Earthline Journal of Mathematical Sciences
E-ISSN: 2581-8147

Volume 16, Number 3, May 2026, Pages 515-524
https://doi.org/10.34198 /ejms.16326.34.515524

Fourier Transform of Set-Valued Functions with an Application in

Signal Processing

Halise LEVENTY" and Yilmaz YILMAZ?

! Department of Mathematics, Inonu University, 44280, Malatya, Turkey

e-mail: halisebanazilid4@gmail.com

2 Department of Mathematics, Inonu University, 44280, Malatya, Turkey

e-mail: yyilmaz44@gmail.com

Abstract

In this paper, we have presented an application with respect to the Fourier transform of an
interval-valued function. Thanks to this application we have obtained some information about the
Fourier transform of the signals with inexact data. For this purpose we have identified the interval signal
that most closely resembles this non-deterministic signal with a very small error. This continuous-time
interval signal is called as model interval signal. Therefore, we have obtained approximate results for
the Fourier transform of non-deterministic signals by calculating the Fourier transform of this model

interval signal.

1 Introduction

The solutions of many engineering problems are based on the analysis of set-valued functions. For example,
they are frequently used in processing of continuous or discrete-time signals with inexact data. We can
see examples of such applications in [14], [1] and [1]. Let us consider the following problem: Is it possible
to guess the Fourier transforms of a non-deterministic signal with incomplete information on a certain
set? In order to predict the transformations of the signal, we must first determine which interval or set
we need to know that the non-deterministic signal stays in. Further, sometimes only we need to know the
non-deterministic signal stays between two deterministic signals. Signals in a situation like this are called
signals with inexact data. To be able to process such signals, we have introduced the notion of set-valued
signals. The most useful type of these signals are interval-valued signals. These are the types of signals
that we do not come across naturally, but that we come up with in order to process a signals with inexact
data. We should start by associating these signals with interval-valued or a set-valued function. Once this
is done, the properties of the family of the interval-valued functions, for example, in the problem, must be
studied. In general, we know that families of the interval or set-valued functions has an algebraic structure
called as a quasilinear space. The most important quasilinear space to be used in our work will be the

space L2(R,(C)) of all set-valued functions whose norm is square integrable.
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The motivation and innovation of this article is that if certain characteristics of a non-deterministic
signal are known, can some approximate results be obtained concerning the Fourier transform of this
signal? In the article some new techniques are developed to obtain some approximate estimations of this
type signals. The techniques used in this article provide an implementation of the Fourier transform and
its inverse implemented in the function that is based on research of Marcio Gameioro. Among others, this

function forms the basis for research such as 5], [6] and [12].

Classical Fourier transform converts a set of time domain data vectors into a set of frequency domain

vectors. The Fourier transform T of a function f : R — C is given by T(f) = f where

flw) = / fe 2™ty we R,
R

[7]. For example, consider the box function

f(t):{ /o, for [t| < lto;

0 ,  otherwise.

for some positive real number ¢y3. The Fourier transform of f is

flw) = t—osz‘nc(mtow)

Vo

(see, [7]) where

sint t#£0
sinc(t):{ i ’ t#O'

Let us consider interval-valued function

Fit) = { =1V 1] for Jt] < St

{0} ,  otherwise.

Is there a definition giving the Fourier transform of F'? In [15], we have studied on the Fourier transform
of such functions. While we are creating required mathematical background of this process, we used the
notion of quasilinear space which is introduced by Aseev in [11|. He presented an approach for the analysis

of the function spaces of set-valued mappings in [11].

The most popular quasilinear spaces are Q(E) and Q¢ (FE) which are defined as the sets of all non-empty
closed bounded and non-empty convex closed bounded subsets of any normed linear space F, respectively.
Especially, Qc(R) is defined as the set of all non-empty compact convex subsets of real numbers and it is
a subset of Q(R). An element of Q¢ (R) is called as a real interval and the interval = denoted by = = [z, 7]
where z and T are the left and right endpoints of x, respectively. We say that x is a degenerate interval
if z =7 and it is denoted by {z} or [z,z] and it contains a single real number z. For z,y € Q¢(R) and

A € R, the Minkowski sum and scalar multiplication operations are defined by

vty=[z,7+[y7] =z +yT+7
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and

Az, \zZ] , A>0
Ax =
Az, \z] , A<O0,

respectively.

The investigation of Q(C) contributes to interval and convex analysis and this space is an excellent
tool for mathematical formulation of many real-life situations, for example signal processing. In this paper

we are interested in the analysis of the space of Q(C)-valued functions.

2 Basic Concepts and Motivation

Let us start with some basic definitions and theorems.

Suppose that X is a quasilinear space and Y C X. Then Y is called a subspace of X whenever Y is a

quasilinear space with the same partial order on X, [2].
Y is subspace of quasilinear space X if and only if for every z,y € Y and o, B € K, a.x + Sy € Y, [2].

An element x in a quasilinear space X is said to be symmetric if —x = x and X, denotes the set
of all symmetric elements. Also, X, stands for the set of all regular elements of X while X, stands for
the sets of all singular elements and zero in X. Further, it can be easily shown that X,., X, and X, are

subspaces of X. They are called regular, symmetric and singular subspaces of X, respectively, [13].

Let X be a real or complex quasilinear space. The real-valued function on X is called a norm if the

following conditions hold:

llz|| > 0if = # 0, (1)
lz+yll < ll=ll + llyll, (2)
loz]| = fe| {|]], (3)
if o <y, then ||z < [lyll, (4)
if for any € > 0 there exists an element z. € X such that (5)
x Xy+x: and ||z|| < e then z <y,
here z,y,z. are arbitrary element in X and « is any scalar, [11]. A quasilinear space X with a norm

defined on it, is called normed quasilinear space. Hausdorff metric or norm metric on X is defined by the
equality

hx(z,y) = inf{r >0:x < y—i—agr), y = x—l—ag) and HaET)H <ri= 1,2} )
A norm on Q(F) is defined by

[Allg = sup|lallp -
acA
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Hence Q¢ (F) and Q(F) are normed quasilinear spaces, |11].

Now let us give the lemma which enables to in some applications.
Lemma 2.1. [9] If an interval-valued F' is both continuos and inclusion isotonic then the interval integral

/F(t)dt = [/F(t)dt, /F(t)dt]

[a7b} [a,b} [a,b]

of F' is equivalent to

where F and F are two continuous real-valued function such that, for real t,

F(t) = [E(t), F(t)].

Let us now introduce the spaces LP(R,(C)) (1 < p < oo) which plays an important role for the

Fourier transform of the set-valued functions.

For 1 < p < oo, the space LP(R,Q(C)) consists of all set-valued measurable functions F' : R —(C)
such that the Lebesgue integral

/ V()| de
R

1s exist.

The operations of algebraic sum, multiplication by a complex scalar and the partial order relation are

defined as follows:
(F1 + F2)(z) = Fi(z) + Fa(z),
(AF)(z) = AF ()

and

F, X Fy & Fi(z) C Fi(z) for almost everywhere (a.e.) x € R.

LP(R,Q(C)) is a quasilinear space over the field C with the above algebraic operations and the partial

order relation, [3].

For 1 < p < oo, the expression

1/p

11, = {/ |f(x)[P dx - f € SP(F)} (6)
R

Q

defines a norm on LP(R,Q(C)), where SP(F) = {f : R — C: [ |f(z)|P dz < 0o and f(z) € F(z) for any
R
x € R}. [3].

Let us first give the set-valued Fourier transform on L%(R, Q(C)) as follows:
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Definition 2.1. [/5] The set-valued Fourier transform of F € L?(R,Q(C)) is the set-valued function F

defined by
(4)

F@O:/f@k2WWM:{/ﬂMe%W%meS%D} (7)
R R
for any w € R where S*(F) = {f : R — C: [|f(2)]* dz < 0o and f(z) € F(z) for any x € R}.
R

(4)
The integral / F(z)e ?™dy is the Aumann integral and it is the set of integrals [ f(z)e™?™"*dy
R
R
for any integrable selections f of F', (for Aumann integral, see [10]).

The set-valued Fourier transform of F' is also denoted by

(FF)(w) = F(w) weR.

Note that the set-valued Fourier transform of F' € L%(R,Q(C)) is the set of Fourier transforms of

integrable selections of F, i.e.,

Fw) = {f(w): T(f) = f, f € S*(F)}.

We will employ the following notation throughout the text:

F(F) = F means F is the set-valued Fourier transform of the function F : R — Q(C). Further,
f =T(f) means f is the Fourier transform of the function f:R — C in the meaning of usual.

3 An Application on Set-Valued Fourier Transform

Mathematically, a signal is defined as a function from a subset A of R into C. If A = R then the signal is
called as continuous-time signal, [7]. In real life, sometimes a signal value in a time ¢ may not be known
exactly. The notion of interval signal provides a suitable way for processing of such non-deterministic
signals. The closed bounded subset of real numbers is said an interval, i.e., the interval x denoted by
[,7] is the set given by [z,Z] = {a € R : 2 < a < T} where z and T are the left and right endpoints
of the interval x, respectively. It is called that z is a degenerate interval if z = T and it is shown as {z}
or [x,z], [9]. In this article, we represent the set of all intervals as Ig. Further, this space is a normed

quasilinear space.

In our previous work, we defined that an interval signal is a function from a subset of R into I¢. If the
domain of the interval signal is the set R then this signal is called as continuous-time interval signal, [1].

An element u of I¢ is called as complex interval and it is the set given by

w= [ur, U]+ [us, 7]
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where M, uTn] and [% , 1TS] are nonempty closed (real) intervals of R and i = /—1, the complex unit, [11].
Further, IIg is a subset of I¢.

The problem is that if certain characteristics of a non-deterministic signal are known, can some
approximate results be obtained concerning the Fourier transform? In the previous sections of this article,
we developed the mathematical techniques necessary to answer this question. Firstly, we have identify
an interval signal that most closely resembles this non-deterministic signal with a very small error. This
continuous-time interval signal is called as model interval signal. Since the notion of Fourier transform
for set-valued functions given in the previous section is also valid for the interval signals, we calculate the
Fourier transform of this model interval signal. Consequently, we obtain that the Fourier transform of the

non-deterministic signal remains in the Fourier transform of its model interval signal.

Now we will see how the Fourier transform of the interval signal is calculated if the model interval

signal is a function given by 8.

Example 3.1. Let us consider the interval-valued function F given by

F(t) = { [_1/\/21/\/5] , for |t| S 1;
{0} , otherwise.

(F is illustrated in Figure-1).We say F € L*(R,Q(C)) since

1
JIF@lqds = [ |-1vaave| ae= v <o,
R -1

By the equality (7) and by the properties of Aumann integral, the Fourier transform of F is as follows:

(4)
F(w) = F(x)e 2™y
(~1,1]
(4) (A)
= /[—1/\/5,1/\/5]008(27710.%)6136—@' / [—1/v/2,1/V2] sin(2rwz)da.
[-1,1] [—1,1]

Further, functions (integrands) above are continuous from [—1,1] to Ig and they are clearly inclusion
isotonic. Let us only prove the integrand V (x) = [~1/v/2,1/v/2] cos(2mwz) is continuous: First of all we
say that the metric on g is just defined as

d(X,Y)=max {|X - Y|, |X =Y}

where X = [X,X] and Y = [Y,Y]. Now let us assume x, — x in [—1,1] with the usual metric on
real numbers. Then of course |z, —x| — 0 for n — oco. We should prove that d(V (zy),V(z)) — 0,

n — oo. Since V(xy,),V(z) € Ig then V(z,) = [V (2n), V(2y)] and V(z) = [V (2),V(z)] where V(zy) =
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—1/V2cos(2mwzy,), V(z,) = 1/v2cos(2rwz,) and V(x) = —1/v2cos(2rwz),V(z) = 1/v/2 cos(2rwz).
Thus,

AV (), V(@) = d(IV (@), V ()}, [V (2), V(@)
Vi) - V)3

= max{|V(z,) — V(z)

)

1
= — |cos(2mwzy,) — cos(2rwzx)| — 0 as n — oo

V2

since the classical cos(2mwzx) is continuous. This proves the above assertion.

Now by using the Lemma (2.1) we can write

1 1

F(w) = [/ — 1/V2 cos(2rwz ) dz, /1/\/§COS(Q7T1,U."L‘)CZIL‘]
B B

—i[ [ —1/V2sin(2nwz)dz, [ 1/vV2sin(2rwz)dz]
I J

sin(27w), sin(27w)] — {0}

0 —1 1
V2w V2w
= [—V2sine(2rw), V2sine(2rw)).

In classical analysis, we know that the Fourier transform of the box function

f(t):{ 1/V2 , for |t|<1;

0 ,  otherwise

is just the function

f(w) = V2sinc(2rw).
This example shows that the interval-valued function F given by

F(t):{ =LV NV L for < 1

{0} ,  otherwise
is the interval-valued function F given by

F(w) = [—V2sinc(2rw), vV2sine(2rw)]
= sinc(2rw)[—V2, V2].

Earthline J. Math. Sci. Vol. 16 No. 8 (2026), 515-524
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A J

“
_1/\/2

Figure 1: The graph of the interval-valued function F'

F(w)

Figure 2: The estimated graph of Fourier transform of the interval-valued function F'

Remark 3.1. Here, we should note that the lower and upper bounds of the interval ﬁ’(w) s not affected
by the changes of w frequency values since [—\/5, \/5] s a symmetric interval. F is illustrated in Figure-2.
For any selection g of F, its Fourier transform ¢ must be a selection of F. Further if g is a linear selection
of F, that is g is a linear real-valued function, then its Fourier transform g(w) must be similar to the
function sinc(2mw), and it must obey to the restrictions

—sinc(2rw) < g(w) < sinc(2mw)

or

sinc(2mw) < g(w) < —sine(2rw)

http: / /www. earthlinepublishers.com
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since it is a selection of F. This is also illustrated in Figure 2.

Conclusion 3.1. If certain characteristics of a non-deterministic signal are known, can some approximate
results be obtained concerning the frequency, Fourier transform, z-transform, Laplace transform or other
characteristics of the signal?. By using quasilinear functional analysis and interval-valued functions, we can
have important information about the frequency content of some non-deterministic signals obeying certain

restrictions.

The set-valued Fourier transform helps us obtain such information. In some cases, even a little
information about the frequency content of the signals may be sufficient to solve some important problems.
In the future, the z-transform and Laplace transform of signals with inexact data can be defined using
quasilinear functional analysis techniques and interval analysis with the help of similar methods in this

study.
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