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Abstract

This article establishes the existence of a Landau-type constant for biharmonic mappings derived from
holomorphic functions in the unit disk D = {¢ € C : |¢| < 1}, provides the insights into the geometric

properties and behavior of these mappings.

1 Introduction

Biharmonic functions constitute an important class of solutions to fourth-order elliptic partial differential
equations and naturally extend the theory of harmonic functions. Besides their theoretical significance in
complex analysis, biharmonic mappings arise in a variety of applications, including elasticity theory, fluid
mechanics, plate bending problems, and mathematical physics. In geometric function theory, they provide
a broader framework for investigating geometric properties such as univalence, convexity, starlikeness,
distortion and covering phenomena. Owing to these diverse applications, the study of biharmonic mappings

has attracted considerable attention over the past two decades.

A complex-valued function F' defined on a domain D C C is called biharmonic if it satisfies the

fourth-order partial differential equation
A%F =0,

where A denotes the Laplacian operator. Equivalently, the Laplacian of F' is harmonic in D. Every

biharmonic mapping on a simply connected domain can be expressed as

F(¢) = [CPG) + H(C),

where G and H are harmonic mappings. This decomposition plays a central role in the analysis of
biharmonic mappings and provides an effective tool for extending many classical results from holomorphic

and harmonic function theory to the biharmonic setting.
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One of the fundamental problems in geometric function theory is the investigation of univalence
and geometric behaviour of mappings satisfying suitable normalization and boundedness conditions. For
biharmonic mappings, the Jacobian determinant serves as the principal criterion for local univalence and
orientation preservation. In particular, a biharmonic mapping is sense-preserving whenever its Jacobian
remains positive throughout the domain of definition. Consequently, estimates involving the Jacobian and
its associated quantities have become indispensable in deriving coeflicient estimates, distortion inequalities

and covering results for biharmonic mappings.

Landau’s theorem is one of the classical cornerstones of geometric function theory. It provides an
explicit lower bound for the radius of univalence of bounded normalized holomorphic functions together
with a covering theorem describing the size of the corresponding image domain. Since its original
formulation, Landau’s theorem has inspired numerous extensions and refinements for different classes of
mappings. Such generalizations not only broaden the applicability of the theorem but also reveal deeper

geometric properties of the underlying function classes.

The harmonic analogue of Landau’s theorem has been extensively investigated by several authors.
Using refined coefficient estimates, Dorff and Nowak |5] established improved versions of Landau’s theorem
for harmonic mappings under suitable normalization conditions. Subsequently, Grigoryan [8] obtained
sharper Landau-type results for bounded harmonic mappings by developing precise coefficient estimates
and improving the corresponding univalence radius. These investigations demonstrate that harmonic
mappings exhibit geometric behaviour considerably richer than that of holomorphic functions while still

admitting quantitative univalence criteria.

The extension of Landau’s theorem to biharmonic mappings has also received significant attention.
Abdulhadi and Abu Muhanna || initiated the study of Landau-type theorems for bounded biharmonic
mappings by proving the existence of a Landau constant for this class. Their work established a foundation
for subsequent investigations into the geometric theory of biharmonic mappings. Building upon these ideas,
Liu [9,10] derived improved coefficient estimates for bounded harmonic and biharmonic mappings, obtained
sharper Landau constants and verified the sharpness of several associated results. These developments have

considerably strengthened the understanding of Landau-type phenomena in higher-order elliptic mappings.

Despite these advances, comparatively fewer studies have focused on biharmonic mappings generated
directly from holomorphic functions. Such mappings inherit structural properties from their holomorphic
components while simultaneously exhibiting the richer behaviour characteristic of biharmonic functions.
This additional structure suggests that stronger coefficient estimates and improved geometric conclusions
may be obtained by combining techniques from classical holomorphic function theory with the biharmonic
framework. Consequently, the investigation of Landau-type results for biharmonic mappings generated

from holomorphic functions remains a natural and worthwhile problem.

Motivated by the above developments, the present paper investigates a class of biharmonic mappings
of the form F(¢) = |¢|*G(¢) generated from holomorphic functions. By exploiting the holomorphic

representation together with suitable coefficient estimates, we establish Landau-type theorems that provide
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explicit radii of univalence and corresponding covering results. The obtained estimates extend several
existing results for biharmonic mappings and further illustrate the close relationship between holomorphic
function theory and higher-order elliptic equations. It is expected that these results will contribute to
the continuing development of geometric function theory for biharmonic mappings and stimulate further

investigations in this direction.

2 Preliminaries

In this section, we recall some basic definitions and notation that will be used throughout the paper.

Let D = {¢ € C: [¢| < 1} denote the open unit disk. Unless otherwise specified, we write ¢ = re?,

where r = || < 1 and 6 = arg(().

Let D C C be a domain and let F' : D — C be a four times continuously differentiable function. The

function F' is said to be biharmonic in D if it satisfies
A’F=0 inD,
where the Laplacian operator is given by 52
a¢o¢

Equivalently, F' is biharmonic if its Laplacian AF' is harmonic in D.

Every biharmonic mapping on a simply connected domain admits the representation
F(¢) =I¢I*G(¢) + H(Q),
where G and H are complex-valued harmonic functions.

Every harmonic mapping G in D admits the canonical decomposition

G(¢) = h(¢) +9(0),

where h and g are holomorphic in D. Throughout this paper, ' and ¢’ denote the derivatives of h and g,

respectively.
A biharmonic mapping F is said to be sense-preserving in D \ {0} if

Jr(¢) >0,

where the Jacobian determinant of F' is

Jr(Q) = [Fe(Q)1 = [F(Q).

For convenience, we introduce the quantities

Ar(Q) = [F(O)] = [F&(O)]
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and
Ap(Q) = [Fe (O] + [FE(Q)]-

Consequently,

Jr(C) = Ar(CQ)AF ().

We denote by A the class of holomorphic functions in I satisfying the normalization conditions f(0) =

0, f/(0) = 1. Every function f € A has the Taylor series expansion
oo
FO=¢+> an™
n=2

The following classical result, known as Landau’s theorem, plays a fundamental role in geometric function

theory and serves as the motivation for the present work (see []).

Theorem 2.1 (Landau). Suppose that f is holomorphic in D, satisfies f(0) = 0, f'(0) = 1, and |f({)| < M
for all ¢ € D. Then f is univalent in the disk D,,, where

1
n NPT

Moreover, f(D,,) contains the disk Dg,, where Ry = M pd

3 Main Results

Theorem 3.1. Let f € A and let G(¢) = f(¢) + f'(¢) — 1 be harmonic in D such that G(0) = 0, with

1
lan| < nt , for all n > 2. Then there exists a constant p1 € (0,1) such that F(¢) = r?G(() is univalent
in the disk |C| < p1. Specifically, p1 satisfies

3 N 1 1+p 2(1+ p) 1 N 2 3
200=p) (1—=p) 200=p3 p(1=p3 p(l—=p?2 (1-p* »p

and F(D,,) C Dg, with

Ri=2p° + p% — pil+p1) pil+p)  p

20 —p1)*  201—p1)? 2(1—p1)

This result is not sharp.

Proof. Let (1,(2 € D with {3 # (2 be such that |(1| < p and |(2] < p, 0 < p < 1. Then

F(G) — F(C) :/

RO+ Fll = / (G + r2R)dC + (CG + r2g")dC,
C1,¢2

[¢1,¢2]
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where [(1, (2] is the line segment from (; to (2. Then

[F(C1) — F(Q)| =

1(0) / (202d( + 22dC) + ' (0) / (2r2dC + E2d0)
[C1,¢2] [¢1,¢2]

" / (B(C) — H(0)C) + (G(0) — FOO](CdC + (D)
[¢1,¢2]

w0 - KON+ G0 - g/<o>>d§>\
[¢1,¢2]

1 oo ]
> - al( [ ) 12Xl = Y nlanl?
0 n=2 n=2
o0 oo
=3 g = 3 ] @
n=2 n=2

0 n=2 n=2 n=2
oo 1 00 1 o
n—2 2 n—1 3 n—2
_an _§an —§an ]
n=2 n=2 n=2

> le2 ‘C”(/olrzdg {4‘ e (el e
_2(1+p) 1 2 3]

pL—p) pl—p? (—p) o)

Choose py so that

3 1 14 p1 2(1+ p1) 1 2 3
+ + + + +
20=p1)2  (1=p1) 20 =p1)3 p(1=p1)3  pi(1=p1)2 (A=p1)t m

Then F' will be univalent in the disk |{| < p1- Furthermore, if |(| = p1, then

4 —

oo [o.¢]
IF(O)] = pIGOI = pt =D lanlpt =D nlan|p} ™"
n=2 n=2
s pi(+p1)  pi(l+p1) p1 )

> 2 - + pi = Ry.
P — ) 20—p)? 20—p) T

O

Theorem 3.2. Let f € A and G(¢) = f(¢) + f'({) —1 be harmonic in D such that G(0) = 0, with
lan| < 2n+1)(n+1)
n| =

for allm > 2. Then there exists a constant pa, 0 < py < 1, such that F(¢) = r>G()
is univalent in the disk |C| < pa. Specifically, pa satisfies

13(1—|—p)+ 7 n 1 N 4p N 1+p N 1
6(1—p)3 6(1—p)2 3(1=p) 3(1=p* 2p(1-p)3 p(1-p)?
1 1+11p—8p—8p* —p> 2
N N p=8p=8p"=p 2_,
6p(1 —p) 3p(1—p) p
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and F(D,,) C Dg,, where

(1 + 5 3 5(1+ p2)p3 4p3 6 + p2)ps
Rgng—i—Qp%—pZ( p2) Py Py B(A+pa)ps  Apy (64 p2)p3

31=p2) (Q=p2)* (Q—p2) 6(1—p2)* (1—p2)* 6(1—p2)*

This result is not sharp.

Proof. By the previous Theorem 3.1, from A

o0

1 00
P - F@l 2 la-al( [ Pa) =23 lale = Y alanl™?
0 n=2 n=2
_ Z n|an|pn—1 _ Zn2|an‘pn—2:|
n=2 n=2
1 0o
> G — Gl (/0 r2dt> [1 -y (2n + 1é(n i 1)P"71

n=2

_in<(2n+ 1é(n+ 1)>p"2 _§n<(2n+ 1()5(n—|— 1))/{11
_in2<(2n+ 1()j(n+ ”),;n—?}
> | - C1|</01r2dt> [1 _ Zgnw—l;;wn_l ) :1»,29"_1

1 00 1 00 00 1 0o 1 o)
_ gzn?)pn—l _ §Zn2p”_2 _ ann—2ézpn—l . 3Zn4pn—2]’
n=2 n=2 n=2 n=2 n=2

! 13(1 + p) 7 1 4p
_ 1+p 1 B 1 _1+11p—8p—8p2—p3+2]
2p(L=p)*  p(l—=p)2 6p(1—p) 3p(1 —p)® pl

Choose po so that

131 4p) 7 1 4py l4py 1
6(1—p2)*  6(1—p2)* 3(1—p2) 3(1—p2)* 2p2(l—p2)® p2l—p2)?
1 1+11py—8py—8pf— pd 2}0
6p2(1 — p2) 3p2(1 — p2)® p2]
13(1 + p2) 7 1 4ps 1+ po 1 1

+ + + +
6(1—p2)®  6(1—p2)?  3(1—p2) 3(1—p2)* 2p2(l—p2)®  p2a(l—p2)®  6p2(l—p2)

1+ 11py — 8py — 8p* — p _2_y
3p2(1 = p2)® p2
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Then F will be univalent in |¢| < p2. Furthermore, if || = p2, then
oo o0
[E(O] = p3IG(O)] = p3 [Pz = > lanlps - ananpgl]
n=2 n=2
1 & 1 o
> Bloa— g Y-y el sz—*zn?’”l
n=2 n=2
1 — 1
-3 n2phl 6%/)3 1]
n=2
>{p2+2 s p(l+p)  p3  p3 5(1+pa)ps
T 31 -p)? (L-p2)? (L—p2) 6(1—p2)?
. (6+p2)p%] _ R
(1—p2)*  6(1—p2)?
O

Theorem 3.3. Let f € A and G(C) = f(C) + f/({) —1 be harmonic in D such that G(0) = 0, with

2n? +1

jan| <

univalent in the disk |C| < p3. Specifically, ps satisfies

for all n > 2. Then there exists a constant p3, 0 < ps < 1, such that F(()

24 22p3 — 16p5 + p3 | 8(1+p3) |, 3(1+p3) | 2(1+ ps) 1+ p3
3p3(1 — p3)® 3(1—p3)*  (1—p3)®  3ps(1—p3)3  3p3(1 - p3)?
2 2
b - =y,
3(1=p3)  p3

and F(D,,) C Dgr,, where

Ry—oi_ P28 20+pm)’ 803
5 3(1—p3) 3(1—p3)? 3(1—p3)? 3(1—py)t

This result is not sharp.

Proof. By the previous Theorem 3.1, from A

1 e} (e’
F(G) - F(G)] 2 16— Gl ( / r%zt) [1 oY falo" = 3 nlagl

— Zn’an‘pn—l _ an‘an’[)n_z]
n=2 n=2
! = /20?2 +1 = (22 +1
o ) S,
0 n=2

n=2

7% <2n +1> n_linQ(zn? 1)/)”_2]’

n=2

o

w«o—ﬂgﬂzm—g(/ MQP_E)nt 25 E:ﬁng

n=2

_;inp Zn3n1 an _72714”2 annz’
n=2 n:2

= r2G(() is
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! 24+22p—16p3 —p>  8(1+p)
2 2
|F(C1)—F(C2)|Z\C2—C1|</O r dt) [4_ 30(1— p) T 3(1_pp
31+p)  2(1+p) 1+p 2 2

(=p) 3p(-pP 3p(l—p)® 3(1-p) 5]

Choose p3 so that

g 212208 — 16p5 —p3  8(L+p3) 3(+p3) 2(1+p3) = 1+4p3
3p3(1 — p3)® 31—p3)t  (1—p3)*  3ps(1—p3)®  3ps(l—p3)?
2,2 _
3(L—p3)  ps3

Then F' will be univalent in || < p3. Further, if |¢| = p3, then

F(Q)| = 2160 = 22 [pg =S fanlef annw;fl]

n=2 n=2
2 2 - 2 n 1 - n 2 - 3 n—1 1 - n—1
>3 |ps— 3D s =3 ) M=) niET =2 ) nel
n=2 n=2 n=2 n=2
Sop P s 20 8y

T 3(1-ps) 3(1-p3)? 3(1-p3)? 3(1—p)2  3(1—p3)t

O

Theorem 3.4. Let f € A and G(C) = f(¢) + f'({) —1 be harmonic in D such that G(0) = 0, with

| < — 2L
n(n —1)

F(¢) = r*G(Q) is univalent in the disk || < p4. Specifically, ps satisfies

for all n > 2 and M > 0. Then there exists a constant ps, 0 < py < 1, such that

M
1+ M +2Mlog(l —p) — —— =0,

I—p
and F(D,,) C Dg,, where

Ry = (1= M)p} + Mpslog(1 — pa).

This result is not sharp.

Proof. By the previous Theorem 3.1, from A

o0

1 00
F(G) - F(G)] = 16— Gl ( / ert) [1 S0 fanle ™ = 3 a2
n=2

n=2
o0 [ee]
=3 nlanlent - Zn2ran|p“—2] ,
n=2 n=2
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|F(<1>—F(<2>|2\<2—<1|(/ 2dt> [1_2i<nM >n—1
_in<nﬂ_41 > g”<nM Aj)ﬂ"‘l
)]
ZCQ_Cﬂ(/Olert)[1—2Misn__11+2M7ip7:1

-1

00
_Mzn_1+Man2 Mzn_l_i_MnE_:Qpn—l

n=2

n p n—2
- M M

SAL ]

! M
>C2—C1|</ T2dt><1+M+2Mlog(1—P)— >
0 (1—p)
Choose ps4 so that 1+ M + 2M log(1 — ps) — ﬁ = 0- Then F will be univalent in || < p4. Further,

— P4

if ¢] = p1, then

[F(Q)l = pilG(Q) = pi [M = lanlof - Zn!anlpzl]

n=2 n=2
oo o0
M M M M _
Zpi{m—z (n_l —TL)pZ—Zn(n_l —n)PZ 1]
n=2 n=2

> (1= M)p§ + Mpylog(1 — py) = Ry.
O

Theorem 3.5. Let f € A and G(¢) = f(¢) + f(¢) — ¢ be harmonic in D such that G(0) = 0, with
1

}an‘ < % for all n > 2. Then there exists a constant ps, 0 < ps < 1, such that F(¢) = r*G(¢) is

univalent in the disk || < ps. Specifically, ps satisfies

1+p n 3 2
(I=p)F (1=p? 1-p

and F(D,;) C Dgr,, where
Pg’ __P5
(I—ps5)> 1-—ps

Rs = 3p —
This result is not sharp.

Proof. Let (1,(s € D with (3 # (2 be such that |(1| < p and |(2]| < p, 0 < p < 1. Then

F(&1) - F(G) = /[C |, Pl + Fdl = /[C (G (€O

Earthline J. Math. Sci. Vol. 16 No. 4 (2026), 781-799



790 K. P. Balakrishnan and S. Sunil Varma

where [(1, (2] is the line segment from (; to (2. Then

|F(¢1) — F(G)| =

1/(0) / (2r2d¢ + ¢2d0) + 77(0) / (2r2d¢ + E2d0)
[C1,¢2] [C1,¢2]

+ / (h(C) — K (0)C) + (§(0) — 7000 (CdC + Cdl)
[¢1,¢2]

¥ /M P Q) — W(0))dC + (5700) - g'<o>>dc>'
> e -al( | 1 sar) |1 - 42 Janl™ - 2in\an\pn-1} ®)
> |2 — C1|</017”2dt> [1 - 2;::;”0”_1 - 2;_.;0”_1
_ZnQ n—1 inpn—l]
n=2

= @‘Cl'(/ol"”th) [7‘ e e <1Ep>]’

Choose p5 so that

7 14 ps B 3 B 2 —0
(L=ps)? (L=p5)* (L—p5)
1+ p5 3 2
+ + =7.
(L=ps5)*  (L=ps5)*>  (1—ps)
Then F will be univalent in || < ps. Furthermore, if || = ps, then
IF(Q)] = p3IG(Q)] = p — 203 Z |an |0t
p3 3

5 (1-p5)%  (1-ps)

O

Theorem 3.6. Let f € A and G(¢) = f(¢) + f(¢) — ¢ be harmonic in D such that G(0) = 0, with
}an‘ < (2n+1)(n+1)

for allm > 2. Then there exists a constant pg, 0 < pg < 1, such that F(¢) = r?G(()
is univalent in the disk |C| < pg. Specifically, pe satisfies

2 N 7 + 1+p 8p
31—-p) 3(1-p2 (A-p3? 301-p*

and F(D,) C Dry, where

45 5,5 pi(pd—3)
Re— 23202 P05 =3)
6 3p6 + 6p6 3(1 _ p6)2

This result is not sharp.
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Proof. By the previous Theorem 3.5, from B

1 e8] [e%e]
[F () = F(G)l =[G —Cl|</0 T2dt> [1 —4) " an|p" —2Zn|anlﬂn_l}
n=2 n=2
1 [e'e) 2
2 n n 1 n—1
> Cz—ﬁl(/o r dt) [1—4T§<3+2+6>p
> n? n 1 1
> C2—C1!(/ 2dt> [1_ 2”2 =193 !
n=2
_,Zn2n1 Zn?;nl annl

n=2
1
2 7 1+p
> ¢y —( (/ r2dt>[7—
2 =di W—p) B1-p (1—pP
%
3(1—p)*
Choose pg so that
7 2 _ 7 B 1+ pe B 8p6 —0

3(1—ps) 3(1—ps)? (L—p6)® 3(1—pg)

Then F' will be univalent in |(| < pg. Further, if |{| = ps, then

IF(Q)] = pdlG(C) - 2PGZ |anlog

2 oo
P
Zp%—gp% E n*pf — pg E npg =3 >0k
n=2 n=2 n=2

45 545 pglpd—3)
>3y 2 P69 po
O
Theorem 3.7. Let f € A and G(¢) = f(¢) + f(¢) = ¢ be harmonic in D such that G(0) = 0, with
2n? + 1
‘an‘ < nt for all n > 2. Then there exists a constant p7, 0 < py < 1, such that F(¢) = r2G(() is

univalent in the disk || < p7. Specifically, p7 satisfies

16p A(1+ p) 2 4
30— )1 31 T3 T3A—p) "

and F(D,,) C Dg,, where
4 4p2(1 + p7) 2
Ro— pd 4 2,2 201 _ ‘
TR B 30—

This result is not sharp.
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Proof. By the previous Theorem 3.5, from B
1 oo o0
FQ) = F@ 2 e - al( [ ) [ =1%ol =23 alanls™
0 n=2 n=2
1 0 2
2 (2n*+1)
2l [ ) [1-a 3 B,

n=2 3
0 3 3 3
n=2 n=2 n=2
2 = n—1
—3 2
n=2
1
16p A(1+ p) 2
> -l [ ra)|r- . .
0 31-pt 31-p3 3(1-p)?
=
3(1-0p)
Choose p7 so that
7_ _ 16p 4(1 +p) 2 1,

31-p) 3(1=p)* 3(1-p? 3(1-p)

Then F' will be univalent in |(| < p7. Further, if |{| + p7, then

IF(O] = sG] = pF =202 ) lanlp?

n=2

4 5 2 =

> iy = 307 > nPppt - 3P > oy
n=2 n=2

4 o 4p3(1+pr) 2p7

3 2 7 7

+p2 - - — Ry
SO S TY R T )

O

Theorem 3.8. Let f € A and G(¢) = f(¢) + f(¢) — ¢ be harmonic in D such that G(0) = 0, with
M
‘an‘ < ﬁ for all n > 2. Then there exists a constant pg, 0 < pg < 1, such that F(¢) = r>G(¢) is
n(n —
univalent in the disk || < ps. Specifically, ps satisfies

4M log(1 — p)

6Mplog(l —p) — )

—(4M —1)p =0,
and F(D,g) C Dry, where
Rs = p§ +2M pglog(1 — pg) — 2M log(1 — pg) — 2M p§.

This result is not sharp.
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Proof. By the previous Theorem 3.5, from B

|F<<1>—F<<2>\zc2—<1( th) 1- 4Z|an|p“—2§jn|an\p" }

|
2@_@( r2dt>[1 < nM_1)>p"_1
Ea)e]
ZC2_<1|</0 2dt>[ 4MZ£_1+4MZP -
_ QMni; Zpi_ll X 2M;pn_l]

1
> |G — ¢ (/0 r2dt> [GMplog(l ) ‘Wlogp(lf’)

— (4M — l)p].

Choose pg so that
4M log(1 — ps)

P8
Then F' will be univalent in |(| < pg. Further, if |(| = ps, then

6M ps log(1 — ps) — — (4M —1)ps = 0.

IF(Q)l = pglG(Q)] = p§ — 208> lanlp

n=2
>p — oM 32 p8 +2M 3Zp8
8
n=2

> p3 +2M pglog(1 — pg) — 2M log(1 — pg) — 2M p§ = Rg.

O

¢
Theorem 3.9. Let f € A and G(¢) = f(¢) + (/ fit)dt - C) be harmonic in D such that G(0) = 0,
0

1
with !an‘ < n for all n > 2. Then there exists a constant pg, 0 < pg < 1, such that F(¢) = r*G(() is
univalent in the disk |C| < pg. Specifically, py satisfies

1+ 2 ) log(1 —
P - _log(l=p) _ o
20=p)  (A=p)* 2(1-p) p
and F(D,,) C Dg,, where
Ro — Lﬁ’g Py I log(1 — pog)
T3 2(L—pe)? L1—py 2

This result is not sharp.
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Proof. Let (1,(2 € D with {3 # (2 be such that |(;]| < p and [(2] < p, 0 < p < 1. Then

F(G) — F(G) = /[C | FQe + Fedd = /[< (@R + (G 179

where [(1, (2] is the line segment from (; to (2. Then

[F(C1) — F(G)| =

/[ ](EG +72hYd¢ + (CG + r2g‘/)d§’
C1,62

o) [ @rtdcs Ca) + g0 [ @t + )
[¢1,¢2] [¢1,¢2]

" / (h(C) — H(0)C) + (@(0) — F O] (CdC + ¢dl)
[¢1,¢2]

¥ /[4 PO KOG + (7 - g’(O))dE)‘

> |¢2 — Cly(/01r2dt> [1 —~ 3222 lan|p" ! — Qg‘c’;ﬂpn—l

) g"'a”")nl} (©)
> G2 — Cl!(/lert) [1 - 32 (n; 1);}”1 - 22(”27;1)pn1
e

> |G —C1!</017"2dt> [7_ 2(1J_FZ)3 - (1_2p)2 - 2(15_p)

log(1 —
| log( p)]'
p
Choose pg so that
_ l4p 2 5 log(1 —p9) _,
2(1=pg)®  (L—=p9)* 2(1— po) P9 '
Then F' will be univalent in |¢| < pg. Furthermore, if |(| = pg, then
IF(Q)] = p3lG(O)] = p — p§ > lanlpl — Z 2l
n=2 n=2
Py~ 5
po — ang /79209 9 r?
n=2
. 708 pS _ pS +pglog(1—p9) _ R,
3 2(1—=p9)* (L—py) 2

O]

¢
Theorem 3.10. Let f € A and G(¢) = f(¢) + </ f( ) dt — C) be harmonic in D such that G(0) = 0,
0

2n+1)(n+1)

with ’an‘ < 5

for all n > 2. Then there exists a constant pig, 0 < p1og < 1, such that
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F(¢) = r?G(Q) is univalent in the disn || < p1o. Specifically, p1o satisfies

4p 11(1 + p) 7 3 log(l-p)
31-p* 6(1—-p)?° 3(1-p? 2(1-p) 3p
and F(D,,,) C Dg,,, where

=1,

.3 Po@pio+T)  2p10 | piglog(l — pio)
Rip = 3p1o — 5 — ,
6(1 — p1o) 1 — p1o 6
This result is not sharp.

Proof. By the previous Theorem 3.9, from C

1 00 00
P - F@lz e -al( [ Pa)[i-3% alrt -2y 2l
0 n=2 n=2 n
_ Z n‘anpn—l]
n=2

> |C2—C1\</ 2dt> [1_3Z< (2n + 1)( n+1)>pn1

_22<2n+1 ) i (2n+1 n+1)>pn_1]
2|€2—Cﬂ</ 2dt> [1—27@3 n—1 _ 2”2 n—1

TS~ 1 3%~ 6 1p"!
_Z -1_2 —1-=
3 2" 3 21" 3 n

1 4p 11(1 + p) 7
> ¢z = Gl /o 7“2dt> [7_ 31—p)% 6(1—p)3 3(1—p)?2

__ 3 leg(1- p)]
2(1=p) 3p
Choose p1p so that
4p10 11(1 + py) 7 3 log(1 — p10)
7 - - - + —0.
3(1—p10)*  6(1—p9)® 3(1—p10)* 2(1— p1o) 3p10

Then F will be univalent in |¢| < p1o- Further, if |{| < p1o, then

oo o
|an|
[F(2)] = p%|G(2)] = plo = plo Y _ lanlpllo — Y _ =y

n=2 n=2
o0 o0
> 3 Pio 2 n 2 n ,010 L 010
Z P10 — 3 Z” Plo—moznﬂlo Z P1o — Z
n=2 n=2

S g3 _ P20 +7)  2pi0 plo log( — p10)
—Y6(1—-p0)?2 (1 —pao) 6

= Ryo
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¢

Theorem 3.11. Let f € A and G(¢) = f({) + </ fit)dt - C) be harmonic in D such that G(0) = 0,
0

2n2 4+ 1

with ‘an| < for allm > 2. Then there exists a constant p11, 0 < p11 < 1, such that F() = r?G(¢)
is univalent in the disn |C| < p11. Specifically, p11 satisfies

8p 8(1+p) 5 N 1 log(l-— p)?
31-p)* 3(1-p)* 31-p? 1-p 3p

and F(D,,,) C Dg,,, where

:77

Ri1 = 3p% — 2p%, (1 + p11) _ P 4 piilog(1 — p1)
U3l -pn)? 1-pn 3 ‘

This result is not sharp.

Proof. By the previous Theorem 3.9, from C

1 0 oo 00
F(G) = F(G)| = |G clr( / ert) [1 ~82 lanle™ =23 ol - Zn\an\p"-l}

>\C2—C1!</ 2dt>[1_32<2n +1>n_1 =

i( (2n? + 1) > ”—1—§:n((2” 3+ 1)>pn—1]

n=2
1
>|<2_C1|< 2dt>|: 3n 1 2Zn2n 1
-3 Z"P -2 Z
8(1 + p) 5
> |(y — r2dt -
2 [ Cl'( [ P (A e
1 log 1 — ]
=
Choose p11 so that
o S 8(1+p11) 5 __t log(1 - pu1)* _ 0
31=p)t 31 —pu)®* 31-pu)* (1-pn) 3p11 ‘

Then F' will be univalent in |¢| < p11. Further, if [{| = p11, then

oo o
: |an|
IFQ)| = pHIGQ) = pb — 1 D lanlply = > =2t

n=2 n=2 n
291 o 2p14 P
3 11 2 F11 n 11 F11
Sty 23t - S - 30
n=2 n=2

23 (1+p11) P p3; log(1 — p11)
> 3,8 _ 211 _ 11 11 - R
=T 02 (=) 3 H
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¢
Theorem 3.12. Let f € A and G(¢) = f({) + </ fit) dt — C) be harmonic in D such that G(0) = 0,
0

with ‘an‘ < for alln > 2. Then there exists a constant p12, 0 < p12 < 1, such that F({) = T’QG(C)

n(n —1)
is univalent in the disk |C| < p12. Specifically, p12 satisfies

6M log(1 — M
Og(p)—6Mlog(1—p)+1+5M—
p —p

and F(D,,,) C Dg,,, where

Liz(p)

=2

Ry = (1 —3M)piy +2M (p12 — 1) log(1 — p12) + M piy Lis(p12).

This result is not sharp.

Proof. By the previous Theorem 3.9, from C

o0

1 00 00
PG - F@l = - al( [ ) [i=3% ol -2 3 et S 1]
n=2 n=2

n=2
> |G — C1!</017'2dt) [1 — 372 (n(njw—l))pnl
S0 ) 2 ()|

1 0 n—1 > n—1
2 ZP ZP
Z|C2—C1|</O’l°dt>|:1—6M n_1—|—6M— n

n=2 n=2
> pn—l oo
o n—1
car oy ]
n=2 n=2
1
6M log(1 —
> |G — C1|</ ert> [2 - gp(p) + 6M log(1 — p)
0
M Li
M sy W].
L—p p
Choose p12 so that
6M log(1 — M Li
2 SIB=0) iy gy Mgy B0
P -p P

Then F' will be univalent in |(| < p12- Further, if [(| = p12, then

o0 [e.o]
|an
IF(Q)] = P%2|G(C)| > 0:1))2 - P%Q Z |an|pTy — Z Tnprﬁ
n=2 n=2

00 o 9] o 00 o
> ply — QMP%QZ nfl +2MP%22 % +P%2Z$
n=2 n=2 n=2

> (1= 3M)p}y +2M (pr12 — 1) log(1 — p12) + MpiyLis(p12) = Rio.

Earthline J. Math. Sci. Vol. 16 No. 4 (2026), 781-799



798 K. P. Balakrishnan and S. Sunil Varma

4 Conclusion

In this paper, we established several versions of Landau’s theorem for biharmonic mappings constructed
from holomorphic functions under different coefficient conditions. Explicit estimates for the radius of
univalence and the corresponding covering results were obtained, thereby extending the classical Landau
theorem to this class of biharmonic mappings. The methods developed in this work provide a framework
for studying the geometric properties of biharmonic mappings. Future research may focus on extending
these results to broader classes of polyharmonic mappings and investigating the sharpness of the obtained

bounds.
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