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Abstract

In this article, we introduce and study a certain family of functions which are analytic and multivalent in the open
unit disk defined by the Borel distribution series. We determine some results related to inclusion relationship,
argument estimate, integral representation and subordination property.

1. Introduction

Suppose that A, be the family of functions f of the form:

F(2) =22 + Z a7, peN={12.]}, (1.1)

k=p+1
which are analytic and p-valent in the open unit disk U = {z € C : |z| < 1} and let A; = A.

Given two functions f and g which are analytic in U, we say that f is subordinate to g, written f < g or
f(z) < g(2)(z € U), if there exists a Schwarz function w which is analytic in U with w(0) = 0 and |w(z)| <
1 such that f(z) = g(w(z)), (z € U). In particular, if the function g is univalent in U, then f < g if and only if
f(0) = g(0) and f(U) < g(U).

For functions f given by (1.1) and g € A, given by

g(z) =z + Z bz,
k=p+1

the Hadamard product f * g of f and g is defined by

[oe]

FrP@ =2+ ) abezt=(g*N@.
k=p+1

Elementary distributions such as the Poisson, Pascal, logarithmic, binomial, and beta negative binomial
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distributions have been partially investigated within Geometric Function Theory from a theoretical perspective
(see for example [1,2,7,8,9,12]).

Very recently, Wanas and Khuttar [13] introduced the Borel distribution (BD) whose probability mass
function is
( /1T)r_1 e—/'tr

Plx=r)= — r=123,..

Wanas and Khuttar [13] introduced a series whose coefficients are probabilities of the Borel distribution
(BD)
o (A —p))Pie M)

N,(A;z) =zP + z",
P (k —p)!

k=p+1
where 0 < A < 1.

Now, we define a linear operator D(p,A)f : A, = A, defined by the convolution

S (k=) e

D, Df(2) = Ny(4: 2) * f(2) = 2P + Z = az*, (12)
k=p+1
where a;, =0, 0 <A< 1andz € U. Itis easy to deduce from (1.2) that
1 p— k
2D Df @) =g~ pyerigpr LA+ D)
p—k
o - TG ) Pe @, ()

Let T be the family of functions h of the form:
h(z) =1+ Z hyz¥,
k=1

which are analytic and convex univalent in U and satisfy the condition:
Re{h(2)} >0, (z € U).
We will require the following lemmas to prove our main results.

Lemma 1.1 [4]. Let u,v € C and suppose that ) is convex and univalent in U with ¥(0) =1 and
Re{uy(z) + v} > 0,(z € U). If q is analytic in U with q(0) = 1, then the subordination

zq'(2)
q(z) + w2 + v <Y(2)

implies that q(z) < Y(2).

Lemma 1.2 [5]. Let h be convex univalent in U and T be analytic in U with Re{T (2)} =0, (z € U). If q is
analytic in U and q(0) = h(0), then the subordination

q(2) +T(2)zq'(2) < h(z)

implies that q(z) < h(z).
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Lemma 1.3 [3]. Let q be analytic in U with q(0) = 1 and q(z) # 0 for all z € U. If there exists two points
Z41,25 € U such that

_gbl = arg(q(z)) < arg(q(@) < arg(q(z)) = gbz )

for some by and b, (by > 0,b, > 0) and for all z(|z| < |z1| = |2,]), then

219" (z1) - (bl + bz) and 2,q'(23) _ i(bl + bZ)m
q(zy) 2 q(z3) 2 '
where
>1—|e| d e—it n(bz—b1>
m_1+|£| an s-tan4 b, b,/

Lemma 1.4 [10]. The function
(1—-2)"=exp(log(1 —2z)), (n+0)
is univalent if and only if 1 is either in the closed disk |n — 1| < 1 or in the closed disk |n + 1| < 1.

Lemma 1.5 [6]. Let q be univalent in the unit disk U and let 0 and ¢ be analytic in a domain D containing
q(U) with p(w) #= 0 when w € q(U). Set Q(z) = zq’(z)qb(q(z)) and h(z) = B(q(z)) + Q(2). Suppose that
(1) Q(2) is starlike univalent in U,

zh'(2)
Q(2)

@) Re {522} >0 forz e U.
If G is analytic in U, with G(0) = q(0),G(U) < D and

0(G()) +26'(DP(6(2) < 8(a(@) + 24’ (Dd(q(2),

then G < q and q is the best dominant.

2. Main Results

Definition 2.1. A function f € A, is said to be in the family W(A,y,p; h) if it satisfies the following

differential subordination condition:

1 waﬁv@y_

< h(z),
p—v\ D Df(2) y) )
where 0 < A< 1,peN,0<y<pand heT.

p—k
Theorem 2.1. Let Re {(p —y)h(2) + ) rierF +y— p} > 0. Then

W@A+1Ly,p,h) c WAy, ph).
Proof. Let f € W(A + 1,y,p; h) and put

q(z) = (2.1)

1 C@@JM@Y_O

p—v \ D@Af(2)

Then q is analytic in U with g(0) = 1. According to (2.1) and using the relation (1.4), we obtain
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p—k D(p,/1+1)f(z)_( ) + p—k
1—(k—p)kPierk D@ L VT T T (k- p)kr-terk

By logarithmically differentiating both sides of (2.2) with respect to z and multiplying by z, we get

zq'(2) _ 1 Z(D(p,l + 1)f(z))’ 3
p_k +y—-p PTY D(p, A+ 1f(2)

1=(k—p)k-P-1epk

+y—p. (2.2)

q(z)

y) <h(2). (23)

+
(»—v)q(2) +

p—k
1—(k—p)k-P-1gp-k ty—p

Since Re {(p —y)h(2) +
yields q(z) < h(z), which implies f € W(A,y,p; h).

}> 0, applying Lemma 1.1 to the subordination (2.3),

Theorem 2.2. Let f € A, ,0<aj,a;, <1land0 <y <p.If

T <Z(D(p,l + 1)f(z))’ 3 )/) T

—_—— <_
2 M S TI\ T A De@) 2 %

for some g € W(/1+ l,y,p;%), (m1<B<A<1),then

n z(D(, Vf () n
—§b1<arg< D(p, g (2) —V)<§b2:

where by and b, (0 < by, b, < 1) are the solutions of the equations:

b +2t 1 (1—|£|)(b1+b2)cosgt -
— 1 —tan A — -k . ] -
m=y 7 201+ le) (BB 4 ——F—+y —p) + (1= e (b + by) sinTt
b, g
2.4)

and

( 1- |£|)(b1+b2)cos§t

)by +—tan? e — ,B#—1
a; = i T (2(1 +le) (( 11(;’ 120 1_(k_p§7k-20—1ep-k +y - p) + (1 —|e])(by + by) singt

bz ’ B = _1

(2.9)
with
. T (b — by 2 (A-B)(p—v)
s=1tan§ b1 and t=;sm - 5 .
! 2 (1_(k_p)k—p—1ep—k ty - p) (1 - B ) + (p - Y)(l - AB)
(2.6)
Proof. Define the function G by
1 D(p, A '
G(z) = z(D(p.Vf (@) a @7
p—t\ D@Dy

WheregEW(/1+1,y,p;%),(—1SB<ASl) and 0 < 7 <p.
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Then G is analytic in U with G(0) = 1. Therefore, by making use of (1.3) and (2.7), we obtain

((p—1)6(2) +7)D(p, Ng(2)
_ p—k
TT—(e—pFrier

p—k
1= (k = p)Fr-ierk

D@2+ DI () +(p - ) D@, Df ).

Differentiating above relation with respect to z and multiplying by z, we get
(=16 +1)z(D(, Mg (2) + (p — 126" (D (p, Vg (2)

—k ,
"1 (k _pp)k—p—lep—k z(D(p, A+ 1f (2))

—k ,
+ (P 1ok _pp)k_p_le,,_k) z(D(, Df (2)) . (2.8)

Suppose that

H(z) =

1 <z(D(p. Ng@) y)

p—v\ D{@Dg()
Using (1.3) again, we have

p—k D(p,A+1g(z) p—k

=({p-y)H -p. 29
== e ® D g ¢ IO Ty tY T 29)
From (2.8) and (2.9), we easily get
zG'(z 1 z(Dp, A+ Df @)
G(2) + (p)_k - — ( ( g’( » )(f)( ) _ T>. (2.10)
(p—y)H(2) + ) rierF +y—-p P—T p,A)g(z
. 1+4Z\ . .. 1+AZ
Notice that from Theorem 2.1, g € W (/1 +1,y,p; E) implies g € W (/1, V,D; E)' Thus,
1+ AZ
H —-1<B<AZ<1).
@) <175, (C1sB<4sD
By using the result of Silverman and Silvia [11], we have
1—-AB A—-B
H(z)—l_B2 <1—BZ (B+-1, zel) (2.11)
and
1-A4
Re{H(z)} > — (B=-1, z€eU). (2.12)
It follows from (2.11) and (2.12) that
p—k
O S LR et L
PV T "k —pyepigpk ' VTP 1- B
(A-B)(p—vy)
1— B? '

whenB #= -1, z€ U
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and
p—k
Re {(p —VH@) + - (k= pyepTer® TV~ p}
A-AD@-v) p—k
> kp—1pk TY P,
2 1— (k—p)vier
when B = -1, z€ U.
Putting
p— k _ l'Ed)
N A AL
where
A—B)(p —
B _ ( )(p )/2) <é
(ot 7 —p) 1= B+ (p — (1 — 4B)
(A-B)p-v)

<

(B # —1)

_k ’
(7 —p) A= B + (0 —1)(1 - 4B)

and —1 < ¢ <1, (B=—1), then

1-ADp-v) p—k ey <
1-B 1— (k- p)k-p—lgp—k TV PSP
1+A0®@-v) p—k
148 T 1—(k—p)ycp-igpk V7P (B #-1)
and
1-AHbp-7 p—k

_ B =—1).
=B 1= (k=pyerierk TV TP <P <o )

1
p—k
1—(k—p)k_p—1ep—

An application of Lemma 1.2 with T'(z) = ,yields G(2) < h(z).
P

(p-v)H(2)+ o

If there exist two points z;,z, € U such that
s s
_Ebl =arg(G(z)) < arg(G(2)) < arg(G(zy)) = Ebz ,

then by Lemma 1.3, we get

z,G'(z;)  mi 7,G'(z;)  mi
ca) - 2 (by +b,) and cz) 2 (by + by),
where
m_1+|g| and &= itan b, 1D,/

Now, for the case B + —1, we obtain
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B B S ECIGR V) C) W | N P 2G'(2,)
p—t\ DA+ Dg(z) ! (P~ VHE@) + b + Y — P

z,G'(z1)
=arg(G(z)) +arg| 1++ ! p_kl -
(0 —V)H(z) + ok TV P G(z1)

T mi i
= _Ebl +arg (1 —Z(b1 + by)e 24’)

= —gbl +arg (1 —%(bl + by) cosg(l —¢) +72n—pl(b1 + b,) sing(l - d)))
m(by + by) sin~ (1 - ¢) )

2p + m(b; + b,) COS% 1-¢)

T -1
< —Ebl—tan

T (1 — Dby + by) cosZt

< —=b, —tan™? 2
2 <2(1 HleD ((Hﬁ(;_)/) + 1_(k_p§)k_—l;—1ez>—k +y-— p) + (1 —|eD(by + by) sin%t)
s

= -,

where a; and t are given by (2.4) and (2.6), respectively.
Also,

1 (z,(D( A+ 1)f(22))’ _
arg p—1 D(p, A+ 1)g(z,) !

n 1 1- |€|)(b1+b2)cosgt
>—=b, +tan”
(1+A)(p-v) -k :
’ 2(1+Iel) ( 1+§ =+ 1—(k_p;)k—p—1ep—k +y - p) + (1 - [e)(by + by) slngt
T
= Eazl

where a, and t are given by (2.5) and (2.6), respectively.

Similarly, for the case B = —1, we have
R B EACICRESVICH) N U
INp—<\" D2+ Dg@) =77
and
ur 1 ZZ(D(p,A+1)f(ZZ))’_T >Eb
g p—T D(p, A+ 1)g(z,) =27

The above two cases contradict the assumptions. Consequently, the proof of the theorem is complete.
In the following theorem, we find integral representation of the class W (4, y, p; h).

Theorem 2.3. Let f € W(A,y,p; h). Then
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D(p,D)f(2) = zP.exp

Zh _
(p —V)f%dS],
0

where w is analytic in U with w(0) = 0 and |w(z)| < 1, (z € U).

Proof. Assume that f € W(A,y,p; h). It is easy to see that subordination condition (1.5) can be written as
follows

2(D(p, Df ()’
D(p, Df (2)

where w is analytic in U with w(0) = 0 and |w(2)| < 1, (z € U).

=@ -Nh(w@)+v, (2.13)

From (2.13), we find that

CeF@) P _
Do, 2z T

After integrating both sides of (2.14), we have

A ‘h -1
log <—D G sz(z)> =®-v) f —(W(?) ds. (2.15)
0

-7) —h(w(zz)) 1 , (2.14)

Therefore, from (2.15), we obtain the required result.

2n(B-1)(p—k)
1-(k-p)k-P-lep=k

Theorem 24. Let 1<f <2 and 7n€R\{0} such that either | +1l<1 or

2n(B-1)(p—k)
1-(k—p)k-P-1lep-k

— 1| < L If f € A, satisfies the condition

(1= (k—p)P~1eP=*)(1 - p)
p—k

R {1 4 2.2+ V@) , (2.16)

D@J#@)}>2‘B+

then,

. vk
(zD(p, Vf(2))" < (1 —z) 1-Ge-pF-P=iepk

_ 2n(B-)(p-k)
and (1 — z) 1-G-2*P=LeP~k jo the best dominant.

Proof. Define the function k by
n
k(@) = (2D, Df ). (2.17)
Differentiating (2.17) with respect to z logarithmically and using (1.3), we obtain

zk'(z) _ n(p — k) D(p,A+1)f(2) n(p — k)
k(@ —1-(k-pkPler™ DpDf(2) 1-(k—p)kPrlerk

+p.

Now, in view of the condition (2.16), we have the following subordination

N (1= (k —p)kP=teP=k)zk'(2) 1+ @B - 3)z_

! "G — k() T2
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Assume that

and

(1 - (k —p)k-plepk)
np - kw

ow) =1, ¢(w)=

___2mB-De-k
q(z) =(1-2) 1-(k-p)k—P~TeP K

then by making use of Lemma 1.4, we know that g is univalent in U. It now follows that

and

2(B—-1
Q(2) = ZCI'(Z)Qb(CI(Z)) = %
1+ (28 - 3)z
h(z) =0(q(2)) + Q(2) = R B—

If we define the domain D by

qU) = {W: |W§ - 1| < |W<%

__mB-De-0 ) _,
T T (k- pyRrier k| T

then, it is easy to check that the conditions of Lemma 1.5 hold true. Therefore, we get the desired result.

Conclusion

The purpose of this paper is to obtain some results related to inclusion relationship, argument estimate,

integral representation and subordination property for a certain family of functions which are analytic and

multivalent in the open unit disk defined by Borel distribution. Moreover, it is remarked that we can apply the

results presented here to various families of analytic and meromorphic functions.
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