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Abstract

In this paper, some Huygens type inequalities involving trigonometric functions are refined and

sharpened. We thus improve established inequalities and provide new ones.

1 Introduction

The following trigonometric inequalities

W N

sin x tanx
( ) Ly
x 3z

and )
1 /sinx tan x
= + > 1,

2 x 2z

for x € (0,7/2), are known as the Huygens and Wilker inequalities respectively. They have attracted a lot
of researchers, motivating the development of more refined variants. We refer to [12], [1], [3], [13], [14], [16],

and [19] for further exploration.

As an extension the following inequality chain is established:
1 /sinz\? tanz x3 tan x 1 sinz\®
= + >1+ >
2 T 2x 15 CcosT T

1428 (1 22\ tanz S 2 (sinz +tanx
x - — = .
63/ 15 3\ =« 3z

Many extensions of above results have been made as well as many refinements.

It is proved in [2] that

1 /sinz\? t 2 [ si t
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This inequality chain demonstrates significant importance, revealing the close relationship between

Huygens and Wilker inequalities.

The study in [12] pioneered an extension of the basic versions of the Wilker and Huygens inequalities,
by connecting them in a series of inequalities dependent on a parameter n. Indeed, as demonstrated in [7],

these inequalities are nested in chains of inequalities.

In [15], Sumner and al. improved the Wilker inequality and provided for € (0,7/2)
2\* inz\® ¢ 8
2+ (2) adtans < (0 ) + 228 c o4 ¥ tana. (1)
T T T 45
where the constants (%)4 and % are the best possible. In [16], Wu and Srivastava established for
x € (0,7/2)

T \2 T
( : ) + > 2.
sin x tanx

In [10] and [11], Hua as well as Jiang and al proposed the following inequalities for | z |€ (0,7/2)

1 si tan £
3+ —z3sinz < 1n9:+4 2 <3

| 80— 2r
40 x x il

x” sinz. (2)

In [2] Theorem 3, Chen and Cheung established the following sharp Huygens-type inequalities for
x € (0,7/2)

3 i t 2\
3+ —atanz < 200 + 200 o34 (2) 2Ptana (3)
20 T T m
and .
3 3 i t 3 2
3+%x4+%x5tanx<2812x+ a;uc <3+%x4+ (77) 2° tan . (4)

In [5] Remark 3.4, Chen and Paris showed the inequality for = € (0, 7/2)

1
T 4+ T <34+ —sBtanw. (5)

3<2
sinx tanx 60

For more information on this topic, please refer to the newly published articles [3], [1], [0], |7], [8], [12]

and closely related references therein.

In this work, inspired by these results, we will establish analogous inequalities involving the

trigonometric functions. They are extensions of the inequalities mentioned above.

Let us list below new results about the refinements and sharpness of the Huygens and Wilker type

inequalities (some of them are announced in [3]).

More precisely, we prove the following inequalities for | z |€ (0,7/2) analog to (E)

40 [ si tan £ 60
m<3tan£<— s1n:1:+4 2 _3 <2tan£<— ,L—i— xx—S < tanz,
3 23 x x 2 23 \sinz tan$
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x 40 (sinz tan 5 x 720 x z?
Stan - < — +4 -3 ) <2tan—- < — + 5 — 2| <tanuz.
3 a3\ oz x 2 1723 \sinz 4 (tan 2)

We will use for that computational methods that are often resource-intensive. This will be done using

Maple, even though these calculations can sometimes be lengthy.

2 Main Results

The following Lemmas will be very useful in the sequel.
Lemma 2.0.0 For 0 <z < § the following inequalities holds for any n > 0

2n+1 2%k—+1 2n p2k+1

> (1 gy <0 < 2V Gy
2n41 22k 2n x2k
> (—1)k(2k)| S eosTs ZO:(_l)k(%)'

Lemma 2.0.1 For 0 <z < § and for an integer n > 0 the following inequalities hold

: x x
sinz <z <...<(n+1)tan <ntan— < ... < tanz. (6)
n+1 n

Indeed, the function f(n,z) = ntan? is decreasing with n. The derivative with respect to x of
f(TL,ZE) —f(n—}—l,m) is

5 2
(tan %) - <tanni 1) = secz(%) —sec2(nj_1) > 0.

Therefore one gets inequalities (6).

As we will see in the sequel (6) will be improved

2.1 New trigonometric inequalities

The following which is not listed among the known inequalities refine inequalities (6)
Theorem 2.1.1 For 0 <z < § the following inequalities hold

1 x x x 1
3+ 2% tan = <34 —aPtana. 7
307 "3 “ Gz Ttanz ~0 T e0" M @)
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Proof of Theorem 2.1.1 Let us prove the right side of (7) and consider the difference

A(J,‘) _ (si§z+ta§% _3> _
23 (tan x)
—wcos2x —x —4dxcosr +3sin2x 1
—x3 + 23 cos 2z 60
The numerator of A(x) is
, 1, 1 4
(I(l’):—l‘COSZfL‘—l’—41‘COSI‘—|—3SIHQZE—I—@I' 5’ cos2x =

LI 2z + L3 4 +3sin?2
—Xr — — X COS 2 — X — T — X COSXT S1n ZXx.
60 60

It is easy to remark that by Lemma 2.0.0

2 4 6 8

1 i X X
cosz < —E—FE—a%—g,
2 4 2
o2 <1—2x2+ ot — —ab 4+ 28
Cos 2x x—|—3x 4556 +315x,
4 4 8 4 8
2 2 _73 75_77 79_ 11'
SILAT > 28 = g@7 4 128 — 515 T 503 T 1550257

By regrouping we then deduce
1 3 2 4 1 6 2 8
a(x)><x 601:)( x“+2/3z 57 +315x

— Sr—4x(1—-1/2 1/242" — — —
60x+ x x( 2z +1/24x 720 +403209: +

8 4 8
Af5gd O LT % 0 ° o
P =15 Y 95T " 51075 "

1 7 37 9 1 11
120° ~50200° " 3850° Y

since the polynomial has no root for 0 < z < 7. Therefore, a(x) > 0 and thus A(z) < 0.

Let us prove the left side and consider the quotient

B(:];)— (siﬁ:p_‘_taﬁ%_?)) _i_
- 23 (tanl) 30
rcosx+2x —3sinx 1
x3 (=1 + cosx) 30°
The numerator of B(x) may be written
23
b(x) = —xcosx —2x + 3 sinx — %(—14—6051‘) =
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23 3
(—ZE — 30> cosr —2x+ 3 sinx + 30"
By Lemma 2.0.0, b(x) is less than

b(x) < —x—x—g 1—33—24-24—16 +x—E+$—5—L7+
30 2 24 720 1680

15 40

1, 1

201600~ 1680 ="
since 0 < o < §. We then deduce b(x) < 0 and thus B(x) > 0.

7

Corollary 2.1.2 For 0 <z < § the following inequalities holds

x
sinz  tan %

1
3+ %mgsinx <

Remark 2.1.0 We may also deduce the following inequalities

. T 60 T x
sine <z < 2tan— < —

2 a3
The following also refine inequalities (6)

Theorem 2.1.3 For 0 <z < § the following inequalities hold

360 2 < sinx+4

17 1
2+ — 23 tan z x < 0

Proof of Theorem 2.1.3

2
1
C(x):si§m+4<ta§§> -2 177_

z3 tan 5 360

8 (cosz)? + 22 (cos 2)* + 222 cosx + 4z sinz — 8 + 2
43 sinx (—1 + cosx)

8 cos2x — 8 + x2 cos 2x + 322 + 422 cosz + 8z sinx
8z3sinx — 4 23 sin 2z

Its numerator can be written

17
c(x) = (362 +8) cos 2z + 4z cosx — 8+ 3% + 8z sinz — —

1
<3+ @x‘g tan z.

sinz tanZ _3> < tana.
2

2
17
tan$> <24+ — 23 tanz.
2

17

~ 360 =

17

360

For the left inequality of (8) consider the quotient

79

120960

360 (8.%'3 sinx — 423 sin Qm) =

17 17
(8:3 45:1:3) sinx + (m2+8) cos2x + 4z° cosx — 8 + 3x% + %xSSiHQx.

Notice that by Lemma 2.0.0 one obtains the following

22 pd g6 g8 410
cosr >1— —+ —

o T e Ty 10
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2 4 2 4
dp>1_90p2 St 26, %28 % 10
cos 2x T +3a: 4590 +315m 141751:

4
N2> 20— —aP 4+ —ab = S gT = g9
SIMST > 28 = g7+ 128 — 3p® T 9g35™ T 155025"
. 1 3 1 5 1 7 1 9 1 11
sing > & — —a° + ——a° — — !l
SIME > & = 8+ 1507 T 5020”7 T 3628807 39916800°

)

By combining these calculations we find

17 1 1 1 1
Ry — ! .3 /645 4 P 7 9 _ 11
c(z) > ( T > (m 00"+ 150" ~ 510" 362830 °  39016800° ) T

4 2
2 _ 2 4 = 6 _“ .8 10
(2% +8) (1 21" +2/3x 52 T3 T 1 >+

1 1
8 $10> 22 — 8+ 3%+

1
4 (1—-1/222 +1/242% — — af -
( [2a 4 1248 = op 7 15350 T 3628800

17 3 3 4 5 8 7 4 9 8 11
i PR B R B — _
90" <x B+ H 35T T 253 T 155095 °
S > — 8 0
50875200 © 54432000 ° 504" ~21600° ~

since the polynomial has no root for 0 < 2 < 7. Therefore, c(x) > 0 and thus C(z) > 0.

Turn now to the right side of (8) and consider the quotient

x 1 T 2
+Z(tan%) -2 17

sinz

D(z) —
() r3tanz 720

cos <x2 (cosz)? + 8 (cosz)? + 222 cos = + 4w sinz — 8 + x2> 17

423 (sin z)?

Its numerator is

d(x) = cosz <x2 (cosz)? 4+ 8 (cosz)? + 222 cosx + 4z sinz — 8 + :c2) 180

Using Lemma 2.0.0 by the same way we find

) 1 2 29
22 (cosz)? 4+ 8 (cosz)? < 8 — Ta? + §x4 — 4—5356 - ﬁxs + mxlo,
222 cosx < 222 — xt + ixﬁ - ixg
12 360" 7

2 1 1
4z sinz < 42% — §x4 + %xfi — %xs,

.

7 8 (sina) > T
— X Sinxr — X — — X —_—
180 180 360 21600

By combining these calculations we find after simplifying

29 1783 1601 19
d(z) < 14 12 10_ Y 8
@) < 310200% 907200 % T 226800 % 840"
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The last polynomial is negative for 0 < x < §. We then deduce D(z) < 0.
By direct computation we may easily derive the following which improves slightly inequalities (6)

Corollary 2.1.4 For 0 <z < § the following inequalities holds

. xr 720 x x?
sine <z < 2tan — < - + 2—2 < tanzx.
2 1723 \sinz 4 (tan 2)

2.2  On the Inequality (2)

Hua proved the following trigonometric inequalities, Theorem 1 p. 496 of [10)]

1 sin x tan £
3+ —23sinz < +4 2 <3 i
40 T x T

— 24
+ Mac?’ sin x. (2)

Next result provide trigonometric inequalities which improve slightly this result as well as inequalities
(6).
Theorem 2.2.1 For 0 <z < § the following inequalities hold

3 5 T sin x tan £ 1 T
—tan= < 4—2 3 <« —gp3tan=. 9
407 M3 s g 20" "y ©)

Proof of Theorem 2.2.1 For the right inequality of (8) consider the function

i tan £ 1
Bla) = <smm+4 an g _3>:

T T 3 tan 5

sinzcosx —3x cosx +Hsinz — 3z sin2x — 6x cosx + 10 sinx — 6

xdsinzx 2¢4sinx
Its derivative is

2cos2x +6xsinz +4 cosz — 6 5 sin2x — 6x cosx + 10 sinx — 6

2zt sin zdsinz

(sin2zx — 6z cosx + 10 sinz — 6 x) cosx
2

24 (sinx)

4 (cosz)* + xsinz cosx + 16 cosx + 8xsinz 4+ 32 — 20
(—1+ cosx) x® ‘

Let us consider the numerator
e(x) =4 (cosz)?> + xsinzcosz + 16 cosz + 8z sinz + 3% — 20 =

1
2 cos2x — 18+§xsin2x+16 cosz + 8zsinz + 322

Its derivatives are

7
e (z) = ) sin 2z + x cos 2x — 8 sinx + 8x cos x + 6,

Earthline J. Math. Sci. Vol. 16 No. 4 (2026), 565-576
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e’ (x) = —6 cos 2z — 2 xsin2x — 8w sinx + 6.

By Lemma 2.0.0, it is easy to remark that for 0 <z < §

2 4 2 4
or > 19424 24 26, 2 8 % 10
cossr > R TS VIT -

8 8 16
2xsin 2z > 42 — §x4 + 1—5966 — ﬁxg,

Srsinz > 8y% — §y4 + 1—15y6 — %ys.
It follows
e’(r) < —6(1 — 2%+ §x4 - %aﬁ + 3—i5m8 — ﬁwlo)—
(42 = 22t + %mﬁ - ;TZIBS) — (8y° — §y4 + %zf‘ - aloyg) =
_%y6+%y8+%y10

The last polynomial has no root for 0 < x < §. Then e”(x) < 0 implying ¢’(x) < 0 and B(z) is decreasing.
E(0) = 0 implies E(z) < 0 then E(z) is decreasing. Thus, E(z) < lim,0E(z) = 5.

Prove now the left inequality of (8). Let us consider the function

sinx tan %

4 r  Ax)

3
—3- " 2¥tan> =
107 "3 7 By

4 2 5
A(z) = 20 sin 2z + 20 sin ?x + 180 sin % +20 sin ?x + 200 sina+
180 sing — 120z cosz — 120xc0s§ —32%sinz + 3 sin gx‘*—
P P
120£CCOS?$ — 120z — 3z*sin §x7

2
B(x) :40$COS§ —|—40xcos(x)+40xcos§x + 40 z.

After changing = = 3y the numerator A(x) can be written
A(y) = 20 sin 6y + 20 sin4y + 180 sin 2y + 20 sin 5y + 200 sin 3y+
180 siny — 360 4 cos 3y — 360y cosy — 243 y4 sin 3y + 243y4 sin y—
360y cos 2y — 360y — 243 y* sin 2y =
40 sin 2y (cos 4y + cos 2y + 5 + cos 3y + 10 cosy) —
3607y (cos 3y + cosy + cos 2y + 1) — 243y (sin 3y — siny + sin 2y) .

Moreover, by Lemma 2.0.0 the following inequalities hold

40 sin 2y (cos 4y + cos2y + 5 + cos 3y + 10 cosy) <

http: / /www. earthlinepublishers.com
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1041 7 5509

1440y — 252073 + 2442 4° — —— < v
487 4291
360y (cos 3y + cosy + cos 2y + 1) > 1440y — 2520 4> + 14709 — 397" + ?yg — myn,
11097 31239
243 y* (sin 3y — siny + sin 2y) > (972¢° — 1377y" + 20 y? — 530 ytL.

Regrouping these inequalities we deduce that

1377 729 11600261
Al) < Sy D0 - SRy

7 10 Y 55440 <0,

since the last polynomial has no root for 0 < x < 7/2 or for 0 < y < 7/6.

Remark 2.2.2 (i) - Comparing the two right inequalities of (2) and (8) we find for z < z; =
1.512377337 < 5
sinz tan 5 1 xr (80 —24m)sinx

4 —3< —tan2 <
+ 20 "M v ’

and for 1 < x < § we have

(80 — 24 7)sinx - 1 ton
— tan —.
4 20 2

sinx tan £
+4—2_3<
T

(ii) - Comparing now the two left inequalities of (2) and (8), the one given by Theorem 2.2.1 is better than
the one of Theorem 1, [10]. Indeed, we may verify for 0 <z < §

1 : 3 xr sinz tan £
—2lsinz < —23tan = < +4 2

40 40 3 -3

Indeed, a quick computation yields

. (—3 +4 (cos %)3 — cos%) sin%
sinz — 3tan — = =
3 cos%

(cos% — 1) <4 (cos %)2 +4 cos% + 3) sin%

<0
x
cos g

for 0 <z < 3.

As a corollary we may derive the following

Corollary 2.2.3 For 0 <z < § the following inequalities hold

z 40 (sinz tan%
T < Stang < —

+4 -3 <2tan£<tana:.
3 2
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3 Conclusion

Finally, by combining all these results, we can highlight inequalities of the type (E) mentioned earlier in
the introduction. This allows us to compare inequalities of the Huygens type. We may derive from above

((6) and Theorems 2.1.1, 2.1.3, and 2.2.1) following results

Theorem 3.1.1 For 0 <z < § the following inequality chain holds

40 [ si tan 60
3tan§<3<smx+4 an2—3><2tanm< <x+ xm—3><tanx.
T

x x 2 23 \sinz tan$

Theorem 3.1.2 For 0 <z < § the following inequality chain holds

r 40 (sinz  tang r 720 T z?
Jtan — < — +4 —3 )] <2tan— < - + 2—2 < tanx.
3 3\ =z x 2 1723 \sinz 4 (tan 2)

As corollaries

Corollary 3.1.3 For 0 <z < § the following inequality holds

2sinz  8tan 3 3z 3z
+ < = + =
x x sin x tan 5

Corollary 3.1.4 For 0 <z < § the following inequality holds

17sinz 68 tan% 18z 92
+ <

. 2‘
x x sinz 9 (tan%)

However, one question remains: which theorems, 2.1.3 or 2.2.1, is stronger?
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