 

ℎ(𝑧𝑧) = 𝜃𝜃�𝑞𝑞(𝑧𝑧)� + 𝑄𝑄(𝑧𝑧) =
1 + (2𝛽𝛽 − 3)𝑧𝑧

1 − 𝑧𝑧
. 

If we define the domain 𝐷𝐷 by 

𝑞𝑞(𝑈𝑈) = �𝑤𝑤: �𝑤𝑤
1
𝜎𝜎 − 1� < �𝑤𝑤

1
𝜎𝜎� ,𝜎𝜎 =

2𝜂𝜂(𝛽𝛽 − 1)(𝑝𝑝 − 𝑘𝑘)
1 − (𝑘𝑘 − 𝑝𝑝)𝑘𝑘−𝑝𝑝−1𝑒𝑒𝑝𝑝−𝑘𝑘

� ⊂ 𝐷𝐷, 

then, it is easy to check that the conditions of Lemma 1.5 hold true. Therefore, we get the desired result. 

Conclusion 

The purpose of this paper is to obtain some results related to inclusion relationship, argument estimate, 
integral representation and subordination property for a certain family of functions which are analytic and 
multivalent in the open unit disk defined by Borel distribution. Moreover, it is remarked that we can apply the 
results presented here to various families of analytic and meromorphic functions. 
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