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Abstract

In this paper, we investigate the generalized Fibonacci (Horadam) polynomials and concentrate on two special
subclasses, which we introduce as the (r,s)-Fibonacci and (7, s)-Lucas polynomials. Our primary aim is to
present and establish several identities that connect these two families, thereby extending classical relations
between Fibonacci and Lucas sequences into a broader polynomial framework. The identities obtained not
only highlight the structural interplay between the (r, s)-Fibonacci and (r, s)-Lucas polynomials but also enrich
the theory of generalized Horadam polynomials by revealing new algebraic connections. This work is devoted
exclusively to the derivation and exposition of such identities, providing a foundation for further exploration of

recurrence-based polynomial structures.

1 Introduction: Generalized Fibonacci (Horadam) Polynomials

The study of recurrence sequences has long been a central theme in number theory and combinatorics. Among them,
the Horadam sequence, introduced by A. F. Horadam in the 1960s, provides a unifying framework that encompasses
many well-known sequences such as Fibonacci, Lucas, Pell, and Jacobsthal numbers. Its general form is defined by
a second-order linear recurrence relation with arbitrary initial conditions, thereby offering a versatile structure for

both theoretical exploration and practical applications.

In recent years, attention has turned toward polynomial analogues of such sequences, motivated by the desire to
extend classical identities and to uncover new algebraic connections. The generalized Horadam polynomials serve
as a natural extension, embedding recurrence relations into a polynomial setting enriched by parameters that allow

greater flexibility and generalization.

In this paper, we focus on two special subclasses of the generalized Horadam polynomials, which we denote as
the (r, s)-Fibonacci and (r, s)-Lucas polynomials. These families extend the classical Fibonacci and Lucas sequences
by introducing the parameters r and s, thereby broadening the range of identities that can be established. Our
primary aim is to present and prove several identities that connect these two classes, extending familiar relations
between Fibonacci and Lucas numbers into a more general polynomial framework. The work is devoted exclusively
to the derivation and exposition of such identities, highlighting the structural interplay between the (r, s)-Fibonacci

and (r, s)-Lucas polynomials.

In doing so, we enrich the theory of generalized Horadam polynomials by demonstrating how classical identities

persist and evolve within this broader setting. Our findings contribute to a deeper understanding of the interplay
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between these special cases and the general Horadam framework, while providing a solid foundation for further

theoretical exploration of recurrence-based polynomial structures.

In this introductory section, we begin by recalling the definitions of the Horadam polynomials together with
their two notable subclasses, namely the (r, s)-Fibonacci and (r, s)-Lucas polynomials. These definitions provide
the necessary foundation for our subsequent discussion. Following this, we present a collection of identities involving
these families, many of which are well established in the literature and serve as classical benchmarks in the study
of recurrence-based polynomial structures. By organizing and restating these known identities, we aim to set the
stage for the new results developed in the later sections of this paper, thereby highlighting the continuity between
established theory and our contributions.

The generalized Fibonacci polynomials (or Horadam polynomials or a-Horadam numbers or generalized
(r(x), s(x))-polynomials or (r(x), s(x)) Horadam polynomials or 2-step Fibonacci polynomials)
{Wn(Wo, Wi r(z), s(x)) fnz0
(or {W,,(x)}n>0 or shortly {W;,},>0) is defined as follows:
Wo(z) = r(x)Wh—1(x) + s(x)W,—a(z), Wo(z) = a(z), Wh(z) =b(z), n>2 (1.1)
where Wy (z), Wi(x) are arbitrary complex (or real) polynomials with real coefficients and r(z) and s(z) are

polynomials with real coefficients with r(x) # 0, s(z) # 0.

The sequence {W, }n>0 can be extended to negative subscripts by defining
1
s(z)
for n =1,2,3,... when s(z) # 0. Therefore, recurrence (1.1) holds for all integers n. Note that W_,,(z) need not to

be a polynomial in the ordinary sense. For further details on Horadam polynomials, see Soykan [9]. References on

W_p(z) = ——=W_@-n(z) + W_(n—2y(z)

special cases of Horadam polynomials include the papers ([3], [4], [5], [11], [12]) and the books ([1], [2], [6], [7], ],

[10D)}-

Binet’s formula of generalized Fibonacci (Horadam) polynomials can be calculated using its characteristic

equation (the quadratic equation, polynomial) which is given as

y? —r(z)y — s(x) = 0. (1.2)

The roots of characteristic equation are

r(z) + \/r?(z) + 4s(x)

ale) = a = . . Bla) = f= . , (13)
and the followings hold
a+B8 = r(z),
af = —s(x),
Note also that
(W1 — aWo)(Wy — BW,) = Wi+ aBW§ — aWoWy — BWW;

Wi+ aBWe — (a+ B) WiWy
W32 — sW§ —rW Wy

(W — aWo)(Wy — BWy) = W7 —sWg —rWiW.
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If the roots a and f3 of characteristic equation (1.2) are distinct, i.e., o # 3 then r?(z) + 4s(z) # 0 and if the roots

a and B of characteristic equation (1.2) are equal, i.e., « = § then (1.2) can be written as
v —r(@)y —s(@) =(y—a)’ =y’ - 20y +a* =0

and, in this case,

r(x)
o« =
r(z) = 2q,
2

_ _,2__Tr (z)

s(x) = —a°= T
r?(x) 4+ 4s(x) = 0.

Now, we define two special cases of the polynomials W, (z). (r(x), s(x))-Fibonacci polynomials

{G(0,1;7(x), s(x))}n>0 (or shortly G,(x)) and (r(x),s(z))-Lucas polynomials {H,(2,r(z);r(z), s(z))}n>0 (or
shortly H,(x)) are defined, respectively, by the second-order recurrence relations

Gri2(x) = r(x)Gpy1 + s(2)Gp(x), Go(z)=0,Gi(z) =1, (1.4)
Hooa(s) = r(@)Huss +s@)Ha(),  Ho(x) =2, Hy(z) = r(a). (15)

The (sequences of polinomials) {Gy,(x)}n>0 and {H,(z)}n>0 can be extended to negative subscripts by defining

Gon(z) = ZESGW”(@ ’ Tlx)
TEx;H(nl)(x) + T;)Hf(n%) (@),

- Gf(n72) (:L')a
H_,(x) = -

s(x

for n =1,2,3, ... respectively. Therefore, recurrences (1.4) and (1.5) hold for all integers n.

Note. For the sake of simplicity, throughout the remainder of this paper we adopt the following convention: we

write
WTH r, s, WOa Wl7 «, 57 Gnv Hn7 G07 Gla HO; Hl

instead of
Wa(z), r(x), s(z), Wo(z), Wi(x), a(x), B(z), Gn(x), Ha(z), Go(x), Gi(z), Ho(z), Hi(z),
respectively. For example, we write
W,=rWn_14+sW,_o, Wo=a, Wi =0b, n>2,

for the equation (1.1).

Some notable special cases of the (r,s)-Fibonacci sequence {G,(0,1;r,s)}n>0 and the (r,s)-Lucas sequence
{H, (2,757, 8) }n>0 can be described as follows:

1. Go(0,1;1,1) = F,, Fibonacci sequence,

2. H,(2,1;1,1) = L, Lucas sequence,

3. G,(0,1;2,1) = P,, Pell sequence,
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4. H,(2,2;2,1) = Q,, Pell-Lucas sequence,

5. G,(0,1;1,2) = J,,, Jacobsthal sequence,

6. H,(2,1;1,2) = j,, Jacobsthal-Lucas sequence.

7. G,(0,1;3,—2) = M,,, Mersenne sequence,

8. H,(2,3;3,—-2) = H,, Mersenne-Lucas sequence,

9. G,(0,1;6,—1) = B, balancing sequence,
10. H,(2,6;6,—1) = H,, modified Lucas-balancing sequence,
11. G,(0,1;1, —%) = G, modified Oresme sequence,
12. H,(2,1;1, —i) = H,,, Oresme-Lucas sequence,
13. G,(0,1;2,1) = F,(x), Fibonacci polynomials,
14. H,(2,x;x,1) = Ly (z), Lucas polynomials,
15. G,(0,1;2x,1) = P,(x), Pell polynomials,
16. H,(2,2z;2x,1) = Q,(x), Pell-Lucas polynomials,
17. G,(0,1;1,2x) = J,(z), Jacobsthal polynomials,

18. H,(2,1;1,2z) = j,(z), Jacobsthal-Lucas polynomials.

Using the roots «, 8 and recurrence relation (1.1), Binet’s formula can be given as follows:

Theorem 1.1 ([9], Theorem 1).

(a) (Distinct Roots Case: o # [3) Binet’s formula of generalized Fibonacci (Horadam) polynomials is

a™ n a — n
W, = +>p2ﬁ _n p2f3

Ca—-f f-a a—p

where

p1 = Wi — Wy, p2 = Wi — aWj.
(b) (Single Root Case: oo = f8) Binet’s formula of generalized Fibonacci (Horadam) polynomials is
W, = (D1 + Dan)a™
where
D, = Wy,

1
D2 = a (W1 - OZW()) .

(1.6)
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For all integers n, (r, s)-Fibonacci and (r, s)-Lucas polynomials (using initial conditions in (1.6)) can be expressed

using Binet’s formulas as

G, — % , if a # B (Distinct Roots Case) ,
na"! | if a = 3 (Single Root Case)
and
0 - a™+p" , if a # S (Distinct Roots Case)
" 2a™ , if @« = B (Single Root Case)
respectively.

1.1 Identities of Generalized Fibonacci-Type Polynomials

In this subsection, we present several identities involving the generalized Fibonacci (Horadam) polynomials, the
(r, s)-Fibonacci polynomials, and the (r, s)-Lucas polynomials. As a starting point, we recall a few basic relations

between the sequences {G,,} and {W,,}, which serve as fundamental connections in the theory.

Lemma 1.2 ([9], Lemma 7). Let n € Z. The following equalities are true:

SW, = ((s+r)Wy —7(25 + rH)Wo)Grga + (—7(25 + )Wy + (3r%s + rt + s2)W5)Grys, (1.8)
W, = (=Wir+ (@ +8)Wo)Gpis + ((s + )Wy —r(25 + r2)Wo)Gto,
sWo = (W1 —1Wo)Gpyo + (—r Wi + (s +12)Wo)G i1,
W, = WoGni1+ (Wi —rWo)Gy,
W, = WiG, + sWyG,_1,
and
S(—WE+ sWE +rWiWe)G, = —((s+r2)Wy + stWo)Whia + (r(25 + r2) Wy + s(s + r2)Wo) Wi s,
SH(—WE+ sWE+rWiWo)G,, = (rWi 4 sWo) Wiz — ((s + 72 Wy + s7Wo) Wi sa,
S(=W3E 4+ sWZ +rWiWo)G,, = —WiWpyo+ (rWy + sWo) Wi,
(—W3E +sW§ +rWiWo)G,, = WoW,py — WiW,,
(—W32 +sWE +rWiWo)Gp, = —(Wy —rWo)W,, + sWoW,,_1.

Secondly, we recall a few fundamental relations between the sequences {H,} and {W,}.

Lemma 1.3 ([9], Lemma 8). Let n € Z. The following equalities are true:

3 (4s+rHW, = (—r(B3s+r>)Wy + (4r2s +r* + 25 Wo)Hpya + ((r* + 257 + 4r%s) W,
—r(5r%s 4+ 1 + 552 Wo) Hyy 3,

s2(4s + )W, = ((2s + )Wy —7(3s +r2)Wo)Hpyz + (—7(3s + )Wy + (r* + 257 + 4r25)Wo) Hypy 2,
s(ds + )W, = (—r Wi+ (25 + )W) Hppo + (25 + r2)Wy — r(3s + r2)Wo) Hy i1,
(4s + W, = QW1 — 1 Wo)Hpp1 + (= W1 + (25 + r2)Wo) H,,
(4s + )W, = (rWy +2sWo)H,, + s(2W1 — rWo)H,,_1,
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and
S(—WE+sWE +rWoW)H, = (r(3s+ 1)W1+ 825 + 1) Wo)Wyia — ((r* + 28 + 4r2s)W,
+r5(3s 4+ ) Wo) Wy y 3,
(W32 4+ sWE +rWoWi)H, = —((25+r*)Wy +1rsWo)Wiys + (1(3s + )W + 5(25 + 72)Wo) Wi ya,
s(~WE+ sWZ +rWoW)H, = (rWi +2sWo)Wyia — (25 +r2)Wy + rsWo) Wi i1,
(—WE 4 sWE +rWoW)H, = (=2Wi 4 rWo) Wyt + (rWy + 25Wo) W,
(—W32 + sWE+rWoW)H, = (—rWi + (25 +1r2)Wo)W,, + s(=2W7 + rWo)W,,_1.

Thirdly, we recall several well-known relations between the sequences {G, } and {H,}.

Lemma 1.4 ([9], Lemma 9). Let n € Z. The following equalities are true:

$SH, = —Brs+1r3)Ghia+ @ris+1r* +25%)Gpys,
$?H, = (258+7%)Gnisz— (3rs+1°)Gpia,
sH, = —-1Gnpia+ (2s+ T2)Gn+1,
H, = 2G, 41 —1rGy,
H, = rG,+2sG,_1,
and
(r?s® +4sMG, = —(Brs+r3)H,uyq + (4r?s + 14 +25%)H, i,
(r?s? +45%)G,, = (2s+ 1) H,13— (3rs+ 13 H, o,
(r?s + 453G, = —rHupo+ (25 +7%)H,yq,
(r? +45)G,, = 2H,.1 —7rH,,
(r2 +4s)G, = rH,+2sH, 1.

Note that from the last Lemma we have
(r? +45)G,, = 2H, 1 — 7H, (1.9)
so if (r? +4s) =0, i.e. a = S (in this case r = 2a, s = —a?) then
2H,4+1 —rH, =0
and so 2H,, 11 — 2aH,, = 0 and thus, if (r? +4s) =0, i.e. a = 3, then

Hp1 = oH,. (1.10)

At this stage, we present several identities that highlight the structural connections among the polynomial
families under consideration.

Corollary 1.5 (|9], Corollary 10). Let n,m € Z. Then

()
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(i) o, = Gn+1 + sGp_1.
(il) (T2 + 45)Gn = I1n+41 + SHn_l .
(b)

(i) (r>+45)Gp+ H, = (Hpy1 +Gni1) +s(Hp 1+ Grq).
(il) (’]"2 + 4S)Gn — Hn = (HnJrl - Gn+1) + S(Hn,1 — Gn71)~

We now present several special identities involving the generalized Fibonacci (Horadam) polynomials {W,,}, the
(r, s)-Fibonacci polynomials {G),}, and the (r, s)-Lucas polynomials {H,,}.

Theorem 1.6 (|9], Theorem 11). Let n,m and k be any integers. Then the following identities are true:

(a) Catalan’s identity.

(i) WosmWhem — W2 = —(=s)"" (W} — sW§ — rWoWh)G3,.
(ii) GnimGn-m — G?L = —(75)n*mG2

m*

(i) HpymHp—m — H2 = (—s)""™(r? + 45)G2,.
(b) Cassini’s identity.
(i) Wn+1Wn_1 — W;f = *(*S)nil(Wf — SW02 — TW()Wl).
(il) Gn+1Gn_1 — G% = 7(78)“71.
(iii) Hyy1H,o1 — H2 = (—s)" " 1(r? + 45).
(c) d’Ocagne’s identity.

(i) Wm+1Wn - WmWn+1 = *(Wf - SW02 - TW()Wl)(*HmGn —+ Gm+n).
(i) Goy1Gn — GmGrst = —(—Hyp G+ Goin).
(iii) Hyp1Hyp — HypHyqq = (7”2 +48)(—HpnGr + Grgn)-

(d) Gelin-Cesaro’s identity.

() WiioWnidt Wi Wioo — Wi = (=s)" 2 (W2 — sW§ — rWoWi)(s (r2 —s) W2 + 72 (—s)" W7 —
725 (—8)" Wg —r3 (—=s)" WoWh).

(i) Gni2Gns1Gn1Gnoo — GL = (=)' (1% (=5)" — 5 (s — 1) G2).

(i) HpioHpi1Hyo1Hyoo — HE = (—5)" 7 (r2 4 4s) (=5 (12 — 8) H2 + 7% (=5)" (r> + 45)) .

(e) Melham’s identity.

(1) Wat1WiioWate — Wiis = —(=8)" T (W7 — sWg — rWoW1) (r* Wi — (=5)*Wit1).
(i) Gnt1Gn+2Gnte — Gi+3 = —(=8)"")(r*Gri2 — (=5)*Gny).
(iii) Hpy1HnroHpyo — H2+3 = (_3)n+1 (7“2 + 43)(T3Hn+2 - (_3)2Hn+1)‘

(£) Vajda’s identity (Taguiri’s identity (a generalization of Catalan’s identity)).
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() WsmWasr — WaWipman = (—8)" (W2 — sWZ — rWoW1) GG
(ii) Gn+mGn+k — GnGn+m+k = (—S)nGka
(i) HoymHorr — HoHyymak = —(=8)"(r? + 45)G1G,p.

The following theorem expresses the generalized Fibonacci (Horadam) polynomials W, at negative indices in

terms of the sequence itself at positive indices.
Theorem 1.7 ([9], Theorem 13). For n € Z, the generalized Fibonacci (Horadam) polynomials satisfy
W_, = (=1)"""ls™(W, — H,Wp)
= —(=8)7"(Wn — H,Wp)
= (=1)""sT(W, — H,Wo).

As immediate consequences of Theorem 1.7, we obtain the following corollary.
Corollary 1.8. For n € Z, we have

H_p=(—8)"Hp,  G_p=—(—5)"GCn.

Theorem 1.7 can also be reformulated in a more explicit form, as given below.

Theorem 1.9 (|9], Theorem 14). For n € Z, the generalized Fibonacci polynomials satisfy

(71)n+157n ) )
W_, = 2W1 — rWo ) WoWa1 — (W W YW,,).
L T A (W1 —rWo)WoWh 1 — (Wi + sW5) W)

Theorem 1.10 (]9, Theorem 25). (Honsberger’s Identity) For all integers m,n we have

Wn+m = WnGm+1 + Sanle. (111)

By Lemma 1.2, we know that
(—W3E 4 sWE + rWiWo) Gy = WoWi1 — WiW,,,
so (1.11) can be written in the following form
(WP + W5 +rWiWo) Wi = (WoWonio = WilWey )W, (1.12)
+s(WoWpg1 — WiW, )W, 1
= (W1 +1Wo) Wiyg1 + sWoW,, )W,
+s(WoWpp1 — WiW )W, 1.

Corollary 1.11 ([9], Corollary 26). For all integers m,n, we have

GTL-‘,—TYL = GnGm+1 + 5G71,—1Gm7
Hn+m = HnGm—i-l + SHn—lea
and
(r* +48)Hpym = CHpyo —1Hpy1)Hy +8(2Ho1 — 7Hyp)Hy o

(2(rHpms1 + sHy,) — rHp1)Hy, 4+ $(2H 1 — 7Hpp )Hp g
= (rHpy1+2sHp)Hy + $(2H 1 — rHpy ) Hp
2Hm+1Hn+1 + (TQ + 2S)HmHn - T(HerlHn + HmHn+1)7
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where
Hm+2 = THm-i—l + 5Hm7
1
H,, = ;(HnJrl - THn)

If we replace m = n, m = n + 1 and m = 2n, respectively, in Corollory 1.11 and apply the identities (given in
Lemma 1.4)

Gp+1 = rGp+sGh_q,
(r? +45)G,, = rH,+2sH, 1,
H, = rG,+2sG,_1,

H, = 2G,4+1 —rGy,

we obtain the following result.

Corollary 1.12 ([9], Corollary 27). For all integers m,n, we have

G2n = Gn (Gn+1 + Sanl) = Gan7
H2n = HnGn+1 + SHn—lGna
2H,, = (r*+4s)G2 + HZ,
(7'2 + 45>H2n = (2Hn+2 - THnJrl)Hn + 5<2Hn+1 - THn)anlv
and
G2n+1 = GnGn+2 + SGn—lGn+la
H2n+1 - HnGn+2 + SanlGn+17
(7’2 —+ 48)H2n+1 = (2Hn+3 — THn+2)Hn —+ S(QHn+2 — T’HnJrl)Hn,l,
and
GSn = GnGZnJrl + SGn71G2n7
HBn = HnG2n+1 + SHn—lGQna
(TQ + 45)H3n = (2H2n+2 - THQn—i—l)Hn + 3(2H2n+1 - THQn)Hn—l-

We now recall several well-known identities for the generalized Fibonacci (Horadam) polynomials {W,,}, which
are expressed in terms of the roots of their characteristic equation.

Lemma 1.13 ([9], Lemma 33). Let n,m € Z. Then

(a) (W1 —(r—a)Wy)a" =aW,, +sW,_1 and (W1 — (r —a)Wo)a" L =W, — (r — a)W,,_1.
(b) Wy — (r — B)Wp) B" = BW,, + sWy—1 and (W1 — (r — B)Wo) L =W, — (r — B)W,,_1.
(c) Ify*> —ry—s=0 then

(1) W= (r—y)Wo)y" =yWy + sWy_1.
(il) (Wl - (T - y>WO> yn—l =Wy, — (7“ - y)anl-
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(iii) (Wi — (r —9)Wo)> "t = W Wt + s(Wyu W1 + Wi Wo 1)y + 82 W 1 W1

(d)
(i) —sW2+ W2 | +srW,W,_1 = (WE — sW§ — rW1Wy)(—s)".
(ii) W2, —sW2 =W, W,, = (W — sWg — rW1Wo)(—s)™.
(e)
(1)
o = 3(Hy + V12 + 4sGy).
c A" = 3(2Gn41 + (V2 + 45 —1)Gy).
5 VT Fdsa" = L(2Hy + (ViT 45 —r)H,)
(ii)
1. p" = L(H, — Vr? +4sG,,).
2. B =1(2G41 — (V2 +4s+1)Gy,).
8. Vr24+4sp" = J(=2H, 11 + (Vr2 + 4s +1r)H,,).
(iii) H2 = (12 + 45)G2 + 4(—s)",
i.e.,
H2 — (1% + 45)G? = 4(—s)™.
(iv) Ha, = (1% +45)G? 4+ 2(—s)™.
(V) Hj — Hap = 2(=5)",
i.e.,
H?2 = Hy, +2(—s)".
(Vi) (Hj, = Hom)(H}; — Hap) = 4(=s)"*".
(f)

(i) (GRLH7, +G7HY) — (r® +45)(G},G + GLGT) = A((=9)" G} + 4(=5)"GT).
(i) GLH;, — GLHE = 4((=5)" G}, — (=5)"G7).

(iif) 2HZ H? — (r* 4+ 4s)(G% H2 + G2H?) = 4((—s)™HZ2 + (—s)"HZ).

(iv) (r* +4s)(GLH}, — GLH) = 4((=s)"H}; — (=5)"H,).

By setting W,, = G, with Gy = 0 and G; =1 in the preceding lemma, we obtain the following corollary.

Corollary 1.14 ([9], Corollary 34). Let n € Z. Then

(a) a" =aG, +sGp_1 and a1 =G, — BG,_1.
(b) 8" =BG, + sGp,_1 and "1 =G, — aGp_1.
(c) Ify*> —ry — s =0 then

(i) y"* =yGp +sGn_1.
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(i) y" =G, — (r—y)Gpn_1.

(ill) yn+m = GmGny2 + S(GnGmfl + Gmanl)y + SQGmflank
(d)

(i) —sG? +52G%_| + srG,_1Gp, = (—5)™.

(if) G2, — sG2 —1rGpi1G, = (—s)™.

By setting W,, = H,, with Hy = 2 and H; = r in the preceding lemma, we get the following corollary.

Corollary 1.15 ([9], Corollary 35). Let n € Z. Then

(a) (a—pB)a" = aH, +sH,_ and (o« — f)a"* = H, — BH,_;.
(b) (B—a)B™ = BH, +sH,_1 and (8 — ) "' = H, — aH,_;.
(c) Ify> —ry—s=0 then

(i) 2y —ry™ = yH, + sH,_1.

(i) 2y-r)y" ' =Hy—(r—y)Hu 1.
(ill) (2y - 7’)2 yn+m = HmHny2 + S(HnHm—l + HmHn—l)y + $2Hm—1Hn—1-

(d)
(i) —sH2 + s*H2_| + srH,_1H, = —(r? + 4s)(—s)".
(ii) H2 |, — sH? —rH,41H, = —(r* + 4s)(—s)".
We know from Lemma 1.3 that
(=W3E + sW§ + rWoW1)H,, = (—2W; + rWo)Wyi1 + (rWy + 2sWo)W,,. (1.13)
From (1.13) we get
(=W + sW§ + rWoW1)(WiH, + sWoH,—1) = (W7 + sW§ + rWoWh) (rW,, + 2sW,,_1)

i.e.

WlHn + SWOHn,1 = TWn + 28Wn,1. (114)

We also know from Lemma 1.2 that

(=WE + sW§ + rWiWo)Gy = WoWy g1 — WiW,. (1.15)

We can give Catalan’s identity in the following forms.

Theorem 1.16 ([9], Theorem 36). For all integers m,n, we have the following identities.

(a)

(i) (Catalan’s identity) Wy rmWa—m = W2 — (=s)""™(WE — sWZ — rWoW1)G?2,.
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(il) (7W12 + SW02 + TW1W0)Wn+mWn_m = (*le + SW(? + TW1W0)W72L + (*S)nim(W()Wm_H — W1Wm)2.
(iii) (=8)"WhimWhnom = (=8)"W2 — (—=s)"(WE — sWZ — rWoW1)G2,.
(iv) (=W + sWg + rWiWo)(—=8) " WhimWo—m = (=W + sWg + rWiWo)(=s)" W2 + (—8)"(WoWi1 —
W1W7n)2-
(b)
(1) GrimGrnm =G} — (=5)" "G,
(ii) (=8)"GrymGnom = (*S)mG% - (—s)”an.
(i) HprmHym = H2 + (1% + 45)(—s)""™G?,.
(iv) (=8)"HpymHp—m = (—8)™H2 + (r? + 45)(—s)"G?,.
(c)
(i) Gn+1Gn_1 = G?L — (—S)n_l.
(i) sGni1Gn_1=sG2 + (—s)".
(iii) Hpo1Hyo1 = H2 + (r? + 4s)(—s)" L.
(iv) sHyi1H,—1 = sH2 — (r* + 4s)(—s)™.
(d)
(i) GugmGrnom + HpymHp—m = G2 + H2 + ((r? + 4s) — 1)(—s)" " ™G2,.
(i) GrimGnom — HovmHp—m = G2 — H2 — ((r? + 4s) + 1)(—s)""™G?2,.
(i) GrnimGnomHpimHy—m = (G2 — (=8)"""G2)(H2 + (r? + 45)(—s)""™G?).
(iv) Grm-1Gn-mGrimGnims1 = (G}, — (=5)" "G} )(G] — (—8)" ™ 1G72n+1)
(V) HyemrHymHugmHppmar = (H7 + (2 +45)(—=s)"""G2,) (HZ + (r® + 4s)(=s)" "™ 1GZ,, ).
(e)
(1) Gn+1Gn 1+ Hn+1Hn 1= GQ + I’I2 (( + 48 1)(—S)n_1.
(i) Gui1Gn1 — HpprHyoy = G5, — H2 — (P + 45) +1)(=s)"
(iti) Gny1Gro1Hpp1Hyor = (G — (= ) YH + (r? +4s)(—s)" ).
(iv) Gn2Gn1Gn11Gnyo = (G?l —(=s)"" )(GQ -r ( S)n_2>'
(v) Hy—oH, 1Hyi1Hyo = (H2 + (r? +4s8)(—=s)" 1) (H2 4+ r2(r? + 4s)(—s)"72).
()
(i) GnimGn-m + (_S)mHn+mHn—m = ng + (_s)erQL + ((T2 + 43)(_3)n - (_S)n—m)ng.
(i) GrnymGnom — (=8)"HyymHy o = G% - (_S)erQL - ((T2 +4s)(=s)" + —S)nim)ng-
(iti) HnsmHnm + (=8)"GnymGnom = Hj + (—=8)"Go + ((r* + 4s)(—s)" "™ — (=5)")G},.
(iv) HyimHpm — (_S)mGnﬁLmanm = H’I’2L - <_5)mGi + ((7“2 + 43)(_3)n_m + (—8)")6’%.
(8)
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(1) Gni1Gro1 — sHyy1Hy o1 = G2 — sH? + ((r? + 4s)(—s)" — (—s)" 7 1).

(i) Gui1Gno1 + sHpi1H, 1 = G2 + sH2 — ((r? + 4s)(=s)" + (—s)"71).
(iii) Hpr1Hyo1 — 8Gni1Gro1 = H2 — sG2 + ((r? + 4s)(—s)" 71 — (=s)").
(iv) Hys1Hpo1 + 8Gni1Gro1 = H2 + sG% + ((r? + 48)(—s)" 1 + (=s)").

Having recalled the fundamental definitions and classical identities, we now turn to our original findings. In
the following sections, we present new identities and structural relations for the (r,s)-Fibonacci and (r, s)-Lucas
polynomials, extending the established framework of Horadam-type sequences. These results highlight the deeper
interplay between the two families and demonstrate how classical properties evolve within the generalized polynomial

setting.

2 Identities: Group I

In what follows, we establish a collection of original identities for the generalized Fibonacci (Horadam) polynomials,

which form the basis of our main contributions.

Theorem 2.1. Let n,m,p,q € Z. Then

(a)
(i)
(_W12 + SW02 + TWOWI)Wn-&-m = (WOWm+1 - WIWm)Wn+1 + (—W1Wm+1 + (TWl + SWO)Wm)Wn
(WOWm+1 - WIWm>Wn+1 - (WIWm+1 - W2Wm)Wn
Wo Wi Wi

— W1 W2 W77L+1
W, Wit 0

(ii)
(7W12 + SWO2 + rWOWl)(*s)mWn_m - - (WOW7n+1 - Wle) Wn+l
+(_(W1 - TWO)Wm-i-l + SWOWm)Wn
_((W0Wm+1 - W].Wm) Wn+1 — S (_W_1Wm+1 —|— WOWm) Wn)
W—l WO WTL-‘,—l

= - WO W1 *SWn
Wy Wmat O

(ill) (—W12 + SWO2 + TWQWl)Wn+m = ((—W1 + TWO)Wm+1 + SW()Wm)Wn + S(VV()Wm+1 — W1Wm)Wn,1.
(iV) (7W12+SW02+7”W0W1)(*8)mWn_m = (*W1Wm+1+Wm(T'W1+SWO))Wn*S(W()Wm_y_l*Wlwm)Wn_l.
(b)

(i) (—W12 + SW02 + 7"W0W1)2(—S)mWn+mWn,m = —(W()Werl — W1Wm)2W5+1 + ((_Wl + TWo)Werl +
SWOWm)(_W1Wm+1 + (TWl =+ SWo)Wm)WS + T(W0Wm+1 — W1Wm)2Wn+1Wn.
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(c)

(d)

(il) (*Wf + 8W02 + TW()Wl)z(* )mWn+mWn m = (*W1Wm+1 —+ (TWl + SWo)Wm)((*Wl + TWo)Wm+1 +
SWO )W2 — S (W()Wm+1 W1 )2W2 — ’I"S(W()Werl - W1Wm)2Wan,1.

(i) (—W2 + sWZ + rWoW)P 9 (—s) WP, Wi = (WoWpi1 — WiWu) Wit + (=WiWiiq + (W3 +

sWo) Wi )W )P(—=(WoWpng1 — WiWp )Wii1 + (=(Wi — 7 Wo)Wingq + sWoWo, )Wy, ) .

(iV) (—ng + SW02 + TWOW1);D+(]( )quTIL)erngm = (((—Wl + TWo)Wm+1 + SWOWm)Wn + S(Won+1 —

W1W7n)Wn—1)p((_WlwnL-i-l + Wm(rwl + SWO))Wn - S(WOWm-‘rl - Wlwm)Wn—l)q-

(V) —(W0W7n+1—W1W7,L) W2+1—|—( W1Wm+1+(7’W1—|—SWQ)W )((TWQ Wl)Wm+1+SWon)W3—(—W12+
SVVO2 + ’I’W1W())2(*S)mW72L (W(]Wm+1 — W1Wm) Wn_;,_lW = (*le + SVVO2 + ’I’W1W0)(WOWm+1 -
WiW,,)?(—s)™.

(Vl) ( m+1+(TW1 +SW0)W )((—W1 +TWO)Wm+1 +SWOWm)W3—(—W12+8W02+7"W1W0)2(—8)WW3—
(WOWm+1 — W1Wm) anl —TS(W()Wm+1 — W1Wm)2Wan71 = (—W12 +SW02 +TW1WO)(W0Wm+1 —
W1Wm)2(—8)n.

(i) (*le + SW02 + TWowl)(Wn+m + (*S)mWn_m) = ((*2W1 + T'Wo)Wm_H + (TWl + QSWO)Wm)Wn.
(ii)
(=WE + sW§ + rWoW) (Wagm — (—=8) " Woem) = (WoWig1 — WiWe,)(2Wygq — 1Wo)
= (Won+1 — W1Wm)(rWn + QSWn_l).

(§i) (~TV2 -+ ST+ rWoI )P (W2 (— ) W2 ) = (WoWogr — Wi W) Wi +

SWo)Wm)Wn)p + (—(WOWm+1 WiW,, ) n+1 ( (W1 — TWO)Wm+1 + sWoW,,

Wp)P.

(=

)

(iv) (=W +sWg +rWoW)P(WE — (=)™ W) _,) = (WoWimi1 = WiWo ) Wigr + (= W1 W1 + (rWi +
SWo)Wi )Wi)P — (—(WoWpg1 — WiWp ) Wi + (—(Wh — rWo)Wag1 + sWoW, )W, )P,

(i) (—W12 + SW02 + TW()Wl)Wn+m = (—W1Wm — sWoW—1 + W()(Wle + SWQHmfl))Wn+1 — S(W()Wm +
W1 — ’I“WQ)Wm 1 — WO m T Wo( W1 + ’I”WQ)Hm_l)Wn.

(
(ii) (—ng =+ SW02 =+ TW()Wl)(—S)mWn_m = (W1W + sWoW,—1 — Wo(Wle + SWon_l))Wn+1 +
(—W1 (TWm + SWm_l) — sWoW,,, + Wo((’/’Wl + SWO)Hm + sWiH,, _ 1))Wn

(iii) (—W12+SW02+T‘WOW1)2(—S)mW7L+7,LWn_m = (W1Wm+SWQWm 1—W0(W1 m+SWO m— 1)) W2+1+
S(WQWm‘F(Wl*TWo)Wm_l*WgHm+W0(*W1+TWO) m_l)((TW1+SWO)Wm+SW1Wm_1*WQ(TW1+
SWO)Hm — SW()Wle,l)Wg + r(W1Wm + sWoW—1 — Wo(Wle + SWonfl))2Wn+1Wn

(iv) (W3 + sWg + rWoW1) Wy + (=8)"Wi_im) = (—(rWh + 2sWo)W,, + s(=2Wy1 + rWo)Wp—1 +
W()(’I“Wl + QSWO)Hm + SWO(2W1 — TWo)Hmfl)Wn.

(V) (—W12 + SW02 + TW()Wl)(Wner — (—S)mWn,m) = (—W1Wm — sWoWp—1 + Wo(Wle =+ SWOHm,1>)
(QWsr — W),

Proof.
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(a) Note that

W, W
ot WoWs — W2 = Wo(rWy + sWo) — W2 = —W2 + sW2 + rWoWy,
Wy Wa
W_, W, 1 1
Y = AW = WE = WS (W — W) — Wi = == (=W + sWE + rWoWh).
Wo Wi s S

(1)-(ii) These can be proved either by induction or by using the Binet formula for W,,.
(iii) Apply the recurrence Wy, 41 = rW,, + sW,,_1 to (i).

(iv) Apply the recurrence W, 11 = rW,, + sW,,_; to (ii).
(b)

(i) Compare (a)(i) and (a)(ii) side by side..

(i) Use the recurrence Wi, 41 = rW,, + sW,_1 in (i), or compare (a)(iil) and (a)(iv).
(iii) Use (a) (i) and (a) (ii).

(iv) Use (a) (iii) and (a) (iv).

(v)-(vi) By Theorem 1.16 (b), we obtain

(—WE+ WG +rWiWo)* Wi Wi = (=W3E + sWE +rWiWo )2 W2 + (WoW, i1 — WiW,,)3 (—s)" ™.
Comparing the right-hand sides with (i) and (ii), respectively, yields the required results.

(c) (i) Adding (a)(i) and (a)(ii) side by side gives the required identity; alternatively, add (a)(iii) and (a)(iv).
(ii) Subtract (a)(i) and (a)(ii), then apply W, 11 = rW,, + sW,,_1; alternatively, subtract (a)(iii) and (a)(iv).
(iii) Use (a) (i) and (a) (ii).
(iv) Use (a) (i) and (a) (ii).
(d) (i) Replace m with —m in (a)(ii) and use the identity
W—n = *(*5)7H(Wn - HnWO)a

given in Theorem 1.7.
(ii) Replace m with —m in (a)(i) and use the identity from (i)
(iii) Combine (i) and (ii).
(iv) Using (i) together with (1.13), we obtain the required identity.
(v) Using (ii) together with (1.13), we obtain the required identity. O

Taking W,, = G,, with Gg = 0, G; = 1 in Theorem 2.1, we get the following Corollary. This Corollary illustrates
the structural link between the (r,s)-Fibonacci polynomials {G,,} and the (r,s)-Lucas polynomials {H,}. In
particular, it shows how the identities governing G,, naturally extend to H,,, thereby reinforcing the deep interplay
between these two families within the Horadam framework.

Corollary 2.2. Let n,m,p,q € Z. Then
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(a)
(1)
0 1 Gm
Gn+m = GmGn+1 + SGmflGn = 1 r Gm+1 5
Gn G71,+1 0
i.e.,
0 1 G,
Gn+m = GmGn+1 + (Gm—i-l - TGm,)Gn = 1 T Gerl
Gn Gnir 0
(ii)
% 0 Gn+1
(—S)mGn_m = —GmGn+1 + Gm+1Gn = 0 1 —SGn
G Goir 0
(ill) Gn+m = Gm+1Gn + SGmanl.
(IV) ( ) n—m = 8Gm_-1Gn — 5G,Gp_1.
(b)
(i) (—8)"CrsmGrom = —C2G% 1 + G 1Gos1 G2 + 7G2Gt G,
(i) (=8)"GramGnom = 8Gm_1Gmi1G? — s2G%.G?_| — rsG? GG, 1.
(iii) (_1)p+q( )qufLJ,-mng m = (=GmGny1 — SGm—lGn)p(GmGn+1 — Gry1Gr)l.
(IV) 1 p+q( )quﬁerGgL m = (—Gm+1Gn — SGmanl)p(—SGmflGn + SGmGn,ﬁq.
(v) -G%.G +1 + (8Gm—1Gmi1 — (—8)™)G? +1G2,G,, Gy = —(—5)"G2,.
(vi) (8Gm-1Gmy1 — (=)™ )G% - 5°G Gn 1 TSG%nGnGn—l =—(- )anzn
(c)

(1) Grim + (=8)"Grp—mn = Hpn Gy,
(i) Grpym — (=9)"Gpm = G H,.
(i) (—1DP(Ghym + (=8)P"Gh ) = (=GmGri1 = 8Gn-1Gp)P + (GnGns1 — G Go)P.
(iv) (=DP(Gh i — (=8P G _) = (=GmGny1 — 8Gm—1Gn)P — (GnGry1 — G Go)P-
(v)
LOG2, 4+ 2GE = (262, +12G2, — 271 Gon) G2 + 25G2, G 1 G 1.
2. G2, + "G _,, = (2G% . + (1? +25)G2, — 2rGpi1G ) G2 +2(—s)" G2,.
8. G%,, +s*mG%_ = (H2 —2(-s )m)G2 +2(—s)"G2,.
4o Goim +5GE = 2(=8)" G + (HY = 2(—5)")GY,..
(vi) G2, — s*"G%_,, = HnGnH, Gy, = G2 Goy,.
(vii)
LGB+ (—8PPMGE = (G2 + 112G, — 1Gmir G ) Hin G, + 35 Hpu G2, Gy Gy G
2. G3 L+ (—s)>PGE_ = (G2 + (1 +35)G2, — 1Gs1 G ) H GS + 3(—3)"G2, H,, G
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3. Gy + (=8)""GY_,, = HY G = 3((=8)"G3, — (—8)" G2 Hin G-
(viii)
1. Gf’H_m — (=s)3mG3_, = (3G72n+1 +1r2G2, — 3rGums1Gm) G H, G2 + sG3 H, G- 1Gp1.
2. G3 ., — (—s)*"G3_, = (3G2, .1 + (r*+ 5)G?, — 3rGpy1Gn) G H, G2 + (—s)" H,G3,.
3. G?H—m - (_S)gmGi—m = HSan =+ 3((_S)mG31 - (_S)nng)GmHn
(ix)
1. Gy +8'Gy = Hy Gy = 2((—8)" G — (—5)" G2, 2H, GE — ((—8)™ G — (—5)" G7,)).-
2. Gi-o-m + 54mG;1L—m = HﬁzGi - 2(*3)mGn—mGn+m(ngGzL+1 - (G12n+l - 2Hr2n - erGm+1)G721 -
rG2 Gni1Gh).
(x)
1. G =G = (2G2 . +12GE = 2rGi1 G H G H,GS + 2sH,, G2 H, G 1 GG
2. Gy — "Gy, = (2G2%, 1 + (12 + 28)G2, — 2rGp1 G ) Hi G HLGS + 2 (—s)" Hy G, H, G,

(d)

() 2Gpim = HpnGr + G Hy,.
(ii) 2(=8)"Gpom = HpnGpn — G Hy,.
(iii)

12G2,, = (22,1 +12C2 — 220G Gon)G2 + 25G2, G1Cross + HunGon Ho G,
2.2G% ., = (2G2 1 + (r* +25)G2, — 2rGpys1Gn)G2 + 2(—5)" G2, + H,, G H, G,
3. 262, = (H2 — 2(—8)™)G2 + 2(—8)"G2, + Hp G Hp G,
4. 263 = 2(=8)" G + (Hy, = 2(=5)")G + Hin G Ho G

(iv)
1 262MG2 = (2621 412G — 2 Gyt Gon)G2 + 25G2, Gy Gt — HonGon Ho G
2. 2s*™mG2_, = (2GZ, . + (r? + 25)G2, — 2rGppi1Gr ) G2 + 2 (—s)" G2, — Hyp, G H, Gy
3. 28*mG2 = (H2 —2(—5)™)G? 4+ 2(—s)"G?, — H;, G Hy, G-

4. 282mG%_m = 2(—5)’”6% + (HT% — 2(—3)”)an - H,,G,H,G,.
(v) 2G§z+m = G%Hg + G%H% +3(GrmHn — GnHm)((_5>mGi - (_S)nng)~
(vi) 2(=)*"G3,_,, = Gy HY, — Go HY — 3(GrHy + G Hy ) ((—5)"Gh — (=5)"GF,).

In Corollary 2.2, we employed the following identities:

H, = 2G,41—7rGy,
sGp—1 = Gpy1 — Gy,
Gri1Guor =G = —(=9)"71,
(=8)"GnimGn-m = (=8)"G; —(=5)" G}

By setting W,, = H,, with Hy = 2 and H; = r in Theorem 2.1, we obtain the following corollary. This corollary
highlights the intrinsic relationship between the (r, s)-Fibonacci polynomials {G,,} and the (r, s)-Lucas polynomials
{H,}. In particular, it demonstrates that the structural identities satisfied by {H, } naturally extend to {G,},
thereby underscoring the close correspondence of these two families within the Horadam framework.
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Corollary 2.3. Let n,m,p,q € Z. Then

(a)
(i)

(r* +48)Hp s =

i.e.,

Hn+m = GmHn+1 +5Gr_1Hy.
(ii)

(r* +4s)(=8)" Hpom =

i.e.,

(*S)mHn—m = *GmHn—&-l + Gnl+1Hn-
(iii) Hpym = Gmi1Hy + $GrHy— 1.
(iv) (=)™ Hp—m = $Gp—1H,, — sG, Hy—q.

(b)

(2H 1 — 7Hyp ) Hyy — (rHppyq — (12 +28)H,, ) Hy,
Hy H,
H, H,
H, H,. 0

Hm
Hm+1

—(2Hm41 — 7Hum)Hpr + (rHpi1 + 25H,,)Hy,

-%  Hy Hpp
-| Hy Hy -—sH, |,
Hy Hpir O

(i) (_S)mHn+mHn—m - _G%@H?H_l + SGm—i—le—ng + TGann-&-lHn-
(i) (—=s)"HpimHn—m = 8Gmi1Gm_1H2 — G2 H2 | —rsG2 H,H,,_;.

(i) (~s)"HY,,,

(iv) (—s)mH?

n+m

q —
anm -

H’Z,—m = (GmHn+1 + 3G7n_1Hn)p(—GmHn+1 + Gm_;,_lHn)q
(Gm+1Hn + SGmanl)p(SGmlen - SGmanl
(v) _ngHg-i-l + (8Gm1Gm—1 — (=8)" ) H +1Gh Hyp Hy, = (r? + 45)G3,

q

_S)"

)
(

(vi) (8Gpms1Gm_1 — (—8)")H2 — s>G? H? | —rsG? H,H, 1 = (r? + 4s)G? (—s)".

(c)
(i) Hyym + (=s)™Hp—, = Hy H,,.
(ii) Hym — (_S)m

Hyom = (r? +48)G,, Gy

(ill) H£+m + (*S)pmHﬁ_m == (GmHn+1 + SGm—lHn)p + (*GmHn—Q—l + Gm+1Hn)p~

(iv) Hy oy — (=8)P™H,

(v)

LOHZ,, +sMHE
2. H?

3. H?

n+m

2m 172
+s anm

= (GmHnJrl + SGmlen)p - <_GmHn+1 + Gm+1Hn)p~

= (2G3n+1 + T'QG%L - 27"Gme+1)H,’21 + 28G%H7L_1Hn+1.
2 mFSTmH2 = (2G2 4 (1P 4+ 28)G2, — 2rGGrg1 ) H2 — 2 (—5)" (r? + 45)G2,.
= (H7, — 2(=s)™)H}; — 2(r* + 45)(—s)"G},..
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4o Hy 8P HE L = 2(=s)"HY + (1% + 4s) (1% + 45)G} + 2(—5)") G,
(vi) HZ,,, —s*™H2_, = (r*+4s)GnHnGrH,.

(vii)
1H3, 4+ (=83 H3 = (G2, +12G2, — Gy i1 Grn) Hy H3 + 35G2 Hyp Hyy 1 Hy Hy .
2. H3  + (=s)*™H3_, = (G 1+ (r* +35)G2, — 1Gri1 G Hp H — 3(—s)" (r* + 4s)G2, Hyp H.
Hp oy + (=) H = (Hp, = 3(=8)") Hy Hyy — 3(r® + 45)(=5)" G, Hyn H.,.
(viii)
1. H3 ., — (=s)*™H3_,, = (1 + 45)(3G% ., + mG% — 3rGmi1Gn)GnG H2 + s(r? +

4S)GmGan+1Hn,1.
2. Hf’H_m — (=s)*mH3 = (r? + 45)(3an+1 + (r? 4+ 8)G?, — 3rG i 1Gm) GG H2 — (—5)" (r? +
48)2G3 G,
3. HfH_m — (=s)3mH3_ =3(r® +45)(—8)" GG H? + (r? + 48)%((r? + 45)G? + 3(—5)")G,G2,.
(ix)
1 Hypp + " Hy = Hy Hy — 2((—s)"Hy + (r? + 4s)(=s)"G},) 2Hy, Hy — ((—s)™Hyy + (r* +
4s)(—s)"G7,))-
2. H4 + S4mHﬁim = H4 H4 - 2(8Gm+1Gm 1H - SG Hn 1Hn+1)(2H2 - SGm+1Gm 1H +

n+m

SGmHn—lHn+1)-

(x)
1. HY . — s'™H o= (r? 4+ 4s)(2G% ., + G2, — 2rGGii1)GmHynGoHE + 25(r? +
45)H,G3 GoHy 1 HyHyy .
2. HE . —s*™H: = (2G% |+ (1 +25)G?, — 2rGppGy1) (1 + 48) G Hin G HE — 2 (—s)" (r? +
45)*H,,G3 G, H,.

(d)

(i) 2Hn+m = H,H, + (r* + 45)G G-

(iii)
1 2H2,, = (22,1 +12G2, — 2GGrp1 ) H2 + 25G2 Hy 1 Hppy + (12 + 48) G Hon G H,,.
2. 2H?,, = (2Gm+1+(r +28)G?, = 2rG Gy ) H2 — 2 (=8)" (12 +45)G2, + (r? + 48) G H,n G Hp,.
8. 2H2 ., = (HZ —2(—s)™)H2 — 2(r* 4+ 4s)(—s)"G2, + (r* + 45)G H,n G Hy,.
4. 2H2 = 2(=s)"H2 + (r? 4+ 4s)((r? + 45)G2 + 2(—s)")G?2, + (r* + 45)G H,, G Hy,.

(iv)
1. 28°™H? = (2G +1—|—r2GQ —2rG Gy )H2 +25G2 Hy 1 Hy1 — (r? + 48)Go Hy G Hyp,.
2. 2s>mH2 = (2G m+1+(r +28)G2%, —2rG,Gr1 ) H2 =2 (—3)" (r?+45)G2, — (r* +48) G Hin G H,.
8. 28?MH2_ = (H2 —2(—s)™)H2 — 2(r? 4+ 48)(—s)"G2, — (r? + 48)G., Hn G Hp,.
4. 28TMH2 = 2(—s)"H2 + (r? + 45)((r? + 48)G2 + 2(—s)")G2, — (r? + 48)G, Hyn G Hp.

(v) 2H2,,, ((H2 3(—=8)™)HmHy + 3(r% + 48)(=8)" G Gn)H2 + (r? + 435)((r? + 4s)((r? + 45)G? +

3(=5)")GnGm — 3(—8)" Hum H, )G,
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(vi) 2(—s)*mH3 | = ((H2 —3(—5)")H Hy, —3(r> +45)(—5)" GG H2 — (r? +48)((r? +48)((r* +45)G? +
3(—8)") GG + 3(—8)"H,, Hy, ) G2,

In Corollary 2.3, we employed the following identities:

SGmfl = Gerl - erv

H, = 2G,41—1Gp,
(r?s +4s*)G,, = —rHppo+ (r*+28)Hpy1,
(r® +45)G,, = 2H,,1 —rH,,
(r? +45)G,, = rH,+2sH, 1,
Gni1Gno1 —Gh = —(=s)"71,
HyoHy oy — H2 = (—8)" 1 (r® +4s).

From Corollary 2.2 (d)(iii)—(vi) together with Corollary 2.3 (d)(iii)—(vi), we derive the following results.

Corollary 2.4. Let n,m € Z. Then

(a)
(i)
1. 2(Gogm + (=8)"Hp—) = (G + Hi)Hy + (Hp, — (% + 48)G,) Gy
2. Grym + (—=8)™"Hyp_py = GuGrs1 + $Gm_1Gp — G Hy i1 + Gt iy
(ii)
1. 2(Grym — (—8)"Hp—) = (Gy — Hp ) Hyy + (Hpp + (12 + 48)G ) G-
2. Guim — (=8)"Hp—m = GnGri1 + 8Gm-1Gn + GHpi1 — Gruy1 Hy.
(iii)
1. 2(Hpim + (—8)"Grem) = (=G + Hiy)Hy 4 (Hi + (r? 4 45)G,y,) G
2. Hyym + (=8)"Grem = =GGri1 + Gy 1Gn + G Hy 1 + G 1 Hy,.
(iv)
1. 2(Hpym — (—8)"Gnem) = (Gm + Hp)Hy + (—Hp, + (r* + 45)G,,) G
2. Hyvm — (—=8)"Gpm = GnGri1 — Gus1Gr + GHy1 + 5G 1 H,y,.
(v) 2(Gpim + Hpsm) = (G + Hp ) Hy, + (Hy, + (72 4 48) G, ) G
(vi) 2(Graom — Howm) = (G — Hy))Hy, + (Hy, — (72 4 48)G o ) G
(vii) 2(=8)"(Gnem + Hp—m) = (Gn + Hy)Hy — (Hy + (r? + 48)Gp) Gy,
(viii) 2(=8)™(Gnom — Hoom) = (Gn — Hp)Hp — (Hy — (r2 +45)G) G
(b)

(i) 2(Gh i, + 82 H ) = (2G5 1 + (7% + 25) G, = 2rGing1 G ) (G + HRY) = 2((r? + 4s) — 1)(=s)"G, —
((TQ + 48) - 1>GmHmGan-
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(ii) 2(G2,,, —s*"H}_,,) = (2G% 1 4+ (r® +25)G2, — 2rGpp 1 G ) (G — H2) + 2((r? +45) + 1)(—5)" G}, +

((r? 4+ 48) + )G H, G Hyp,.

(iif) 2(HZ2,,, +s*"G2_,,) = (2G% . + (1* +25)G2, — 2rG,Gpy1) (G2 + H2) — 2((r* + 4s) — 1)(—s)"GZ, +

((r? +4s) - )G, H,, G Hp,.

(iv) 2(H2,,, —s*"G2_,) = (2G2, .1 + (r* 4+ 25)G2, — 2rG,Gpoy1 ) (—G2 + HZ) — 2((r? + 45) + 1) (—s)"G?, +

((r*> + 4s) + )G H,, G H,.

(c)
(i) 2(G2,,,+s*mH2_,) = (HZ —2(—s)™)(GZ+HZ)—2((r? +4s) —1)(—s)"G?, — ((r* +4s) —1)G, H,, G, Hy,.
(ii) 2(G2.,,—s*™H2_,,) = (H2 —2(—s)")(G%Z—H2)+2((r*+4s)+1)(—s)"G2,+ ((r*+4s)+1)G H,, G Hy,.
(iii) 2(HZ2,,,+s*"G2_,,) = (HZ —2(—s)™) (G2 +H2)—2((r*+4s)—1) (—s)" G2, +((r*+4s)—1) H, G H, G,
(iv) 2(H2,,,—s*"G2_,) = (H2,—=2(—s)™)(—G2+H2)—-2((r*+4s)+1)(—5)"G2,+((r*+4s)+1) G Hn G Hi,.
(d)

(i) 2( wim F8THE ) = 2(=8)™(Gh + HY) + ((r* + 45)°Gh + Hp + 2((r +4s) — 1) (—5)")G}, —
45) — 1)Gyn Hpp G H,y.

(i) 2(G} . — P H; ) = 2(=8)"(Gh — Hp) + (—(r? +45)°G} + Hy —2((r* +4s) +1) (=5)")G?, +
45) 4+ 1)Gp Hyy Gy Hyy.

(i) 2(H7 1 + 87" Gh ) = 2(=8)" (G}, + Hp) + ((r* +45)°G} + H +2 ((r° + 4s) — 1) (=5)")G7,
45) = 1) Hp Gy Hn G

(iv) 2(HZ,,, —s*"G2_,,) = 2(—s)"(=GE+H2)+ ((r? +45)2G% — HZ +2 ((r? + 45) + 1) (—5)") G2,
45) + 1) Hp G Hy G,y

Proof.

(a) Apply Corollary 2.2 (d)(i)-(ii) together with Corollary 2.3 (d)(i)-(ii). Similarly, use Corollary 2.2 (a)(i)-(i
1 1

Corollary 2.3(a)(i)-(ii). Finally, employ Corollary 2.2 (d)(iii)(1), (iii)(2) and Corollary 2.3 (d)(iv)(1), (

(b)

((r* +

((r*+

+((r? +

+((r*+

ii) and
iv)(2).

(i) Use Corollary 2.2 (d) (iii) (1) with Corollary 2.3 (d) (iv) (1), or alternatively Corollary 2.2 (d) (iii) (2)

with Corollary 2.3 (d) (iv) (2).
(ii) Same as (i): apply either the pair (d)(iii)(1)-(d)(iv)(1) or (d)(iii)(2)-(d)(iv)(2).

(iii) Use Corollary 2.2 (d) (iv) (1) with Corollary 2.3 (d) (iii) (1), or alternatively Corollary 2.2 (d) (
with Corollary 2.3 (d) (iii) (2).

(iv) Again, apply either (d)(iv)(1)-(d)(iii)(1) or (d)(iv)(2)-(d)(iii)(2).
(c)
(i) Use Corollary 2.2 (d) (iii) (3) together with Corollary 2.3 (d) (iv) (3).

(i) Same as (i).

(iii) Use Corollary 2.2 (d) (iv) (3) with Corollary 2.3 (d) (iii) (3).

iv) (2)

Earthline J. Math. Sci. Vol. 16 No. 4 (2026), 577-681



598 Yiiksel Soykan

(iv) Same as (iii).

(d)
(i) Use Corollary 2.2 (d) (iii) (1) with Corollary 2.3 (d) (iv) (1).
(ii) Use Corollary 2.2 (d) (iii) (4) with Corollary 2.3 (d) (iv) (4).
(iii) Use Corollary 2.2 (d) (iii) (2) with Corollary 2.3 (d) (iv) (2).
(d) (iii) (2) with Corollary 2.3 (d) (iv) (2). O

(iv) Use Corollary 2.2

From Corollary 2.2 (d) (i)-(ii), Corollary 2.3 (d) (i)-(ii) and Corollary 2.4 (a) (i)-(ii)-(ii)-(iv), we obtain the
following results.

Corollary 2.5. Let n,m € Z. Then

(a)
(i) 4(G2,,, + (—=s)?™H2_,)) = (r* +4s)?°G2,G? + G2 H2 + G2H?2, + H2 H? — 2(r* + 4s — 1)G,,G, H,n H,,.
(if) 4(G2Z,,, —(—=s)?™H2_,,) = —(r*+4s)?G2,G%2 + G2 H2 + G2H?2 — H: H? +2(r* + 45+ 1)G,,, G Hin  Hy,.
(iif) 4(H2,,, + (—=s)*™G?_,,) = (r* +45)?G2,G2 + G2, H2 + G2H% + H2 H? 4+ 2(r* + 4s — 1)G,, G, Hy H,.
(iv) 4(H2,,, — (=s)?™G2_,,) = (r* + 45)2G% G2 — G% H2 — G2 H? + H2 H2 + 2(r* + 4s + 1)G1, G Hy Hy,.
(b)
(i) S(Gi-&-m + (_S)BmHg—m) = (_(7"2 + 43)GmGn + G Hy + GnHpy, + HmHn)((TQ + 45)2G%LG% + anH% +
G?H? + H2 H2 + (GpHy + GoHy ) ((r? + 45)G Gy — Hyp Hy) — 2(r? + 45 — 1)G, G Hy Hy).
(ii) 8(G3.,, — (=s)*™H3_,)) = ((r* + 48)GGn + GmH,, + G Hyy — Hi Hy ) ((r? + 45)°G2,G2 + G2, H2 +
G?H? + H2 H2 + (GmHp + GpnHyp)(—(r? +48)G G + Hy Hy,) — 2(r? + 4s — 1)G,,, G Hy Hy).
(iii) 8(H2 ., + (=s)*"G2_,) = ((r* + 48)Gm Gy, — G Hy + GoHi + Hp Hy, ) ((r? + 48)2G2,G2 + G2 H2 +
G2H? + H2 H2 + (GnHy, — GoHy)((r? + 45)G Gy + Hy Hy) + 2(r? + 4s — 1)G, G Hy Hy).
(iv) 8(H,,, — (=s)*"G3_,.) = ((r* + 45)GGy, + G Hy, — GuHy, + Hyp Hy ) ((r? + 45)2G2,G% + G2, H2 +
G?H? + H2 H2 — (GHy — GoHy)((r? + 48)G Gy + Hy Hy) + 2(r? + 4s — 1)G, G Hy Hy).
Proof.
(a)

(i) Use the identity 4(a? + b?) = 4(a + b)? — 8ab, together with Corollary 2.3 (d) (i) and Corollary 2.4 (a)
(i); alternatively, apply the identity 4(a? + b%) = (2(a — b))% + 2 x 4ab, with Corollary 2.3 (d) (i) and
Corollary 2.4 (a) (ii).

(i) Use the identity 4(a? —b?) = 2(a +b) x 2(a — b), together with Corollary 2.3 (d) (i) and Corollary 2.4 (a)
(ii).

(iii) Apply 4(a® + b?) = 4(a + b)? — 8ab, with Corollary 2.3 (d) (ii) and Corollary 2.4 (a) (iii); alternatively,
use 4(a® +b?) = (2(a — b))? + 2 x 4ab, with Corollary 2.3 (d) (ii) and Corollary 2.4 (a) (iv).

(iv) Use 4(a® — b?) = 2(a +b) x 2(a — b), together with Corollary 2.3 (d) (ii) and Corollary 2.4 (a) (iv).

hitp://www. earthlinepublishers.com



Explicit Identities for Horadam Polynomials 599

(b)
(i) Use 8(a® +b®) = (2(a + b)) — 3 x 4ab x 2 (a + b), together with Corollary 2.3 (d) (i) and Corollary 2.4
(a) ().

(ii) Use the identity 8(a® — b®) = (2(a — b)) + 3 x 4ab x 2 (a — b), together with Corollary 2.3 (d) (i) and
Corollary 2.4 (a) (ii).

(iii) Apply 8(a®+b%) = (2(a+b))3 —3 x 4ab x 2 (a + b), with Corollary 2.3 (d) (ii) and Corollary 2.4 (a) (iii).
(iv) Use 8(a®—b%) = (2(a—b))® + 3 x 4ab x 2 (a — b), together with 2.3 (d) (ii) and Corollary 2.4 (a) (iv). O

By comparing Corollary 2.2 (¢) with Corollary 2.3 (¢), we obtain the following result, valid for all n,m € Z.

Corollary 2.6. Let n,m € Z. Then

(a)
(i) (Hpgm + (=8)"Hp—m) — (Gnym + (=8)"Gpomn) = Hyp(Hy, — Gr),
i.e.,
(Hn+m, - Gn,+m) + (*S)m(Hn—m, - Gn—m) == Hm(Hn - Gn)7
and
Gn(Hngm + (—8)"Hy—m) — Hy(Grgm + (—8)"Grom) =0,
i.e.,
(Ganer - HnGner) + (_S)m(Ganfm - Hnanm) =0.
(1) (Hn+m — (=8)"Hn—m) = (Gnm — (=8)"Gnm) = ((r* +45)Gy — Hp )G,
i.e.,
(Hn—i-m - Gn+m) + (_S)m(_Hn—m + Gn—m) = ((TQ + 48)Gn - Hn)Gnu
and
Hy(Hyqm — (—=8)" Hp ) — (T2 +48)Gn(Grym — (=8)"Gnom) =0,
i.e.,
(HoHyom — (r? +48)GnGrim) + (—8)™(—Hyp Hy— + (12 4+ 48)G G ) = 0.
(b)
(i) (Gier - Sszi—m) + (Hpym + (_S)Manm) = (GmGn + 1)HmHn-
(ii) (H’I'2L+’I’TL =" Hy ) + (G + (=8)"Grom) = ((r? + 48)Gr Hy + 1) Hy G
(c)
() (Hyy+s"mHy ) —(Gh oy +8°" G ) = (26, (17 428) G =20 Gy Gy ) (H — G ) =2 (—5)" ((rP+
4s) +1)GZ,,
and
GH(Hy  + 8" HE ) — HY(GE oy + 877G ) = =2(=8)" ((r + 45)G + H2)G
(il) (H'rQLer - SQ"LHZ,fm) = (7"2 + 48)(G72L+m - SQmGifm)‘
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(iii) ( n+m SQmGEL—m) = (Hogm + (=8)"Hpm ) (Gnym + (=8)"Grnm) = (G — Hin)GnHm Hy,

)" ((r?+

and
(Gi+m - QmG?L m) = G (Hppm + (=8)" Hp—m ) (Grpm + (=5)"Grm) = 0.
(d)
(1) (G + (=8)°"Go ) = HAGo (G + (=8)" Grmn) = =3((=5)"' G} — (=5)"G3,) Hin G
(i) (Ghin — (=8)""G ) — HRG (G — (—=8)"Grm) = 3((—8)" G} — (=5)"G},) G Hoy.
(e)
(1) 2( n+m (_8)3mG§Lfm)_3H G (G721+m+82mG7217m) :_HT?I)’LG’IS’L
(11) 2( n+m ~ (_3)3mG§1— ) G7rLH7L(Gn+m+52mG72L_m) :GnLHnH?nG%-
(iii) 2(H3,,, + (=s)®™H3_ ) —3H, H,(H2,,, +s*™H2_, )= —H3}H3.
(IV) 2( n+m7( S)BmHg m) (T +45)G G ( n+m+52mH721 m) (T2+45)GmGnH72nHTZL
(f)
(1) (G ( 8)3mG3 m) FH o+ (=8)P M Hy ) = (G Hpy + Hyy, Hiy =3 (—s)™ (G +Hpy) =3 (—s)" ((r*+
4s8)H,, — G,)G?)H,,
(i) (Gt (=8)*"Go ) = (H  +(—8)° " Hyy ) = (G Hy, — Hy Hy 43 (—s)™ (Hy — G ) +3 (=
4s)H, + G,,)G2,)H,,
Proof.

(a) (i) Apply Corollary 2.3 (c) (i) together with Corollary 2.2 (c) (i).
(ii) Apply Corollary 2.3 (c) (ii) together with Corollary 2.2 (c) (ii).

(b)
(i) Use Corollary 2.2 (c)(v) together with Corollary 2.3 (c) (i).
(ii) Use Corollary 2.3 (c) (vi) together with Corollary 2.2 (c) (i).
(c)
(i) Apply Corollary 2.2 (c) (v) together with Corollary 2.3 (c) (v).
(ii) Apply Corollary 2.2 (c) (vi) together with Corollary 2.3 (c) (vi).
(iii) Combine Corollary 2.2 (c¢) (i) with Corollary 2.2 (c)(v).
(d)
(i) Use Corollary 2.2 (c) (i) together with Corollary 2.2 (c) (vii).
(ii) Use Corollary 2.2 (¢) (ii) together with Corollary 2.2 (c) (viii).
(e)
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(f)

(i) Apply Corollary 2.2 (c) (v) together with Corollary 2.2 (¢) (vii).
(ii) Apply Corollary 2.2 (c¢) (v) together with Corollary 2.2 (c) (viii).
(iii) Use Corollary 2.3 (¢) (v) t

) (v)

(
ogether with Corollary 2.3 (c) (vii).
(iv) Use Corollary 2.3 (c) (v )

together with Corollary 2.3 (c) (viii).

(i) Apply Corollary 2.2 (c) (vii) together with Corollary 2.3 (c)(vii).
(ii) Apply Corollary 2.2 (c) (vii) together with Corollary 2.3 (c)(vii). O

2.1 LEMMA 2.7 and Its Consequences

By combining Corollaries 2.2 and 2.3, we obtain the following lemma.

Lemma 2.7. Let n,m € Z. Then

(a)

(b)

(i) 2Gnim = G Hy, + Gy Hyp,.

(ii) 2(—8)"Gp-m = GpHy — G H,.

(iii) 2H,1m = HpHy + (12 + 45)G,, G,

(iv) 2(—=8)"Hp_m = HpHy, — (12 + 45)G 1, Gy

(1)

1. 4(r* +4s)G? ., = 4Hopm Hop — (Hm Hy, — (12 + 45)G, G )2

2. 4G? |, = 2G2y,,Gon + GAHZ, + G2 HZ.

3. 4G? ., = (GHy, + G Hpy)?

4. A(r* 4+ 4s)G2 ., = 4Hop Hay — (r? + 45)°G2,G2 + 2(r? + 45) G2y Gon — HZ HZ.
(ii)

1. 4(r? + 4s)(—s)*™G? _,, = 4Ho Hop — (Hp Hy + (r? + 48)G. G2

2. 4(-s)*"G?_,, = —2G9,,,Gay, + G2 H2 + G2 H?,.

3. A(—s)*mG%_, = (GnH,, — G Hy)%

4. 4(r? +48)(—8)?>™G?%_, = 4Hop Hayp — (1% + 45)2G2% G2 — 2(r? + 45)GopmGay, — H2 H2.
(iii)

1. 4H72L+m = 4H2mH2n — (7’2 + 48)(GnHm — GmHn)z

2. 4H?, = (r? +45)2G2,G? + 2(r* + 45)G2,Gom + H2 H2.

8. 4H? ., = (HpH, + (r* + 45)G,,Gp)?.

. AHZ,, = AHy Hyp, — (12 + 45) (G2, H2 + G2 H2, — 2Ga0Gay).
(iv)
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(c)

4(—s8)>mH?2 = 4Hs, Hoy — (12 4+ 48) (G Hy + G H,p )2,
4(—s)?*mH2_, = (r* +4s)2°G2,G? — 2(r* + 45)G2, Gy, + H2 H2.
4(—=s)?mH?2_ = (Hp,H, — (r*+4s5)G,,G,)%

A(=8)P"H2_ = dHym Hop — (r2 + 4)(G2, H2 + G2 H2, + 2GomGlan).

A=) Gy G = G2 HZ — G2, H2.
4(=8)" G Grem = A((—5)" G2 — (~5)"G2,).
(—=8)"GrnimGrm = ((=8)" G5, — (—=8)"G2,).

GrsmGnom = G2 — (—8)""™mG2,.

4(=8)"GrimGn-m = (GmHy, + G Hp)(GrHyy — G Hy).

AGo(nim) = 4GnimHnsm = (GmHy + GuHpy) ((r? 4 4s) GG + Hy Hy) -
4Gy ymHpyrm = H2Gopm, + H2 Gop + (12 + 48)(G2,Gay + G2 Gap).
AGimHpomn = (H2 4 (12 + 48)G2)Gam + (H2, + (12 + 45)G2,)Gap.
2Ga(nym) = 2GnymHyym = HanGom + HomGan.

4(=8)"GpomHy—m = (H2, — (r? + 48)G2))Gay + (H2 — (r? + 45)G?) Gap.
(=8)"GripmHn—m = (—5)"Gap + (—5)"Gap.

GrimHp—m = Gop + (—8)" ™ Gap,.

2(—8)"GrymHp—m = HapmGon + HapnGop — (1% + 45)(G?,Gapn + G2Gap).
2(—=8)"GrymHp—m = (Ham — (r? + 45)G2,)Gap + (Hap — (r? + 48)G2)Gap.-
4(=5)"GrpmHp—m = (HnGp + G Hy) (Hp Hy, — (r? 4 45)G, Gy).

4(=8)" G Hpym = —(H2 — (r? 4+ 45)G2)Gaopm + (HZ, — (r? + 45)G?,)Gay,.
(=8)"GrnemHpim = (=8)"Gan — (—5)"Gaom.

Grn-mHpim = Gop — (—8)" """ Gam.

2(=8)"GpomHpsm = HonGom + HamGay — (r? + 45)G2,Gap — H2Goyp,.
(=)™ G Honom = (Hon — H2)Gom + (Hom — (2 + 45)G2,)Gan.
4(=8)" G Hsm = (HonGyo — G Hy) (o Hyy + (12 + 48) G Gon).-

1. 4(—8)27”02(,1,771) = 4(—8)2mGn,mHn,m = ((T2 + 4S)G72n + H%)Gzn — ((T2 + 48)6% + H%)Ggm.
2. 2(_8)2mG2(n—m) = 2(_8)2mGn7mHn7m = HZmGQn - H2nG2m~
3. 4(=8)2" G Hom = (G Hopy — G Ho) (Hon Hyy — (12 + 48)Gn G ).

1.
2.
3.
4
)
1.
2.
3.
4.
b.
(vi)
1.
2.
3.
4.
(vii)
1.
2.
3.
4.
.
0.
(viii)
1.
2.
3.
4.
b.
6.
(ix)
(%)

1. 4(=8)™HpymHp— = H2 H2 — (r2 + 45)2G2,G2.

4(=8)"HysmHpy—n = (Hp Hy, + (12 + 48)G G (Hy Hyy — (72 + 45) G Ghy).
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(d)

(i) 2Gnir = Hy + rGo.

(ii) 25Gn_ = —1Gy + H,.

(iii) 2H, 41 = 7H, + (1? + 45)G,.
(iv) 2sH,,_1 = —rH, + (r* + 45)G,,.

(i)
1. 4(r? + 4s)G2 | = A(r* 4 2s)Hay, — (rHy, — (r? + 45)Gy )2
2. 4G?% | = 2rGyy, + r*G2% + H2.
3. 4G2 ., = (H, +rG,)*.
(ii)
1. 4(r® +45)s2°G2_, = 4(r* + 25)Hay, — (rHy, + (17 4 48)Gp)2.
2. 482°G?%_| = —2rGq, + H? +12G2.
3. 4s8*°G2%2_, = (rG,, — H,)?.
(iii)
1. A4HZ | = 4(r? + 28)Hap, — (r? 4+ 4s)(rG, — Hy)?.
2. 4H? | = (r? 4+ 45)?G2 + 2r(r* 4 45)Ga,, + 12 H2.
8. 4H? | = (rH, + (r? +4s)G,)2.
(iv)
1. 4s?H2_| = 4(r? 4+ 28)Ha,, — (r? +4s)(H,, +rG,)%
2. 4sH2_| = (r? +4s)°G? + r2H2 — 2r(r? + 45)Gap,.
3. 4s?H2_| = (rH, — (r* +4s)G,)%.
(v)
1. 4sGpy1Gp1 = H2 —r2G? = (H,, + rGy) (H,, — rG,,).
2. 4Gy 11Gp_1 = 4(sG? + (—s)™).
3. 8Gpi1Gn_1 = sG% + (—s)".
(vi)
1. 4Go(ny1) = 4Gy Hyy1 = (Hy +7Gy) ((r? +45) G, 4+ rHy)
2. 4G 1 Hyor = r(H2 + (1% + 48)G?) + 2(1? + 25)Gay,.
8. 2Ga(nt1) = 2Gny1Hpy1 = rHop + (r® + 25)Gap.
(vii)
1. 45Gpi1Hy 1 = 45Gay, — r(H2 — (r? 4 45)G2).
2. sGpy1Hp—1 = sGap — r(—9)".
3. Gpy1Hy 1 = Gy +1r(—s)" L.
4. 25Gpy1Hy 1 = 28Ga, +r((r? + 45)G2 — Hay,).
5. 48Gpi1Hy 1 = (rGp, + H,)((r? + 45)G,, — rH,,).
(viii)
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1. 4Gy 1Hy o = 1(H? — (r? +45)G?) + 435G,
2. $Gp_1Hpt1 = sGop +1r(—s)".
3. Gp_1H,y1 = Gop —r(—s)" L.
4. 258Gy _1Hp1 =r(H2 — Hay) + 25Ga,.
545Gy 1Hpyy1 = (Hy — 7GR (rHy, + (72 4 45)Gy).
(ix)
1. 4*Go(y_1y = 45°Gp_1Hp_1 = 2(r® + 25)Gan — r((r* + 45)GE + H}).

2. 232G2(n,1) =25°Gp_1H, 1 = (1? + 25)G2, — rHay,.
3. 4s8*°Gp_1H, 1 = (rG,, — Hp)(rH, — (r* + 45)G,,).
(%)
1. 4sHp, 1 H, 1 = (r? + 45)>G?% — r?H2.
. A4sH, 1 Hy o1 = (rHy + (r? +45)G) ((r? + 45)G,, — rH,y,).

I\SY

Proof. We employ the identities

G2n = Gana
2H,, = (r’+4s)G2+ H?,
given in Corollary 1.12, together with
H? = (r?+45)G? +4(—s)",
Hyy = (1 +45)G2 +2(—s)",
H2 — Hy, = 2(—s)", ie., H: = Hy, +2(—5)",

given in Lemma 1.13 (e).

(a)

(i) From Corollary 2.2 (d) (i).

(ii) From Corollary 2.2 (d) (ii).
(iii) From Corollary 2.3 (d) (i).
(iv) From Corollary 2.3 (d) (ii).

(b) (i) Using 2Gp1m = GmH,y, + GpHy, given in Corollary 2.2 (d) (i).

(i) Using 2(=8)"Gp—m = GnH, — G Hy, given in Corollary 2.2 (d) (ii).
(iii) Using 2H, 4 = HiHy, + (r? + 48)G Gy, given in Corollary 2.3 (d) (i).
(iv) Using 2(—=s)™Hyp—yy = HpHy — (r? + 48)G,, Gy, given in Corollary 2.3 (d) (ii) we get required result.
(v) Combine (i), (ii) with 2Ha,, = (r? + 45)G? + HZ2. From Lemma 1.13 (e)(vii) we have
GLH;, — Go H = 4((—5)" G}, — (=5)"GT).

(vi) Combine (i), (iii) with G, = G, H,, and 2Hs,, = (r? + 45)G2 + H2.
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(vii) Combine (i), (iv), Lemma 1.13 (e)(iii), and the identities Go,, = G,,H,,,2Ha, = (r? + 45)G2 + H2.
(viii) Combine (ii), (iii), Lemma 1.13 (e)(iii) and the identities Ga,, = G, H,,,2Ho, = (r? + 45)G? + H2.
(ix) Combine (a), (iv) with the identities Go, = G Hp,2Ha, = (r? + 4s)G2 + H2.
(x) Combine (iii), (iv) with the identities Ga, = G, Hy, 2Ha, = (r? + 45)G? + H?2

(c) Set m =11in (a).

(d) Set m=11in (b). O

From Lemma 2.7, we obtain the following Corollary.

Corollary 2.8. Let n,m € Z. Then

(a)

(1)
1. 2(r? + 4s)(G2 ., + (—5)*™ G2

n—m

2. 2(G2,,, + (—5)?G2_, ) = G2 H? + G2 H2,.

n+m

3. (r*+4s) (G2, + (—s)*™G?_,,) = HomHop — 4(—s)" ™.

) = 4Hy Hay — ((r% + 45)2G2,G2 + H2 H?).

m m

(i) G%.,, — (—8)™G2_,, = G2,Gop.
(iii)
1. 2(HZ ., + (—s)*™H?_,,) = 4Hop Hoy, — (r? +4s) (G2, H2 + G2 H?).
2. 2(H2,,, + (=s)*™H2_, )= (r*+4s)°G2,G2 + H2, H2.
3. H2,, +(—s)>™H2_, = HopHap, +4(—s)""".
(iv) HZ,,, — (—=s)*™HZ2_,, = (7“2 + 45) GonGom.
(v) (r*+4s)G?% ., + (—s)*™H2_,, = HopHo,.
(vi)
1. (r*+4s)G2,,, — (=s)*™H?2_,, = —(Hon — H2)(Ham — H) + (1 + 45)G2n,Gorm.
2. (r?+4s)G% ., — (=s)*mH2_,, = —4(=8)™" + (r? + 45)G2,Gam.
(vil) HZ, ., + (r? +4s)(—s)*"G%_,, = Hop Hop.
(viii)
1. HZ , — (r?+4s)(=s)*"G2%_,, = (Hop — H2)(Hom — HZ) + (r? + 45)G2,Gop,.
2. H2 ., — (r* +4s)(—s)*"G2_,, = 4(—s)""" + (r? + 45)G2,Gam.
(ix)
1. A((r*+4s)G2 ., + H2, ) = 8HamHop — (Hp Hy, — (r? +48)Gi Gy )? — (r? +48) (G Hy — G Hp )?.
2. 4((r* +48)G2% ., + H2 ) = ((r? +45)G2 + H2) ((r* 4+ 4s)G2, + H2)) + 4(r? + 45) G2 Gan.
3. (r*+4s)G% ., + H2,,, = HopHop + (1* + 45) G2 Gan.
4. MG2,,, +HE, ,)=G2H2 + G2 H:+ (r* 4+ 4s)°G2,G2 + HZ H2 + 2(r? + 45 + 1)G2,Gom.
5. 2(G2 FH2 ) = (P +4s+1)(2(—8)™ G2 +2 (—5)" G2, + (r? +45)G2,G2 + G2, Glap ) +8 (=)™
()
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(b)

(xi)

(xii)

(ii)

(iii)

4((r? + 45)G$L+m - H,2L+m) = —(HpHy, — (r? +48)G ., Gp)? + (r? + 48) (G Hyy, — G Hy )2,
(G?H_m H2,, )=G?H2 +G? H? — (r?> +45)2G% G? — H2 H? — 2(r? + 45 — 1)G2,Gam.

n+m
2Gh = Ha ) = —(FP+4s=1)(2(=s)" G242 (—5)" Gp, +(r*+45) G}, G} 4+ GonGam) =8 (=)

4(—s)?>™((r? +4s)G2_,, + H?

2 ) =8Hoy,Hoy — (HpHy, + (r? + 45)GGp)? — (r? + 48) (G Hy, +
G.H,,)%

2. 4(—s)?M(G2_, + H2_,) = G2 H2 + G2H2 + H2 H? + (r2 + 45)2G2,G2 — 2(r? + 45 + 1)Ga,Gam.

1. 4

e

IS

4. 4

S oA Lo

S oA S

2(—8)?™(G2_, +H? )= (r?+4s+1)(2(=5)" G2 +2(—8)" G2, + (r? + 45)G2,G? — G2,Gaom) +
8(—s)™ ",

4(=s)?((r? +4s)G%_,, — H2_,,) = —(HmH, + (r* + 45)G1Gn)? + (r? + 45) (G Hp + G Hp, )2
—H2 ,)=G?H?+G?*H2 — H2 H? — (r? +45)°G?,G? + 2(r? + 45 — 1)G2,Gam.
—Hi ) = —(rP+4s = 1)(2(=9)" G +2(=5)" G, + (1 +45) G}, GF, — GonGam) —

—m

4 +48)G n+m—|— (=8)"GrsmGn-m) = 4Hap Hop + G2 H2, — G2 H? — (H,, H,, — (r? +48)G,, G ).

r? 4+ 45) 2 m+ (=8)"CnimGnm) = 4Hap Hop + 4((—5)"G2% — (—s)"G?2) — (HpnH, — (r* +
Gn)?.

12 4+ 48)G2 ) + GoimGim) = 4Hop Hop +AG2 — 4(—5)"""G2, — (HpH, — (12 + 48) G G)2.

G,Hm + (=8)"GrymGnm) = 2GomGan + GZH2, + G2, H? + G2HZ, — G2 H2.

n+m + (=8)"GramGnm) = 2GomGay + G2 H2, + G2 H2 + 4((—s)™G? — (—s)"G?)).

2 T GrimGnim) = 2G2,,Goy + GEHZ + G2 H? + AG2 — 4(—s)""™G2,.

(
(

S

4

W

(r®
(r®
)Gm
4((r*

W

(
(
i€
4G

4
4

((r% +45)G2 o — (—=8) "G Grrem) = 4Hop Hop — G2 H2, + G2, H2 — (Hyp Hyy — (12 +48)G G2
((r® + 45) 2 (=) "Gy Grm) = AHyp Hop — 4((—8)"G2 — (—5)"G2,) — (HpnH, — (r> +
)Gm
(r?

S

N

Gn)?.

4((r* +48)G? ., — GromGn_m) = 4Hap Hop, — AG? + 4(—8)""" G2, — (HpHy — (1% 4 48)G, G)2.
(G = (=8)"CrpmGrm) = 2GomGon + GL Hy, + Go HE — GLHE, + G H
(G = (=8)"GrsmGnom) = 2GomGan + G Hy, + Go Hy — 4((—5)" G} — (—3)"G}).
(G

GnimGn-m) = 2G2Gop + GZH?2, + G2 H? — AG? + 4(—s)""™G?

m*

n+m

=~

4
4

2
n+
2
n+
n+m

4((r? +48)Gi+m
(HpH, — (r* 4 45)G,,Gy)?.

4((r*+4s)G2 ., + GrymHpym) = 4Hop Hop + (HZ + (r? +45)G2)Gap, + (HZ, + (12 4+ 45)G2,)Gay, —
(HpH,, — (r* 4 45)Gn G2

(r*+4s)G? . + GuimHpsm) = 4Hopm Hop + 2H2,Gopy + 2Hoy, Gop — (Hi Hy, — (r? +45) G Gy, )2
(G2 + CrimHysm) = 2GonGap + G2 HZ, + G2 H2 + H2Gop, + H2,Gap + (12 + 48)(G2,Gap +
G2 Gam).

+ Gn+mHn+m) = 4Hyp, Hop, + HZG2m + H72nG2n + (TQ + 43)(G72nG2n + G%G2m) -

4
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(iv)

)

(vi)

(vii)

L A((r? +45)G?

4

- 4(
- 4(

4
(

6. 4(G2

UG?% 4 GruimHnim) = 2GoyGon + G2ZHZ + G2 H2 + (H2 4 (r? + 45)G?)Gam + (HZ + (r? +

48)G2 )Gzn

UG? ., + GrimHpsm) = 2G2,Gon + G2HZ, + G2 HZ + 2Hs,Gopy + 2Ho1, Gy,

. 4((7’ + 4S)G%+m - GnerHner) = 4H2mH2n - H727,G2m - H,%FLGZn - (Tz + 45)(G72nG2n + G%G2m> -

(HpH, — (1% + 45)G,Gr)?.
n+m —GrymHnym) = 4Hopm Hap, — (Hr% + (T2 + 43)G%)G2m - (H72n + (TQ + 48)G31)G2n -
(Hp,Hy, — (7* + 48)G,,,G)%

4((r* +45)G2 ., — GrnymHpym) = 4Howm Hop — 2H2n,Goy — 2Ho, Gon — (Hp Hy, — (12 +45) G, G )%
CAG? L, — GuimHoim) = 2GoynGay + GZH2, + G2 H? — H2Goy, — H2,Gap — (1% + 45)(G2,Goy +
G2Gam).
G2, = GuimHpsm) = 2Go,Gay + G2H2 + G2 H2 — (H2 + (r? + 48)G2)Gam — (H2, + (1 +
48)G?))Gay,.
4G? ., — GrimHpim) = 2G2yGaon + G2 HZ + G2 H2 — 2H5,Gopy — 2Ho, Gy,

- A4((r? + 48)G? rom T (=8)"GrymHp—m) = 4HymHa, + (H2, — (r? + 45)G2))Gap + (H2 — (r? +

45() G2)Gam — (HpHy — (r? + 48)G,Gp)?.
(r? + 45) 2 (=)™ GrymHy—m) = 4Hopm Hay + 4(—8)™Gap + 4(—5)"Gom — (HpHy, — (r* +
48)G G2,

(12 +48)G2 1 + G Hy ) = AH Hopy + 4Gy, +4(—8)"" " Gy — (Hyp Hyy — (1% +45) G G )

A(
(G?Hm (=8)"GrimHp—m) = 2G2Gaon + GZH2, + GZ H2 + (HZ, — (r* + 45)G?%)Gap + (H2 —

| (2 + 45)G2)Gam.

4G

n+m

+ (=8)"GrimHn—m) = 2GomGaop + G2 HZ, + G2, H2 + 4(—35)"Gap + 4(—5)"Gap,.

6. 4(G% ., + GrimHp—m) = 2G2,Gon + G2 HZ, + G2 HZ + 4Gy, + 4(—5)" " Gap.

(r? + 4s)G2 ., — (=8)"GpymHp—m) = 4HoymHap — (HZ, — (r* + 45)G2,)Gay — (H2 — (r? +
48)G?)Gam — (Hp Hy — (r? + 45)GGp)?.

(r* + 45) ram — (=8)"GrymHy ) = 4Hop Hap — 4(—8)"Gan — 4(—5)"Gom — (Hy Hy — (r? +
)Gm

(

4s Gn)?.

2 +48)G2 ., — GrimHy ) = 4Hap Hop — 4Goy — 4(—8)" "Gy — (Hp Hy, — (1% +48) G G2

n+m

G?z+m — (=8)"GrnymHn—m) = 2GomGan + G%H?n + G?nHrQL - (Hﬁl - (72 + 43)G72n)G2n - (Hr% -

(G72L+7n

— (—S)mG»,H_mHn_m) = 2G9,,Gap + G%Hzn + G%HEL — 4(—S)mG2n — 4(—3)”G2m.
— Gn-{—mHn—m) = 2G99, Gap + G%Hzn =+ G%@Hg — 4Go, — 4(—S)n7mG2m.

n+m

. 4( e+ 45) ntm T (_S)mGn—mHn—&-m) = 4Hoy Hop — (H’72L - (7'2 + 43)G$L)G2m (Hvzn - ( 2 4

48)G? )Gap — (Hp Hy — (1% + 48)GnGr)?.

48)G G2,

(r?
)G,
. 4((r? + 45)G? ram F(=8)" G Hyym) = 4Hop Hop 4+ 4(—5)" G2y — 4(—5)"Gom — (Hy Hy, — (r? +
)
(

. 4( T'2+ ) n+m+Gn m n+m) = 4H2mH2n+4G2n_4( )n_mGQm—(HmHn—(T2+4S)GmGn>2.
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(viii)

4((7’2 + 45)G31+m ( S)mGn_mHn+m) = 4H2mH2n —+ 2H2nG2m —+ QHQmGQn — 2(7"2 + 4$)G%LG2” —
2H2Gom — (HpHy, — (12 4 48)G 0 G2,
4(G%+m + (_S)mGn—mHn+m) = 2G2mG2n + G?LHE{L + G%@HEL - (H,?L - (7'2 + 45)G2)G2m + (H,%.L -
(r? + 45)G?2,)Gap.

(G721+m (—S)mGn,mHner) = 2G2mG2n + G%Hq%l + ngHr% + 4(—S)mG2n - 4(—S)nG2m

UG? L, + GromHpym) = 2G2,Gop + G2HZ, + G2 H2 + 4Ga,, — 4(—5)" " Gap.
(G%-‘rm (—S)mGn_mHn+m) = 2G27nG2n + G%an + ngHfL + QHQnGQm + 2H2mG2n — 2(7‘2 +

4S)GmG2n - QHELGQm

4((r? + 48)G2 ., — (—=8)™GnomHnsm) = AHopHoy + (H2 — (r? + 45)G2)Gop, — (H2, — (12 +
48)G2)Gayp — (HpmHy — (r? + 48)G,nGp)?.
4((r? + 4s) 2 m— (=8)"GpomHytm) = 4Hom Hoyy — 4(—8)" Gy + 4(—8)"Gom — (Hm Hy, — (r* +
)
(r?

I

$)GmGn)?.
( r +43) nt+m Gn—mHn-i-m) = 4Hoy, Hay — 4Gy, + 4(_5)n_mG2m - (HmHn - (TQ + 45)GmGn)2-

4. 4((7’ -+ 4S)G%+m — (—S)mGn,mHner) = 4H2mH2n — 2H2nG2m — 2H2mG2n -+ 2(7"2 =+ 48)G72nG2n +

(ix)

(%)

(xi)

2H2Gom — (HpH,, — (1% 4 45)G G )2,
(G721+m - (_S)mGn—mHn-i-m) = 2G2mG2n + G%Hgn + GEnHrQL + (ng - (TZ + 45)G72L)G2m - (H12n -

(1% + 45)G2,)Gap.

UG? ., — (=8)"GromHpim) = 2G2,,Gop + GEHZ + G2 H? — 4(—5)"Gapn + 4(—5)"Gap.
UG? L, — GromHpym) = 2G2,Gop + G2HZ, + G2 HZ — 4Ga,, + 4(—5)" " Gap.

(G%-&-m - (7S)mGn—mHn+m) = 2G2mG2n + G%an + G%Hﬁ - QHQnGQm - 2H2mG2n + 2(?"2 +

4(r? +48)G2 L, + (—8)*"GremHp—) = 4Hom Hop + ((r* + 4s)G2, + H2,)Gap, — ((r* + 45)G2 +
H2)Gop, — (Hp Hy, — (1% + 48)GG)?.
4((r* 4+ 48)G?% ., + (=8)*"GrmHp—pm) = 4HopHop + 2H2,Gop — 2Ho, Gy — (Hp Hy, — (r* +
48)GnGr)?.

UG2 L, + (—5)?"GrmHy—m) = 2G21,Gapn + G2 HZ + G2 HZ + ((r* +4s)G2, + H2)Gay — (12 +
48)G2 + H2)Gop.

(Gi+m ( S)QmGn,mHn,m) = QGQmng + G%Hﬁb + G?WHTQL + 2H2m02n — QHQHGQm.

CA((r? + 45)G$L+m —(=8)" G Hy ) = 4Hop Hayp — ((r% + 48)G?, 4+ H2)Gap + ((r? + 48)G? +

H2)Gopm — (HpHy, — (7% + 458)G G2,
4((r* +48)G? ., — (—=8)"GnemHy—m) = 4HomHoy — 2Hoy,Goy + 2Hoy,Goyy — (HinHy, — (12 +
45)GnGp)?.

4G? ., — (=8)?"CGromHn—m) = 2G2,Gap + G2HZ, + G2 H2 — ((r? +4s)G2, + H2)Gay + ((r* +
48)G? + H2)Gopm.

(G721+m (— s)QmGn_mHn_m) = 2G9,Gayp + G%Hﬁ1 + GERHEL — 2H5,,Go,, + 2H5,Gop,.

4((r* +4s)G? ., + (—=8)"HpsmHp—pm) = 4Hopm Hop + H2 H? — (12 + 45)°G2,G2 — (H, Hy, — (r? +
48)G G2,
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(c)

(xii)

(ii)

(iii)

(iv)

| 48)GG)?.

- 4((r? + 45)(—s)?™G?

=~ N

6. 4

=~ N

6. 4

A(G2,, + (—=8)"Hy i Hy ) = 2GamGap + G2H2 + G2 H? + H2 H? — (r? + 45)2G2,G2.
+

4((r* +4s)G? ., — (—8)"HpymHn—m) = 4Hop Hop — H2 H2 + (r? + 45)2G2 G2 — (Hy, Hy, — (r* +

m n

4G, — (=) Hyyym Hyy ) = 2Gip Gy + G2H2, + G2 H2 — H2 H? + (r + 45)2G2, G2,
+

wem T (=8)"GnymGn_m) = 4Ham Hap + G? H?n GzﬂHEL — (HpHp + (7"2 +

48)GGp)?.
A((r* + 45)(=5)*" G _py + (=8)"GrpmGrom) = d(HamHap + (—8)" G} — (=5)"GY,) — (Hm Hy +

| (r? + 48)GmGr)?.

A((r* + 4s)( §)2"G2_ 4 GuimGrom) = 4(HomHoy + G2 — (—8)""™G2) — (HnH, + (r? +
45)GnGp)?.

(- 5)2mG2 + (=8)"GrymGn-m) = —GamGan + G2 H2

((=8)*™G2_,, + (=8)"CrimGnm) = —2Go2mGan + (H2 — 4(—5)")GZ, + (HZ, + 4(—s)™)G2.

((—=5)*™G?%_,, + GpymGnom) = —2G2Gan + (H2 — 4(—s)""™)G2, + (HZ + 4)G2.

CA((r? + 48)( $)?mG2_ — (=8)"GnimGn-m) = 4Hap Hop — G2H2, + G2 H? — (H,, H,, + (r* +

45)GmGn)?.
. ((7' +45)(=5)*" Gy = (=8)"GrsmGrom) = 4(HapHap — (—8)"G} + (=8)"GY,) — (Hm Hy, +
(r? +45)GGp)2
4((r* + 48)( $)?mG2_ — GuymGnom) = 4(HamHap — G2 + (—8)""™G2) — (HnH, + (r* +
48)GnGr)?.
((=s)?*"G2_,, — (—8)"GnimGn-m) = —GomGa, + G2 H2.
((=8)°"Gr_py = (=8)"CnymGrm) = —2G2mGon + (H. + 4(—5)")G2, + ( 2 4(—s)™)G2.
((=8)*™G2_,, = GuimGnom) = —2G2mGon + (HZ + 4(—s)""™)G2, + (HZ, — 4)G2.

CA((r? + 48)(=8)?mG2_,, + GuemHpym) = 4HopHay + H2Goy, + H2,Gay + (1?2 + 45)(G?,Gan +

G?Gom) — (HpHy + (r? + 45)G, G )2

. 4( r? 4+ 4s)(=)2"G2_ . + GrymHppm) = AHopmHap + (H2 + (12 + 45)G2)Gapm + (HZ + (2 +

A(
4s

+ 48)( )2mG2 + Gn+m n-‘rm) = 4H2mH2n + 2H2nG27rL + 2H2mG2n - (H’H'LH’IL + (TQ +

(
48)G?)Gap — (Hp Hy + (r? + 48)G.nGp)?.
(r®
)G Gn)?.

A((=8)2" G2 4 G Hysm) = —2GamGan + (H2 + (12 +48)G2 ) Gom + (H2, + (r2 +45)G2, ) Gap +

G2 H2 + G%Hﬁl.

. 4((—5)2mGi_m =+ Gn+mHn+m) = 2G99 Gan + H%Ggm + H72nG2n + (7“2 + 48)(G%G2n =+ G%Ggm) +

G2, H? + G2 H?,.

. 4((*8)2mG%_m + Gn—i—mHn—i-m) == 2(*G2mG2n + HQnGQm + HQmGQTL) + G1211H1% + G%Hgl
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(v)

(vi)

(vii)

.4
4s
4

W~

e

(
6. 4(

4

5. 4(
6. 4(

. 4((7’2 —+ 45)(75)2mGi_m — Gn+mHn+m) = 4H2mH2n — HELGQm — H?nGQn — (7‘2 —+ 48)(G$nG2n —+

G?Gom) — (Hp Hy + (r? + 45)G, G )2

((r? + 48)(—=8)?™G?%_,, — GuimHntm) = 4HopmHop — (H2 + (r? + 48)G2)Gay — (H2, + (12 +

VG2 )Gay — (Hy Hy + (1% + 45) GGy )2

((r? + 4s)(=s)*"G2_,, — GnimHuvm) = 4HopmHay — 2Ho, Gopy — 2Ho,, Gy — (Hip Hy, + (12 +
48)G G2,

. 4( 78)2mG%_m — Gn+mHn+m) = —2G9,,Gay, — H%Ggm — H?nGQn — (7"2 + 48)(G7271G2n + G%Ggm) +

G2 H2 + G2H2,.

. 4((_5)2mG%_m - Gn—i—’mHn+’m) = _2G27rLG2n - (HTQL + (TQ +45)G721)G27n - (H72n + (TQ +45)G72n)G2n +

Gz H2 + GZH?,.

. 4((—8)27”6'%77% — Gn+mHn+m) = 2(—G2mG2n — Hy,Goypy, — HQmGQn) =+ G?nH,QL =+ GiH?n

CA((r? +48) (=) G2, + (—8)"GromHy—m) = 4Hop Hop + (H2, — (r? 4+ 45)G2,)Gop + (H2 — (r? +

48)G2)Gap — (Hpm Hy + (r? + 48)G.nGp)?.
(( + 43)(_8)2qu21—m + (_S)mGneranm) = 4H2mH2n + 4(_3)mG2n + 4(—8)“G2m - (HmHn +

.( 2 4 45)GpG)?.

4((r? + 4s)(=s)*™G2_,, + GnimHn—_m) = 4HopmHoy + 4Gy, + 4(—8)"" " Gop — (Hp Hy, + (1% +
48)GG)?.

(=s)*"G2_,, + (=8)"GrimHn—m) = —2G2mGay + (H2, — (1% + 45)G2)Gay + (H2 — (r? +
48)G?)Gap + G2 H? +G%2HZ,.

(=8)*™mG2_,, + (=8)"GrymHyu—m) = —2G2,Gap + 4(—5)"Gay + 4(—5)"Gam + G2 H2 + G2 HZ,.

(=8)°"G2%_, 4+ GrimHy—m) = —2G2Gap + 4Gay, + 4(—8)" "™ Goy, + G2 H2 + G2 HZ,.

CA((r? +48)(—8)?™G2_,, — (—8)"GnimHy—m) = 4Hop Hop — (H2, — (r? 4+ 45)G2,)Gop — (H2 — (r? +

48)G2)Gap — (HpmHy + (r? + 48)G.nGp)?.
4((r? +4s)(=s)*mG?_,, — (—8)"GpimHp_m) = 4Hop Hop — 4(—8)" G2y — 4(—8)"Gom — (Hy Hy, +

'(2+4QG Gn)?.

( A 45)( )QmG%_m - Gn+mHn—m) = 4H2mH2n - 4G2n - 4(*5)nimG2m - (HmHn + (7"'2 +
4s Gn)?.

(r?

)G

(=8)°mG2_, . — (=8)"GramHp—m) = —2G2,Gapn — (H2, — (r? + 48)G?)Ga, — (H2 — (1? +
48)G?)Gap + G2 H2 +G2H2,.

(—8)2mG2_, — (=8)"GramHp—m) = —2GomGap — 4(—38)"Gay — 4(—8)"Gom + G2 H2 + G2 H?,.

(—8)?™G2%_, — GnimHu—m) = —2G2,,Gay — 4Gay, — 4(—8)" "™ Gap + G2 H2 + G2 H2,.

- 4((r? —|— 45)(=s)*™mG2 _, + (=8)"Gp—mHpim) = 4Hop Hayp — (H2 — (r? +48)G2)Gapn + (HZ, — (r? +

48)G? )Gap — (Hp Hy + (r? + 48)GnGr)?.
4((r? +4s)(=s)*mG?_,, + (—8)"Gp_mHpim) = 4Hop Hop + 4(—8)™Gay — 4(—8)" G — (Hy Hy, +

(r? +48)G,, G2
CA4((r? + 4s)(—s)*™mG?_,, + GuomHpim) = 4Hopy Hop + 4Gy — 4(—8)" " Gop — (Hyp Hy, + (12 +

48)G G2,
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(viii)

(ix)

(%)

(xi)

W~

= s s

A +45)(=9)*"GR = (=8)" G

.( 2 4 45)GpnG)?.

. 4( )Qm(GZ

. 4( re + 48)(78)2mG%_m -+ (7S)mGn_mHn+m) = 4H2mH2n + 2H2nG2m -+ QHQmng — 2(7”’2 +

W

ngfnng —2H2Gom — (HpHy, + (12 4+ 48)G G2,

(=8)*" Gy + (=8)" G Hnsm) = —2G2yGan — (HE — (r? + 45)G3)Gom + (Hp, — (7% +
)

(=

(=

48)G2 ) Glap + G2 H2 + G2 H2..
(=8)2™G2_ 4 (=8)™GpmHpsm) = —2GomGan +4((—8)™Gap — (—8)"Gam) + G2, H2 + G2 H2,.
(=8)*™G2_ + GoomHnim) = —2GomGan + 4(Gan — (—8)" ™ Gam) + G2, H2 + G2 H?,.
(—5)2mG2_, + (=8)"GpmHnm) = 2(—GamGon + HonGam + HamGan — (12 + 45)G2,Gapn —

H2Gopm) + G2 H? + G2H?,.

mH ) = 4Hop Hop + (H2 — (72 +45)G2) Gy — (H2, — (12 +
48)G?))Gay — (Hp, H +(r +45)G,, Gy )2
mHn+m

4((r? +4s)(=s)*™G?_,, — (—8)™G,,_ ) = 4Hoym Hop — 4(—8)"Gay, + 4(—5)"Gom — (Hp Hy, +

4((r? + 4s)(=s)*"G2_,, — GnomHprm) = 4HopHopy — 4Gy, + 4(—8)"" " Gop — (Hp Hy, + (1% +

)G Gr)?.

(r? 4+ 45)(=5)*"G2_, — (—8)"Gpn-mHnim) = 4HopmHoy — 2H2,Gopy — 2Hop Gop + 2(r? +
48)G? Gop + 2H2 Gy — (Hy Hy + (72 + 45)Gn G )2

(— S)QmG%—m — (=8)"Grn-mHptm) = —2G2,Gan + (HTQL - (7“2 + 45)G%)G2m - (HZ”L - (7“2 +
48)G2 )G + G2, H2 + G2 HZ,

((=s)*mG2_,, — (=8)"GpomHpim) = —2GomGan — 4((—8)™ Gy — (—8)"Gam) + G2 H2 + G2 HZ,.
4((=s)*"G%_, = GnomHnym) = —2G2mGapn — 4(Gon — (=) " Gaom) + G2 H2 + GLH?,.

(=5)*mG2_,, — (—=8)"Gpn-mHnim) = —2(GomGan + HonGom + HomGap — (12 + 45)G?,Gay —

H2Gom) + G2 H? + G2H?,.

CA(=8)2™((r? + 48)G2_, 4+ GpmHy— ) = 4Hop Haoy + ((r? + 48)G2, + H2)Ga, — ((r? + 48)G? +

H?L)GQTYL - (HmHn + (7’2 + 4S)GmGn)2

. 4(78)27”((7'2 + 4S)G$L—m + Gn—mHn—m) = 4H2mH2n + 2H2mG2n - QHQnGQm - (HmHn + (7’2 +

48)GGp)?.

CA(=8)2™(G2 4+ G Hy ) = —2G2,Gop + (12 +45)G?, + H2)Gap — ((r? 4+ 45)G? + H2)Gap, +

G? H? + G2H?Z,.

CA(=8)(G2_, 4+ G Hy ) = —2G2Gap + 2Ho, Goy, — 2H2, Goy, + G2 H2 + G2 HZ,.

CA(—8)2M((r? + 45)G?_, — G Hy_ ) = 4Hop Hap — ((r% + 48)G?, + H2)Gap + ((r% + 48)G? +

H2)Gop — (Hp Hy, + (12 + 48)G G )2,

. 4(—8)2m((7“2 + 4S)G317m — anmanm) = 4H2mH2n — QHQmGQn + QHQnGQm — (HmHn + (7“2 +

45)GrnG)?.
2 = GnmHp_m) = —2G2,Gay — (1% +45)G?, + H2,)Gay, + (12 +45)G2 + H2) Gy, +
G? H2 + G>H?2,.

. 4(—8)2m(G%7m — anmanm) = —2G2,Gon — 2Ho,, Gy, + 2H2, Goy, + G?an + G%ng
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1. 4((7’2 + 43)(75)2’”G%_m + (=8)"HpsmHp—m) = 4Hop Hop + anHfl - (r2 + 45)2G72nG% —(H,H, +
(r? + 45)G G )?.
2. 4((=8)?mG2%_,, + (=8)"HypymHp—m) = —2GomGan + G2 H2 + G2 H2, + H2 H2 — (r? + 45)2G2 G2.
(xii)
1. 4((7"2 +4s)(—s)2mG7217m —(=s)"HpymHp—m) = 4Hop Ha,y — anHg + (7"2 + 45)2G7271G31 —(H,H, +
(r? + 45)G, G )?.
2. 4((=8)2mG2_ — (—8)"HpsmHp—m) = —2GomGon + G2 H2 + G2 H2 — H2 H? + (r® + 45)2G2, G2.
(d)
(1)
1. 4(H2, 0, + (=8)"GrymGrm) = 4Hap Hop — (12 + 48)(Gp Hyp — G H,)? + G2 H2, — G2, H2.
2. 4(H3L+m +(=8)"GrymGnom) = 4Hap Hop — (r? +48)(GnHyy — G Hy )2 +4((—s)™ G2 — (—s)"G?)).
3. 4(H2 ., + GrsmGnom) = 4Hop Hay — (12 + 48) (G Hy, — Gy Hp, )2 4 4G2 — 4(—5)" ™ G2,.
4o AH2 L+ (=)™ CrimGrem) = (r? 4+ 45)2G2,G? 4+ 2(r? + 45)GonGom + HL H2 + G2H?, — G2 H2.
5. 4(HZ ,, + (=8)"CGrymGrom) = (r* 4+ 45)*G2,G% + 2(r? + 45)G2,Gop, + HLH2 + 4((—s)"G? —
(—5)"G})
6. 4(H2, 4+ GrymGnom) = (r? + 45)2°G2 G% + 2(r? 4 45)G2,Gom + HZ H2 + 4G% — 4(—s)" " G?Z,.
(i)
1. 4(H72L+7TL — (—S)mGn_;,_mGn_m) == 4H2mH2n - (7"2 + 45)(GnHm - Gm]{n)2 - G%H?n =+ G’?TLH?L'
2. A(H2 .., — (=8)"GpimGnom) = 4Hop Hoy — (12 +45) (G Hy, — G Hyp )? — 4((— )™ G2 — (—s)"G2)).
3. 4(H? ., — GrymGnom) = AHopm Hoy — (12 + 48) (G Hy, — Gy Hp,)? — 4G2 + 4(—5)" ™ G2,.
4o AHZ L+ (=)™ CrymGrem) = (12 +45)2G2,G2 + 2(r? + 45)GonGom + H2 H2 — G2 H? + G2 H2.
5. 4(H2 L, + (—8)"GramGrom) = (r* + 4s)°G2,G2 + 2(r* + 45)G2,Gom + HEH2 — 4((—s)™G2 —
(—5)"G?,)
6. 4(H2 4 GrymGrom) = (r? + 45)2G2 G2 + 2(r? 4 45)G2,,Gom + HZ H2 — AG2 4 4(—s)" " G2,.
(iii)
1. A(H?,,, + GuymHnym) = 4Hop Hop + H2Gopy + H2 Gop + (12 + 45)(G2,Gan + G2Gam) — (12 +
48)(GpHpm — G Hy)2.
2. 4(H?2 ,,, + GuomHpgom) = 4Hom Hop + (HZ + (12 + 45)G2)Gap, + (H2, + (1 + 45)G3,)Gay — (12 +
45)(GpHp — G H, )2
3. 4(H72L+m —|— Gn+mHn+m) = 4H2mH2n + 2H2nG2m —|— 2H2mG2n — (7“2 + 48)(GnHm — GmHn)2
4o AH2 L4+ CrnsmHpym) = (r2+45)2G2 G2 42(r?445)Gay Gom+H2 Gom+ HZ Gop+(r?+45) (G2, Gon+
G%GQm) + HrQnHrgz
5. 4(HZ,, + GriomHnim) = (r® +45)°G2,G2 4+ 2(r? + 45) G2, Gop, + (H2 + (r? + 45)G2)Goy + (H2, +
(r? +45)G?%)Ga, + H2, H2.
6. 4(Hr2L+m —|— G7L+77LH7L+77L) = (7‘2 —|— 43)2G?),LG3L + 2(7‘2 —|— 48)G2»,LG2m + 2H2nG2m —|— 2H2mG2n —|— H’EnH'er
(iv)
1. 4(H3L+m - Gn+mHn+m) = 4H2mH2n - H721G2m - H72nG2n - (7’2 + 48)(G7271G2n + G%sz) - (TQ +

48) (G Hyy — G Hy,)?.
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)

(vi)

(vii)

L A(H2

L A(H?

. A(H?

2. 4(H?

. A(H?

. A(H?

. A(H2

. A(H2

2. 4(H?

. A(H?

nd+m Gn+mHn+m) = 4H2mH2n — (HTQL + (T2 -+ 4S)G%)G2m — (H?n + (7'2 -+ 4S)G$R)G2n — (7'2 +
48)(Gn Hyy — G Hy )2

. 4(H2+m - Gn-i—mHn-l-m) = 4H2mH2n - QHQnGQm - QHQmng - (7“2 + 48)(GnHm - GmHn)2
CAH2, )~ Grsm Hym) = (r2445)2G2,G2 +2(r2+45) Gop Gom — H2Gop — H2,Gap — (12 +45) (G2, Gapn+

CAHZ L = GramHpm) = (r? +45)2G2 G2% + 2(r? + 45) G2y, Gom — (HE + (r? + 45)G2)Gop, — (HZ +

(r2 + 45)G%1)G2n + anHEL
— Gn+mHn+m) = (T2 + 48)2G72nG% + 2(7”2 + 4S)G2nG2m — 2H2nG2m — 2H2mG2n + HEnHEL

n+m

wam T (=8)"GrypmHy ) = 4Hzp Hop + (H2, — (r? 4+ 48)G?)Gay, + (H2 — (r? 4 48)G?) G2y, —
(r? + 48)(GpH,, — G Hy )2
+(=8)"GromHp—m) = 4Hop Hop +4(—8)" Gy +4(—8)"Gopm — (r? +45) (G Hy — G Hy) 2.

n+m
3. 4(H72L+m + Gn+mHn—m) = 4H2mH2n + 4G2n + 4(_5)nimG2m - (7"2 + 45)(GnHm - GmHn)2
CAHZ L+ (—8)"GrgmHy—m) = (r? +48)2G2 G2 +2(r? + 45)GonGom + (HZ, — (r? +45)G2,)Ga,, +

(H2 — (r? + 45)G?)Gay + H2 H2.
2+ (=8)"CrpmHy ) = (r? +45)2G2, G2 4 2(r? + 45)G2n,Gam +4(—5) ™ Gop +4(—5)" Gom +

H2 H2.
+ GrimHy—m) = (1> +48)2G?,G? 4+ 2(r? + 48)G2,Gam + 4Gay + 4(—8) """ Gop + H2 H2.

n+m

2 = (=8)"GrymHy—m) = 4Hop Hay — (HZ, — (r® +48)G2,)Gay — (H2 — (r? +45)G2)Gay —
(r? + 45)(G Hyyy — G Hy, )2,

2. 4(H2 ., — (=8)"GrimHn_m) = 4Hop Hay —4(—8)™Gap — 4(—8)"Gopm — (r? +45) (G Hyy — G Hy ).

n+m

3. 4(H3L+m — Gn+mHn—m) = 4Hs5,,Hs,, — 4G2n — 4(7S)nimG2m — (T’2 + 48)(GnHm — GmHn)2
4. 4(H,2L+m —(=8)"GrpymHp—m) = (1 +45)2G?% G2 +2(r* + 48)GonGaom — (HZ, — (r? + 48)G2 ) G2y, —

(H2 — (r? + 45)G?) Gy, + H2 H2.
ram — (=8)"GpymHp—m) = (1% +45)2G? G2 +2(r? 4+ 45) G2, Gom — 4(—5)"Gap — 4(—5)"Gap +

CA(H2 L = GrpmHy—m) = (12 + 45)2G2 G2 + 2(r? 4 45) G2, Gapy — 4Gy, — 4(—5)"" "Gy + H2 H?.
CAHZ L+ (=8)"CGremHypm) = 4Hoy Hop — (HZ — (12 + 48)G2)Gaom, + (HZ — (12 + 45)G2)Gay, —

(r? + 45)(G Hyy, — G Hy, )2,
+(=8)"GpmHpim) = 4Hop Hop +4(—38)"Gay —4(—5)"Gom — (1? +48) (G Hy — G Hy ) 2.

n+m
3. 4(H’I2L+m + anmHn+m) = 4Hy, Hap + 4G2y — 4(_5)n_mG2m - (T2 + 45)(GnHm - GmHn)2~
. 4(Hr2b+m + (_S)mGn—mHn-i-m) = 4Hyp, Hop + 2H2nG2m + 2H2mG2n - 2(7“2 +43)ngG2n - 2H»,2LG2m -

(r? +48) (G Hyy — G Hyy )2
mam T (=8)" G Hpm) = (r? +48)2G?,G? 4+ 2(r? + 48) G2, Gam — (H2 — (r? + 48)G?)Gapm +
(H2, — (r? + 45)G? )Gy, + H2 H2.

CAHZ L (—8) " G Hypm) = (12 +45)2G2,G2 +2(r? +45) G2 Gom +4(—5) " Gon — 4(—5)"Gam +
H2 H2.
CA(H2 L+ G Hiypm) = (12 + 45)2G2 G2 + 2(r? 4 45) G2, Gopy + 4Gy, — 4(—8)" "Gy + H2 H?.

Earthline J. Math. Sci. Vol. 16 No. 4 (2026), 577-681



614

Yiiksel Soykan

(viii)

(ix)

(%)

(xi)

(xii)

L A(H2

L A(H2

L A(H2

L A(H?

2. A(H?
3. A(H?

2. 4(H?

. A(H?

1. 4(H?
. 4(H?

. A(H?

n+m -+ (7S)mGn_mHn+m) = (7”'2 -+ 48)2G$nG121 -+ 2(7’2 -+ 45)G2nGgm -+ QHQnGQm + 2H2mG2n —
2(r? 4 48)G2,Gap, — 2H2 Gy + HE H2.

n+m (=8)"Gn—mHnpym) = 4Hom Hapn + (HTQL - (T2 + 45)G$L)G2m - (H72n - (7ﬂ2 + 43)G72n)G2n -
(r? + 45)(G Hyy — G Hy, )2,

2. 4(Hﬁ+m—(—s)mGn,mHn+m) = 4Hy, Hop —4(—8)"Gap +4(—8)"Gam — (1? +438) (G Hpp — G Hy, )2,
3. 4(H3L+m - Gn—mHn+m) = 4Hay, Hap — 4Gy + 4(*3)nimG2m - (rz + 43)(GnHm - GmHn)2~
4. 4(H72L+m — (7S)mGn_mHn+m) = 4H2mH2n - QHQnGQm — QHQmng +2(7’2 +45)G$nG2n +2H72LG2m -

(r? + 45)(G Hyy — G Hy, )2,
— (=) G Hyrm) = (r? 4+ 48)2G? G2 4 2(r? 4 48)GonGaom + (H2 — (1% 4+ 45)G2) Gy —
2

n+m

(H2, — (r? + 45)G?)Gap, + H2 H2.
CAHZ L, = (—8) " G Hpgm) = (12 +45)2G2,G2 +2(r? + 45) G2, Gom — 4(—8) " Gan + 4(—5)"Gom +
H2 H2.
7. A(H2,, — GuemHpym) = (r? +45)2G2,G2% + 2(r? + 45)G2,Gam — 4Gy, + 4(—8)" " " Gap, + HZ HZ.
8 4(HZ,,, — (=8)"GrnomHpim) = (r* +45)2°G2, G2 + 2(r? + 45)G2,Gom — 2H2,Gopy — 2H21, Gy +
2(r? + 45)G2% Gy, + 2H2Go, + HE HZ.

nim T (—8)2" G mHp ) = 4Hop Hap + (1% +48)G?, + H2)Gop — ((r? +45)G? + H2)Gap, —
(r? + 45)(G Hyy, — G Hy, )2,

+(=8)2"G o Hp—m) = 4Hop Hap + 2Ho Gop — 2H2, Gy, — (12 4+ 45) (G Hyy — G Hyp )2,
2t (=8)* "G Hy ) = (12 4+ 45)2G2 G2 + 2(r? 4+ 45)Gon Gam + ((r? + 45)G2, + H2,)Gapn —
((r? +48)G? + H2)Gay, + H2, H2.

n+m

. 4(H72L+m + (—S)QmGn,mHn,nJ = (T2 + 48)26%16% + 2(’)"2 + 4S)G2nG2m + 2H5,,Gon — 2Ho,, G, +
H2 H2.
CA(H2 L, — (=8)? "G Hy—m) = 4Hop Hop — (12 4+ 45)G2, 4+ H2,)Gap + ((r? + 45)G?% + H2)Ga,p, —

(r? + 45)(G H,, — G Hy,)?.
— (—S)ZTHGn_mHn_m) = 4H2mH2n — 2H2mG2n —|— QHQnGgm — (7"2 + 48)(GnHm — GmHn)2

n+m

3. 4(H2+m —(=8)?" G Hp—m) = (r? +45)2G?% G2 +2(r? + 48) G2, Gam — ((r? + 45)G2, + H2))Gay, +

(4 +45)G2 + H2) G + H2, H2.
2 — (=8)?" G Hy—m) = (r* 4+ 45)?G2,G2 + 2(r? + 45)G2,Gapy — 2Ho1,Gon + 2Hop,Goyy +

H2 H2.

+(=8)"HysmHp—m) = 4Hop Hop + H2 H2 — (12 4+ 458)2G? G2 — (r? +45) (G H,, — G Hy ) 2.
2+ (=) HypmHy—m) = (r? 4+ 45)*G%,G2 + 2(r* + 45)G2nGom + HLHZ + H2 H2 — (r* +
45)%2G?,G2.

n+m

1. 4(HZ.,, —(—8)"HyymHy ) = 4Hop Hop — H2 H2 + (1% +45)2G2, G2 — (12 4+ 48) (G Hypy — G Hy ) 2.

n

— (=8)"HyymHp ) = 2(r? + 48)2G?,G? + 2(r? + 48)G2,Gam.

n+m
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(e)

(ii)

(iii)

(iv)

CA((=s)*™H2_,, + GoimHyym) = 4Hap Hop + (H2 + (r? + 48)G2)Gay, + (HZ, + (1?2 + 45) G2

.4
.4

1. 4((=s)*™H2_, + (=8)"GnimGn_m) = 4Hop Hop + G2 H2, — G? H2 — (r2 + 48) (G Hy, + G Hyp )2,
A=) H A (—8) " GrpmGrem) = 4Hom Han +4((—5)" G} — (=5)"Gr,) — (1% + 4s) (G Hyy +

G Hpm)?.

CA((=8)?™H2_,, + GoimGnom) = 4Hopm Hapy + 4G% — 4(—8)""™mG2, — (12 4+ 48) (G Hy, + G Hyp )2,
CA((=8)?mH2_, + (=8)"GrymGnm) = (r? +45)2G2 G2 — 2(r* + 48)GonGom + HA H2 + G2 H2, —

G2 HZ.

A((=8)2H2 4 (—8) GG = (r24+48)2G2 G2 —2(r2 +45) Gy Gom + H2, H2 +4((—s)™ G2 —

(=5)"GR.)-

CA((=8)?mH2 4+ GrymGam) = (r?+45)2G2,G% —2(r?+48)GopGom + H2, H2+4G2 —4(—5)" "™ G2,.

1 4((=8)2H2_, — (—8)"GrsmGrm) = 4Hop Hop — G2H2 + G2, H? — (r? + 45) (G Hp + G Hyn ).
CA((=s)?™mH2_, — (=8)"GramGnm) = 4Hop Hop — 4((—8)™G? — (—8)"G?,) — (r? + 438) (G Hy, +

G Hp)?.

CA((=s)?*mH2_,, — GpnimGnom) = 4Hop Hop — AG? + 4(—5)""™G?, — (r? + 48) (G Hy, + G Hpy)?.
CA((=s)?mH2_, — (—8)"GrimGnom) = (1? +48)2G? G? — 2(r? + 45)G2, G, + H2 H2 — G2 H?, +

G2, H2.

CA((=8)?mH2_,, — (=8)"GpymGnm) = (r?+45)?G? G2 —2(r*+45)G2,Gom+H2 H2 —4((—s)" G2 —

(=5)"GR)-

A((=8)2MH2_, —GrmGrm) = (r2+45)2G2,G2 —2(r2+45)Gan Gam+ H2, H2 —AG2 +4(—s)" ™ G2,.

. 4((_5)2mH721—m + Gn-‘rmHn-‘r'rn) = 4Hop Hop + H721G2m + H»,QRGQn + (7"2 + 45)(G72nG2n + G%GQM) -

(12 4+ 48) (G Hy, + G Hp )2
)G2n -

m

(12 4+ 48) (G Hy, + G Hp )2

((_S)QerQL_m + Gn—i-mHn—i-m) =A4H9n Hop + 2Hop,Gop, + 2H21 Gop, — (T2 + 45)(GmHn + GnHm)Q-
((=s)*™H2_, +GnimHyim) = (r*+45)2G? G2 —2(r?+48)GonGom+H2 H2 + H2Gayp + H2, Gy +
2

(r + 45)(G%1G2n + G%Ggm)

CA((=s)*™H2_, + GramHyym) = (1% 4 45)2G2 G2 — 2(r? + 48)G2,Gap + HZ H2 + (H2 + (r? +

48)G2)Gap + (HZ, + (r? + 48)G2)Gay,.

. 4((—8)2mH2_m + Gn+mHn+m) = (’I“2 + 48)2G3RG% — 2(7“2 + 48)G2nG2m + HERHEL + 2H5,,Goy, +

2H2m GQn .

. 4((—8)2mH,217m — Gn+mHn+m) = 4H2mH2n — H,?LGQm — H%GQTL - (7‘2 + 48)(G?nG2n + G%Ggm) —

(r? + 45)(G Hy, + G Hyp, )2,

CA((=s)*™mH2_, — GuimHyym) = 4Hap Hop — (H2 + (r? + 48)G2)Gap — (H2Z, + (1% + 45)G2)Gay, —

(r? + 45)(G Hy, + G Hyp, )2

. 4((_8)27”H7217m — GnerHner) = 4H2mH2n — 2H2nG2m — 2H2mG2n — (’l"2 + 48)(GmHn —|— GnHm)2
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(v)

(vi)

(vii)

>~

.4

4

.4

CA((=8)?mH2 _ — GrimHuym) = (r? +45)2G? G2 — 2(r? +48)G2nGapm — H2Gop — H2,Goy — (1% +

(
48)(G,Gan + G7Go) + Hp H.
(

CA((=s)™mH2_, — GrimHurm) = (1 +45)2G2,G? — 2(r? +45)G2,Gom — (H2 + (r? + 48)G2)Gay, —

(H2, + (r® + 45)G?))Gop, + H2 H2.

((—S)QmH?l_m — Gn—i-mHn—i-m) = (7‘2 + 48)2G$RG% — 2(7"2 + 4S)G2nG2m — QHgnGgm — QHgmng +
HEH

. 4((—s)*mH? + (=8)"GpimHn—m) = 4HopmHay + (H2 — (r?2 4+ 45)G2)Gay + (H2 — (7% +

n—m

(
48)G2)Gap — (r? + 48) (G Hp, + G Hp)?.
(

CA((=8)PmH2 4 (—8)"GrymHn—m) = 4Hop Hayp + 4(—5)"Gay + 4(—58)"Gop, — (r? + 45) (G Hy, +

n—m

GnHp)?.

. 4((—8)2mH7217m + Gn+mHn7m) =4H,,,Hs,, + 4G2n + 4(_s)n7mG2m — (T‘2 +4S)(GmHn + GnHm)2
CA((=8)?mH2_,, + (—=8)"GrimHn—m) = (r? + 45)°G2 G2 — 2(r? + 45)G2,Gam + (H2, — (1% +

48)G2 )Gop + (H2 — (r? + 45)G2)Gay, + H2 H2.

A=) H2_, + (=8)"GramHp—m) = (r? + 48)°G%,G2 — 2(r? + 45)G2,Gom + 4(—8)"Gap +

n—m

4(—8)"Gay, + H2 H2.
((=8)*mH2_, 4 GpimHnym) = (1 +45)2G2,G? — 2(r? 4 48)G2,Gap + 4Gop + 4(—8) """ Gopy +
2 H2,

T

m

(=s)?™H?2_ — (=8)"GpymHp—m) = 4HapHa, — (H2, — (r? + 45)G?)Ga, — (H2 — (r? +
48)G?)Gap — (r? + 48) (G Hy + G Hp)?.
CA((=8)?mH2_,, — (=8)"GpimHn—m) = 4Hom Hay — 4(—8)"Gap — 4(—8)"Gom — (r? + 48) (G Hy, +
GnH,)%
A((=8)2™H2_, — G Hyom) = 4Hop Hop — 4Gon — 4(—8)" ™G — (12 + 48) (G Hy, + G Hin )2
CA((=s)™mH2_,, — (=8)"GpymHp—m) = (% + 48)2G?,G? — 2(r? + 48)G2,Gap — (HZ, — (r* +
45)G2,)Gay — (H2 — (r? + 45)G2)Gan + HL H2.
CA((=s)PmH2_, — (=8)"GrimHp—m) = (r* + 45)2°G%,G2 — 2(r? + 45)G2,Gam — 4(—5)"Gay —
4(—=8)"Gom + HZ, H2.
((=s)*™H2_,, — GpimHy_m) = (r? +45)2G2,G? — 2(r? + 48)G2,Gam — 4Gop — 4(—8)" " Gop +

A=) Hy _y + (=8)" G Hnpm) = AHzpHon — (Hy — (r? + 45)G})Gom + (Hp, — (17 +
48)G? )Gy — (r* + 48) (G Hy, + G Hp)?.

CA((=s)?™mH2_, 4+ (=8)"GromHpym) = 4Hop Hap + 4(—8)"Gap — 4(—5)"Gom — (12 + 48) (G H,, +

n—m

G Ho)?.

CA(=8)*MH2 . + G Hypm) = 4Hap Hap 4 4Gay — 4(—8)" "™ Gl — (12 + 48) (G Hy, + G Hyp )2
. 4((78)2mH2 + (7S)mGn_mHn+m) = 4H27,1H2n + 2H2nG2m + 2H2mG2n — 2(7"2 + 4S)G?nG2n —

n—m

2H2Gopm — (1% 4+ 48) (G Hyy + G H,y )2,

CA((=8)?mH2_,, + (=8)"GromHpym) = (r* + 45)2G2 G2 — 2(r? + 48)GonGam — (H2 — (1% +

48)G?)Gap + (HZ, — (r? + 48)G?))Go,, + H2 H2.
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(viii)

(ix)

(%)

(xi)

.4

- 4((
48)G? )Gy — (r* + 48) (G Hy, + G Hp)?.
CA((=s8)?mH2_,, — (—8)"GpmHpim) = 4Hom Hay — 4(—8)"Gap + 4(—8)"Gom — (r* +48) (G Hp +

(=8)?™H2_,, 4+ (—=8)"GrmHurm) = (1% + 48)2G2 G2 — 2(r? + 48)GonGom + 4(—5)"Gay —
4(—8)”G2m + H’I2TLH’I2L
(

(—8)?™H?2  + GymHpym) = (r? +45)2G2 G2 — 2(r? + 45)Gay, Gom + 4Gay — 4(—8)" " Gopm +
H? H?.
(—8)2™H?2_ +(—=8)"GpmHpim) = (1?+45)2G?,G% —2(r?+45) G2y, Gom+2Hay Gom+2Hop Gop —

— (=8)"GpmHpim) = 4HapHoy, + (H2 — (7% + 45)G?)Gap — (H2, — (r? +

n

GnHp,)%
A((—8)*™H2_ G Husm) = AHom Hop — (2 + 48) (G Hyy + G Hop)? — 4Glan + 4(—8)" " Gap.
4' 4((_5)2mH1217m - (_S)mGn—mHn-i-m) = 4H2mH2n - 2H2nG2m - 2H2mG2n + 2(7'2 + 4S)G%G2n +
2H2Gom — (1% + 48) (G Hy, + G Hyp)?.
CA((=s)™mH2_, — (—8)"GpmHpyrm) = (1% + 48)2G?,G% — 2(r? + 45)G2,Gom + (H2 — (r? +

48)G2)Gopm — (H2, — (12 + 45)G?))Gay, + H2 H2.

CA((=s)?mH2_, — (=8)"GrmHpim) = (% + 45)2G? G2 — 2(r? + 45)G2,Gom — 4(—5)"Gap +

4 —S)nGQm + HE,LHEL
(—8)?mH?2  — GymHpym) = (r? +45)2G? G2 — 2(r? + 45)Gay,Gom — 4Gay + 4(—8)" "™ Gop, +

((=s)*mH2_,,—(=8)"GrmHpim) = (r?+45)2G? G2 —2(r?+48) G2y Gam—2Hon Gopm —2Hay Gop +
2(r? +4s)G?2,Gay + 2H Goy + H2 H.

CA(=8)2™(H2 4+ GaomHy ) = 4Hop Hop + (1% 4+ 48)G2, 4+ H2)Gayp — ((r? + 48)G? + H2)Gop, —

(r? + 45)(G Hyy + G Hyp )2,

2. 4(—8)2m(H,%7m + anmanm) = 4Hy,, Hop + 2H2,,Goy — 2Ho,,Goy — (7"2 + 48)(GmHn + GnHm)2.
A=) (H2_ 4G Hoom) = (1% +48)2G2, G2 — 2(r2 + 45)Gan G + (12 +48) G2, + H2 )Gy —

((r® + 45)G}, + H33)Gom + Hy Hy,.

. 4(—8)2m(H72lim + anmanm) = (7"2 + 4S>2G%.LG3L — 2(7“2 + 48)G2nG2m + 2H2mG2n — 2H2nG2m +

H2 HZ2.

CA(=8)2™(H2_, — GuomHy ) = 4Hop Hay — (1% 4+ 48)G2, 4+ H2)Gap + ((r? + 48)G? + H2)Gop, —

(r? + 45)(G Hy, + G Hyp )2,

2. 4(—8)2m(H,217m — anmanm) = 4Hy,, Hop, — 2H2,,Goy + 2Ho,,Goy, — (T2 + 48)(GmHn + GnHm)Q.
3. 4(=8)?™(H2_,, — GuomHy ) = (r? +48)2G?,G% — 2(r? 4+ 45) G2y, Gom — (1% +48)G2, + H2) G2y, +

((r? +48)G? + H2)Gay, + H2 H2.

n

. 4(—8)2m(H2 — Gn—mHn—m) = (7“2 + 48)2G$nG$L — 2(7“2 =+ 48)G2nG2m —2H5,,Go, +2Ho,Goyy, +

n—m

H2 H2.

CA((=s)*mH2_ + (=8)"HypymHpy ) = 4Hop Hop + H2 H2 — (12 +48)2G?,G% — (7 +45) (G Hy, +

G Hpm)?.
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CA((=s)?mH2 A (—8)"Hy o Hy ) = (r? +45)2G2,G? — 2(r? + 45)GopGopy + H2 H2 + H2 H? —
(r? + 45)2G2,G2.
(xii)
. 4(( )QmH,QL m (—s)mHanHn,m) =4H>,,Hs,, — H,QRHEL + (7“2 + 48)2G3RG% — (7“2 + 48)(GmHn +
GnHm) .
CA((=s)?mH2 _ — (—8)"HpymHp ) = 2(r? +45)2G?,G? — 2(r? + 45)G2,Gom.
()

(if)

(iii)

 A((=8)"CramGrm + GromHysm) = G2H2, — G2 H2 + H2Ga,, + H2,Gay + (r? + 45)(G2,Gay +

 A((=8)"GrymGrm + GruamHpym) = GEH2, — G2 H? + (H? 4 (72 + 48)G2)Gap + (H2, + (r? +

_S)mG'rH»manm + Gn+mHn+m) = G%H?n - G%@Hz + 2H2nG2m + 2H2mG2n-
_S)mGn+mGn—m + Gn+mHn+m) = 4((_S)mG$L - (—S)”an) =+ H%GZM + HnQQG% + (7'2 +

- A((=8)"GrpmGnm + GnymHnym) = 4((_S)mG% - (_S)nng) + (HZ + (TQ + 45)0721)(;2771 + (HrQn +

(r? + 45)G?2,)Gap.

. 4((*5)mGn+mGn—m + G7l+7an+m) = 4((*5)mG% - ( )nG?n) + 2H27LG2m + 2H2mG2n-
7. AGrimGrnom+GnimHnm) = 4G% —4(—5)""™G? +H2Gopm+H2 Gop+(r?+45) (G2, Gon+ G2 Ga).
 AGramGrom + GriomHuvm) = 4G — 4(—s)""™G? + (H2 + (r? + 48)G2)Gay, + (H2, + (r? +

. 4(Gn+mGn—m + Gn+mHn+m) = 4G121 — 4(7S)nimG$n + 2H2nG2m + 2H5,,Gap,.

 A((=8)"CramGrm — GromHpsm) = G2H2, — G2 H? — H2Gy,, — H2,Ga2y, — (r? + 45)(G2,Gay +

G2 Gom).
( ) n+mGn—m - Gn+mHn+m) = G?LHZ G2 H2 (H + (T + 43)G2)G2m - (HZ@ + (T2 +

4s Gm)GQn
-4
4. 4(

GrsmGrom — GuimHpim) = 4((—8)"G2 — (=8)"G2)) — H2Gom — H2Gon — (r? +
45)(G2,Gan + G2 Gapm).

(=

)

(—=8)" Gy Grm — CrsmHysm) = G2H2, — G2, H2 — 2Hay, Gam — 2Hp Gan.
(=s)™

)

4((—

8)"GramGnm — GnimHnim) = 4((_5)mG721 - (_S)nng) - (Hr% + (7”2 + 45)G721)G2m - (H?n +

(r? + 45)G?,)Gap.
6. 4((=8)"GnimGn-m — GuimHpim) = 4((—8)™G? — (—8)"G?)) — 2H2, G2y, — 2H2,, G-
7. 4 GCrimGrnom—GrymHnrm) = 4G% —4(—8)""™G2 —H2Goy—H2,Gon—(r?+45) (G2, Gon+G2 Gap).
 A(CrimGrm — GrymHuim) = 4G2 — 4(—8)""™G2, — (H? + (% + 45)G?)Gaypy — (H2, + (r? +

. 4(Gn+mGn—m — Gn+mHn+m) = 4G?L — 4(7S)nimG$n — 2H5,,Goyn — 2Ho,, G oy,

 A(=8)"(GrymGnom + GoymHn—m) = GZHZ — G2 H? + (HZ, — (r? 4+ 48)G2))Gap + (H2 — (1% +

4S)G%)G2m
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2. 4(=8)"(GramGn-m + GuemHp—m) = G%an — G%nHEL +4(—5)"Gap + 4(—9)"Gom.
3. 4((=8)"GramGnm + GnimHy—m) = GEH2, — G2 H2 + 4G4, + 4(—8)" " Gop,.
4o A(=8)"(CGrsmGn-m + GnimHp—m) = 4((_S)mG3L - (_S)RG%) + (Hn21 - (7‘2 + 43)G$n)G2n + (Hn -

r2

(r? + 45)G}) Gam.-

( S) ( n+m n—m + Gn+manm) = (_S)m(G2n + Gr%) + (—s)"(sz - G?n)

(=8)"GrymGrom + GrimHn—m = Gon + (=5)" " Gam + (=5)" G} — (=5)"G3,.

U GCrimGrm+ (—=8)" G Hy ) = 4G% —4(—s)""" G2, + (H2, — (r? +48)G2)Gap + (H? — (r? +
48)G?)Gap, .

S

8. Gn+mG7L—m + (_S)mGn+mH7L—m = G% - (_S)n—mng + (_S)mG2n + (_S)nGQm-
9. Gn+mGn7m + Gneranm = G% + G2n + (_S)nim(GQm - G?n)

(iv)

4(=8)™(GnemGnem — GrnomHn—m) = GEH2, — G2 H2 — (H?, — (r* + 45)G2,)Gap — (H2 — (r* +
45)G?)Gam

2. 4(=8)"(GnymGnom — GnimHp—m) = GZHZ2, — G2 H2 — 4(—s)"Gay — 4(—5)"Gapm.
3. 4((=8)"GrymGn-m — GnimHn—m) = GEH2, — G2 H2 — 4G4, — 4(—8)" " Gam.
4o A=8)"(GnsmGnom = GuimHn—m) = 4((—=8)" G}, — (=s)"G?,) — (Hy, — (r? +45)G}, )Gy — (Hy —

(r? + 45)G2)Gop.

5. (*S)m(Gn+mGn—m - Gn-&-mHn—m) = (*S)m(*GQn + G%) - (*S)n(GZm + G%n)
6. (—8)"GrimGnom — GrnomHn_m = ((—8)"G? — (=5)"G?,) — Gap — (—8)" " Gop.

Y GCrymGnm — (=8)"GramHp—m) = 4G —4(—8)""™ G2 — (HZ, — (12 +45)G2,)Gap — (H2 — (r* +

8. GnimGnom — (=8)"GrnimHp_m = G% — (=8)""™"G2, — (—5)"Gap — (—5)"Gam.
9. Gn+mGn—m - Gn+mHn—m = G% - G?n - (_S)n_m(GQm + Grzn)

(v)

4(=8)"(GramGn-m + GnemHpim) = GEH2 — G2 H2 — (H? — (r? + 48)G?)Gay, + (HZ, — (r* +
48)G3R)G2n

2. 4(—8)"™(GrsmGnom + GpomHpim) = GZH2 — G2 H? + 4(—5)™ Gy — 4(—5)"Gam.
3. A((=8)"GrnymGrnm + GomHuym) = GZH2, — G2, H? + 4Gay, — 4(—5)" " Gam.
4. 4(—S)m(Gn+mGn_m +Gn—m n-‘rm) = G%HHQ,L — ngHEL +2H2nG2m + 2H2mG2n — 2(7’2 +4S)G%1G2n —

SH2 G
4(=8)"™"(CrnymGn-m +Gn-m n+m)—4((_5>mG% (- )HGQ) ( (7" +45)G2)G2m (H72n_
(r? + 45)G?,)Gap.

6. (=8)™(GnimGnom + GrnomHnpm) = (=)™ G — (=5)"G2) + (=5)" G2 — (=5)"Gam.
7. (=8)"GnimGnom + GpomHpim = (=) G} — (=5)"G},) + Gan — (=8)" " Gam.
8. 2(_5)m(Gn+mGn—m + Ghem n+m) = 2((_3)mG% - (_5>nG$n) + H,Gom + HopGar — (7’2 +

10.
11.

48)G2,Gay — H2Gop.

Y GrymGrm+ (—=8)"GremHpym) = 4G2 —4(—8)""" G2 — (H? — (12 +45)G2)Gopm + (H2, — (r? +
48)G?))Gay,.

GromGnom + (=8)"Gp_mHyom = G2 — (=8)"""G2, + (—38)"Gap — (—5)"Gap,.

GrimGnom + GnomHpym = G2 — (—=5)""™G?, + G2y — (—8)" " Gom.
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12.

(vi)

Q(Gn+mGn—m+ (75)mGn_mHn+m) = QG% 72(75)”77’”ng +Hop,Gom+Hop, Gy, — (7‘2 +48)G$nG2n —
H2Gop,.

4(=8)"(GramGn-m — GnomHpim) = G2H2 — G2 H2 + (H? — (r? + 48)G?)Gay, — (H2, — (r? +
48)G$n)G2n

2. 4(=8)"(GramGn-m — GnomHpim) = GEH2 — G2 H2 — 4(—3)"Gay, + 4(—5)"Gam.
n mHn+m

3. 4((=8)"GimGrom — G

) = G2H2 — G2, H2 — 4Gay, + 4(—5)" "™ Gap.

4. 4(—S)m(Gn+mGn,m —Gpnem n+m) = G?LH’?R — G%nHZ —2H4,Gop, — 2H o, Gon, +2(7"2 +4S)G72nG2n +

2H2Gopm,-
A(=8)"(CnimGn-m = GnomHp1m) = 4((—=8)" G}, — (=8)"G) + (Hpy — (r? +45)G}) Gy — (Hy, —
(r? + 45)G?,)Gap.

6. (=)™ (GrnimGn-m — Gn-mHpim) = ((_S)mG% —(-s )nGQ ) = (=8)"Gapn + (—=5)"Gam.
7. (=8)"GrsmGnm — GnomHpim = ((=8)" G} — (=8)"G},) — Gan + (=5)" " Gam.
8. 2(_s)m(Gn+mGn7m - anmHn%*m) = 2((_S)mG721 - (_s)nG?n) - H2nG2m - H2mG2n + (7,,2 +

10.
11.
12.

(vii)

=~

48)G? Gop + H2Gop,.

ACnimGrm = (=8)"GrmHpim) = AG] — 4(—8)" "G + (Hy — (r? +45)G}) Gy — (Hpy, — (1% +
48)G? )Gy, .

GnimGnom — (=8)"Gp_mHpim = G2 — (=8)""™"G2, — (—5)"Gap + (—5)"Gam.

GrnimGn-m — Gn-mHnim = Gi - (_S)H_men — Gan + (=8)" " Gam.
2(GrimGnm—(—8)"GpmHyrm) = 2G2 —2(—5)""™G? — Ha,,Gopp — Hop Gon + (12 +45) G2, Gy +
H2Gon.

4((=8)"GramGnom + (=8)*" G Hpy—m) = G2 H2, — G? H? + ((r? + 45)G?, + H2)Ga, — ((r* +
48)G? + H2)Gop.

(=8)"GramGnm + (—=8)*" G Hyp— ) = GEH2, — G2 H2 + 2H3,,G2,, — 2H2, Gy,
(=8)"Grsm G+ (=8)*" G Hy ) = 4((—5)" G}, — (—5)"Gr,) + (% + 45) G, + Hy, ) Gop, —
((r* +45)G? + H2)Gapm.

4((=8)"GramGnom + (=8)*"Gpm Hy—m) = 4((—=8)"G2 — (=5)"G?,) + 2H2,, Gy, — 2Hop,Gopy,.

5. AGrymGrm + (— )2mGn—mHn—m) = 4G$L - 4(*5)nimG?n + ((7"2 + 4S)G?n + an)ng - ((TZ +

(viii)

4. 4
5.4

=

45)G2 + H2)Glam.
A(GrimGrem + (=8)2" G Ho—) = 4G2 — A(—8)"""G2, + 2Hopm Gon — 2HonGom.

e

((—s)™ n+mGn m— (=8)?"Gp_mHpy ) = G2H2, — G2 H2 — ((r? +48)G?, + H2)Gap + ((r* +
48)G? + H2)Gopm.-

(=8)"GrymGnm — (—=8)*"GpmHp—m) = GEH2, — G2 H2 — 2H3,,Ga,, + 2H2,Gap,.

(=8)"GrsmGnom = (=8)*" G Hyn) = 4((—8)" G}, — (—5)"Gr,) — ((r? +45)G7, + H ) Gop +
((r? +45)G% + H2)Gopm.
(=8)"GrymGnm — (—=8)*"GpmHp—m) = 4((—=8)™G? — (—5)"G?2,) — 2H2,,Gap + 2H2,,Gop.
(GromGnm — (—8)°"Gr_mHpy ) = 4G% — 4(—5)""™G?, — ((r? + 48)G?, + H2)Gop + ((r? +
48)G?% + H2)Gop.
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(2)

(ix)

(ii)

1. 4(_s)m(Gn+mGn7m - Hn+mHn m
2. 4(=8)"(GrnymGnom — HosmHn—m) = 4((—8)™G?% — (—=s)"G?)) — H2 H? + (r® + 45)°G% G2.
. 4(Gn+mGn—m - (_S)mHn+mHn m

>~

. 4(Gn+mGn—m — (75)2mGn_mHn_m) = 4G% — 4(7S)nimG$n — 2H5,,Ga, + 2H5,Goy, .

1. 4(=8)"(GrimGnom + HyymHp_m) = G2H?2, — G? H2 + H2 H? — (r? + 45)2G2 G?.
2. 4(=8)"(Gn4mGn-m + HysmHpn—m) = 4((—s)mel — (—s)"an) + H,QnH,Ql — (7"2 + 45)2G%1G3L.
AGram G + (=8)"Hy o Hyy ) = 4G2 — 4(—s)""™G2 + H2 H2 — (r? + 45)2G? G2.

“m)=G?H? — G? H? — H2 H? + (r? + 45)°G?,G2.

) = 4G2 — 4(—s)""MG2, — H2 H? + (r? + 45)2G2,G2.

m

1. 2( n+m n+m + (_s)mGn+mHn7m) = (G2nH72n + szHﬁ)
 AGramHysm+(—=8)"GramHHp—m) = H2Gop+H2 Gop+(r?4+45) (G2, G2 +G2 Gom ) +4(—5) " Gap +

4( )nG2m

4( s)"" msz

. 2( n+m n+m + (_S)mGn—i-mHn—m) = (G2nH72n + G2mH121)
5. AGrymHnym + (=8)"GromHn—m) = (Hy + (r* + 45)G})Gam + (Hp, + (r? + 45)G},)Gan +

W

( )G2n+4( )nG2m'

 AGramHysm + GrimHy—m) = (H2 + (r? + 48)G2)Gap + (H2, + (1% + 48)G2))Gay + 4Gy, +

A(=5)" " Gam.

. 4(Gn+mHn+m -+ (75)mGn+mHn_m) = 2H2nG2m -+ ZHQmGQn -+ (H?n — (7’2 -+ 4S)G$n)G2n -+ (HTQL —

(r? + 45)G?)Gap.

8. 2(Gn-‘,—mI{n-‘,—m + (_s>mGn+mHn—m) = H?nG2m + H2mG2n + 2(_S)mG2n + 2(_S)nG2m-
9. 2(Gn+mHn+m + Gn-l—mHn—m) = H2nG2m + H2mG2n + 2G2n + 2(_5)n7mG2m-

1. 2( n+m n+m - (—S)mGn+mHn7m) = (’]"2 + 48) (GQnG?n + GQmG%) .
. 4( ntm n+m_(_5)mGn+manm) :H%Ggm—‘rH?nng—‘r(T2+4S)<G%G2n+G%G2m)—4(—S)mG2n—

4( )nG2m

. 4( n+m n+m - Gn+mHn—m) - H£G2m + HEnGQn + (7'2 + 45)(GznG2n + G%G2m) - 4G2n -

4(=5)" """ Gam.

. 2( n+m n+m — (-S)mGn+mHn7m) = (7"2 =+ 48) (GQTLG?n + GQmG2> .

( n+m n+m - (_S)mGn+mHn—m) = (H% + (T2 + 4S)G3L)G2m (H'rzn (72 + 4S)G3n)G2n -
( ) GQn *4( )nGQm-

e

 AGramHysom — GuimHy—m) = (H2 + (r? + 48)G2)Gopm + (H2, + (1% + 48)G2) G2y, — 4Gy, —

4( )n " G-

. 4(Gn+mHn+7n - (*S)mGn—&-mHn—m) = 2]{2nc;(2m + 2H2mG2n - (an - (72 + 45)G$n)02n - (H72l -

(12 + 48)G2 ) Gap.

. 2(Gn+m]yn+m - (_5>mGn+manm) = H2nG2m + H2mG2n - 2(_5)7UG271 - 2(_3)”G2m-
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(iii)

(iv)

2((;11—0—m]q'n—0—1n - Gn+mHn—m) = H2nG2m + H2mG2n - 2G2n - 2(*5)n7mG2m

1. 2(GramHysm + (=8)"GromHysm) = H2,Gap + (12 + 45)G2 Gap,.

2. 4 GramHpsm+(—=8)"Gr_mHpyim) = H2Gom+H2 Gop+ (12 +45) (G2, Gon+G2 Gop ) +4(—5) " Gop —
A(=5)"Gam.

3. AGrimHusm + GrnomHysm) = H2Gop + H2Gop + (12 + 48)(G%,Gap + G2Gom) + 4Goy, —
A(=s)" " Gam.-

4o AGrgmHpim+(—8)"GromHntm) = H2Gom+HZ Gop+ (12 +48) (G2 Gon + G2 Gam) + 2Hop, Gop +

10.

2H2,,Gop — 2(r% + 45)G2, Gy — 2H2Gop,.

YGnomHpim+(—8)"GrmHpym) = (H2+(r?+48)G2)Gom+ (H2, 4+ (r?+45)G2 )Gy — (H2 — (r? +
48)G2)Gopm + (H2, — (r? + 45)G?))Gap.

Y GrymHpsm + (=8)"GnomHyim) = (H2 + (r? + 48)G?)Gap + (HZ, + (1% + 48)G2)Gay, +
4(=5)"Gan — 4(—3)" G

Y GrymHpsm + GrnomHyvm) = (H2 + (1% + 48)G2)Gap + (HZ, + (r? + 45)G?,)Gayp + 4Gay, —
A(=s)"" " Gam.

Y GrymHpsm+(—8)"GnmHprm) = (H2+(r?4+45)G2)Gopm+ (H2, + (r? +45) G2, ) Gon+2Ha, Gop +
2HymGop — 2(r2 + 45)G2,Gap — 2H2Gop,.

A GrgmHpim + (—=8)" G Hy ) = 2HopGop, + 2Hop Gon — (H2 — (r2 + 45)G2)Gop + (H2, —
(r? + 45)G?2,)Gap.

2(GrnimHpsm + (—8)"Gr—mHptm) = HonGom + HomGapn + 2(—8)"Gapn — 2(—35)"Gap,.

11. 2(GnemHpsm + Gr—mHpsm) = HonGom + Hop Gop + 2Gop — 2(—8)" ™Gy
12. 2(GpymHprm+(=8)"GrmHpsm) = HopGom + Hopm Gop + Hop Gom + Hap Gop — (12 +48) G2 Gy —
H2Go,.
1. 2(GpamHpsm — (—8)"GpemHptm) = H2Gom + (12 + 45)G2,Gap,.
2. 4(GrsmHpsm—(—8)" G Hp ) = H2Gom+H2 Gon+(1r2+45)(G2,Gon+G2 Gam ) —4(—8) " Gon+
4(—5)"Gam.
3 AGrimHusm — GomHyrm) = H2Gop + H2Gay + (12 + 45)(G?,Gay + G2Gop) — 4Ga, +
4(=5)" """ Gam.
4 MGromHpsm—(—8)"GnomHpim) = H2Gop + H2, Gop + (r2 +458)(G?,Gapn + G2 Gap ) — 2Hop, Gop —
2H2mGaon + 2(r? + 48)G2, Gy + 2H2 Gy,
5. MGromHpym—(=8)"GnmHnim) = (HTQL+(T2+45)G%)G2m+(H31+(r2+43)G371)G2n"’(H72L_(7'2"'
48)G2)Gom — (HZ, — (12 + 45)G2,)Gay,.
6. 4(Gn+m n+m ( ) mHn+m) = (H72‘L + (7”2 + 43)G%)G2m + (Hvzn + (TQ + 43)G371)G2n -
4(=8)" Gy +4(—5)" Ggm.
7. MGrimHptim — GoomHpim) = (H2 + (r? + 48)G?)Gapm + (HZ, + (r? + 45)G2,)Gay — 4Gay, +
4(=s)"""Gam.
8 AGrimHusm—(=8)"GromHyim) = (H24(r?+48)G2)Gom+(H2Z,+(r? +45)G?,)Gop —2Hop Gom —
2H2,,Gop + 2(r% + 45)G2,Gay, + 2H2Gop,.
9. 4(GrimHpsm — (—8)"Gp_mHpim) = 2H2,Gop + 2Ho,, Gy + (H2 — (r? + 45)G?)Gayp — (H2, —

(r? + 45)G?,)Gap.
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10. 2((;11—0—m]q'n—0—1n - (*S)mGn—mHn—Q—m) = HQnGQm + HQmGQn - 2(*5)mG2n + 2(*5)nG2m
11. 2((;11—0—m]q'n—0—1n - Gn—mHn—i-m) = H2nG2m + H2mG2n - 2G2n + 2(*5)n7mG2m
12. 2(GrymHpim — (—8)"G o Hpm) = (1% + 45)G?,Gay, + H2Gop,.

(v)
1. 2(GrymHngm + (—=8)*"GremHn—m) = (H2, + (r? + 45)G?%) Ga,.
2. 4 GrymHpsm+(=5)"GpmHy—m) = H2Gopm—2Ho,Gop+H2,Gop+2Hoym Gop+(1r2+45) (G2, Gap+
G2 Gapm).
3. AGrimHpgm + (—5)*"GremHyp—m) = 2 (H2, + (r? + 45)G2,) Gay,.
4o Y GrimHpim + (—8)*"GpomHp—m) = (H2 + (r* + 458)G% — 2Hs,,)Gop, + (HZ, + (r* + 45)GZ, +
2Hs,,)Gayp, .
5. AGrimHpsm + (=8)*"GrmHy—m) = 2H2,Gop, + 2H2,Gay + ((r? + 48)G2, + HZ)Gapn — ((r? +
48)G? + H2)Gopm.
6. GromHpim + (—=8)2"GrmHpy = GopHaop,.
(vi)

1. 2(GrymHngm — (—=8)*"GremHn—m) = (H2 + (r? + 45)G2) Gop.

2. 4GramHpsm—(=5)"GpmHy—m) = H2Gopm+H2 Gop—2Hop, Gop+2Hop Gop+ (12 +45) (G2, Gap+
G2 Gam).

3. A(GnymHpgm — (=8)*"GremHp—m) = 2 (H2 4 (12 + 45)G2) Gap,.

4 AGramHptm—(=8)2"GoomHp—m) = (H24(r?+48)G?)Gap +(HZ, +(r?*+45)G2,) Gop—2Hop Gon +
2H5,Gop,.

5. 4GrimHpsm — (=8)*"GpmHy ) = 2H2,Gopy + 2H21 Gop — ((r% + 48)G2, + H2)Gop + ((r? +
45)G2 + H2)Gop.

6. GromHpim — (—5)2™GrmHpy—m = Gom Hop,.

(vii)

1. AGnimHpsm + (—=8)"HysmHp—m) = H2Gap + H2,Gaoy + (r? + 48)(G2,Gap + G2 Gy ) + H2 H? —
(r? + 45)2G2,G2.

2. 4 GrymHpsm+(—=8)"HpyymHp—m) = (H2 + (r?> +45)G2)Gom + (H2, + (1? +45)G?,)Ga, + H2 H2 —
(r? + 45)2G2,G2.

3. AGuimHuym + (=8)"Hyym Hy ) = 2H2, G + 2H2,, Gy + H2 H2 — (r? + 45)%2G2,G2.

(viii)

1. A(GnimHpsm — (—=8)"HysmHp—m) = H2Gop + H2,Gay + (r? + 48)(G2,Gap + G2 Gay) — H2, H2 +
(r? + 45)2G2,G2.

2. 4 GrymHpsm—(—=8)"HpymHp—m) = (H2+ (r? +45)G2)Gop + (H2, + (r? +48)G2)Ga,, — H2, H? +
(r? +45)2G2,G2.

3. AGrsmHpym — (=)™ Hy o Hyy— ) = 2Hop G + 2Hop Goy — H2 H2 + (12 + 45)2G2,G2.

(h) (l) 1. 2(75)m(Gn+mHn m+ Gnom n+m) (H,Qn - (7"2 +45)G3n)G2n

A(=8)"(GnymHn—m + Gn-mHnim) = (Hvzn - (TQ +45)G3n +4(=s)")Gap + (Hy H? (T + 45)G2 -
4(=s)")Gam.
4((=8)"CnymHn—m +Gn-mHnim) = (H?n_(T2+4S)G%+4)G2n+(Hr2L_(7"2"‘45)6%_4(_5)717”1

Gaom

~—
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(ii)

(iii)

(iv)

© % N >

 A(=8)"(GrymHp—m + G Hpn) = (H2, + 2Ha,, — 3(r% + 48)G?))Gay + (—H?2 + 2Hy, — (r? +

48)G%)G2m

- A(=8)"(GrymHp—m + GnomHpm) = (_Hg + (TQ + 45)G$L +4(=5)")Gam + ( H; (7" + 43)G$n

4(—3)™)Gay,.

. Gn+mHn—m + Gn—mHn+m = 2G2y,.

(=8)"GrnomHp—m + GnomHpym = (1 + (=5)")G2p + ((—8)" — (=5)""™)Gam.

c2(=8)"(GramHp—m+GnmHyim) = (2(=8)" = (r?+48)G?,+ Hap ) Gy + (2(—8)" + Hap — H2) Gy, -
 AGpamHy—m + (=8)"GpemHprm) = (H2, — (r? + 48)G2, + 4)Ga,, — (H2 — (r? + 45)G? —

4(=5)"""™)Gap,.

10. Gy Hnm + (—=8)™ Gy Hpgm = (14 (—8)™)Gan + ((—8)""™ — (—5)")Gam.
11. 2(GrymHy o+ G Hym) = 4G
12. 2(GrymHp—m+(=5)"GrnmHpym) = (Hapm +2 — (Tz +45)G3n)G2n + (Hap +2(=s)""" — Hrzz)G2m~
1. 2(=8)"™"(GromHy—m — GnomHprm) = (H2 — (12 + 45)G2)Gayp,.
2. 4(=8)"(GramHp—m — GnmHprm) = (H2, — (r? + 45)G2, — 4(—5)™)Gay, + (H2 — (r? + 48)G? +
4(—8)")Gam.
3. A((=8)"GromHp—m — GpomHnym) = (HZ — (r* + 45)G2%, — 4)Gay, + (H2 — (r? + 45)G2 +
4(—8)""™) G-
4o A(=8)"(GrimHn—m — GuomHpim) = (H2, — 2Hay, + (r? 4+ 45)G2)Gay, + (3H2 — 2Ho,, — (12 +
48)G?)Gap, -
5. 4(=8)"™(GromHn—m — GuomHysm) = (—HZ, + (1% + 45)G?, + 4(—8)™)Gay, + (H2 — (r? + 45)G2 +
A(=s)")Gam.
6. (—8)™(GnimHn—m — GpmHpim) = 2(—8)"Gapm.
7. (_S)WGneranm —Gn-mHpym = ((_5)m - 1)G2n + ((_S)n + (_S)H_m)G%n'
8 2(—=8)™(GrnimHn—m — GnemHpim) = (—Hom + (r* 4+ 48)G2, + 2(—5)™)Gap + (—Hap + H2 +
2(—5)")G2m.
9. AGrimHu—m — (—8)"GrmHprm) = (—H2, + (7% + 48)G?, + 4)Go,, + (H2 — (r? + 45)G2 +
4(75)” ™ Gom.-
10. GrymHpy—m — (=8)"Gp—mHpirm = (1 — (=58)™)Gap + ((=8)" ™ + (—8)")Gam.-
11. GrymHp—m — Gp—mHpim = 2(—8)" "™ Gop.
12. 2(GpamHp—m—(=8)"GpmHptm) = (—Hopm +(r?+45)G2,+2)Gop+(—Hap+ H2+2(—5)""™) G-
1. 2((=8)"GromHp—m + (=8) "G Hy ) = H2,Gop — (r? + 45)G2 Gap,.
2. 4((=8)"GrymHn—m+ (=8)*"GpmHp—) = (H2, — (r? +48)G2%, +2Ha)Gay + (H2 — (r? +45)G? —
2H5,)Gop, -
3. A((=8)"GrimHp—m + (=8)? "G Hy ) = ((r? + 45)G?, 4+ H2, + 4(—5)™)Gay, — ((r? + 48)G2 +
Hy —4(—5)")Gam.
4

.2

- 2((=8) ™ G Hp o + (—8)2 ™G Ho—m) = (2(—8)™ + Hop)Gan + (2(—8)" — Hap)Gam.
5. 4(GrsmHnm + (=5)2" G Hyp ) =
(-
(G

((r? + 48)G?, + H2, + 4)Ga, — ((r® + 48)G? + H? —
4 )n m)GQm

n+m n—m + ( )2mGn7manm) - (2 + H2m)G2n + (2(_s)nfm - HZn)GZm'

 2((=8)"GramHpy—m — (=8)* "G Hy—m) = H2Gop — (1% + 45)G2,Gay,.
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)

(vi)

1) (@)

(ii)

.2

BN
—~
/\/‘\

48)G2, + 2Ho,, ) Gay,.
- A((=8)"CremHpm + (=8)* "G Hyom) = ((r? +48)G, + H + 4(—5)™)Go — ((r? + 45)G} +

1. 2((=8)"GpmHpomn — (—8)* G H
((—s)

2. 4((=8)"GrymHn—m— (=8> G Hy ) = (H2, — (r? +48)G2, —2Ha,,)Gap + (H2 — (12 +45)G2 +

2H2n)G2m.

 A((=8)"CramHpy—m — (—=8) "G Hy—n) = —((r? +48)G?, + H2, — 4(—5)™)Gap + ((1? +48)G? +

H2 + 4(—3)")Gapm.

.2 ( ) n+mHn—m - (_S)QmGn—mHn—m) = (2(_8)m - H2m)G2n + (2(_5)71 + H2n)G2m-
5.4

(

( n+m n—m (_s)2manmHn7m) = _((7"2 + 4S)G$n + HEI - 4)G2n + ((7"2 + 48)(;% + HE +
4( n— m)G2m

( n+m n—m (*5)2mGn—mHn—m) == (2 - H2m)G2n + (2(7s)n7m + HQn)G2m~

A=) (GramHy—m+ Hyo Hy— ) = (H2, — (1?2 +48)G2 ) Gap + (H2 — (12 +45)G2 )Gy, + H2 H2 —

(r2 + 45)2G2,G2.

2. 4(=8)"(GramHp—m + HprmHp—m) = 4(—=5)"Gap + 4(—8)"Gap + HZ H2 — (r? + 45)G2,G2.

m n*

 AGramHy o+ (=8)"Hyy mHpy ) = 4Gy + 4(—8)" "Gy + H2 H2 — (12 + 45)%G?,G2.

A=) (GrymHn—m — HysmHy—m) = (H2, — (r* +48)G2 )Gap + (H2 — (1r? +48)G2)Gayy — H2, H2 +

(r? + 45)2G2,G2.

2. 4(=8)" (Gt Hnm — HysmHy—m) = 4(—5)"Gapn + 4(—8)"Gam — HZ H? + (r2 + 45)2G2,G2.
- A(GramHp—m — (—8)™Hpy g Hy

m) = 4Goy + 4(—8)"""Goyy, — H2, H2 + (r? + 45)2G2, G2

S>mGn mHn+m + (_5>2mGn7manm) = _H721G2m + HernG2n
—8)" G Hpsm + (—8)2" G Hpy ) = —(H2 — (r? + 48)G? + 2Ho,)Gop + (H2, — (r? +

m

H2 + 4(—5)")Gam.

(=8)"GrmHnym + (=5)*"CpomHn ) = (2(=5)™ + Ham)Gan — (2(=5)" + Han)Gaom.
(CrmHpim + (—=8)2" G Hy—m) = ((r2 + 45)G2, + H2, + 4)Gap — ((r? + 45)G% + H? +
4(=5)""")Gap,.
(GrmHpym + (=8)* G Hy—m) = (2 + Hap )Gan — (2(=8)""™ + Hoy,)Gop.
(=8)"Gp—mHpsm+(—8)>"Gr_mnHp ) = (H2,+2Ho,, — (12 +48)G2,)Gap — (3H2 —2Ho,, + (17 +
48)G2)Gap,
 2((=8)" G Hpym + (=8)?" G Hy ) = (2Hap, — (1% + 45)G?,)Gayp — H2Gap,.

nfm) = (7“2 =+ 48) (Gisz — G?nng) .
(—=8)"GpmHprm — (=8)* "G Hy—m) = —(H? — (7% + 45)G? — 2H,)Gap + (H2, — (1% +

.4 2
48)G?, — 2H21, )Gy
A=) Gr—mHptm — (=) G Hy—n) = —((r? +48)G?, + H2, — 4(—5)™)Gap + ((1? +48) G2 +
H2 — 4(—5)")Gam.
 2((=8)" G Hppmn — (=8)? "G Hy ) = (2(=5)™ — Hop)Gap — (2(—5)" — Hayp)Gop,.
5. 4(GnemHpgm — (—=8)*"GremHn—m) = —((r? + 4s)G?, + HZ — 4)Ga, + ((r* + 45)G2 + H? —
4(=8)""")Gam,.
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6. 2(GpmHnim — (—8)* G Hym) = (2 — Hap)Gan — (2(—5)""™ — Hoy,)Gop.
7. 4((=8)"GpmHyym — (—8)?" G Hy ) = —(H2, — 2Ha,, + 3(r? +45)G?))Gap + (—H2 +2Ho, +
(r? + 45)G?)Gap.
C2((=8)"GremHpgm — (=8)?"GromHy— ) = —(r? + 45)G2,Gay, — (H2 — 2Hay) Gop.
(iii)
A=) (GremHptm+Hysm Hp—m) = —(H2— (12 +45)G2)Gap+ (HZ — (r? +45)G2) Gy, + H2, H2 —
(r? + 45)2G2,G2.
2. 4(—=8)"(Gr—mHptm + HysmHy—m) = 4(=8)"Gap — 4(—8)"Gap + H2 H2 — (r? 4 45)%G?,G2.
3 AGn—mHpsm + (=8)"HyymHp—m) = 4Gy — 4(—8)" "Gy + H2 H2 — (12 + 45)%G?,G2.
4 A(=8)" (G Hoveom + Hovsom o) = (2Horm — 2(2 +45)G2, )Gy + (2Hap — 2H2) Gy + H2 HE -
(r? + 45)2G2,G2.
(iv)
- A(=8)"(Gp-mHnim—HpimHn—m) = —(H2 — (r*+45)G2)Gap + (HZ — (r?+45)G?)Gapn —HEL H2 +
(r? + 45)2G2,G2.
2. 4(=8)"(Grn—mHusm — HysmHy—m) = 4(—8)™Gap — 4(—5)"Gay — H2 H2 + (r? + 45)2G2,G2.
S AGu—mHpysm — (—8)"HyymHy ) = 4Gy — 4(—3)""™Gop — H2 H? + (12 + 45)2G2%,G2.
 A(—=8)"(GrmHpym — Hpymn Hy— ) = (2Hop, — 2(r? +45)G?))Gay + (2Hay — 2H2)Gay — H2 H?2 +
(r? + 45)2G2,G2.
() @)
A=) G Hy 4+ (—8) " Hyom Hy— ) = ((r? +48)G2, + H2,)Gap — ((r? +45)G? + H2)Gay, +
H2 H? — (r? + 45)°G% G2
cA((=8)" G Hy o+ (=8) " Hyy m Hyy ) = 2Ho,, Gy — 2Ho,Goyy + H2 H2 — (r? + 45)2G2? G2
(ii)
A=) G Hy o — (=8) " Hpyn Hpy ) = ((r2 +48)G?, + H2))Gay, — ((r? +48)G? + H2)Gop, —
H2 2 + (r2 + 45)2G2, G2
cA((=8)*" G Hy—m — (=8)"Hyym Hpy ) = 2Ho, Gy, — 2Ho,Goyy — H2 H2 + (r? + 45)2G2 G2
Proof. We make use of the identities
Gan = GpHp,
2Hs, = (r’+4s)G2+ H?,
as given in Corollary 1.12, together with
H2 = (r*+4s)G2 +4(—s)",
Hyy = (12 +48)G? +2(—s)",
H2—Hy, = 2(-s)", ie., H? = Hy, +2(—s)",

as established in Lemma 1.13 (e)

(a)
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(b)

(i) Add Lemma 2.7 (b) (i) (1) and Lemma 2.7 (b) (ii) (1) side by side, then apply the identities
2Hs, = (r* +4s)G2 + H2,  HZ = Hap +2(—s)".

(ii) Subtract Lemma 2.7 (b) (i) (1) from Lemma 2.7 (b) (ii) (1) and use the identity Ga, = G, H,.
(iii) Add Lemma 2.7 (b) (iii) (1) and Lemma 2.7 (b) (iv) (1) side by side, then apply

2Ho, = (r* +45)G2 + H?

n?

H?2 = Hy, +2(—s)".

(iv) Subtract Lemma 2.7 (b) (iii) (1) from Lemma 2.7 (b) (iv) (1) and use the identity G2, = G, H,,.
(v) Add Lemma 2.7 (b) (i) (1) and Lemma 2.7 (b) (iv) (1) side by side, then apply 2Hs, = ((r?+4s)G%+ H?2).
(vi) Subtract Lemma 2.7 (b) (i) (1) from Lemma 2.7 (b) (iv) (1) and use the identities

2Hy, = (1 +45)G% + H2, G, = G,H,, H?— Hy, =2(—s)".
(vii) Add Lemma 2.7 (b) (iii) (1) and Lemma 2.7 (b) (ii) (1) side by side, then apply 2Ha,, = ((r? + 45)G2 +
(viii) Subtract Lemma 2.7 (b) (1) (iii) from Lemma 2.7 (b) (ii) (1) and use the identities

2H2n = (7"2 + 45)G7% + HTQH G2n = Gana H72l - HQTL - 2(_5)n

(ix) Add Lemma 2.7 (b)(i)(1) with Lemma 2.7 (b)(iii)(1), and Lemma 2.7 (b)(i)(2) with Lemma 2.7 (b)(iii)(2).

(x) Subtract Lemma 2.7 (b)(i)(1) from Lemma 2.7 (b)(iii)(1), and Lemma 2.7 (b)(i)(2) from Lemma 2.7
(b)(iii)(2).

(xi) Add Lemma 2.7 (b)(ii)(1) with Lemma 2.7 (b)(iv)(1), and Lemma 2.7 (b)(ii)(2) with Lemma 2.7
(b)(iv)(2)-

(xii) Subtract Lemma 2.7 (b)(ii)(1) from Lemma 2.7 (b)(iv)(1), and Lemma 2.7 (b)(ii)(2) from Lemma 2.7
(b)(iv)(2)-

(i) Combine Lemma 2.7 (b) (i) with Lemma 2.7 (b) (v).
(i) Same as (i).

(iii) Combine Lemma 2.7 (b) (i) with Lemma 2.7 (b) (vi).
(iv) Same as (iii).

(v) Combine Lemma 2.7 (b) (i) with Lemma 2.7 (b) (vii).
(vi) Same as (v).

(vii) Combine Lemma 2.7 (b) (i) with Lemma 2.7 (b) (viii).
(viii) Same as (vii).

(ix) Combine Lemma 2.7 (b) (i) with Lemma 2.7 (b) (ix).
(x) Same as (ix).

(xi) Combine Lemma 2.7 (b) (i) with Lemma 2.7 (b) (x).

(xii) Same as (xi).
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(c)

(d)

(i) Combine Lemma 2.7 (b) (ii) with Lemma 2.7 (b) (v).
(ii) Same as (i).

(iii) Combine Lemma 2.7 (b) (ii) with Lemma 2.7 (b) (vi).
(iv) Same as (iii).

(v) Combine Lemma 2.7 (b) (ii) with Lemma 2.7 (b) (vii).
(vi) Same as (v).

(vii) Combine Lemma 2.7 (b) (i) with Lemma 2.7 (b) (viii).
(viii) Same as (vii).

(ix) Combine Lemma 2.7 (b) (ii) with Lemma 2.7 (b) (ix).
(x) Same as (ix).

(xi) Combine Lemma 2.7 (b) (ii) with Lemma 2.7 (b) (x).

(xii) Same as (xi).

(i) Combine Lemma 2.7 (b) (iii) with Lemma 2.7 (b) (v).
(if) Same as (i).

(iii) Combine Lemma 2.7 (b) (iii) with Lemma 2.7 (b) (vi).
(iv) Same as (iii).

(v) Combine Lemma 2.7 (b) (iii) with Lemma 2.7 (b) (vii).

(vi) Same as (v).

(vii) Combine Lemma 2.7 (b) (iii) with Lemma 2.7 (b) (viii).

(viii) Same as (vii).

(ix) Combine Lemma 2.7 (b) (iii) with Lemma 2.7 (b) (ix).
(x) Same as (ix).

(xi) Combine Lemma 2.7 (b) (iii) with Lemma 2.7 (b) (x).

(xii) Same as (xi).

(i) Combine Lemma 2.7 (b) (iv) with Lemma 2.7 (b) (v).
(ii) Same as (i).

(iii) Combine Lemma 2.7 (b) (iv) with Lemma 2.7 (b) (vi).
(iv) Same as (ii).

(v) Combine Lemma 2.7 (b) (iv) with Lemma 2.7 (b) (vii).

(vi) Same as (v).

(vii) Combine Lemma 2.7 (b) (iv) with Lemma 2.7 (b) (viii).
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(f)

(8)

(h)

(viii) Same as (vii).

(ix) Combine Lemma 2.7 (b) (iv) with Lemma 2.7 (b) (ix).
(x) Same as (ix).

(xi) Combine Lemma 2.7 (b) (iv) with Lemma 2.7 (b) (x).

(xii) Same as (xi).

(i) Combine Lemma 2.7 (b) (v) with Lemma 2.7 (b) (vi).
(ii) Same as (i).

(iii) Combine Lemma 2.7 (b) (v) with Lemma 2.7 (b) (vii).
(iv) Same as (iii).

(v) Combine Lemma 2.7 (b) (v) with Lemma 2.7 (b) (viii).
(vi) Same as (v).

(vii) Combine Lemma 2.7 (b) (v) with Lemma 2.7 (b) (ix).
(viii) Same as (vii).

(ix) Combine Lemma 2.7 (b) (v) with Lemma 2.7 (b) (x).

(x) Same as (ix).

(i) Combine Lemma 2.7 (b) (vi) with Lemma 2.7 (b) (vii).

(ii) Same as (i).

(iii) Combine Lemma 2.7 (b) (vi) with Lemma 2.7 (b) (viii).

(iv) Same as (iii).
(v) Combine Lemma 2.7 (b) (vi) with Lemma 2.7 (b) (ix).
(vi) Same as (v).
(vii) Combine Lemma 2.7 (b) (vi) with Lemma 2.7 (b) (x).

(viii) Same as (vii).

(i) Combine Lemma 2.7 (b) (vii) with Lemma 2.7 (b) (viii).

(ii) Same as (i).

(iii) Combine Lemma 2.7 (b) (vii) with Lemma 2.7 (b) (ix).
(iv) Same as (iii).

(v) Combine Lemma 2.7 (b) (vii) with Lemma 2.7 (b) (x).

(vi) Same as (v).

Earthline J. Math. Sci. Vol. 16 No. 4 (2026), 577-681



630 Yiiksel Soykan

(i) Combine Lemma 2.7 (b) (viii) with Lemma 2.7 (b) (ix).
(if) Same as (i).
(iii) Combine Lemma 2.7 (b) (viii) with Lemma 2.7 (b) (x).

(iv) Same as (iii).

()
(i) Combine Lemma 2.7 (b) (ix) with Lemma 2.7 (b) (x).
(ii) Same as (i). O
Note that
GiH, = G H:+4(—s)"Gp —4(—s)"Ga,
=

GrH,, — G Hy A(=9)" Gy —A(=9)" G,

From Lemma 2.7, we get the following Corollary.

Corollary 2.9. Let n,m € Z. Then

(a)

(1)
1 AGhyn + (=8)'"Gr ) = (G H + GLHE)? = 8((—5)" G} — (—5)"G},)*.
2. (12 +48)*(Ghy o + (=8)" G _y) = (Ham Hap — 4(—5)"T)? = 2(r? + 45)?((—s)" G, — (=5)"G7,)*
8. 8(Gh i+ (—8)"™GE_,)) = (G%H2 + G2H2)? + AG: G2H2 H?.
4. 8(r® +45)* (G + (—8)"" Gy _) = 8(Hom Hap — 4(—5)"T)? — (r? 4 4s)*(Hp, G, — G H)?.
5. Gy + (=8)""G,, = G3,G5,, 4+ 2((—8)" G — (—5)"G)?.
6. 8(GL, ., + (—s)'™G:_ ) =8G3,G%,, + (H%G? — G2 H?)%.

(ii)
1 2(Ghyn — (=8)'"Gh ) = (G H + G H ) G2 Gopn.
2. (r? +4s)(Gh o — (=8)*™ Gy _,,) = (Hom Hap — 4(—3)" ™) Gay, Gomn.

(iii)
1 A(Hp 4 (=) Hr_ ) = ((r® +45)?G2,G2 + HZ H2)? — 8((—s)™H2 + (r* + 4s)(—s)"G?)2.
2. HE ., + (—=s)*™H!_, = (HymHon +4(—5)""")2 = 2((—s)™H2 + (% + 45)(—35)"G2,)2.
8. 8(HA o+ (—s)ImHL_ ) = ((r? +45)>G2,G2 + H2 H2)> + 4(r? + 45)>G%, G2 H: H?.
4. 8(Hpyyy, + (=) "™ Hp ) = 8(Ham Hap + 4 (—5)™"")? — (HZ,HZ — (r? + 45)2G2,G2 ).
5. HY, .+ (—s)™HL | = (r2+45)° G2,G2,, + 2((—s)™ H2 + (r? + 4s)(—s)"G2,)2.
6. 8(HL,, + (—s)"™H:_ ) =8 (r +4s)> G3,G3,, + (H2 H? — (r? 4 45)2G2,G2 2.

(iv)

1. 2(H;4L+m — (=s)*mHL )= (7"2 + 43) ((r? 4 48)%G?,G? + H2 H?)G2,Gom.

n—m
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2. HYy o — (—s)*™H2_ = (r? +4s) (HomHon + 4 (—5)""") G20, Gom.
(v)
1. 8((r? + 4s)°GL .., + (—s)"™H}_ ) = 8H3 Hi, — (r* + 4s)(HnGrn + GnHy)*(HnH, — (r* +
48) GG )2.
2. 8((r* 4+ 4s)2Gh + (—s)*™Hr_ ) = 8(—4(=s)™T™ + (r* + 45)G2,Gom)? + (r* + 48)(HpnGn +
GHp)(HypHy — (12 +45)G, G)?
(Vi) (r? +48)°G} = (=8) " Hy_y = (=4(=8)™"" + (r? + 45) G20 Gom) Ham Han.
(vii)
1. 8(Hp oy + (r? 4 4s)*(=s)* ™G} _,,) = 8H3, H3, — (r* + 4s)(Hm Hy + (12 4 48)G1Gr)?(HinGr, —

G H,)?
2. 8(Hp o + (r? +4s)2(—s)*™Gh_,,) = 8(4(=s)™ " + (r? + 45)G2,Gom)? + (12 + 4s)(Hyn Hy, + (r? +
43)GmGn) (HnGrn — GmHn)z.

(viil) Hj,,, — (12 +4s)%(=s)*™Gh_,, = (4(=s)™T™ + (r? + 45)G2nGam) Ham Hon,.

(b)

(i)
1 AGhyy + (=9)'Gh_y) = (HE +1r%GL)? = 8(sG, + (—s)")%
2. (r?+4s)%(Gh 1 + ( $)2GA ) = ((r? + 25)Hap — 4(—5)"T1)2 — 2(r? + 45)%(sG? + (—s)")2.
3. 8(Ghyy + (—8)*Gr_y) = (H2 +1*G2)* + 4r*G2H?2.
4. 8(r? +4s)? (G4+1 +(=8)1G 1) = 8((r® + 25) Hap — A(=5)"+1)? — (r? + 45)*(r*G} — H}})%.
5. Gioy+ (—9)*Ga_y =1r%G3, +2(sG2 + (—s)™)2
6. 8(Gpii+ (—5)*'G2_)) =8r2G3, + (r*G2 — H2)2.

(ii)
1. 2(Gh = (—9)*Gh_y) =r(H2 4 r*G2)Gap.
2. (r* +4s)(Ghiy — (—=8)*'G2_)) = r((r* + 25)Hay, — A(—5)"T)Ga,.

(iii)
1o A(Hy oy + (=)' Hy_y) = ((r? + 45)°G, + 12 HR)? — 8(—sHp + (1 + 4s)(—s)")*.
2. Hi o+ (—s)*HE_y = ((r® +28)Hap +4(—5)'"")% — 2(=sH2 + (12 + 45)(—s)")2.
3. 8(Hp g + (=s)*Hp_1) = ((r* + 45)2G2 + r*H2)* + 4r?(r* + 45)?G2 H?.
4. 8(Hpyy + (—s)*H_ ) =8((r* + 23)H2n +4(—s)""")? — (P2H2 — (1? + 45)%G2)2.
5. Hp 4 (=s)*Hp_ =12 (r? + 48) +2(—sH2 + (r? + 4s)(—s)")%.
6. 8(Hpyy + (—s)*Hp 1) =8r? (r? + 48) G%n + (r?H? — (r? + 4s5)2G?)2.

(iv)
1. 2(Hp = (=) Hp ) =7 (r? + 45) ((r? + 45)2G2% + 12 H?)Ga,.
2. Hi y — (—s)*Hp_y =7 (r* +45) (r? + 2s)Hay, + 4 (=)'t Gan.

(v)

1. 8((r? + 4s) G4+1 + (=s)*HE ) =8(r? +2s8)2H3, — (r? +4s)(rG,, + H,)*(rH, — (r* + 45)G,)%.
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2. 8((r? +48)2Gh 1 + (=s)*Hp_1) = 8(—4(=8)" + r(r? + 45)Gay)? + (r* + 45)(rGy + Hy,)*(rHy, —
(r? + 45)G,)?
(vi) (r?+ 45)2Gﬁ+1 — (=s)*H2 | = (r? + 25)(—4(—8)'"F" + r(1r? + 45)G2, ) Hop.
(vii)
1. 8(Hp y + (r* +45)%(—s)1GL_) = 8(r? + 25)2H3, — (r? +4s)(rH, + (r* + 45)G,,)*(rG,, — H,)2.
2. 8(Hp 1 +(r?+4s)?(=s)*Gh_1) = 8(4(—s)' T +7r(r? +45)Gan)? + (r?+4s) (rH, + (r?+45) G ) (rG —
H,)?.
(viii) Hp, — (r? +4s)%(=s)*Gr_y = (r? + 25)(4(=8)"™ + r(r? + 45)G2y,) Hop.

Proof. We employ the identities

G2n = Gan7
2Ha, = (r®+4s)G} + HZ,
as given in Corollary 1.12, together with
Hy = (r* +45)G) +4(=s)",
Hsyy = (r? +45)G2% +2(—s)",
H? — Hy, = 2(—s)", ie., H2 = Hyp, +2(—5)",

as established in Lemma 1.13 (e).

(a)
(i) (1)-(2). Apply Corollary 2.8 (a) (i), Theorem 1.16 (b) (ii) and the identity
a® +b* = (a+b)? — 2ab
with a =2G2,,, b=2(—s)*"GZ_,, and a = (r* + 4s)GZ ., b= (r* +4s)(—s)*"G2_,,, respectively.

(3)-(4). Use Corollary 2.8 (a) (i), Corollary 2.5 (a) (i), and the same identity with the same substitutions.
(5)-(6). Apply Corollary 2.8 (a) (ii), Theorem 1.16 (b) (ii), Corollary 2.5 (a) (i) and the identity

a* +b* = (a—b)* + 2ab
witha=G2_,,, b= (-5)?"G%_,..
(i) (1)-(2). Use Corollary 2.8 (a) (i), Corollary 2.8 (a) (ii) and the identity
a? —b* = (a+b)(a—b).
(iii) (1)-(2). Apply Corollary 2.8 (a) (iii) (2), Corollary 2.8 (a) (iii) (3), Theorem 1.16 (b) (iv) and the identity
a® +b* = (a+b)? — 2ab
with a =2H2 ., b=2(—s)*"H2_, anda=HZ2,,, b= (-s)*"H2 respectively.

n—m?

(3)-(4). Use Corollary 2.8 (a) (iii) (2), Corollary 2.8 (a) (iii) (3), Corollary 2.5 (a)(ii), and the same
identity with the same substitutions.

(5)-(6). Apply Corollary 2.8 (a) (iv), Theorem 1.16 (b) (iv), Corollary 2.5 (a)(ii) and the identity
a? +b* = (a—b)* + 2ab

with a = 2H721+m’ b= 2(_8)277LH2

n—m:*
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(iv) (1)-(2). Use Corollary 2.8 (a) (iii) (2), Corollary 2.8 (a) (iii) (3), Corollary 2.8 (a) (iv) and the identity
a? —b* = (a+b)(a—Db).

(v) (1). Apply Corollary 2.8 (a) (v), Corollary 2.5 (a) (iii) and the identity a® + b*> = (a + b)? — 2ab with
a=(r*+4s)Gz .., b= (-s)*"G:_,,
(2). Use Corollary 2.8 (a) (vi), Corollary 2.5 (a) (iii) and the identity a® + b* = (a — b)? + 2ab with
a=(r*+4s)G2 ., b=(-s)*"G:_,,

(vi) Apply Corollary 2.8 (a) (v), Corollary 2.8 (a) (vi) and the identity a® — b*> = (a + b)(a — b).

(vii) (1). Use Corollary 2.8 (a) (vii), Corollary 2.5 (a) (iv) and the identity a® + b* = (a + b)? — 2ab with
a= H2+m, b= (r>+4s)(—s)*™H2_,,.
(2). Apply Corollary 2.8 (a) (viii), Corollary 2.5 (a) (iv) and the identity a® + b*> = (a — b)? + 2ab with
0= M2, b= (2 + 45)(—s)™ H2_

n—m:-

A,.\

(viii) Use Corollary 2.8 (a) (vii), Corollary 2.8 (a) (viii) and the identity a? — b% = (a + b)(a — b).

(b) Set m=11in (a). O

By combining Corollary 2.8 with Corollary 2.10, we obtain the following results.

Corollary 2.10. Let n,m € Z. Then

(a)
(1) (P +48)(Ghpn + (=8)*"Gh ) = (Hy oy + (=8)* ™ HR ) = —2(Hom — Hp) (Hap — HiY) = —8(—5)" 17,
i.e.,
((r? +48)Ghpy = (=8)*™HE_ ) = (Hiyy, — (07 + 48)(=5)*" G _yy,) = —2(Hap — HE)(Hom — Hy,) =
—8(—g)mtn,
(i) (G — (=8)*"Gh_y) — (Hpy — (=8)*Hy ) = (1= (1 + 45)) G2, Gom.
(iil) (r? +4s)G} o + (=)™ Hy = Hpo oy + (07 4 45) (=5)* GG,
(IV) ( n+m — (—8)2mG$L— ) (Hi-&-m ( + 45)( )2mG% m) GQHGQm - HQTYLHQTH
7. €.,
HQmH2n(Gn+m - (_S)QmGQ ) ngsz( n+m + (TQ + 4S)<_S)2mGEL7m)
v) ((r*+ 45)G3H_m (—s8)?™H2_, )+ (H,%_HH (r? + 4s)(—s)*mG2_,,) =2 (1"2 + 45) GomGon.
(b)
(1) (r2 + 43) (Gfrlt+m (- 3)4mG;1L— ) + (wam - (_S)4mH;4z—m) = 2(T2 + 45)G2,Gom Hap Han = 2(7“2 +
4S)G4nG4m.
(1) (r? +45)2(Ghim — (=8)"Gri) — (Hpyyy — (—8) " Hyy ) = —8(1% + 45)(—8)" " G2 G-
(111) 8( n+m (_8)4meL7m) - 2(G2 H2 G2 H2 )(GELer ( S)szzfm) = 4G%mG%n
(IV) 2 (’I" + 48) (GfrlL—i-m ( 8)4mG4 )+2G2nG2m( n+m+( )2mH7Ql m) = 4G2nG2mH2mH2n = 4G4nG4m.
Proof.
(a)
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(i) Apply Corollary 2.8 (a) (i), Corollary 2.8 (a) (iii), together with the identity 2Ha, = ((r? + 45)G2 +
H?2).Alternatively, use Corollary 2.8 (a)(vi) and (a)(viii).

(ii) Use Corollary 2.8 (a) (ii) and Corollary 2.8 (a) (iv).
(iii) Apply Corollary 2.8 (s) (v) and Corollary 2.8 (a) (vii).
(iv) Use Corollary 2.8 (a) (ii) and Corollary 2.8 (a) (vii).
v) Apply Corollary 2.8 (a) (vi) and Corollary 2.8 (a) (viii).

(b)
(i) Multiply Corollary 2.10 (a) (ii) (2) by (r? + 4s) and then add Corollary 2.10 (a) (iv) (2) side by side.

(ii) Multiply Corollary 2.10 (a) (ii) (2) by (r? + 4s) and then subtract it from Corollary 2.10 (a) (iv) (2).

(iii) Multiply Corollary 2.8 (a) (i) (1) by (G2,H2 + GZH2,) and then subtract it from Corollary 2.10 (a) (i)
(6)-

(iv) Multiply Corollary 2.10 (a) (ii) (1) by (r? 4 4s) and Corollary 2.8 (a) (iii) (1) by G2, G2y, then add both
side by side. [J

By applying Lemma 2.7, we obtain the following corollary.

Corollary 2.11. Let n,m € Z. Then

(a)
(i) 4Gy, + (=9)"Gs ) = BGLH. + GLH. )G Hy,.
(ii) 4G5, — (=s)*"G3_,,) = (3GLH2 + G% H2)G o H,y,.
(ifl) 4(H2,,, + (—=s)*™H3_, ) = (H2H? + 3(r? + 45)2G?%,G?)H,,, H,,.
(iv) 4(H} ,, — (=s)*"H}_ ) = (r* +4s)(3H H? + (r* + 45)°G2,G7 )G Gy,
(b)
(ii) 2(Gryrn — (=9)'"Gy ) = (G2, HE + G2 H?, )G Gap.
(iii) 8(Hyyp, + (=8)""Hy,_,,) = Hy, Hy + (1% + 45)' G, Gy + 6(r% + 45)°G3,, G5,
(iv) 2(H2E,,, — (=s)*™mHE_ ) = (r? +4s) (H2 H2 + (r? + 45)2G2,G?) G2, Gan.
(c)
(i) 16(G5,,, + (=s)°™G5_,,) = (GtHE + 5G4 HE + 10G2,H:G>H2)G,H,, = (5GEHEY + GEH? +
10G2,,.G2 )G H,,.
(ii) 16(G3 ., — (=9)°"G5 ) = (3G Hy, + G Hy 4+ 10G3,,G5,,) G Hoy.
(iii) 16(HZ,,, + (—s)°™HS_,,) = (HLHr + 5(r? + 4s)1GLGL + 10(r? + 45)2G3,,G3, ) H H,,.
(iv) 16(H ., — (=s)°™H}_,,) = (r* + 4s)(bHy Hpt + (r? + 45)*G2, G + 10(r? + 45)2G3,,G3,)) G G-
(d)

hitp://www. earthlinepublishers.com



Explicit Identities for Horadam Polynomials 635

(e)

(f)

(g)

(h)

(i) 32(GS,,, + (=9)°"GS_,,) = (GLH? + GZH2)(Gy Hy + GLH,, + 14G2 H2 GXH?) = (G2, H? +
G?H2)(G* H? + GAH? +14G3,,G3,).

(i) 16(G5 ., — (=)°™"GS _,,) = (3G2,H: + G H? ) (G7, HA + 3G H?, ) Gam Gan.

(iii) 32(HE,,,+(=s)*"HS_, ) = (HE H2+(r*+4s)>G2,G2)(Hp Hr+ (r* +4s)* G, G +14(r* +45)2G3,,G3,.).

(iv) 16(HS (—s)0mHS ) = (r?+4s)(H2, H2 +3(r* +45)2G2,G?)(3H2, H2 + (r? + 45)2G?2 G2 ) G Gan, -

n+m n—m

(1) 64(Glyn + (—=8)"GY ) = (TGS, HYY + GO HY, + 7(5G, Hyy + 3G Hp, )G, G5, ) G Hop

(i) 64(Glyp — (=8)"G ) = (TGO Hp, + GY HY +T(3GE, HY + 5GL HE,)G3,,G3,) G Hy.

(ifi) 64(HT,,, + (—s)™HT ) = (7(r + 45)5GS,GS + HSHS + 7(r2 + 4s)2(3HZH? + 5(r® +
45)2G2,G?)G3,,G3,) Hyn H,.

(iv) 64(H,7l+m — (=8)™HT_ ) = (r® + 4s)((r? + 45)°GS,GS + THS HS + 7(r? + 4s)2(5H2 H? + 3(r? +

45)2G? G2)G3,,G3,) GG,

(i) 128(G%.,, + (—s)*"GS_,,) = GS HE + GSHE + 14(2G2 H2 + G2H2)(G2,H2 + 2G% H?2)G3,,G3,.

(ii) 16(G} 4 — (=8)°™Gh ) = (G Hy + GLH} (G, Hyy + G Hy, + 663,63, ) G2 Gan.

(iif) 128(HS,,, + (—s)®™HE_ ) = HS HS + (r? + 45)3GS,GS + 14(r? + 45)?(HZ H2 + 2(r? + 45)2G2,G?)
(2H2 H? + (r? + 45)2G2,G?)G2,,G2,..

(iv) 16(HS,,, — (—s)8™HS_, ) = (r* + 4s)(HZ H2 + (r? + 45)>G2 G2)(HL HY + (r? + 45)*GL G +6(r* +

n+m

48)2G%mG§n)G2mG2n

(i) 256(GY 4, +(—5)"™mGS ) = (3G2, H2+G2H2)(3GS, HS+GS HE +3(9G2, H2+11G2 H?2,)G3,,G3,) G H,.

(if) 256(G5, ., — (—9)"™GH_,) = (GZH2 + 3G2HZ)(GS HS + 3GSHS + 3(11G%ZH? +
9G} H;,) G, G3,) G Hon.

(iii) 256(H2,,, + (—s)°™H?_,) = (H2H2 + 3(r* + 45)2G%,G2)(HS HS + 3(r> + 45)5GS,GS + 3(12 +

n+m
48)2(11HZ2 H2 + 9(r? + 45)?G2,G2)G3,,G3,) Hy H,,.
(iv) 256(HY,,, — (—s)"™H_,) = (r* +4s)(3H2 H2 + (r* +45)?G2,G2 ) (3HS HS + (r* 4+ 4s)°GS, G + 3(r* +

48)2(9H2 H? +11(r? + 45)%2G2,G?)G3,,G3,) GG

(i) 512(GLY,, + (—=s)''"G ) = (G2H? + G2H2)(GS HS + GSHS + 2(22G* H: + 22G+H} +
83G3,,G5,)G3,,G3,,)-

(if) 256(G1, — (=5)'"GL,,,) = (G Hyy +5GL Hyy +10G3,,G3,) (5G, Hyy + G H, +10G3,G3,,) G Gan.
(iif) 512(H10, + (—s)10mHI0 Y = (H2H? + (r? + 45)2G2,G2)(HS HS + (r® + 45)3GE,GS + 2(r% +

n+m
48)2(22H 8 HY + 22(r% + 45)*G2, G + 83(r? + 45)*G%,,G3,)G3,,G3,.).
(iv) 256(H.S,, — (=s)10"HIO ) = (r? + 4s)(Ht HE + 5(r? + 45)* G, Ga +10(r* + 45)2G3,,G3, ) (5H L H +

(r? +45)4GE GE +10(r? + 45)%G3,,G3,.) GomGan.-
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Proof. We employ the identities

2Gp+m = GpH,+G,Hp Lemma 2.7 (a) (i),
2(=9)"Gp—mm = GnHp —GnH, Lemma 2.7 (a) (ii),

2Hp+m = H,H,+ (T2 +45)G G, Lemma 2.7 (a) (iii),
2(=8)"Hp_yp = HpH,— (r*+45)G,,Gp Lemma 2.7 (a) (iv). O

By applying Corollary 2.11, we obtain the following corollary.

Corollary 2.12. Let n € Z. Then

(a)
(i) 4(G3 .+ (=s)*G2_)) =r(3H2 +1r*G2)G,,.
(i) 4(Gopq — (=5)°Go_y) = (3r°G} + H}) Hy.
(iii) 4(H2+1 + (—S)BH,?l’fl) = 7’(7‘2H,2L + 3(7”2 + 48)2G%)Hn.
(iv) 4(H§’+1 — (=s)3H2_|) = (r? +4s8)(3r?H2 + (r? + 48)%G?)G,.
(b)
(i) 8(Ghpiy + (=)' Ga_y) = Hi +1'G} + 6r°G3,,.
(i) 2(Gpyr — (=9)*'Go_y) = r(H +1°G})Gap.
(iif) 8(Hp,q + (=s)*Hi ) =r*Hp + (r? + 4s)* G2 + 6r2(r? + 45)2G3,,.
(iv) 2(H2  — (—=s)*Hp_) =r(r? +4s) (r?H2 + (r? + 45)2G?) Ga,.
(c)
(i) 16(G2 1+ (—s)°Gy_y) =r(r*Gh + 5Hr + 10r2°G2H2)G,, = r(r*GY + 5H: 4+ 10r°G3,,)Gy,.
(if) 16(G5., — (—s)°G>_ ) = (5r'GY + Ht + 10r2G3,,) H,,.
(iii) 16(H] | + (—s)°H)_y) = r(r*H2 4+ 5(r* 4+ 45)*G + 10r2(r? + 4s5)2G3,, ) Hp.
(iv) 16(H,5l+1 —(=8)°H2_{) = (r? +48)(5r*HE + (72 4+ 45)*G2E +10r%(r? + 45)%G3,)G .
(d)
(1) 32(GS., + (—s)°GS_) = (H2+r?G2)(r*G + HE + 14r*°G2 H?) = (H2 + r?G2)(H + G} + 14r2G3,).
(i) 16(GS , — (—5)°GS_,) =r(3HZ2 + r2G2)(H2 + 3r’G?2)Gan.
(iii) 32(HS+1 + (=s)SHS_|) = (r?H2 + (r? + 48)2G?) (r*H} + (r® + 45)*G2 + 1472 (r? + 45)2G%,).
(iv) 16(HS+1 — (=8)SHS _|) = r(r? + 4s)(r?H2 + 3(r? + 45)2G2)(3r? H2 + (r? + 45)2G?)Gay.
(e)

(i) 64(GT 1+ (—=s)"GL_y) =r(THS +r°GS + 7(5H2 + 3r2G2)r*G3,)Gn.
(if) 64(GT , — (=5)"GL_y) = (7r°GS + HS + 7r?(3H2 + 5r*G2)G3,, ) H,,.
(iif) 64(HT 4+ (—s)"HT_y) = r(7(r* + 4s)5GS + rOHS + 7r?(r? + 45)?(3r?HZ + 5(r* + 45)>G2)G3,,) Hy.
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(f)

(8)

(h)

(iv) 64(HT7H_1 —(=8)THT ) = (r? +4s)((r* +45)5GS +TrSHS +7(r? +45)2(5r° H2 +3(r? 4+ 45)2G?)r?G3,))G.,.

(i) 128(G%. 1 + (—s)8G8_,) = HE + r®GS + 14r2(2H2 + r*G2)(H2 + 2r2G2)G3,,.

(if) 16(GS , — (—5)3GS_y) = r(H2 + r*G2)(H 4+ r* G} + 6r2°G3,,)Gan.

(iif) 128(HS, 1+ (—s)8HE_|) = r8HE + (r? +4s)3GS 4+ 14r2(r? 4+ 4s)2(r?H2 4+ 2(r? + 45)?G2) (2r*H2 + (r* +
45)2G2)G3,,.

(iv) 16(Hyyy —(=5)°H,

n—1

) =71(r?+48)(r?H2 + (r? +48)2G?) (r*H2 + (r? + 45)4G2 + 6r%(r? + 45)2G3,,) Gan.

(i) 256(G oy + (—$)°GY_y) = r(3H2 + r*G2)(3HS + r°GS + 3r?(9H? + 11r°G2)G3,,)G,,.

(ii) 256(GY .1 — (—s)°Go_y) = (HZ + 3r?G2)(HS + 3r°GS + 3r?(11HZ + 9r°G2)G3,, ) H,,.

(iif) 256(HY, 1 + (—s)°Hy)_y) = r(r?HZ2 + 3(r? 4+ 45)2G2) (r®HE + 3(r? 4 45)°GS + 3r?(r? + 45)?(1172H2 +
9(r? + 4s)2G2)G3,)H,.

(iv) 256(H), 1 — (=) H)_) = (r*+4s)(3r?H2+ (r* +45)?G2) (3rOHS + (r? +45)°GS + 3r2 (12 +45)?(9r? H2 +

11(r? + 45)2G2)G3,) G-

(i) 512(GLo + (—s)'19GLY ) = (HZ + r2G2)(HE + r8G8 + 2r%(22H} + 22r* G + 83r°G3,,)G3,).

(if) 256(GLY, — (—8)1°GLY ) = r(H} + 5riG% 4+ 10r2G3,) (BH2 + r*GY + 10r°G3,,) Gay.

(iii) 512(H0  + (—s)'"0H! ) = (r?H2+ (r? +45)>G2) (r*HE + (r? +45)3GS +2r? (12 +45)2(22r* Hs +22(r? +
48)1GL + 83r%(r? + 4s5)2G3,,)G3,,).

(iv) 256(HS, —(=s)'10H!0 ) = r(r? +4s)(r*Hi+5(r? +4s) G2 +10r2 (r? +45)2G3,, ) (5riHi + (r? +4s)* G2 +
1072 (r? + 45)2G3,,) Gap.

Proof. Set m =1 in Corollar 2.11. O

2.2 LEMMA 2.13 and Its Consequences

By applying Lemma 2.7, we obtain the following lemma.

Lemma 2.13. Let n,m € Z. Then

()

(i) 1. 8G3.,,=G3H3+G3H? +3(GnH, + GnHp) GonGan.

2. 8G3 .., = (2GamGan + GZH2, + G2,H2)(GonH,, + G Hy,).

3. 8G3 . = (GuHy, + G Hpy)?

. 8(7 +45)G3 . = (4Hom Hon — (Hu Hyy — (1 + 48)GnG)2) (G Hy + G Hi).

5. 8(r2 +4s)G3 . = (4HomHay — (r? + 45)°G2,G2 + 2(r? + 48)Gom Gon — HAHZ) (G Hy, + G Hyy).

(i) 1. 8(—s)>mG3_,, =G2H3 — G2 H3 +3(GnH, — GnHp) GomGan.

Earthline J. Math. Sci. Vol. 16 No. 4 (2026), 577-681



638 Yiiksel Soykan

(=s)*™ @3, = (—2G9Gap + G2, H2 + G2H2 ) (GpH,, — G Hy).
8(—s)"G3 . = (GpHpy — GmHy)?.
8(r2 + 4s)(—s)3™G3 = (4HypmHon — (HpHy + (r2 + 48) G Gn)2) (G Hpn — G Hy).
- 8(r? + 48)(—s)*™mG3 . = (4Hap Hap — (r? + 45)2G2%,G? — 2(r? + 48)GonGay — HAH2) (G H,y, —
GmH,).

. 8H3

n+m

. 8H?

n+m

SH3

n+m

S8H3

n+m

‘“i-\PSN

= H3 H3 + (r? 4+ 48)3G3 G2 + 3(r? 4+ 48) (Hp Hy, + (r? + 48) GG ) Gom Gan.
= ((r* + 48)2G2,G2 + 2(r* + 48)G2,Gom + HE H2) (Hy Hy, + (12 + 45)G,,Gy).
= (HpH, + (r? 4+ 45)G,,G)3.

= (4H Hop — (r? 4+ 48)(GpHy, — G Hp)?) (Hp Hy, + (72 4 48)G o G).

8H3,,, = (4HamHop — (r? + 4s)(G2 HZ + G2HZ, — 2G21,Gop))(Him Hy, + (r? + 48) G Gy).
C8(=s)3mMHS_ = H3 H3 — (r? +45)3G3 G3 — 3(r? + 45)(HpHy, — (12 + 45) G Gr) G2 Gy,
8 s)SmeL_m ((r? + 45)2G3,LG% —2(r? 4 48)Go2pGop + HE H2)(H, Hy, — (1% + 48)G,,G).
) = (HpH, — (r* + 45)G, Gy )3.
s)3m (4H2mH2n — (r? +48) (G Hy, + G Hp)?) (Hyp Hy, — (72 4 48)G o G).

V3MH3 . = (4HamHayp — (12 4+ 48) (G2, H2 + G2 H2, + 2G2,,G2,)) (Hp Hy, — (12 + 48) G Gy).
Grom = G3H3 — G3 H3 + (GpHyp — G Hy)GomGan.
Grnm = (2G2 Gy + G2 H? 4+ G2, H2) (G H,, — G H,,).
+45)(=8)™ G2, G = (AHap Hap — (Hp Hyy — (12 + 48)GnG)2) (G Hy — G H,y).
Gn_m = (4Hop Hop — (12 +458)2G2,G2 +2(r? 4+45)Gom Gop — H2, H2) (G Hyp —

(iii)

(iv)

S3m

8

8
(_S)mG%+m

)mG2

n+m

(,
(_
(,
(_

S

o

)

0]

2
r?44s)(—s)™G?

n+m

R T S T S R R T TR SR
(0¢]

(=
. 8(r
8(

Q

1. 8(=8)*"G2_, Gpim = G2 H? + G3H3, — (G Hy + G Hyy) G Gop.
2. 8(=5)*"G?_, Gpim = (—2G2mGopn + G2, H? + G2 H2 ) (G Hy + G Hypy).
3. 8(r2 4 45)(—$)2"G2_ Gpim = (4Hom Hop — (Hp Hy + (12 + 48)Gn G2 (G Hy, + G Hyy).
4. 8(r2+4s8)(—s)?>"G?_, Grim = (4Hap Hop — (r?+45)2G2 G2 —2(r? +48)GomGaon — H2, H2) (G Hy +
GnH,,).
(vii) 1. 8G2, ., Hpim = (GuHy + GrHyp)? (Ho Hyy + (7% + 48) G Gh).
2. 8G? | Hotm = (2G2nGan + GZH2, + G2, H2)(Hm Hy, + (r? + 45) G G).
3. 8(r? +4s)G2 . Hyym = (4HomHoy — (Hi Hy, — (1 +48)GGn)?) (Hi Hy, + (12 + 45)G, G-
4. 8(r?+4s8)G? |, Hysm = (4Hopm Hop — (r? +45)2G2,G% +2(r? +48) G2 Gon — H2, H2) (H, Hy + (r? +
45)GmG).
(viil) 1. 8(—=s)"G2,, Hyom = (2G2mGan + GZHZ, + G2 H2)(H, Hy, — (1 + 48)G,G).
2. 8(=8)"G2 o Hy = (G Hyy + G Hyy ) (Ho Hyy, — (72 + 45) GG,
3. 8(r? 4+ 4s)(— )mGgm nem = (4Hyp Hoyp — (Hp Hy, — (12 +45) G G)?) (Ho Hyy — (172 4 45)G 1 Gh).
4. 8(r2+4s)(=8)™ G2, Hyem = (4Hap Hop — (r? +45)2G2,G2 +2(r? +45) Gy Gap — H2, H2) (H,n Hy, —
(r? +48)G,G.).
. 8(=8)?"G2_ Hpim = (—2G2nGop + G2 H2 + G2 H2)(H, Hy, + (12 4 48)G 1 G).
8(—5)2"G2_ Hynim = (GuHy — G Hy)*(Hy Hy + (12 + 45)G 1 Gy).
8(r2+45)(—5)*™G?_, Hypim = (4Hopm Hop — (Hy Hy 4 (12 +48) Gy G)?) (Hp Hy + (r2 4 45) G G,
8(r2445)(—5)*™G2 _, Hyym = (4Hop Hop — (12 4+45)2G2, G2 —2(1r2 4+45) G Gop — H2 H2) (H, H, +
(r? + 45)G G-

(vi)

(ix)

%\9@@@~
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(x)

1. 8(=8)"" G2 Hyom = (—2GomGay + G2 H2 + G2H2)) (Hy Hyy — (12 + 45) G Gh).

2. 8(—5)"" G2, Hy—m = (GpHp — G Hp)2(Hy Hyy, — (r2 + 48)GonGh).

3. 8(r®+4s) (=5)°™ G2 _, . Hy— = (4Hap, Hop — (Hy Hyy 4 (72 +48) GG )2) (Hon Hyy, — (7% +45) G G ).

4. 8(r2+4s)(—s)>™G?%_, Hp_m = (4Hop Hap — (12 445)2G2 G2 —2(r? +45) Gy Gon — H2, H2 ) (H, H,, —

(r? +48)G,G.).

(xi)

1. 8(— s)mﬂg+m = ((r* +45)°G},G2 + 2(r* + 45)GonGam + HL HZ ) (Hp Hyy — (1% 4 45) G Gh).

2. 8(—s)™H n+m = (HpHp + (r? +48)GnGp)*(Hy Hyy — (72 + 45) G Ghy).

3. 8(—s)™H2 . H = (4Hgy Hop — (r? 4+ 48)(GpHy, — G Hp)?) (Hy Hy, — (72 4 48)G G-

4. 8(— s)mHn+mHn m = (4Hopm Hop — (r? +48) (G2 H2 +G2 H2, —2G9,,G2y) ) (Hy Hy — (12 +458) G Gy
(xii)

1. 8(—s)?™H2_, Hy i = ((r? + 45)2G2 G? —2(r? +45)G2,Gop + H2 H2) (Hp Hyy + (12 + 45) G Goy).

2. 8(—8)*™H?2_ Hyim = (HpHy, — (r? +48)GGp)? (Hy Hy + (7% + 45) G Ghy).

3. 8(—s)?™H2_, Hpym = (4H2mH2n — (r* 4+ 48)(GmHp + GoHiy)?) (Hin Hy, + (r? + 48)GnGh).

4. 8(=8)*™H2_, Hpym = (4Hap Hop—(r?+48) (G2 H2+G? H2, +2G2,,G2y) ) (Hy Hy + (12 448) G G).
(xiii) 1. 8HZ,, Gnim = ((r? +45)2G2,G? + 2(r* + 45)G2n,Gom, + H2 H2 ) (G Hy + G Hy,).

2. 8H2,,,Gnim = (HnHy, + (r? + 48)GnGp)* (G Hy + G Hypy).

3. 8H2 , Gnim = (4HomHop — (12 + 48)(GpnHpm — G Hp)?) (G Hy, + G Hy).

4. 8HZ,, Guim = (4Hop Hoy — (r? +4s) (G2 H? + G2 H2, — 2G2mG2,)) (G Hy, + G Hy,).
(xiv)

1. 8(=s)™H2 . Grm = ((r* + 45)*G%,G2 + 2(r? + 45)G2,Gop, + HE H2) (G Hyy — G Hy,).

2. 8(—s)"H2 ,Gnom = (HnHy, + (r? +45)GG,)? (G Hyy — G Hy).

3. 8(—s)"H2 ,Gnom = (4Hom Hap — (r?* + 45)(GpHp — G Hy)?) (G Hyy, — G Hy).

4. 8(=s)"H2 . Grm = (4Hzy Hap — (1 + 4s) (G2, H2 + GZ H?2, — 2G20,G20) ) (G Hyy — G Hy).
(xv)

1. 8(=s)?"H2_, Gpim = ((r* + 48)2G2 G? —2(r% + 45)GonGom + H2 H2) (G Hyy + G Hy).

2. 8(—s)*™H2_, Guim = (HpnHp — (r* +48)GGp)* (G Hy + G Hy).

3. 8(—=8)?™H?2_ Gpim = (4H2mH2n (r? +4s) (G Hy + G Hp) ) (G Hy, + G Hy).

4. 8(=8)*™H2_, Guim = (4HopmHop — (r? 4+ 48)(G% H2 + G2 H2, + 2G21,Go20)) (G Hy, + G Hoy).
(xvi)

1. 8(=s)*"H2_, Gpn_m = ((r? +45)2G? ,G? — 2(r? + 48)G2,Gom + H2 H?) (G H,, — G Hy).

2. 8(—s)*mH?2_ Gp_p = (HpH, — (r* +45)GGn)* (G Hyy — G Hy).

3. 8(—=s8)>"H?2 | Gp_m = (4HomHayp — (r? +48) (G Hyp + G Hp)?) (G Hyy — G Hy).

4. 8(=s)*mH2_, Gn_m = (4Hop Hop — (12 + 48)(G% H2 + G2 H2, + 2G21,Go21)) (G Hyyy — G Hy).

(b)

(i) 1. 8G: ., =H2+r*G? +3r (H, +1G,) Gay.
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. 8G3 | = (2rGay + 12G2 + H2)(H,, +rGy).
. 8G¥ ., = (H, +1G, )
8(r? +4s)G3 | = (4(r? + 2s)Hyy, — (rH,, — (r? + 45)Gn)?) (Hy + 1Gh).
8(r? + 45)Gn+1 (4(r% + 28)Hay — (1% +45)2G? + 2r(r? + 45)Gap, — 72 H2)(H, +rG).
(i) 8(—s)3G3_| =r3G2 — H? + 3r (H,, — rG,,) Ga,.
8(—8)° G3_| = (—2rGan + H2 +12G2)(rG,, — H,).
8(— ) o1 = (rGy — Hy)®.
8(r? +45)(—s)3G3 _| = (4(r® + 25)Hay — (rHy, + (r? +48)G,)?) (rG,, — Hy,).
8(r? +4s)(—s)3G3 _| = (4(r? + 2s)Hay, — (1% + 45)2G2 — 2r(r? + 45)Gay,, — r2H2)(rG,, — Hy,).
C8H3 =1 H3 + (r? +48)3G3 + 3r(r? + 4s) (rHy, + (r? 4 45)G,,) Gan.
D 8HE . = ((r* +48)2G? + 2r(r? + 48)Gap + r?H2 ) (rH, + (r? + 45)G,,).
H} | = (rH, + (r* 4+ 45)Gp)?.
= (4(r® + 28)Hoyp, — (r? +48)(rG,, — Hy,)?)(rHy, + (r? + 45)Gy).
= (4(r? 4+ 28)Hayp, — (r? +48)(H2 + r2G? — 2rGay))(rH, + (r? + 45)G,,).

(iii)

(iv) 1.8 L =13H3 — (r? + 45)3G3 — 3r(r® + 4s)(rHy, — (r? + 45)G,,)Gay,.
s

( )3H5’

8(—s)2H3 1 = ((r* +45)2G? — 2r(r? + 48)Gop + r?H2)(rH, — (r? + 48)G,,).
8(—s)2H?

8(—s)°H,

8(—s)°H,,_

3 = (H,— (r? +45)G,,)3.
sP3H? | = (4(r% + 2s)Hay, — (1% + 45)(H,, + rGy)?) (rHy, — (12 4+ 45)G,).
1= (4(r* +28)Hay, — (r? + 4s)(H2 + r2G? 4 2rGay)) (rHy, — (12 + 45)G,).

@%%NN@%%IENPW%\PSN“S“%\%M

s)3H
Proof.

(a)
(i) Apply Lemma 2.7 (a) (i) together with Lemma 2.7 (b) (i).
(ii) Apply Lemma 2.7 (a) (ii) together with Lemma 2.7 (b) (ii).
b) (iii).
b) (iv).

(iii) Apply Lemma 2.7 (a

(iv) Apply Lemma 2.7 (a

(v) Combine Lemma 2.7 (b) (i) with Lemma 2.7 (a) (ii).

(vi) Combine Lemma 2.7 (b) (ii) with Lemma 2.7 (a) (i).
)

) (iii) together with Lemma 2.7 (
) (

(iv) together with Lemma 2.7

(vii) Combine Lemma 2.7 (b) (i) with Lemma 2.7 (a) (iii).
(viii) Combine Lemma 2.7 (b) (i) with Lemma 2.7 (a) (iv).
(ix) Combine Lemma 2.7 (b) (ii) with Lemma 2.7 (a) (iii).
(x) Combine Lemma 2.7 (b) (ii) with Lemma 2.7 (a) (iv).
(xi) Combine Lemma 2.7 (b) (iii) with Lemma 2.7 (a) (iv).
(xii) Combine Lemma 2.7 (b) (iv) with Lemma 2.7 (a) (iii).
(xiii) Combine Lemma 2.7 (b) (iii) with Lemma 2.7 (a) (i).
(xiv) Combine Lemma 2.7 (b) (iii) with Lemma 2.7 (a) (ii).
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(xv) Combine Lemma 2.7 (b) (iv) with Lemma 2.7 (a) (i).
(xvi) Combine Lemma 2.7 (b) (iv) with Lemma 2.7 (a) (ii).

(b) Set m =1 in (a)(i)-(iv). O

By applying Lemma 2.13, we obtain the following Corollary.

Corollary 2.14. Let n,m € Z. Then

(a)
(1)
1. 4( n+m ( )Smgi_m) = GiHﬁa + 3G H, Gy Goy, -
2. 4G, + (—8)°Gh ) = 3G, HE + GLHE, )G Hiy.
3. A2 448)(G3 4+ (—5)PmG3 ) = (—(r2445)2G2, G2 — H2 H2+2(r2+45) G2, H2+4Hyy, Hop ) Gy Hype.
b A2 4+ 45)(G3 o + (=)™ GB ) = =Gy H3, H2 — (12 + 48)2G2,G3 H,, + 4G\, Hyp Hop Hapy + 2(r2 +
4S)GmHnG2mG2n.
(i)
1' 4( n+m ( )Smez—m) = anHg + 3GnHmG2mG2n-
2. MGy, — (—8)°Gh ) = (Go Hp 4+ 3G HE, )Gy Hy.
3. 4(r’+4s)(G3 pam—(— s)3mG3 _ ) = (—H2 H2—(r?*+45)2G?% G2 +2(r*+48)G% H2,+4H2,, Hoy, )Gy H,.
4. 4(r? + 45)(Gfl+m — (=s)*mG3 ) = —(H2 H? + (r? + 45)>G?,G? — 4Hy,,Ho,,) G Hy, + 2(r% +
48)GnHmG2mG2n.
(iii)
1. 4(H, ,H_m +(=s)3H2_ )= H3 H3+ 3(r* + 45)2G,,Gp.GomGan.
2. 4(H}? n+m +(=s)3mH?_ )= (H2H?+ 3(r* + 45)°G%,G?)H,,, H,,.
3. 4(H, n+m + (- S)BmHg m) = (4Hy Hoyp, — (7’ + 43)(G2 BT2 + G? H?n) + 2(7’2 —|—45)2G%1G%)HMH”.
4. 4(Hf;+m + (=s)*mH3 ) = (4HypHay — (r* + 48)(G2,H? + G2H2))H,, H, + 2(r* +
) GmGnGQmG2n
(iv)
1 A(H,, — (—s)>H3_ )= (r? + 4s)((r* + 45)*G3 G + 3H,,, H, G2, Goay,).
2. 4(H3,,, — (=s)*™H3_ ) = (r® +4s)(3H2 H2 + (r* + 45)*G2,G2)G,,, G,
3. 4(Hf{+m (—8)mH3 )= (r? 4+ 4s)(2H2 H2 — (r? + 45)(G? H? + G? H2)) + 4Ho,, H2,,) G, G
4. AH2 L, — (=s)*"H2_ ) = (r* + 4s) (4G GnHop Hoy + 2H, Hy,GoyGon — (12 + 4s)(G2,H2 +

G2 H2)G,G).
(V) 8(Ghsm + (=8)*"H;y ) = Go H + GO Hp, + Hp HY — (r? + 45)°GY G + 3(GrnHy + Gl — (17 +
45)(HWLHTL - (T’ + 4S)GmGn))G2nLG2n-
vi) 8(G —(=s)®*"H3_ Y=G3 H>+G3H2 — H3 H3 + (r2 + 45)3G3 G® + 3(G,, H,, + G, H,, + (r?> +
n+m n—m m*tn n-'m m*tn mYn
48)(H H, — (7“2 + 4S)GmGn))G2mG2n.
(vil) 8(H2,,, +(—s)>"G3_,)) = H3 H3+ (r* + 45)3G3 G2 4+ 3(r* + 4s)(Hm Hy, + (r? + 45) G G,,) G2 Gy +
G?LHS’L G%LH;; +3 (GmHn - GnHm) G2mG2n-
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(viil) 8(H2,,, — (—s)’"G3_,,) = —G3H3 +G3 H3 + H3 H3 + (r? +4s)3G3 G2 + 3(r? + 4s)(Hy Hy, + (r? +
4S)G Gn)GQmGQn — 3(GmHn — GnHm)GQmGQn.

(ix) 8(G3,,,+H3,,,) =G H3+G3 H3 + H3 H3+(r*+4s)*G3,G3+(3 (G Hy, + G Hyp, ) +3(r2+4s) (Hp Hp +
(7" + 4S)G G ))GQmGQn.

(x) 8(G2 ., —H3,,,) =G H3+G3H} —H3 H3—(r’+45)*G3 G5+ (3 (G Hy, + GnHp ) —3(r? +45) (Hp Hy +
(7" +4S)GmGn))G2mG2n.

(xi) 8(—s)>™(G3_, + H3 )= G3H? — G3 H? + H3 H3 — (r? + 45)3G3,G3 + 3(GmHyn — GnH,y — (12 +

48)(HpHy — (r? 4 48)G1Gr)) Gam Gan.

(xii) 8(—s)>™(G3_,,—H3_ m) G3H3 —G2 H3—H3 H3+ (r*+45)3G3,G3 +3 (GHy — GrHy) Gomn Gan +

3(r2 + 4s)(Hp Hy, — (1% + 48) GG ) Gam Gon.

(b)
(i)
1. 4G5, n+1 +(=8)°G}_1) = G}, + 3rHpGap.
2. 4G, 4 (—s)3G 1) =r(3H? + G2r?)Gh,.
8. 4(r? +4s) (G + (=5)3GE _y) = r(—(r? + 45)2G2 — r?H2 + 2(r* + 4s)H2 + 4(r? + 25) H3,,) Gy,.
4. A(r?4+4s)(G3 L+ (—s)?G2_ ) = —r3G H2 —r(r? +45)2G3 4+ 4r(r? +28) G, Hop + 21 (r* + 45) H, Goy,.
(ii)
1 A(GE,, — (—5)*G3_,) = H3 + 312G, Can.
2. 4G — (—s)*G_ 1) (H2 +3r’G2)H
3. 4(r? +4s) (G2 — (=8)3G3 1) = (=r?H2 — (r* + 45)2G% + 2r2(r? + 45)G? + A(r? + 2s)Hop, ) H,,.
4. A +45) (G2 — (—s)3GE_ 1) = —(rPHZ 4 (r? +45)>G2 — A(r? + 25) Hap ) Hy, + 212 (r? + 45) G, Gop,.
(i)
1. A4(H3 y + (—s)2H2_)) = r*H2 + 3r(r? + 45)2G,Gan.
2. A(H2 .+ (=s)PH2_y) =r(r?HZ + 3(r* + 4s)*°G2)H
S A(HS  + (—s)3H3_ 1) = (4(r? + 25)Hay, — (r® 4+ 48)(H2 + r2G2) 4 2(r* 4 45)*G2)rH,.
4. AH2 4 (—s)H2_)) = (4(r* 4+ 2s)Hop, — (r? + 4s)(HZ 4+ G2r?))rH,, + 2r(r? + 45)2G, Gay,.
(iv)
1 A(Hyy — (=s)PHy_y) = (2 +4s)((r* + 45)°G), + 3r2 Hy, Gan).
2. A(H3  — (—s)3H3_y) = (r* + 4s)(3r’H?2 + (r* 4 45)?G2)G,,.
S A(H2  — (=s)3H3_) = (r? +4s)(2r?H2 — (r? +4s)(HZ + G2r?) + 4(r? + 25)H3,,) Gy,.
4o AH2 L — (—s)3H3_)) = (r* + 4s)(4(r? + 25)GpHay + 2r° H, Goy, — (r? 4 4s)(H2 + r?G2)G,,).

(v) 8(G +1—|—( SP3H2 ) = H3+1r3G2 +r3H3 —(r?4+45)3G2 +3(Hp+rGp— (12 +4s) (rH, — (r?4+45)G,,) ) rGap,.

(vi) 8(G3 pa1—(— SP3H?_|) = H3+r3G2 —r3H3+(r?4+45)3 G2 +3(Hp+7Gp+ (12 +45) (rH, — (1 +45) G, ) )rGay, -

(vil) 8(H2, | + (=s)3G3_1) = r3H3 + (r? 4+ 45)3G3 + 3(r? + 4s)(rHy, + (r* + 45)G,)rGay + r3G3 — H3 +
3(H, — Gpr)rGay,.

(viil) 8(H2,, — (=s)3G3_1) = —r3G3 + H3 + r3H3 + (r? +4s5)3G3 + 3(r® + 4s)(rHy, + (r? + 45)G,,)rGa, —
3(Hp — Gpr)rGap.
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(ix) 8(G§H_1+H§+1) = H3+r3G3 +r3 H3 +(r?4+45)3G2 + (3 (Hp, + 7Gy) +3(r2 +48) (rHp, + (1?2 +45)G ) ) rGap.

(x) 8(GE —H} )= H3+Gr*—rPH} — (r*+45)*G2 + (3 (Hy, + rGp) —3(r? +4s) (rHy, + (r* +45)G,,) ) rGap,.

(xi) 8(—s)3(G3 _+H? |)=G2r3—H3+r3H2—(r?+45)3G2 +3(H,,—rG,—(r*+45) (rH,— (r?+4s8)G,,) ) rGay,.
(

(xii) 8(—s)3(G3_, — H3_ ) =r3G3 — H3 —r3H3 + (r? + 45)3G2 + 3 (H,, — rG,,) rGay, + 3(r? + 4s)(rH,, —
(r? + 45)Gp)rGay.

Proof. The proof proceeds by systematically pairing and combining the corresponding parts of Lemma 2.13,

either through direct application, addition, or subtraction, as outlined below.

(a)

(i) Apply Lemma 2.13 (a) (i) together with Lemma 2.13 (a) (ii).
(ii) Apply Lemma 2.13 (a) (i) together with Lemma 2.13 (a) (ii).
(iii) Apply Lemma 2.13 (a) (iii) together with Lemma 2.13 (a) (iv).
(iv) Apply Lemma 2.13 (a) (iii) together with Lemma 2.13 (a) (iv).
(v) Add Lemma 2.13 (i) and Lemma 2.13 (iv) side by side.

(vi) Subtract Lemma 2.13 (i) from Lemma 2.13 (iv).

(vii) Add Lemma 2.13 (ii) and Lemma 2.13 (iii) side by side.
(viii) Subtract Lemma 2.13 (ii) from Lemma 2.13 (iii).

(ix) Add Lemma 2.13 (i) and Lemma 2.13 (iii) side by side.

(x) Subtract Lemma 2.13 (i) from Lemma 2.13 (iii).

(xi) Add Lemma 2.13 (ii) and Lemma 2.13 (iv) side by side.

(xii) Subtract Lemma 2.13 (ii) from Lemma 2.13 (iv).

(b) Set m=11in (a). O

2.3 LEMMA 2.15 and Its Consequences

By applying Lemma 2.7 together with Lemma 2.13, we obtain the following lemma.

Lemma 2.15. Let n,m € Z. Then

(a)

(i)
1. 16Gy ., = GL HY + GLH} +2(2G2, H2 + 2G2 HZ + 3G, Go1) G21,Gam.
2. 16G} ., = (G3 H3 + G3H3 + 3(GnH, + GoHyp,) GomGan) (G Hy, + G Hyy).
3. 16G% ., = (GmHy + G Hy)*
4. 16(r? + 43)G3H_m = (4Hp Hop — (Hp Hy, — (r? + 48)G 1, GR)?) (G2, H? + G2 H2, + 2G2,,Gay).
5. 16(r* +4s)Ga 1, = (4Hom Hop — (12 4+ 48)2G2 G2 + 2(r? + 45) G2 Gon — H2 H2)(G% H2 + G2 H2, +
2G9mGay).
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(ii)
1. 16(—s)*™mG}_,, = GL H2 + GEH? — 2(2G2, H? + 2G2 H2, — 3G2,G2,)GanGam.
2. 16(—s)*"GL_ = (G3H? — G3 H? + 3(GyHy — G Hu)GomGan)(GrHy — G Hy).
3. 16(—s)*mGE_ = (GnHy — G Hy)2
4. 16(r* +4s)(=s)"™ G}, _,,, = (4Ham Hap — (Hp Hy + (1% +48) GG )?) (—2G 2 Gan + G2, HE + G2 HY).
5. 16(r2+4s)(—s)*mGE_ = (4Hop Hop — (12 +45)2G2 G2 —2(r? +48)GomnGap — H2, H2) (—2G o9 Goy +
G% H2 + G2H2).
(iii) 1. 16H;§+m = ( + 4s)*GE.GY + HAHY + 2(r? + 4s)(2H2H? + 3(r? + 48)GamGan + 2(r% +
15)*G7,G)Go
2. 16H;§+m = (H%Hﬁ + (r? + 48)3G2,.G3 + 3(r? + 48)(Hin Hy, + (r? + 48)GnG1)Gom Gan ) (Hy Hy, +
(r? + 45)GnGy).
3. 16Hy,,, = (HnHy, + (r* + 45)G,,Gn)*.
4. 16Hﬁ+m = (4Hgy Hop — (r? +48) (G Hyy — G Hy, )?) (12 +45)2 G2 G2 +2(1? +48)Gon Gaom + H2 H?).
5. 16H2,, = (4Hop Hap— (r?+45) (G2 H2+ G2 H2, —2G2,G2,,)) (12 +45)2 G2 G2 +2(r? +45) G2y, Gom +
H HY).
(iv)
1. 16(— )4mH4 = (r? 4+ 45)*G4,GE + H2 H? — 2(r? + 45)(2H2 H? — 3(r? + 45)G2nGay + 2(r? +
45)2G2% G2)G2nGom.
2. 16(—s)*™H: = (H2 H2—(r’+4s)3G3 G2 —3(r?+4s)(Hp Hy, — (1?2 4+45)G 1 G Gom Gan ) (Hp Hy —
(12 + 48)G, G ).
3. 16(=s)*mH: = (H,Hy, — (12 + 45)GGp)*.
4. 16(=s)*™H}_ = (4HopmHop — (r? +45) (G Hy + G Hyp)?) (12 4 48)2G2,G2 — 2(12 + 48) G2, Gam +
H2 H?).
5. 16(—s )4meL m = (4Hap Hop — (r? +48) (G2 H2 + G2 H2, + 2Go9,Ga,)) ((r? + 48)2G2,G% — 2(r? +
48)Gap G + HZ H2).
(b)
0
1. 16Gy = Hy 4+ r*Gp + 2r(2H2 + 2G2r? 4 3rGa,)Gan.
2. 16Gy . = (H2 4+ r*G2 + 3(H,, + Gur) rGay) (Hy 4 rGh).
3. 16G2 ., = (H, +rG,)".
4. 16(r? + 4s)Gn+1 (4(r% + 28)Hay, — (rHy, — (12 4+ 48)Gp)?) (H2 + r2G2 + 2rGay).
5. 16(r% +48)G2 . | = (4(r% + 28)Hay, — (12 + 45)2G2 + 2r(r? + 48)Gap — r2H2)(H2 + 172G2 + 2rGay,).
(ii)
1. 16(—s)4 ﬁ L= H2+r4G2 — 2(2H2 4 2r2G?2 — 3rGay,)Gayr
2. 16(—s)*GL_, = (G313 — H? + 3r(H, — 1Gy)Gan) (rGy — Hy).
3. 16(—8)*G2_ = (Gpr — Hy)*.
4. 16(r% + 4s)(—s)*G2_; = (4(r? + 2s)Hay, — (rHy, + (r? +48)G)?)(—2rGay, + H2 +12G2).
5. 16(r?+4s)(—s)*G2E_, = (4(r?+25)Hap— (r?+45)2G2 —2r(r>+458)Gap —1r? H2) (—2rGopn+ H2 +12G2).
(iif) 1. 16Hp, = (r? +45)*GL + r*H2 4+ 2(r* 4+ 4s)(2r2HZ + 3r(r? + 45)Gap, + 2(r? 4 45)?G2)rGay,.
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2. 16H = (r3H3 + (r? + 45)3G3 4+ 3(r® 4+ 4s)(rHy, + (r? + 48)G,)rGoy, ) (rHy, + (12 + 45)G,,).

8. 16Hr | = (rH, + (r* 4+ 45)Gp)*.

4. 16H2 | = (4(r* + 25)Hay, — (r? +4s)(rG,, — Hy,)?) (12 + 45)2G2 + 2r(r? + 45)Gap + r?H?2).

5. 16Hp = (4(r* +2s)Hop — (r? 4+ 4s)(H2 + 12G2 — 2rGay))((r? + 45)2G2 + 2r(r? + 45)Gapn + r? H2).

(iv)

1. 16(—s)*H2 | = (r2 +45)*GE + r*H2 — 2(r? + 45)(2r2H2 — 3r(r2 + 45)Gayp + 2(r? + 45)2G2)rGay,.

2. 16(—s)*H2 | = (r3H? — (1 +45)3G2 — 3(r? + 4s8)(rH,, — (r? + 48)G,,)rGay) (rH,, — (12 + 45)G,).

3. 16(—s)*H* | = (rH, — (r> + 45)Gp)*.

4. 16(—s)*H2_| = (4(r% + 28)Hop — (12 + 45)(H,, + 7Gn)?) ((r? + 45)2G2 — 2r(r? + 48)Gayp + r2H?).

5. 16(—s) Hr_| = (4(r?+2s)Hop— (r?+4s)(H2 +G2r2 +2rGa,,) ) ((r? +45)2 G2 —2r(r? +45)Gop+1r2 H2).
Proof.

(a) The proof proceeds by combining corresponding parts of Lemma 2.7 and Lemma 2.13, as outlined below.

(i) Apply Lemma 2.7 (a) (i) together with Lemma 2.13 (a) (i).
(ii) Apply Lemma 2.7 (a) (ii) together with Lemma 2.13 (a) (ii).
(iii) Apply Lemma 2.7 (a) (iii) together with Lemma 2.13 (a) (iii).
(iv) Apply Lemma 2.7 (a) (iv) together with Lemma 2.13 (a) (iv).

(b) Take m =11in (a). O

By applying Lemma 2.15, we obtain the following corollary.

Corollary 2.16. Let n,m € Z. Then

(a)
(i)
C8(GE L+ (—s)*mGE_, ) = G HE + GLH} + 6G3,,G3,,.
2. 8(r? 4+ 4s)(Gp oy + (— s)AmGE Y= —H2G3, — HXG3,, — (r* +45)%(GAG3,, + G2.G3,) + 4(r% +
48)G2,,G3, + 4(G? H2 + G2H2)Hy, Hop,.
(ii)
C2G s — (=) GE L) = (G2, H2 + G2 H2) G, G
2. 4(r? 4+ 48)(Gh oy — (—=8)*™GE_.)) = (4HomHop — HE HZ — (12 + 45)?G2,G2 + (r? + 4s) (G2, H2 +
Gy H?,))G2nGom.
(iii)
1. 8(Hpy + (—8)*™H_,)) = Hy Hp + (r? + 45)*G5, Gy + 6(r* + 45)2G3,,G3,
2. 8(Hp, ,+(—s)imHE_ )= —(r*+4s)3(GLG3,, + G2 G3,)+4(r* +45)%(G3,,G3, + G2, G% Ha,, Hap ) —
(r? 4+ 4s)(HAG2,, + H2 G2,) + 4Ho,, Hy, H2 H?
(iv)
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1. 2(HE,,, — (—s)*™H2_ ) = (r? 4+ 4s)(H2 H2 + (r? 4 45)2G2,G2) G2, Gop,.
2. A(Hp,,, — (—=s)*™H2_ ) = (r? 4+ 4s)(HAZHZ 4+ (r? + 4s)2°G2,G% — (r? + 4s)(G2,H2 + G2H2) +

4H2mH2n)G2nG2m-
(b)
(i)
1. 8(Ga y + (—9)*Gh_y) = Hi + G2 + 6r°G3,,.
2. 8(r% + 4s)(Gay + (=9)*Gh_y) = —r?(r® + 45)2GY — r?H} + 2(r* + 4r%s — 8s%)G3, + 4(r* +
2s) (r*G2 + H2) Hay,.
(ii)
1. 2(Gp oy — (—9)*'GE_)) = r(H2 +r2G2)Gan.
2. 4(r? +4s)(Gh 1 — (—8)*Gh_) = r(—4s(r* + 45)G?% + 4sH?2 + 4(r? + 25)Ha,,) Gay,.
(iii)
1. 8(Hp oy + (—s)*Hy_y) = r*Hy) + (r? + 45)*G), + 6r2(r* + 45)*G3,,
2. 8(Hpy+ (—s)*Hp_y) = —r2(r? +4s)Hr — r?(r? + 45)*Gp + 4(r* +2s) (r?HZ + (r* + 45)>G?%)Ha,, +
2(r? 4 4s)(r* + 4r%s — 85?)G3,,.
(iv)
1. 2(Hp = (—s)*Hp_y) =r(r? +4s)(r*H2 + (r* + 45)*G2 ) Gan.
2. 4(Hpy — (=s)*Hp_1) = 1(r* 4+ 4s)(4s(r* + 45)G2 — 4sH?Z + A(r® + 25)Hay, ) Gay.
Proof.

(a) Use Lemma 2.15 (a).
(b) Set m=11in (a). O

Remark 2.17. Using Lemma 2.7 (a), namely

2Gptm = GpH,+G,H, Lemma 2.7 (a) (i),
2(—=)"Gp—n = GnH, —GnH, Lemma 2.7 (a) (ii),

2H, i = HpH, + (r* 4+ 45)G,,G,, Lemma 2.7 (a) (iii),
2(=8)"Hp_y = HpH,— (r*+45)G,,Gp Lemma 2.7 (a) (iv),

we can derive several identities. For example, we obtain
16(GA ., + HEL ) = (GHy + G Ho)* + (Ho Hy, + (12 + 48) GGt

and

= 271((Gn+m)71 - (*5)7m(G"—m)71)

= (GuHy +GnHpy) ' = (GpHy — G Hy) ™t
2G, H,
G2,H2 - G2H2’

2Gnim  2(—=5)"CGpm
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and

272((Gn+'m)72 + (_5)72m(Gn—7n)72) (GmHn + GnH’m)_Z + (GnHm - GmHn)72
2(Gy, Hyy + GRH)

(GLH} —GLHE)?

where the denominators are assumed to be nonzero.

3 Identities: Group II

From Corollary 1.11, we know that

Gner - GnGm+1 + Sanlea (31)
Hn+m = HnGm+1 + SHn_le (32)
(r* 4+ 48)Hyyy = (2Hpio — rHpy1)Hy + 5(2H 0 — 7Hyp ) H,yy g (3.3)

Note that (3.2) and (3.3) can also be written in the symmetric form
Hner = Gn+1Hm + SGnHmfla

and
(12 +48)Hp s = (2Hy 0 — 7Hy 1 )Hyy + 5(2H, 1 — 7H,) H,py 1,

simply by interchanging n and m.
Next, we establish several related identities involving G,, and H,,.

Theorem 3.1. For all integers m,n, we have the following identities.

(a)
(i) (T2 + 45)Gn+7n - Hn+1Hm + SHnHm—l-
(i) (r? +4s)(=8)"Gpm = (r* +48)GHyy, — Hpy1Hyy, — sHp Hpy— 1.
(iii) (7’2 + 4S)Gn+7n = Hn+1Hm + Hn(H7n+1 - T’Hm)
(iv) (r? +48)(—=s)"Gpom = (r? +45)GpHyy — Hy1 Hyy — Hy (Hppy1 — 7Hop).
(v) (r*+48)Gpim = (1> +48)GHyy + HyHpp 1 — Hy Hypy 1.
(Vi) (T2 —+ 45)(75)mGn_m = n+1Hm — HnHm+1.
(b)
(i) (r>+4s)Hysm = 2Hpms1 — rHy)Hpi1 + (=7 Hypy1 + (r? +28)H, ) H,
(i) (r? +4s)(=s)"Hyp—m = (=2H,p41 + 7Hp ) Hy1 + (rHypq + 2sH,, ) Hy,
(c)

(i) (_W12+SW02+7‘W0W1)(W0Wn+m+1 _W1Wn+m) = (WO(_2W1 +TWO)Wm+1 +(W12+SWO2)Wm)Wn+1 +
(W2 + sWE)Woi1 — Wi(rWy + 2sWo) W, ) W,
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(il) (*S)m(WOWn—m—Q—l - Wlwn—m) = WmWn+l - Wm+1Wn-
(iii) 2Hn+m+1 - THn-‘rm = HmHn—i-l + (Hm—i-l - er)Hn
(iV) (—8)7TL(2Hn,m+1 — ’I"Hn,m) = HmHn+1 — Hm+1Hn

(d) (7’2 =+ 48)(Gn+1Gm —+ SGnGm_l) — Hn_;,_le — SH?LH'm—l = O

Proof. Note that

1
H”Jrl =rHy,+sHy, 1 = HTLJrl —rH,=sH, 1= H, 1= 7(Hn+1 - ’I“Hn)-
S

(a) (i) We prove (r?+4s)Gpim = Hyy1Hyy + sH, H,,, 1 using Binet’s formulas of G, and H,,. If the roots a and
3 of characteristic equation (1.2) are distinct (o # 3, i.e., (r? + 4s) # 0), then

G, ="

L H,=a"+p"
g He=at s

Hence

n+m _ Agn+m
(2 +45)Gnim = (a—pPE— T

= (o™ 4+ "™+ BM) = afla” + B7) (@™ 4 57T
= Hpt1Hpy +sHyHyp
which simplifies to
(r? +48)Grym = Hys 1 Hyy + sHp Hppy 1.
If a = B, (i.e., (r? +4s) = 0), then G,, = na"*, H, = 2a", r*> + 45 = 0, s = —a? and so we obtain
(r* +48)Gpym = 0
= ((20)* —4a®)(n + 1)1
= 22" % 20™ 4 (—a?) x 22" x 2™}
= H,1H, +sH,H,_1,
i.e., the same identity holds.

(ii) Similarly, using Binet’s formulas, if o # 5 we obtain

(r + 45) (=) "G = <<a+6>2—4aﬁ><aﬂ>m%
— (@ + P~ 1ap) = @m 4 57

—(a™* B"“)(a +8™) +aB(a” + 5" (@™ + BT
= (r*+48)GpH,, — Hys1H, — sH, Hyp o

which simplifies to
(r2 +45)(=s)"Gpom = (1"2 +4s)G,H,, — Hyy1H,, — sH Hpy 1

If @ = 3, the formula reduces consistently to the same identity:

(r? +48)(=8)"Gpmn = 0
= (20~ 4o (0 + 1o
= ((20)* —4a?) x na" ! x 2a™ — 22" x 20™ 4 a? x 2a" x 227!
= (rP+ 43)G Hy, — Hp1Hy — sHy Hypy g
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(iii) Substituting sH,,—1 = H,,+1 — rH,, into (i) yields
(r* +48)Grim = Hys 1 Hyy + Hy(Hp1 — 7Hyp).
(iv) Substituting sH,,—1 = H,,+1 — rH,, into (ii) yields
(r? +45)(—=8)"Gpom = (r* +48)GpHyy — Hyy1 Hyy — Hy(Hppoq — 7Hy).

(v) First proof. Apply Binet’s formulas for G,, and H,.

Second proof. Replace m by —m in (ii) and use the identities

which are special cases of Theorem 1.7.Then
(12 +45)(=8)" Gy = (r* + 48)GpHyy — Hyy1Hyy — sHy Hypy 1,
and substituting m — —m yields

(r? 4+ 48)Grpm = (r* +48)GpHyy + HyHypoy — Hy Hyyyy.

(vi) First proof. Apply Binet’s formulas for G,, and H,,. Second proof. Replace m by —m in (i) and use the
identities given in (v).

1
(b) (i) Substitute Hp,42 = rHpmi1 + sHy, and Hy,— 1 = —(Hpq1 — rH,,) into
s

(r? +48)Hyp s = (2Hypi0 — 7Hyp 1) Hyy + 8(2H, 1 — 7Hy ) Hy o

which is given in Corollary 1.11.
(ii) Replace m by —m in (i) and use the identities

Herl — THm

H_p = (=8)""Hpn,  H_gn-1y=(=8)"""Hy1, Hp1=
S

(c) (i) First proof. Using (a)(i), (1.14), (1.15) and the relations Wy, 12 = rW, 114+ sWp,, W1 = %(Wm+1 —rWh),
we get required identity.

Second proof. Apply Binet’s formula for W,,.

Third proof. After proving (ii) via Binet’s formula, replace m by —m in
(=) (WoWp—my1 — WiWp_) = Wi Wehp1 — Wi W,
and use the identity
(=WE + sW§ +rWoW)W_,, = (=1)" s ((2W1 — rWo)WoWns1 — (WE + sWEHW,,)

which is given in Theorem 1.9.

Fourth proof. Using (a) (iii), (1.14),(1.15) and the relations Wi, 12 = rWi1 4+ sWy, Wip1 = 2 (Wi y1 —
rWp,), we obtain required identity.
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(ii) First proof. Using (a)(i), (1.14), (1.15) and the relations W0 = rWyi1 + sWy, Wyy_q = i1 =W

S
we obtain the required identity.

Second proof. Apply Binet’s formula for W,

Third proof. After proving (i) via Binet’s formula, replace m by —m in
—WE+ sWE +rWoW1) (WoWsmi1 — WiWaim)

Wo(=2W1 + rWo) Wt + (WP + sWE) Wy ) Wi t1
FH(WE 4 sWHWong1 — Wi (rWy + 28Wo )W, )W,

(
=

and use the identity
(—WE+ sWE + rWoW))W_,, = (=1)" T s7((2W1 — rWo)WoW,y1 — (WE + sWE)W,,)

which is given in Theorem 1.9.

Fourth proof. Using (a)(iv), (1.14) and (1.15) and the relations Wy 4o = rWyy1 + sW,, Wio1 =
%(Wm_l,_l — rW,,), we obtain required identity.

(iii)-(iv) Setting W,, = H,, in (i) and (ii), respectively, yields the desired identities.
(d) We know that
Gn+m = G7L+1Gm + SGnGm—L

From (a)(i), it follows that

H7L+1H7rL + SHnHm—l (TZ + 45)Gn+7n

= (r* +45)(Gn1Gm + 5GnGrm),

i.e.,

(1% +45)(Gpy1Gm + 8GnGrn1) — Hyy 1 Hyy — sHyH,y, 1 = 0. 0

Note that by using Theorem 3.1(a)(i), Theorem 3.1(a)(ii), and the identity
(r? +45)G,, = 2H, 1 — rH,,

we obtain the following results (already derived as corollaries of Theorem 2.1, given in Corollary 2.2(c)(i)—(ii) and
Corollary 2.3(c)(i)—(ii)): for all n,m € Z,

Gner + <_8)mGn7m = HmGn7 Gner - (_S)manm = GmHn

4 Identities: Group III

Next, we present several identities involving W,,, G,, and H,. It is worth noting that the proofs of parts (d)(iii)
and (d)(iv) in the following theorem have already been established by mathematical induction in Theorem 2.1.

Theorem 4.1. For all integers m,n, we have the following identities.

(a)
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(b)

(c)

(d)

(e)

(f)

()

() 2Woim = @Wini1 — 1Wi) G + Win Hy = 2Gu Wit + (Hy — 1Gp) Wi

(i) 2(=8)" Wy = —(2Wins1 — rWin)Gy + 2Wy Hyy — Wy Hi,.

(iii) 2Woym = 2H,a Wy + (=2Woni1 + W + Wo(2Hp i1 — rHp )G + (Wi — WoH,p, ) H,.
(Gv) 2(=8)" Woem = @Wins1 — r'W + Wo(=2Hps1 + 7Hp))Gr + (=W, + WoH,p ) H,,.

() 2Woim = WoHy, + (WiH, 4+ sWoH,_1)Gy.

(ii) 2(=8)"Wy_p = Wy Hp, — (Wi H, + sWoH,—1) G-

(iii) 2Whim = WyHp + (WoHns1 + (Wi — 1Wo)Hy) G,

(iv) 2(—=8)"Wp_p = WnHp, — (WoHpi1 + (Wi — rWo)Hy )G

(v) WypHpy — W H, = (2Wonsr — rWon)Grn — (Wi H,, + sWoHp—1)Gon.

(i) Wogm = Wn+1G7n +sW, Gt = Wn-{—le + Wn(G7n+1 - TGm)
(ii) (—S)manm = —Wn+1Gm + WnGm+1.

(1) (W2 + sW2 +1rWoW1) Wogm = (W1 + rWo) Wiyt + sWoWo )W, + s(WoWpy1 — WiWo, )W, 1.
(i) (—WE+sWE+rWoW1)(=8)" Wy = (=WiWi1 + Wi (rWi +sWo ) )Wy, — s(Wo Wiy i1 = Wi W, )W, 1.
(iii) (=W + sWg + rWoW1)Woim = WoWs1 — WiWo ) Wit + (—WiWoi1 + (bW + sWo) Wi )W,
(iv) (—=WE+sWE+rWoW1)(=8)" Wy = (=WoWop1 +WiW )W 1+ (= Wi +rWo) W1 +sWo Wi )W,

(1) W + (—8) " Wi = Wy Hyp.

(1) Wy — (—8)" Wi = (WiHy + sWoHp_1)Gr = (WoHns1 + (Wi — 1Wo) Hy)Gon.
(iii) Wipon + (—8)™" Wi = Wi (Gt + 5Gm1) = Wi Hyn.

(iv) Whgm — (=8)" Whem = 2Whg1 — W) G

() 2Woim = 2Gm Wit + (Hp — rG) Wi
(3i) 2(=8)"Wn—m = —2GmWns1 + (Hm + rG) Wi,

Proof.
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(i) First proof. From Lemma 1.2, we know that

W, = WoGngy1 + (Wi —1Wo)Gh,
W, = WiG, + sWoGph_1.

Adding these two equations side by side gives

2Wn = (2W1 — TWQ) Gn + Wo (Gn+1 + SGn_l)

ie.,

where

ZWn = (2W1 — ’I’W()) Gn + W()Hn

Gn+1 + Sanl =H,

as given in Corollay 1.5 (a). Therefore,

Wi = (2Wini1 — 1Wia) G + Wi H,,

is obtained from (4.1) by shifting the initial terms of {W,,} to W,,,, W,,,.1 which completes the proof.

Second proof. Using Binet’s formulas for W,,, G,, H,: If a # 3, then

2 Wn +m

9 <W1 — 6W0@n+m _ W1 — O‘WOﬂn+m>

(2 (Wamﬂ _ WBmH)

(o) (LG - e )y
Wi —-8BWo ,, Wi—aWy . . .

+< a—p “ a—p 5>(a +5")

(2Wpi1 — 1 W) G + W H,,.

If o = 8, i.e., —s = a?, the same identity holds after simplification.

Wim = 2(n+mWi—a((n+m)—1) Wo)alrtm -1
= 2x((m+1)W; —a((m+1) —1)Wy)almH-1
—2a(mW; —a(m—1)Wo)a™ 1) x na™ ! + (mW; —a(m — 1) Wp)a™ ! x 2a"
= (2Winsr — rWi) G + Wi H.

Third proof. By induction on n.

(ii) Using Binet’s formulas for W,,, G,,, H,: If a # 3, then

2(=8)"Wy—m

— Q(Qﬁ)m (wan—nz _ Wﬁn_m)
o (Wi =BWo - Wi = oW g
B (2( a-p o a—f ﬁ+>
N .
Wy — BW, Wy — aW,
+2< 105—55 “a — 1@_055 05") (@™ 4 ™)

Wi — BW, Wi — aW,
_ (10[ —Bﬁ Oam—ila _ozﬂ 05m> (o™ 4+ 8")

= —( QW1 — 7 Wi)G + 2W, Hypy — W H,.
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If o = 8, i.e., —s = a?, the same identity holds after simplification:
2=8)"Wnem = 2(a®)™((n—m)Wi —a((n—m)—1)Wy)ar—m™1

= —2((m+ )W —a((m+1)—1)Wy)alm+b-1
—2a(mW; — a(m — 1) Wp)a™ na™!
+2(nWy — a(n — 1) Wy)a™ ! x 2a™ — (mW; — a(m — 1) Wo)a™ * x 2"

= —(2Wyy1 —Wn)Gy + 2W, H,y, — W Hy,.

(iii) Replace m by —m in (ii) and use the identities
W—n = 7(75)7H(Wn - HnWO)a H—n = (78)7”‘Hn7 G—n = 7(75)7nGn7

which are given in Theorem 1.7 and Corollary 1.8.

(iv) Replace m by —m in (i) and use the identities given in (iii).
(b)
(i) Using Binet’s formulas for W,,, G,,, H,: If a # 3, then

Wy — BW, Wi — aW,
2Whsm = 2 (10[ _ﬁﬁ Oa"+m_ 104_0% 06n+m>

(W =W, Wi —aWo o am
= (e - ) )

HWa(a” 4 87) - apWa(a 1 4 g7 T
= WypHyn+ WiHy, + sWoH,—1)Gp,.
If a = 3 (i.e., —s = a?), the same identity holds after simplification:
Wasm = 2((n+m)Wi —a((n+m)—1)W)a+m =1

= (W —a(n—1)Wy)a™ ! x 2a™
+(W; x 2a™ — a? x Wy x 22" 1) x ma™™?

= WnHm + (WlHn + SWOHn—l)Gm-

(ii) First proof. Using Binet’s formulas for W, G, H,,: If o # 3, then
W1 - 5W0 n—m W1 - CVWO nm)
Z1i— 2%, —1 03

2(=8)"Wpem = 2(ap)™ ( P P
_ <W15W0an_W106W0
N a—p a—0
—(Wi(a" + B") — afWo(a" ! + 771))
= W,H,, — (WlHn + SWoHn_l)Gm.

Bn) (am +Bm)
a™ 7Bm

a—p

If a = 8 (i.e., —s = a?), the same identity holds after simplification.

2(—8)™ Wi

2(a)™((n —m)Wy —a((n —m) — 1) Wo)a™ ™!
(W1 —a(n—1)Wy)a" ! x 2™ — (W) x 22" — &*Wy x 22" 1) x ma™ !

= W,H,, — (WlHn + SWQHn,1)Gm.
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(c)

This completes the proof.

Second proof. Replace m by —m in (i) and use the identities given in (a)(iii).

(iii) Substituting H,_; = L(H,11 — rH,) into (i) yields the desired identity.

S

1(Hp41 — rH,) into (i) yields the desired identity.

(iv) Substituting H,,—1 =

(v) Combining (i) with (a)(i), we obtain
W1 — W) Gy + Wi Hyy = W, Hyy + (Wi Hy, + sWoH,—1)G oy

which implies
(2Wm+1 — TWm)Gn — (WlHn + SWOHn—l)Gm = WnHm — WmHn

(i) First proof. Using Binet’s formulas for W,, and G,: If a # 3, then

_ Wl—ﬂW() ntm Wl—OéW() ntm
Wn+m = o — 6 « o — 6 ﬁ
_ Wl—ﬁW()anJrl_ Wl—aW05n+1 am_ﬂm
a—pf a—pf a—pf
Wi — BW, Wi —alWy amt — gt
a—pf a—pf a—pf

= Wn+1Gm + sW,,Gp—1-

If a = 3 (i.e., —s = a?), the same identity holds after simplification:
Woim = ((n+m)Wi —a((n+m)—1)Wy)a ™1

= (n+ D)W —a((n+1) = 1) Wy)a" 1 x ma™™?
—a?(nWy —a(n—1)Wo)a" x (m —1)a™ 171

= WnJrle + SWnGmfb
. 1 .
Moreover, setting G,,—1 = —(Gp41 — rGyy) in
s
Wn+m — n+1Gm + SWnGmfl

yields
Wn+m = Wn+1Gm + Wn(Gm+1 - TGm).

This completes the proof.

Second proof. Setting n — n + 1 and m — m — 1 in the identity
Wotm = WoGrmt1 + sWiy_1Gn,

which is given in Theorem 1.10, we obtain

Wner = n+1Gm + SWnGmfl-
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(ii) First proof. Using Binet’s formulas for W,, and G,,: If a # 3, then

m - Wl - BWO n+1 W1 — OZW() n41 a™ — ﬂm
W1 G+ (—8) ™" Wiy = ( T o —
ramgm (Wa=BWo nom  Wi=aWo g,
a—p a—p
Wi — BW, Wi —aWy amtt — gt
— MUY n =W,G
< a — ﬁ « o — ﬁ ﬂ ) o — ﬁ nIm-+1
ie.,
WnGerl = WnJrle + (_5>mWn7m
If o = 3 (i.e., —s = a?), the same identity holds after simplification:
Wipi1Gm + (=8)"Wyem = ((n+ D)W —a((n+1) = 1) Wy)a" 1 x ma™!

+a2™((n —m)Wy —a((n —m) — 1) Wy)a™ ™!
= (W —am—1)Wo)a" ' x (m+1)a™ " =W,Gpy.
This completes the proof.

Second proof. Replace m by —m in (i) and use the identities given in (a)(iii). Indeed, Indeed,
Whem = n+1G7m + SWntmfla

and so
W = Wt (—(5) " Gon) + 57, (—(=9) "G
which implies
(_S)mWn_m - n+1Gm + WnGm+1-

(d) Note that the proofs of (iii) and (iv) have already been established by mathematical induction in Theorem 2.1.

Here, we provide alternative proofs.

(i) Using (b)(i), together with (1.13), (1.14) and (1.15) we obtain the required identity. In particular,

substituting W,,_1 = %(Wn+1 —rW,) into

(—W2 4+ sWE + rWoW ) Woim = (W1 + rWo) W1 + sWoWu )Wy + s(WoWogy — WiW )W,

yields (d) (i).

(ii) Using (b)(ii), together with (1.13), (1.14) and (1.15) we obtain required identity. Substituting W,,_; =

%(WHH —rW,) into

(—WE4sWE+rWoW)(—=8)" Wy_m = (=W1i Wit + Wi (rWy 4+ sWo ) )W, — s(Wo W1 — Wi W )W, 1

yields (d) (ii).
(iii) First proof. Substitute W,,_; = %(Wn+1 —rW,) into (i).
Second proof. Using (a)(i), together with (1.13), (1.14) and (1.15) we obtain the required identity.

Third proof. Using (1.15) and (c) (i), we obtain the required identity. In particular, substituting W,,,—; =

L(Wing1 — 7Wiy) into

(=WE + sWG + rWoW) Wogm = (WoWag1 = WiWo)Wgs + s(WoWo, = WiWo 1) Wy,
yields (d) (iii).
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1
(iv) First proof. Substitute W,,_; = ;(W,H_l —rW,) into (ii).
Second proof. Using (a) (ii) together with (1.13), (1.14) and (1.15) we obtain the required identity.

Third proof. Using (1.15) and (c¢) (ii), we obtain the required identity. In particular, substituting
Winto = 7Wpi1 + sW,, into

(=W 4+ sWE + rWoW1)(—=8) " Wi _ym = —(WoWii1 — WiWo ) Woir + (WoWiia — WiWe i)W,
yields (d) (iv).
(e)

(i) First proof. Apply Binet’s formulas for W,, and H,,. Second proof. Add side by side (b)(i) and (b)(ii), or
(b)(iii) and (b)(iv), or (a)(iii) and (a)(vi). Third proof. Use induction on n.
(ii) First proof. Apply Binet’s formulas for W,,, G,, and H,. If « # 3 then

Wn+m - (75)mWn—m
(Wl — ,BWO Oén+m _ W1 — OéW() Bn+m> _ (Oéﬂ)m (Wl — ﬂWO O[nim _ W1 — OzWo ﬁnm>

a—p3 a—pf a—p a—pf
= W0+ 87— (@5 + ) W) =
= (0" AW = (o ) W) T
= (WIHn + SWOanl)Gm
If & = B,i.e.,. In this case —s = a?. Then, we get
Wn+m - (_S)mWn—m - ((n + m)Wl — ((n + m) — 1) WQ)Oén+m_1

—a®™((n —m)W; —a((n —m) — 1) Wp)am ™!
= (W x2a™ — &*Wy x 22" H)yma™

= (WlHn +SWOHn_1)Gm.

This completes the proof.
Second proof. Subtract side by side (b)(i) and (b)(ii), or (b)(iii) and (b)(iv), or (a)(iii) and (a)(vi). Third
proof. Use induction on n.

(iii) Add side by side (c)(i) and (c)(ii).
(iv) Subtract side by side (c)(i) and (c)(ii).
(f)
(i) Add side by side (e) (i) and (e) (iv). Note also that if we exchange n and m in (a) (i) we obtain

Woim = 2Wis1 — 1 W)Gon + Wy Ho,
2G Wit + (Hpy — G ) Wi,

(ii) Subtract side by side (e) (i) and (e) (iv). O
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From Theorem 4.1, we get the following Corollary. To prove (a) (ii) 3. in the following Corollary we use the
identity
GoHy, — HiGh = 4((=5)" G, — (—5)"GY)

which is given in Lemma 1.13 (f) (ii).

Corollary 4.2. Let n,m,k € Z. Then

(a)
(i) 2Gnim = 2Gmi1 —rGp)Gp + G Hy,.
(ii)
1. Gogm + (—=8)"Gp—m = G Hpp,.
2. Gpom — (—8)"Gp—m = H,Gp,
3. 4(=8)"GpymGn-m = G2H2 — H:G? = (G,Hp, + GnH,) (GoH,y, — G H,) = 4((—s)™G? —
(—5)"G?)-
ie. GoimGnom = G2 — (—=s)""™G2,
4. G2, —s*mG2_ = G,H,GpnHy = GopGan,.
5. G2, +s*"G%_, = 3(GZH2 + H2G?).

n+m

2Gn+m - GnHm+HnGm7
2(=5)"Cnem = GnHp—GmH,.

~

CAGE L, — (—s)PGE_) = BG2HE + G% H?)G, H,.
CAGE L+ (—s)PGE L) = B3GE H? + G2H?)G Hy,.
(i) (—8)"Gp_m = GnGms1 — Gns1Gm.

(V) Gp(Hpm — Gmi1) = 8Gn_1Gum + (—8)™ G-

(V) Grumtk = Grim—1)Hngk — (—=8)" T Gr(m—2)—k-

o

(b)
() 2Hpim = (2Hps1 — 7 Hp)Gr + HogHy = (12 + 48)Gon Gy + Hy Hy.
(i)
Hypyn + (—8)" Hyy_pn = Hy Hp,.
Hyim — (—=8)"Hy—y = (rHy + 28H,,—1)G = (12 4 48)G Gy
4(=8)"HyymHpy—n = H2H2, — (r? + 45)°G2G?,.
H721+m —s?2mH? = (r? + 48) G Hp G Hyy = (1% + 45)Gap Gop.

S O v o~

H72L+m + S2mH%—m = %(HTQLHTQH + (TZ =+ 45)2G%G3n)
2H,+m = HpHpy+ (rHy +2sH,1)Gp,
2(=8)"Hp—m, = HuHy — (rHy+2sH,—1)Gp.

7. AH2 ., — (=s)*"H2_ )= (r? + 4s)(3HZHZ + (r* 4+ 45)°G2G2,) GG
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8 A(H2,, + (—s)>™H3_ )= (H2H?2 +3(r? +45)°G2G?,)H, Hyy,.
(iii) (=s)"Hp—pm = HyGre1 — Hyp1G,
(iv) Hy(Hy — Gry1) = sHp— 1G4+ (—8)™" Hyy— .
(V) Humsk = Hpm—1)Hpsk — (—s)"*an(m_Q)_k..

(c)

(i) 2Gpan = HnGyn + G Hy,.

(i) 2H,n = (r? +48)G,, G, + Hy Hy,.

(iii) (r? +4s)(GpHp — (—8)™Gpem) = Hys1Hp + sHy Hyp 1.
(iv) (r* +48)Gnim = Hopmyr + (—8)" Hy i1 + sHy Hy 1.
(v)

(r? +48)Gpima1 = Hoy1Hpyr + sHy Hyp,.
(r? +48)Gp = Hy i1 Hoy + sHy_p Hpp 1.
(12 + 48)Grsm—1 = HyHp + sHy—y Hy_1.
(r?

Gn = Hmanerl +5sHy 1Hy .

+ 4s
+4s

e v o=
\/\/\/\/

(vi)

(r? + 48)Gay, = Hyo1 Hyy + sH, H,y, .

(r? + 48)Gaony1 = rHopy1 + 2sHop = H2 | + sH2 = HyyoHy + sHy 1 Hyy 1.

(r? +48)G3, = rH3, + 2sH3, 1 = Hopy1H, + sHaypHy 1 = Hyy1Hoy + sHy Hap 1.

(T2 +48)Gsp41 = rHspy1 + 2sHs, = HopioHy + sHopy1Hy—1 = Hopy1Hy1 + sHop Hy, .

(r? + 48)Gany2 = rHapyo + 2sHzni1 = HopyoHpy1 + sHopy1 Hy, = HopysHy, + sHopyo Hyy .
(r? + 48)G4p = THyp + 25Hyy 1 = H3nHyy1 + sHzy 1 Hy, = Hopy1 Hop + sHop Hap .
(r? + 45)G's,, = THsp + 25Hsy 1 = HynHyv1 + sHay 1 Hy, = Hapyo1 Hop + sH3p Hap .

NS S v o~

(d)

Gon = G H,.

Gon = Gp_1Hpyiq +1r(—s)" L

Gon = Gpiy1Hp—1 —1(—s)" L.

Gop = G, 2Hn+2—|—r(7“ —|—25)( s)" 2.

e v~

(ii)

Hy, = H2 —2(—s)".

2H,, = (r* +4s)G? + H2.

8(—s)"Hay, = HE — (r? +45)2G% = (H2 — (r? + 45)G2)(H?2 + (r? + 45)G?2).
H2 = (r? +45)G? + 4(—s)".

Hay = (1* +45)Gni1Gro1 + (—8)" 71 (1% + 2s).

Hay, = (1% +48)G2 + 2(—s)™.

Hyp = Hyy1Hpoy — (—s)" 1 (r? + 2s).

NS G v o~
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(e)

(iii)

(iv)

(v)

(vi)

(vii)

(viii)

ST S A N R S R

A I

e e o~

e v~

4G3, = (r? +45)G2 + 3H2G,, and 2G3,, = G, (H2 + Hay,) and 4G3,, = G, (3H2 + (r? + 45)G?2).

G3n = GonH,, — (=8)"G,, = G, H2 — (—8)"G,, = (H? — (—8)")G,.
Gsn = Gp(Hap + (—5)™).

Gsp =7 (7"2 + 38) Gan_3 + $3G3n_s.

G3n = (r? +45)G3 + 3(—s)"G,,.

Gsn = Hopn Gy + (—8)"Gy.

G3n = Hypi1Gn1 + (—8)" LG

G3n = Gony1Hp 1 — (—8)" 1Gpo.

4H3, = 3(r? + 4s)G2H,, + H3 and 2Hs,, = H,((r* + 4s)G? + Hay).
Hs, = (r? +48)Ga, Gy + (—8)"H,, = (12 + 45)G? + (—s)")H,,.
Hsy = HanHy — (—$)"H,, = (H2 — 3(—s)") H,,.

Hsp = (r? +48)Gon1Gr-1 + (—8)" ' Hppo.

Hs, = Hopi1Hy1 — (—8)" " ' Hpppo.

2G4y = H,Gp(H? + (r? +48)G?) = Gan (H2 + (1% + 45)G?).
Gun = H3, Gy, + (—8)"Gap = (H2 — 2(—5)")Gap.

Gin = GanH, — (—8)"Gay = (H2 — 2(—5)")Gay.

Gan = GopHop = (H2 — 2(—8)")Gayp -

8Hy, = 6(r% +45)G2 H2 + (r? + 45)>G* + H2.

Hy, = (12 4+ 45)G3,, + 25",

Hyp = (r2 +45)Gs, Gy + (—8)"Hyy = (H2 — 2 (—5)")% — 2 (—s)"".
Hyp = HypHyy — (—8)"Hap = (H2 — 2(—5)")2 — 2(—s)*".

1. 16Gs5, = 10(r? + 48)G3 H2 + (r? + 45)?G> + 5HAG,,.
2. Gsp = H3,Gop + (—8)2"Gp, = (H2 — 3(—8)")H?2 + (—5)*)G,,.
3. Gsn = GanHay — (—5)G,, = (H2 — (—=5)")? — (=5)" H2)G,,.

1. 16Hs,, = 10(r? + 48)G2 H3 + 5(r2 + 45)2G2 H,, + H?>.

2. Hs, = (1% 4+ 45)G3,Gop + (—5)"H,, = (H? — (—5)")(H? — 4(—8)") + (—s)*")H,,.

3. Hyp = HaynHay — (—8) H, = ((H2 — 8(—s)") (H2 — 2(—5)") — (—s)2")H,

1. 2C;2n+1 = Gn+1Hn + Gan+1~

G2n+1 - Hn+1Gn + (_S)n-
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(ii)

(iii)

(iv)

)

(vi)

(vii)

(viii)

G2n+1 = Gn+1Hn - (75)77,

4. Gapg1 = 5(HZ + Gy Hy — 2(—5)") = 5 (Hon + 7Gay).

T e = e e =

T e =

e e o~

e o o~

S O o v o~

2Ho, 1 = (1% +48)G Gy + HyHy g 1.

Hopi1 = (r? +48)Gpy1Gy +r(—5)".

Hopy1 = Hpp1H, —r(—9)™.

Hopir = 2((r® + 45)Gay 4+ 1Hap) = 3((r* + 48)Go Hy, + r(H2 — 2(—5)")).

4Gspt1 = G H2 + GoHyHyp1 + (r? + 48)G2Gri1 + GoHy Hy g

Gsn+1 = Hon1Gn + (=8)"Gp1 = ((r? + 45)G3 + (=8)")Gra1 +7(=5)"Gy.
Gsn+1 = Gony1Hy — (=8)"Gp1 = (Hyy — (=8)")Gg1 — (—3)" Hy.

Gsnt1 = Hap + (—8)Gsn1 = 3(Hsp + rGsy).

4Hzp 1 = 2(r? 4+ 48)G Gy 1 Hy + (r? +48)G2 H, 1 + H2H,, 1.

Hapi1 = (r? + 45)Gon1Grn + (=8)" Hnr = ((r° +48)G}, + (=5)") Hngr + (17 + 48)(=5)" G
Hspi1 = Hopy1Hy — (—8)"Hyp1 = (H2 — (—=8)")Hypy1 — 7(—5)"Hp.

Hipi1 = (r? +48)Gsy — sHap—1 = 2((r® +48)Gsy, + 1Hsy) = ((r2 +4s)(H2 — (—8)")Gp +1(H2 —
3(=s)")Hy).

4G3nt0 = 2Gpp1HpyHpy1 + G HZ 4 + (r? + 45)G,G2 4.

Gant2 = Hong1Grp1 + (=8)" TGy = (2 +45)Gh 1y + (=8)" )G +1(=8)" G-

Gsns2 = Gony1Hpsr — (=8)" Gy = (Hi g — (=) G + (=8)" Hpp1.

G3nio = H3,Go + 52G3y_o = %(GQHgn + HyGs,) = %(Gg(Hﬁ —3(=8)")H,, + Hy(H2 — (—8)")G,,).

4Hspyo = (r* 4+ 48)G2  Hy 4 2(r? 4 48)GnGpy1 Hy + H o HZ .

Hznio = (r* +48)Gony1Gnir + (—8)" T H, = ((° Jr45)G2+1 + (=8)" ) Hy, — (r? +45)(=5)" G-
Hspiz = Hopy1Hpsr — (=) Hy = (Hy g — (=)' ") Hy — T(—S)"Hnﬂ-

Hspio = 2((r? + 45)G2Gsy + HoHsy,) = 2((r? + 4s)(HZ — (—5)")G2G,y, + (H2 — 3(—s)")H2H,,).

8Gunt1 = Gni1H2 +3(r? + 48)G2G a1 Hy + (r? +48)G3 Hy1 + 3G H2H,y 4 1.

Gant1 = H3p1Gn + (=8)"Gang1 = (H,y, Hn+1 =7 (=8)") GnHy + (—5)™".

Gint1 = Hins1Gn + (=8)"Gopi1 = (H2 — (=5)") Ho1Gn + (—8)" (=G + Gr1)Hy — (—5)™"
Gant1 = Gan1 Hy — (=5)"Gans1 = (Hﬁ S)n) Gui1Hy — (=8)" H2 = (=8)" GnHpi1 — (—3)™".
Gins1 = Gani1Hy — (—=5)"Gonyr = (H2 = 2(=5)")Gny1 Hy — (—=3)" H2 + (—5)*".

Gint1 = Hin—5Gan—1 = 5(HinG1+ H1Gap) = 5((H2Z =2 (—5)")? —2(=8)*" +r(H2 —2(—5)")Gan).

1. 8Hupt1 = 3(r? +48)GnGpi1H2 + 3(r? + 48)G2 Hy Hy g + (12 4 48)2G3 Gy + H3H,ppp1.

Hyn1 = (r?+45)G3p01Gn+(—8)"Hopi1 = (1> +48)GGry1 H2 — (1?2 +45) (—s)" G Hy, +7 (—s)2n.
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(ix)

(*)

(xi)

(xii)

H4n+1 = (7’2+45)G3n+1Gn+(*$)nH2n+1 = (T2+4$)(GTLG”+1H317(78)” G71Gn+1*(75)n Gan)+
(=8)" HyHypiq — 1 (—5)>".

Hypyr = (Hzpp1Hy — (=8)"Hant1) = _(r2 + 4s) (_S)n Gn1Gn + (HT2L - (_S)H)HnHrwl -
r(=s)" (Hp + (=5)").

5. Hipg1 = (Hspy1Hp — (=8)"Hopg1) = (H2 = 2(=5)")HpHpp1 — 1 (—=s)" (HZ — (—s)").
6. H4n+1 = (T2+4S)G4nG1 —sHy,_1 = %((T2+48)G4HG1 +H1H4n) = %((T2+48)(H721—2(—8)n)G2n+

e v o~

r((H: = 2(=5)")? =2(=)"")).

8Gunt2 = 2G1HEHp i1 + 2G Hy HE ) + 2(r? + 45)G2 G Hygr + (2(r2 + 45)G G2 Hy,.
Ganta = Han1Gry1 + (—=8)" T Gap = (H] — (=5)" ) Hny1 — 7(=8)"Hp)Grp1 + (=5)" T G H,.
Gant2 = Gany1Hpy1 — (_5)n+1G2n = ((HT2L = (=8)")Gnt1 = (=8)"Hp)Hpy1 — (_3)n+1Gan~
Ginta = rHain +5°Gan—2 = §(HinGa+ HoGun) = 3(r((H2 =2 (—5)")? =2 (—5)"") + (r? +2s)(H2 —
2(—5)")Gap).-

8Hupt2 = (r? +4s)Gh  Hy + (r? +45)GLHY ) +4(r? +45) GG Ho Hpgr + (17 +45)°GLGT L +

n
27172
H2H2,,.

2. H4n+2 = (7'2 + 4S)G%n+1 — 2$2n+1'

8. Hinyo = (r* + 48)Gapt1Gpp1 + (=8)" T Hay = (r? + 4s)(Hy — (=8)")Grs1 — (=8)"Hp)Grp1 +

(=s)"FH(Hy = 2(=s)").

Hunyo = Hspy1Huqy — (=)W Hyp = ((HZ — (—5)")Hpg1 — r(—$)"Hyp)Hppy — (—s)" T (H2 —
2(—=s)").

Hypto = 7“(7“2 + 4S)G4n + (—5)2H4n_2 = %((’I"2 + 4S)G2G4n + H2H4n) = %(T(T2 + 48)(H121 —
2(—8)")Glan + (r? + 25) ((HZ = 2(—9)")2 — 2(—9)™")).

. 8Gynt3 = Gn+1Hn+2H72l—|—2GanHn+1Hn+2+(T2+4S)GTZLG”+1Hn+2+2(T2+4S)GnGn+1Gn+2Hn+

(T2 + 4$)G%Gn+2Hn+1 + Gn+2H72LHn+1-

Ganys = Hzni2Grnir + (=8)" ' Gonpr = (HoHpyr — 7 (=8)")GniiHnyr — s(=5)" GnHpy +
5(—5)" HyGpyy — s (—s)™".

G4n+3 = H3n+2Gn+1 + (_s)n+1G2n+1 = (HanJrl -r (_s)n)GnJrlHnJrl +s (_s)Zn .

4. G4n+3 = G3n+2Hn+1 — (—S)n+1G2n+1 = (Gan+1 + (—S)n)H?LJrl + 2s (—s)n Gan+1 + s (—S)zn .
. G4n+3 = G3n+2Hn+1 - (_S)n+1G2n+1 = (Gan+1 + (_S)n)H»,QH,l + s (_3)n Gan+1 +

5(—8)" HyGpyy — s (—s)™".
Ginss = (r2+5)Hin +(—5)*Gan—3 = 3(GsHan+ H3Gan) = 3((r +)(H2 =2 (—5)")> =2 (—5)*") +
r(r? +3s)((Hy — 2(—5)")Gan)).

8Hypiz = (r? + 48)Gpi1GnioH2 +2(r? + 45)GpGryoHy Hyy 1 + (12 + 48)2G2 Gy 1Grga + 2(r? +
48) G Gpsr Hy Hopo + (12 + 48)G2 Hyy sy Hoo + H2Hyy o Hyp o

Hinys = (r?+45)Gsni2Grp1+(=8)" " Hangr = (r2+48)GnGrpt Hy g +(—8)" (r° +45) Gy 1 Hyg1 —
rs(—s)?".

Hyniz = (r?+48)G3p12Gni1+(—8)" T Hypy g = (r2+4s)Hg+1Gn+1Gn+s (—s)" (r?+45)Gpi1Gn+
(=)™ (r2 +48)Gry1Hpi1 — 5 (—8)" HoHps1 + 15 (—s)°" .
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4. H4n+3 = H3n+2Hn+1 — (75)n+1H2n+1 = H72L+1 (H,LHn+1 — T(*S)n) + s(—s)”(r2 + 45)Gn+1Gn +
s(—=8)"HpHypyq +1rs(—s)?".

5. H4n+3 = H3n+2Hn+1 — (7S)n+1H2n+1 = (Han+1 — T(*S)H)Hg_‘_l + 28(78)”Han+1 — 7"8(78)2”.

6. Hints = (r? +45)(r* + 8)Gan + (—8)*Hap—3 = 2((r* + 45)G4nG3 + HsHyy) = L((r? + 4s)(r? +
$)(HY = 2(=8)")Gan +7(r? + 3s)((H2 = 2 (=5)")? = 2(—5)"")).

(f)
(i)
1. Guas+ 852Gy = (12 4+ 25)Grys.
2. Guis — 52Gpyp1 = rHyys.
3. Hyys+8*Hpy1 = (1% + 28)H,y 4 3.
4. Hpys — s°Hy1 = 17(rHpys + 2sHppo) = 1(r? + 45)Gps.
(ii)
1. Gonye + 52Gopio = (r* +25)Gapia.
2. Gopye — $°Gaonyo = rHopta
3. Hopyg+ 82 Hopyo = (r? 4+ 25)Hopyyg.
4. Hanyo — 8°Hanyo = 1(rHapya 4 25Hopy3) = r(r° + 45)Ganya.
(8)
(i)
1. Gpy1— sGp—1 =1Gy.
2. Gpy1+ sGp—1 = Hy,.
3. 48Gpi1Gp_1 = H2 —12G? = (H, +rG,,) (H, —rG,) = 4(sG? + (—s)")
ie. Gpi1Gno1 = G2 — (—s)" L
4. G2 — $?G2_, =rGpH, = rGa,.
5. G2y + G2, = 112G + H).
6. 4G3 4 — (—5)3G2_y) = 3r*G2 + H2)H,.
7. 4GS+ (—s)3GE ) = r(r?GE + 3H2)G,,.
(ii)
1. Hy41 —sH,—1 =7H,.
2. Hyy1 +sHy 1 = (rHy +2sH, 1) = (r? + 48)G,,.
3. dsH, 1 H, 1 = (r? + 4s)> G2 — 12 H2.
4. H2 | — s*H2_| =r(r* + 4s)Gn H,, = r(r? + 45)Gay,.
5. H2,  +s*H2_ = 1(r*H2 + (r* + 45)2 G?).
6. 4(H3, , +s*H3_)) = (r? +4s)(3r*H2 + (r* + 48)2 G2)G,,.
7. A(H3, — $SH3_) = r(r2H2 + 3 (r2 + 45)> G2) H,,.
Proof.

(a) Take W,, = G,, in Theorem 4.1.
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(b) Take W,, = H,, in Theorem 4.1.

(c)

(d)

(i) This follows from (a)(i) by using the identity
Hm = (2Gm+1 - T’Gm)
(if) This follows from (b)(i) by using the identity
(r® +48)Gyp = (2Hyn 41 — THp).
(iii) Using (a)(ii)-1 and the identity Gpym = GnHpm — (—8)"Gp—m, we obtain
(r? +48)(GpHyy — (—8)"Grm) = Hpy 1 Hyy + sHy Hyp 1.
(iv) Using (a)(ii)-1 and the identity Hyym = HyHy, — (—8)" Hp—p, i€,
Hn+m+1 - Hn+1Hm - (_S)manmlea
which implies H, 11 Hy = Hypme1 + (—8)™ Hpy—my1, we obtain
(72 + 4S)Gn+m = Hpymt1 + (_S)manerl +sHyHp,—1.
(v) Since (r? +4s)G,, = 2H,+1 — rH,, from (a)(ii)-1 we derive additional formulas for the sequence G,: (i)
taken = n,m—m—1; (i) n—n—m,m—m; (iii) n = n—1, m—m; (iv)n—m—-1, m—n—m+1.
(vi) Further substitutions in (a)(ii)-1 yield additional identities: (i) n — n, m—n+1; (ii) n — 2n, m— 1
(andn—=n,me—=n+1l;n—=n+1, men); (i) n—3n—1, m— 1 (and n — 2n, m — n; n — n,
me2n); (iv)n—3n,m—1(andn—2n+1l, m—=nn—2n,m—n+1); (v)n—3n+1, m—1

(andn—2n+1,m—=n+Lin—=2n+2, m—n); vijn—4dn—1, m— 1 (andn—3n—1, m— n+1;
ne—2n,m—2n); (vi)n—dn—1,m—1(andn—4n—1, m—n+1; n— 3n, m— 2n).

(i) (1) Take n — n, m — nin (c)(i). (2) Take n = n+ 1, m — n — 1 in (a)(ii)-2. (3) Take n — n + 1,
m—n—11in (a)(ii)-1. (4) Take n— n+2, m —n — 2 in (a)(ii)-2.

(ii) (1) Take n — n, m — n in (b)(ii)-1. (2) Take n — n, m — n in (c)(ii). (3) Take n — n, m — n in
(b)(ii)-3. (4) Use (1) and (2). (5) Take n — n+ 1, m — n — 1 in (b)(ii)-1. (6) Take n — n, m +— n in
(b)(ii)-1. (7) Take n+—=>n+1, m — n —1 in (b)(ii)-2.

(iii) (1) Take n — 2n, m +— n in (c)(i), then use (i) and (ii). (2) Take n — 2n, m — n in (a)(ii)-1. (3) Take
n— 2n, m — n in (a)(ii)-2. (4) Take n — 3n — 3, m +— 3 in (a)(ii)-1. (5) Using the identities

4G3, = Gn(3H2 + (12 +45)G?), Gz, = G H? — (=5)"G,,
ie.,
3Gsn = 3(Gn M, — (—=5)"Gn),

we obtain
Gsn = 4G3, —3Gs3, = G (3H2 4 (r? 4+ 45)G?) — 3(G,H? — (—5)"Gy)
= (r?+45)G3 +3(—s)"Gp.

(6) Take n — 2n, m — n in (a)(ii)-1. (7) Take n — 2n+1, m — n —1 in (a)(ii)-1. (8) Take n +— 2n+1,
m—n—1in (a)(ii)-2.
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(iv) (1) Take n — 2n, m — n in (c)(ii), then use (ii) and (iii). (2) Take n — 2n, m +— n in (b)(ii)-1 and use
(i)-1. (3) Take n +— 2n, m +— n in (b)(ii)-2 and use (ii)-1. (4) Take n +— 2n+ 1, m +— n — 1 in (b)(ii)-1.
(5) Take n — 2n + 1, m+— n — 1 in (b)(ii)-2.

(v) (1) Take n +— 3n, m +— n in (c)(i), then use (iii) and (iv). (2) Take n +— 3n, m — n in (a)(ii)-1 and use
(iv)-3. (3) Take n — 3n, m +— n in (a)(ii)-2 and use (iii)-2. (4) Use (i)-1 and (ii)-1

(vi) (1) Take n — 3n, m — n in (c)(ii), then use (iii) and (iv). (2) Take n — 2n, m — 2n in (a)(ii)-2. (3)
Take n — 3n, m +— n in (b)(ii)-1 and use (ii)-1 and (ii)-4. (4) Take n +— 3n, m — n in (b)(ii)-2 and use
(ii)-1 and (ii)-4

(vii) (1) Take n+ 4n, m — n in (c)(i), then use (v) and (vi). (2) Take n — 3n, m — 2n in (a)(ii)-1 and use
(i)-1 and (iv)-3. (3) Take n +— 3n, m +— 2n in (a)(ii)-2 and use (ii)-1 and (iii)-2

(viii) (1) Take n +— 4n, m — n in (c)(ii), then use (v) and (vi). (2) Take n — 3n, m — 2n in (b)(ii)-1 and
use (i)-1 and (iii)-2. (3) Take n — 3n, m — 2n in (b)(ii)-2 and use (ii)-1 and (iv)-3

Guem = H,Gp+ (—8)"Gpem,
Grnim = GunHp—(—8)"Gnom,
Hpyym = (1 +48)GnGo+ (—8)"Hpym,
Hoom = HpHyp — (—8)™Hyp.

(e) (i) Take n+— n+1, m+— nin (c)(i). (2) Take n = n+ 1, m — n in (a)(ii)-1. (3) Take n —n+1, m +— n in

(a)(ii)-2. (4) Take n +— 2n, m +— 1 in (a)(ii)-1 and use the identities
$Gan—1 = Gant1 — 7G2n, Hyp, = HEL —2(—s)"

(ii) (1) Take n — n+ 1, m +— n in (c)(ii). (2) Take n — n+ 1, m — n in (b)(ii)-1. (3) Take n — n + 1,
m > n in (b)(ii)-2. (4) Take n — 2n, m +— 1 in (b)(ii)-1 and use (i)-1 and (ii)-1

(iii) (1) Take n+— 2n+1, m+— nin (c)(i), then use (i) and (ii). (2) Take n +— 2n+1, m +— n in (a)(ii)-1 and
use (ii)-2. (3) Take n — 2n + 1, m — n in (a)(ii)-2 and use (ii)-3. (4) Take n — 3n, m — 1 in (a)(ii)-1
and use the identity sGg,—1 = Gspt1 — rGsy,.

(iv) (1) Take n+— 2n+1, m — n in (¢)(ii), then use (i) and (ii). (2) Take n — 2n+1, m + n in (b)(ii)-1 and
use (ii)-2. (3) Take n — 2n + 1, m — n in (b)(ii)-2 and use (ii)-3. (4) Take n +— 3n, m — 1 in (b)(ii)-1
and use the identity sHs,—1 = Hs,y1 — 7H3, together with (d)(iii)-2 and (d)(iv)-3.

(v) (1) Take n +— 2n+ 1, m — n+ 1 in (c)(i), then use (i) and (ii). (2) Take n — 2n+1, m+— n+11in
(a)(ii)-1 and use (ii)-2. (3) Take n — 2n+ 1, m — n + 1 in (a)(ii)-2 and use (i)-2. (4) Take n — 3n,
m — 2 in (a)(ii)-1 and use the identity

1
G3n2 = ?(_GBnJr? + (r? +2s) G3,)

together with (d)(iii)-2 and (d)(iv)-3.

(vi) (1) Take n — 2n 4+ 1, m — n+ 1 in (¢)(ii), then use (i) and (ii). (2) Take n — 2n+1, m — n+ 1 in
(b)(ii)-1 and use (i)-3. (3) Take n — 2n+ 1, m — n+ 1 in (b)(ii)-2 and use (ii)-3. (4) Take n — 3n,
m +— 2 in (b)(ii)-1 and use (d)(iii)-2 and (d)(iv)-3.

(vii) (1) Take n+— 3n+ 1, m — n in (c)(i), then use (iii) and (iv). (2) Take n— 3n+ 1, m — n in (a)(ii)-1
and use (i)-2 and (iv)-3. (3) Take n +— 3n + 1, m +— n in (a)(ii)-1 and use (i)-3 and (iv)-3. (4) Take
n+— 3n+1, m+— nin (a)(ii)-2 and use (iii)-3 and (i)-2. (5) Take n +— 3n + 1, m — n in (a)(ii)-2 and
use (iii)-3 and (i)-3. (6) Take n +— 4n, m +— 1 in (a)(ii)-1 and use the identity sGap—1 = Gant1 — rGan
together with (d)(v)-3 and (d)(vi)-3.
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(f)

(g)

(viii) (1) Take n — 3n+1, m +— n in (c)(ii), then use (iii) and (iv). (2) Take n — 3n+1, m — n in (b)(ii)-1
and use (iii)-3 and (i)-2. (3) Take n — 3n + 1, m — n in (b)(ii)-2 and use (iii)-3 and (i)-3. (4) Take
n—3n+1, m— nin (b)(ii)-1 and use (iv)-3 and (ii)-2. (5) Take n — 3n+ 1, m — n in (b)(ii)-2 and
use (iv)-3 and (ii)-3. (6) Take n > 4n, m +— 1 in (b)(ii)-1 and use the identity sHy,—1 = Hypnt1 — rHyn
together with (d)(v)-3 and (d)(vi)-3.

(ix) (1) Take n+— 3n+1, m — n+ 1 in (¢)(i), then use (iii) and (iv). (2) Take n = 3n+1, m+—n+1in
(a)(ii)-1 and use (d)(i)-1 and (iv)-3. (3) Take n — 3n+ 1, m — n + 1 in (a)(ii)-2 and use (d)(i)-1 and
(iii)-3. (4) Take n — 4n, m — 2 in (a)(ii)-1 and use (d)(v)-3 and (d)(vi)-3.

(x) (1) Take n+— 3n+ 1, m +— n+ 1 in (c)(ii), then use (iii) and (iv). (2) Take n +— 2n+ 1, m +— 2n+ 1 in
(a)(ii)-2. (3) Take n+— 3n+1, m — n+1 in (b)(ii)-1 and use (iii)-3 and (d)(ii)-1. (4) Take n +— 3n+1,
m+— n—+1in (b)(ii)-2 and use (iv)-3 and (d)(ii)-1. (5) Take n — 4n, m — 2 in (b)(ii)-1 and use (d)(v)-3
and (d)(vi)-3.

(xi) (1) Take n — 3n+ 1, m — n+ 2 in (c)(i), then use (iii) and (iv). (2) Take n — 3n+2, m—n+1in
(a)(ii)-1 and use (vi)-3 and (i)-2. (3) Take n — 3n 4+ 2, m — n+ 1 in (a)(ii)-1 and use (vi)-3 and (i)-3.
(4) Take n — 3n+2, m+— n+1in (a)(ii)-2 and use (v)-3 and (i)-2. (5) Take n — 3n+2, m—n+1in
(a)(ii)-2 and use (v)-3 and (i)-3. (6) Take n +— 4n, m +— 3 in (a)(ii)-1 and use (d)(v)-3 and (d)(vi)-3.

(xii) (1) Take n+— 3n+ 1, m +— n+ 2 in (c¢)(ii), then use (iii) and (iv). (2) Take n— 3n+2, m+—n+1in
(b)(ii)-1 and use (v)-3 and (ii)-2. (3) Take n — 3n+ 2, m — n+ 1 in (b)(ii)-1 and use (v)-3 and (ii)-3.
(4) Take n — 3n+ 2, m— n+ 1 in (b)(ii)-2 and use (vi)-3 and (ii)-2. (5) Take n —3n+2, m—n+1
in (b)(ii)-2 and use (vi)-3 and (ii)-3. (6) Take n +— 4n, m +— 3 in (b)(ii)-1 and use (d)(v)-3 and (d)(vi)-3.

(i)
1. Take n - n+ 3 and m = 2 in (a) (ii)-1.
2. Take n - n+ 3 and m = 2 in (a) (ii)-2.
3. Take n —» n+ 3 and m = 2 in (a) (iii)-1.
4. Take n —» n+ 3 and m = 2 in (a) (iii)-2.
(ii)
1. Take n — 2n+4 and m = 2 in (a) (ii)-1
2. Take n — 2n+4 and m = 2 in (a) (ii)-2
3. Take n — 2n+4 and m = 2 in (a) (iii)-1.
4. Take n — 2n +4 and m = 2 in (a) (iii)-2.

(i) Take m =1 in (a).
(i) Take m =1 1in (b). O

From Theorem 4.1 the following results follow.

Corollary 4.3. Let n,m € Z. Then

(a)
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(i) WnH, = Wa, + (—s)"W.

(i) WGt = Wii1Gn + (=) Wo.
(iii) Wii1Hy = Wopsr + (—s)"Wi.
(iv) Wyt1Gni1 = WiioGy + (—s)"Wh.

(b)
(i) Gan = G H,.

(i) Gong1 = Gni1Hp — (=5)".
(ili) G2.; = Gny2Gy + (=)™
(c)
(i) Hap = H2 —2(—8)" = (r? +45)G? 4 2(—s)".
(ii) H,Gpy1 = Hpy1Gp +2(—5)".
(iii) Hopir = Hyp1 Hy —r(—5)"
(iv) Hpp1Gry1 = Hypo G +1(=5)".
(d) Hj = (r?+45)G] +4(—s)",
ice., H2 — (1% 4 45)G2 = 4(—s)".

Proof.

(a)
(i) Take n — n and m = n in Theorem 4.1 (b) (i) which gives Ha, = H2 — 2(—s)". Subtracting this from
2Hs, = (r? +4s)G2 + H? yields Ha, = (r? + 45)G? + 2(—s)™.
(ii) Take n — n and m = n in Theorem 4.1 (c).
(iii) Take n — n+ 1 and m = n in Theorem 4.1 (b).

(iv) Take n — n+ 1 and m = n in Theorem 4.1 (c).

(b) Take W,, = G,, in (a). Note that identity (ii) can also be obtained using Binet’s formulas as follows:
For o # §,

anJrl _ 5n+1

a—p

a2n+1 _ 52n+1

(~s)" = anp" = —

(o™ + B") — = Gpt1Hp — Gang.
For a = §3,
(=s)" =a"B" =" = (n+ 1)a™71 x 20" — (2n + 1)a® D" = G, H,, — Gopgs.
(c) Take W,, = H, in (b).

(d) Subtract (c) (i) twice from the identity 2Hs,, = (r? + 45)G? + H2 which was given in a previous corollary.

Alternatively, the proof can be given as follows:
4(—8)" = 4a"B" = 22" 26" = (H, + /72 + 4sG,) (H,, — V2 + 45G,,) = H2 — (r* + 45)G?
by Lemma 1.13. O
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Note that all identities in the previous corollary can also be proved by induction.

We now recollect several identities from Theorem 4.1 for the sake of completeness.

Lemma 4.4. For all integers m,n, we have the following identities

()

(b)

(c)

(ii)

(ii)

SR

e o~

e v o~

SR

SR

Wyt = 2Gn W1 + (Hy — 1Gy) Wi,

Wy = W Hp + (Wi H, + sWoH,_1)Gy,
Wi = W Hp + (WoH i1 + (W1 — 1Wo)Hp) G
Witm = Wit G + Wi (Ggt — 7Ga)

Wit = 2Gm Wit + (Hpm — 1Gom )W

2 8)" Wi = — (2Wins1 — 7 Wi )G + 2Win Hyry — Wi iy
(=)™ Wy = Wi Hop — (Wi Hy, + sWoHp_1)Gon

2(=5)" Wy = Wy Hyy — (WoHp 1 + (W1 —rWo)H, )G,
(—8)" Wi = —Wis1 G + Wi Goin

(=) W = —2GWinsr + (Hy +1Go) Wi

2 im = 2G Gt + (Hy — 1G)Gon.
%G = GuHyy + HoGo.

Grim = Gni1Gom + Gn(Gry1 — 7G).
3G = 2Gm s + (Ho — 7GsG

2(=8)"Gp—m = —(2Gm41 — G p)Gr + 2G Hyyy — G Hy,.
2(—8)" G = G Hy — HpGi.

(=8)"Gpem = —Gny1Gm + GnGiy1.

2(=8)"Gpem = —2Gn,Gpiy1 + (Hp +rGp) G

O Hoim = 2GnHums1 + (Hyy — 7Gr) Hp.
2H, v, = Hy,Hy, + (rH, + 2sHp,—1)G .-
O Hyim = HyHyp + (2Hnp1 — 7Hp)Gin.
Hyvm = Hyp1Gry + Hy(Grop1 — G-
O Hsm = 2GmHps1 + (Hy — 7Go) Hy.
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(ii)
1. 2(—8)"Hy_py = —(2Hpr1 — 7 Hy)Gy + 2H Hyy — Hyn Hy,.
2. 2(=8)"Hy—ym = HyHyy — (rHy, + 2sHy—1)G o
3. 2(=s)"Hy—p, = HyH,yy — (2H 41 — 7Hy )Gy,
4. (=8)"Hp_pm = —Hp11Gm + HyGrg1.
5. 2(—8)"Hy—m = —2GmHpi1 + (Hp + rGo) Hy.

(a) The proofs was given in Theorem 4.1.

(i) Identities correspond to Theorem 4.1 parts (a)(i), (b)(i), (b)(iii), (c)(i), (f)(i).
(ii) Identities correspond to Theorem 4.1 parts (a)(ii), (b)(ii), (b)(iv), (c)(ii), (f)(ii).
(b) Setting W,, = G,, with Gp =0 and G; =1 in (a).

(c) Setting W,, = H,, with Hy =2 and Hy =r in (a). O

As an application of Theorem 4.1 (e)(i) and Theorem 4.1 (e)(ii), namely
Wn+m + (_S)manm = Wrr%Herna

and
Wner - (_S)"LWrzfm = (WIHn + SWOanl)Gm = (WOHnJrl + (Wl - TWO)Hn)Gm7

the following corollary presents several identities for the generalized Fibonacci (Horadam) polynomials W,,, together
with their two special cases G,, and H,,.

Corollary 4.5. For all integers m,n we have the following identities

(a) 4(=8)"WpymWnom = W2H2, — (W1 H,, + sWoH,,_1)?G?2,.

(b) W2, — (=) W2_,, = (WiH, + sWoH,_1)GmHnW,, = (Wi H,, + sWoHy, 1) WG,
(€) Wi + (=) Wp_,, = s(WIH;, + (WiH, + sWoH,—1)°G}).

(d) 4(W3,,, — (—=s)3mW3_ ) = Gu(W1H, + sWoH, 1)(3W2H2, + (Wi H, + sWoH,_1)*G2,).

(e) 4(W3, . + (—s)3mW3_ ) = (W2HZ + 3(Wy H,, + sWoH,_1)2G2) W, Hp,.

(£) (W2 + sWE +rWoW1)(Whsm + (—=8)"Wh_m) = Wi (—=2Wy1 + rWo) Wit + (rWy + 2sWo)W,,).
(8) (—W2 4 sW2& 4+ rWiWo) Wigm — (=)™ Wh_m) = (rWy + 25Wp_1) (WoWir — WiW).

(h) 4(78)m(7W12 + SW02 + T’W1WO)2Wn+mWn_m = ((*2W1 + TWo)Wm+1 + (T’Wl + QSWO)Wm)2Wn2 — (TWn +
QSanl)z(W(]Werl - W1Wm)2.

(1) (*W12+8W02+T'W0W1)2(W3+m7(78)2mW72L_m) = (rW,L+2sWn_1)(WOWm+17W1Wm)((f2W1 +7”W0)Wm+1+
(rWy + 2sWo)W,, )W,

(_]) (—W12 +SW()2+TWOW1)2(W3+m+ (—S)2mW3,m) = %(Wﬁ((—QWl +TWQ)Wm+1 + (T‘Wl +2SWO)Wm)2+(T’Wn+
QSanl)Q(W()Werl — W1Wm)2).
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(k) 4(7W12 + SWO2 + TWQWl)g(Ws_’_m — (fs)SmWS_m) = (Won+1 — W1Wm)(rWn + 28Wn_1)(3W72L((72W1 +
’I"W())Wm+1 + (TWl + 28W0)Wm)2 + (TWn + 28Wn,1)2(W(]Wm+1 - W1Wm)2)

(1) 4(=WE4sWg+rWoWr )3 (W2, +(=s)>"W3_,) = (W2(=2W1+rWo) W1+ (rWi+25sWo) Wy, )2 +3(rW,, +
28Wn_1)2(W0Wm+1 — W1Wm)2)Wn((—2W1 + ’I”W())Wm_H + (TWl + QSWO)WM).

Proof.

(a) Substituting a = Wy4p, and b = (—s)™W,,_,, in the identity
4ab = (a +b)* — (a —b)?
and using Theorem 4.1 (e)(i) and Theorem 4.1 (e)(ii), we get the required identity
A=8)"WosmWaom = (Wagm + (=8)" Wam)® = (Waim = (=8)" Wiom)?
= WZ2H? — (W1 H, +sWoH,_1)*G?,.
(b) By appliying Theorem 4.1 (e)(i) and Theorem 4.1 (e)(ii)) and using the identity
a® —b* = (a+b)(a—0b)
we get

W72L+m - (*5)2mW3—m = = (Wagm + (=8)"Winom) Wagm — (=8)" W)
e WnHm(WlHn + SWOHn_l)Gm
(WlHn + SWoHn_l)GmHmWn.

(¢) Substituting a = W4, and b = (—8)™W,,_,, in the identity
a® +b* = (a +b)* — 2ab
or and using Theorem 4.1 (e)(i) and Theorem 4.1 (e)(ii), we get the required identity

Wr%er + S2mWr%7m W'3+m + (_S)2mW37m

= WZ2H? — %(W,%an — (Wi H,, + sWoH,,_1)?G?))
= %(WSHﬁl + (WiH, + sWoH,1)*G}).
(d) Substituting a = W, 4., and b = (—s)™W,,_,, in the identity
a® — b = (a—b)(a® + ab+b*) = (a — b)((a + b)* — ab)
and using (a) with Theorem 4.1 (e)(i) and Theorem 4.1 (e)(ii), we obtain the required identity.
(e) Substituting a = Wy, and b = (—s)™W,,_,, in the identity
a® + b = (a+0b)(a* —ab+b*) = (a+b)((a + b)? — 3ab)
and using (a) with Theorem 4.1 (e)(i) and Theorem 4.1 (e)(ii), we obtain

Wr?—!—m + (7‘9)3mWS—m

W, Hy (W2 H, — %(W,%an — (Wi H, + sWoH, 1)*G},))

1
— Z(WSH’%‘ +3(WH,, + sWoH,_1)*G? )W, H,,.
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(f) By using Theorem 4.1 (e)(i) and (1.13) we get required identity.

(g) By using Theorem 4.1 (e)(ii), (1.14) and (1.15) we get required identity.
(h) By using (a), (1.13), (1.14) and (1.15) we get required identity.

(i) By using (b), (1.13), (1.14) and (1.15) we get required identity.

(j) By using (c), (1.13), (1.14) and (1.15) we get required identity.

(k) By using (d), (1.13), (1.14) and (1.15) we get required identity.

(1) By using (e), (1.13), (1.14) and (1.15) we get required identity. [J

5 Identities: Group IV

The following theorem establishes several identities for Wy, 1., together with their two special cases Gyptrm and

Hkn—i—m-

Theorem 5.1. Let n,m,k € Z. Then, the following formulas hold.

(a)
(i) Wkn+m = %((WlHkn + SWOHkn—l)Gm + Hkan)~
(ii) Gkn+m = %(GmHkn + H7rszn)~
(iii) Hgnim = %((r2 + 45)GGrn + Hi Higp).
(b) (i) W, =1WoH, + (2W1 —rWy)G,).
(i) Win = $(WoHppn + (2W1 — rWo)Gin).
(iii) Wintm = %(WOHkn-i-m + (2W1 - TWO)Gkn-i-m)-

(c)
(i) Wengm = 1(@W1Gp + WoHy) Hin, — (rtWo — WiHo) Hy Gren + 25Wo G Hgn—1).
(i) Hintm = 3(Hp +7G)Hip + 285G Hip—1).
Proof.
(a)

(i) We use Binet’s formulas of W,,, G,, and H,,. If a # 8 (in this case s = —af3), then we get

Wi — Wy kn+m Wi — ol kn+m

" 7 -8
a—p a—pB

1

= g“mﬁﬁﬁ"+6“w+«—amm«@W%l+5““U>(d”—ﬂm>

a—p
W1 — 6W0 kn W1 — OéWo kn
a—pf @ a—pf A )
1
= 5((W1Hkn +3W0Hkn71)Gm +Hkan);

Wk:ner - (

+am+0m) (
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If a = B (in this case s = —a?) then we obtain
Wingm = ((kn+m)Wi - a ((kn +m) — 1) Wo)a* !
1
= 5((I/I/'l x 20ékn 4 (_aQ)WO % 2akn—1) % mam_l

+2a™(knWy — o (kn — 1) Wp)a™ 1)
1
= 5((W1Hkn + sWoHppn—1)Gm + HnWiy,)
This completes the proof.
(if) Take W,, = G,, in (i).

(iii) Take W,, = H,, in (i). Here, we use Corollary 4.2 (g)(ii) 2., namely (rH,, + 2sH,,_1) = (r? + 4s)G,, i.e.,
(rHpp + 25Hgp—1) = (12 4+ 48)Gp.

(b) We know from Theorem 4.1 (b) (i) that
Wi = WoHpy + (Wi H,, + sWoH,—1)Gp.
Setting n = 0,m = n in the last identity we get
2W,, = WoH, + 2W1 + sWoH_1)G,,.

Since H_1 = —%, we see that
1
W, = i(W()Hn + (2W1 — ’I"W())Gn).

Now it follows that 1
Wkn = §(W0Hkn + (2W1 - TWO)G]CTL)

and )
Winem = §(W0Hkn+m + (2W1 - TWO)Gkn+m)-

(c)
(i) Using (a) (i) and (b)(ii), we obtain
1
Wkner = 5((W1Hkn + SWOHknfl)Gm + Hka:n)
1 1
= §(<W1Hkn + sWoHpn-1)Gm + Hm§(WOHk:n + (WiHy — rWy)Grn))
1

= 1((2W1Gm + W()Hm) Hy,, — (’I“WQ — WlHo) H,,Gpn + QSWQGmHknfl).

(ii) Set W,, = H,, in (i). O
In the next theorem, we derive explicit identities for Wiy, expressed in terms of Gy and Hypim, which

follow directly from previously established relations.

Lemma 5.2. Let n,m,k € Z. Then

(a) Wkn+m -+ (*S)kan—m = %((2Wl — TWo)(QGm+1 — TGm)Gkn + W()HmHkn)

(b) (T2+48)(Wkn+m—(—S)kan,m) = %((2W1—TWO)(T2+4S)Gm(2Gkn+1—TGkn)+Wo(2Hm+1—’I"Hm)(2Hkn+1—
’I“Hkn))
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Proof. Apply the identities
Gner - GmGnJrl + (Gerl - TGm)Gna

and
(12 +48)Hp sy = (2H i1 — 7Hy ) Hy1 + (=7 Hppy1 + (12 + 25)H, ) H,y,

given in Corollary 2.2 (a)(i) and Theorem 3.1 (b)(i), respectively, together with Theorem 5.1 (b)(iii). O

6 Identities on W, and W_,,: Group V

Next, we derive several identities for the generalized Fibonacci (Horadam) polynomials.

Lemma 6.1. Let n,m € Z. Then

(a) (12 4+4s)W, W, = (—rWi+(r24+28)Wo) (Wi tm +(=8) "Wy )+ W1 —rWo) Wima1 + (—s)mHWn,(mH)).
(b)
(i) (2W1 —’I”W())Wzn = (T2 +4S)Wan,1 — (T2W0 +2sWy — ’I“W1>W2n,1 — (—S)n_l(’l"2W0 +2sWy —TWl)Wl —
(—8)”(2W1 — TWO)WQ.
(il) (2W17’)"W0)W3n = (7"2+4S)W271Wn,17(7‘2WO+28W07T'W1)W371,17(78)77'71(’)"2WO+2SWO*7’W1)Wn+1*
(=)™ (2Wy — rWo)W,.
(c)
(i) (7‘2 +4s)Wn,m+1Wn,m = (—TWl + (T2 + 28)WO)(W2n72m+1 + (—s)”*mwl) + (2W1 — TWO)(W2n72m+2 +
(_S)n—m-&-lWO).
(i) (r2+4s)W,,Wy_1 = (—rWy + (7% + 28)Wo) (Wap_1 + (=5)"W7) + (W1 — rWo)(Way, + (—5)"Wo).

(ill) (7"2 + 43)Wn7m+2anm+1 = (—TWl + (7”2 + 28)W0)(W2n,2m+3 + (—S)nierl Wl) + (2W1 —
TWo)(Wan—amsa + (—8)" "2 Wo).

(iV) (T2 + 4$)Wn+1W = (—T‘Wl + (’I"2 + QS)Wo)(Wgn+1 + (—S)n Wl) + (2W1 — TWo)(W2n+2 + (—S)n+1 Wo)

Proof. We use Binet’s formula for W,,, which is given as

Wi — BW, Wi — aW,
W, _ %ﬂﬁoan — %Oéﬂoﬁn , if a # B (Distinct Roots Case)

(nW1 —a(n—1)Wy)a™t | if a =3 (Single Root Case)
(a) Note that (a) can be written as
(r? + 48)W, W = A Wiy + (=) " AW + Do Wiy + (_5)m+1A2Wn—(m+1)

where

Al = —TWl + (7’2 + QS)W(), AQ = 2W1 — TWO.

Suppose that a # f3, i.e., 72 + 4s # 0. From Theorem 4.1 (b) we know that

W Hp = Wsm + (=)™ Wiy . (6.1)
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Changing m to m+ 1 in (6.1), we obtain
WnHm—H = Wn+m+1 + (_S)eran—m—l- (62)
‘We have also shown earlier that

(4s + r* )Wy, = (W1 — rWo)Hppq + (—rWi + (25 + 1°)Wo) H,,.

and (6.2) by and adding these results we obtain the required result,

o Ay Ay
By multiplying (6.1) by T s 71 ds

+4s
(7“2 + 4 YW, W = AW + (—8) " A Waem + AWy + (—8)m+1A2Wn,(m+1).

Suppose now that o = 3, i.e., r? +4s = 0 (and in this case r = 2o, s = —a?). Then
(=W + (% + 28)Wo) (W + (=8)" Wyom) + (2W1 = rWo) (Whsmt1 + (_S)m+1Wn*(m+1))

= (—2aW; + ((20)% + 2(=a?)Wo)(((n + m)W; — a((n+m) — 1) W)a™t™ =1 4+ (o)™ ((n — m)W; —
a((n—m)—1)Wo)a=™=1) 4 2W; — 2aW)(((n +m + D)W, — a((n+m+1) — 1) Wp)artmth-1 4
(@21 (n = (m + D)Wi = a((n — (m +1)) — 1) Woalr-(n+D)-1)

=0

=0x W, W,,

= (r® + 45)W,,W,.
(b) Take n - n, m=n—1;n — 2n, m =n — 1 in (a), respectively.
(¢) (i) Set n > n—m+1and m - n—min (a)

(if) Set m =1in (i) or rearrange (b) (i).

(iii) Take n — n+ 1 in (i).

(iv) Take m =1 in (iii). O

In particular, if we set W,, = G, with Gy = 0,G; = 1 in Lemma 6.1, the following corollary follows.

Corollary 6.2. Let n,m € Z. Then

(a)
(7"2 + 4S)GnGm = —T'Gn+m - T(_S)mGn—m + 2G7‘b+m+1 + 2(_S)m+1G”7(m+1).
(b)
2Gy, = (r2 + 48)GnGn71 +rGaopn—1 + T(_sykl’
2Gs, = (12 +48)GonGp1 +1Gap_1 +7(—5)" " Gny1 — 2(—5)"G,.

Restricting to the specialization W,, = H,, with Hy = 2, H; = r in Lemma 6.1, we infer the following corollary.

Corollary 6.3. Let n,m € Z. Then

(a)
HnHm — dn4m + (_S)manm-
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(b)
0 = HyHn_1— Hopq —r(—s)""},
HonHy—y — Hzpoy — (—8)" " Hy oy,

=
I

The following lemma provides results concerning W_,.

Lemma 6.4. Let n,m € Z. Then

(a) W, Ww_, = WO2 + (—W12 + SWO2 + TW()Wl)(—S)_"G%.
(b) WoW_p, = Wi + (WoWpi1 — WilWy)(—s) " Gh.

(C) (—W12 + 8W02 + ’I“W1W0)WnW_n = (—le + SW02 + ’I“W1WQ)W02 + (WOWn—H — W1Wn)2(—5)_n.
Proof.

(a) We use Binet’s formulas for W, and G,,. If a # 3, then

o W1 — BWO n W1 — OéWQ n Wl — BWO —n Wl — aWo —n
i (B ) (Bt
= ((1_16)2 (—a”Wl + 6"W1 =+ aa"Wo — BﬁnWO) a_",B_”(a"Wl — 6”W1 + OéBnWO — OénBWO)
n_ an\ 2
= W5+ (=W +sW§ +rWoWi)(aB) " (O‘a — g )

= WZ+ (-WE+sWZ+rWoWy)(—s) "G2.
Now, suppose that & = 8. In this case —s = o? and r = 2a. Then, we obtain

WoWon = (nWi—a(n—1)Wo)a" H(=nWi — a(-n—1) Wo)a™ "
= Wg + (=W} = ®W§ + 2aWWh)(®) " (na"71)2
= WE+ (-WE+ sW§ + rWoWi)(—s) "G2.

This completes the proof. Note that proof can also be done by using induction.
(b) Use (a) together with the identity (—=W32 + sWg + rW1Wy)G,, = WoW, 11 — W1 W,,.

(c) Use (b) together with the same identity (—=W3 + sW¢ + rWiWy)G,, = WoW, i1 — WAW,,. O

Specializing to the case W, = GG,, with Gg = 0,G; = 1 in Lemma 6.4, we deduce the following corollary.
Corollary 6.5. Let n,m € Z. Then G_,, = —(—3) "G,

Setting W,, = H,, with Hy = 2, H; = r in Lemma 6.4, we arrive at the following corollary.
Corollary 6.6. Let n,m € Z. Then

(@) HyH_, =4+ (r2 + 4s)(—s) "G2.
(b) HyH_p, =4+ (2Hp11 —7Hy,)(=8) "Gy

(c) (r*+4s)H,H_,, = 4(r? +4s) + (2H, 41 — rHy)?(—s)™".
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7 Identities: Group VI

In this section, we derive several identities for W,,, G,,, and H,, , some obtained solely from well-known binomial

identities, and others established through binomial identities in combination with Cassini’s or Catalan’s identities.
We begin with the following theorem, which presents several identities for W,,, G,, and H,,.

Theorem 7.1. Let n,m € Z. Then

(a)
(1) W2 — W2 — W2 =2rsWy i1t Wam.
(if) W2, —r?W2 — $*W2_| =2rsW,W,_1.
(iii) G2_,pg —12G2_ i1 — 5°G2_, = 2rsGp_ i 1Grm.
(iv) G2, —r*G? — s’°G%_| = 2rsG,Gp_1.
(v) H2 .o —7?H2_ . . —s*H2_,, =2rsH, i1 Hyomm.
(vi) H721+1 —1?H2 — s?H?2 | =2rsH,H, 1.

(b)

(1) (P2 +4s)(W2_ o —r*W2_ 1 — $*W2_ ) = 2rs((—rWi + (r* + 25)Wo) (Wan—2m41 + (—s)" "™ W1) +
(2W1 — rWo)(Wan—ama + (—s)" "W).

(ii) (r2+4s)(W2  —r*W2—s2W2_ ) = 2rs((—rWi+(r?+2s)Wo) (Wap—1+(—s)" " W1)+ (W1 —rWo) (Wap+
(=s)"Wo)).

(iii) (72 +48) (G20 —72G2_ 1 — $2G2_) = 2r5(2Gan—2m+2 — TGon—omi1 — r(—8)" ™).

(iv) (r?+4s)(G%, — r*G2 — s°G2_,) = 2rs(2Gay — rGap—1 — r(—s)" ).

(v) H2 o —7?H2_, 1 —s?H2_,, = 2rs(Hop—omt1 +7(—s)""™).

(vi) H2,, —r?H2 — s*H2_| = 2rs(Hap—1 +7(—s)"71).
Proof.

(a)
(i) Set a = rWy_mi1, b = sW,_,, in the identity (a + b)? — a? — b? = 2ab. Note that in this case, a + b =
™Wh—mt1 + SWhem = Whema2, ab=7rsWy_mi1Wpn_m.
(ii) Replace m =1 in (i).
(iii)-(iv) Substitute W,, = G, in (i) and (ii).
(v)-(vi) Substitute W,, = H,, in (i) and (ii).

(b)
(i) Use (a)(i) with together Lemma 6.1 (c) (i).
(ii) Replace m =1 in (i).
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(iii)-(iv) Substitute W,, = G,, in (i) and (ii).
(v)-(vi) Substitute W,, = H,, in (i) and (ii).

The following theorem establishes several identities for W,,, together with G,, and H,,.

Theorem 7.2. Let n,m € Z. Then

(a)

(b)

(a)

(1) W2 e = W3 =W =3rsWh 2 Wt W,
(i) W2, — W2 — $3W3_| = 3rsW, i W, W, _1.

(iii) G2 _, 10— 173G} _ 1 —$°Go_, = 3rsGp_ i 2Gnmi1Gnom.
(iv) G2, —r3G3 — G2 _ | = 3rsGp1GnGroi.

(v) Hn_m_‘_2 —r3H3_ i1 — S SH? . =3rsHy, mioHy mi1Hpy .

(vi) H3,, —r3H2 — s*H3_| = 3rsH, 41 Hp,Hy 1.

() Wiy = 1(% +35)W3 = SWi_, = ~3rs(WE = sW3 = rWg W) (—5)" W,
(i) G2y —r(r?+35)G3 — $°G3_, = —3rs(—s)""1G,.
(111) Hn+1 - 7"(7" + 38)H§ — 53H731 1= 37‘8(7’2 + 48)(_8)71—1]_]”'

(1) (r244s)(W3_,, o —r3W3_ = SWE_ ) = 3rs((—r Wy + (12 4 25)Wo) (Wan—amss + (=)™ W) +
@2Wh — rWo) Wan—2m+a + (*S)n_m+2 Wo)Wh—m.

(i) (7"2+4s)(W5’+1 —3W3—s3W32_ ) = 3rs((—rWi+(r?4+28)Wo) (Wap i1+ (—5)" W1)+ W1 —rWo) (Wapia+
(—5)" 1 Wo)) Wi

(i) (2 +48)(G3_ 0 — 173G — $3G3_ ) = 3r5(2G2n—2m+1 — TGon—2miz — 7 (—5)" "G .

(iv) (r*+4s) (G2, —r3G3 — $*G3_ ) = 3rs(2Gany2 — rGapg1 — 1 (—5)")Gr1.

(V) H7L—m+2 =T H7L—m+1 - 53H73z.—m = 3TS(H27L—2WL+3 +r (_S)n_m+1)Hn—m'

(vi) H3, | —r3H2 — s*H3_| = 3rs(Hapg1 + 7 (—5)")Hp1.

Proof.

(i) Set a = rWy_my1, b = sW,_,, in the identity (a + b)®> — a® — b = 3ab(a + b). Note that in this case,
a+b= ranm%»l + sWhem = n—m-+2, ab = TSWn7m+1anm'

(ii) Replace m =1 in (i).
(iii)-(iv) Substitute W,, = G,, in (i) and (ii).
(v)-(vi) Substitute W,, = H,, in (i) and (ii).
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(b)
(i) Use (a)(ii) with together Cassini’s identity: W, 11 W, _1 — W2 = —(—s)" "L (WE — sWg — rWW7).
(ii) Substitute W,, = G, in (i).
(iii) Substitute W,, = H,, in (i).

(c)

(i) Use (a)(i) and Lemma 6.1 (c) (iii).

(ii) Replace m =1 in (i).

(iii)-(iv) Substitute W,, = G, in (i) and (ii).
(v)-(vi) Substitute W,, = H,, in (i) and (ii).

The next theorem displays several identities for W,,, together with G,, and H,,.

Theorem 7.3. Let n,m,k € Z. Then

(a)
i) w, +1 — it — AWt = 27‘3(2W3+1 — rsWo Wy 1 )W Woy = 2rs2W, oW, — rsW,W,_1 +
2(—s)"(WE — sWg — rWoW1))W, Wy _1.
(if) Gi, — rGE — $*GE_, = 2rs(2G2,, — 15G,Gn1)GnGro1 = 2rs(2Gn40G, — 1sGRGro1 +
( ) )Gnanl-
(iii) HfH_l —riHY—s'H2 | = 2T5(2H7;+1 rsH,H, 1 )H,H, 1 =2rs(2H, oH, —rsH,H, 1 —2(—s)"(r?+
48))Han,1.
(b)
(1) Wiy, — riWE — WA — S(W3,, — 3 W3 — W2 )W,y + S(W2,, — 122 — 22 )2 = 0.
(ii) Gn+1 -Gt —s4GE | — %(Gn_s_1 —r3G3 - 3G )Gyl + 3 (Gn+1 —r2G? - $2G2_ )2 =0.
(iii) Hp  —rHr —s"H} | — 3(H3,, —r*HS — $°H3_\)Hpi1 + 3(H2, —r?H2 — $?H?_)? = 0.
(c)
(i) Wn+mWn—mWn+kWn—k = Wé - A1 Wﬁ, + A2
where
Ay = (WP —sW5 —rWoWh)((—s)" " Go, + (=) GR),
Ay = (WP —sW§ —rWoWy)?(=s)*" " *G} Gy
(1) WoprWn i WnyoWn_o = W2 — (W2 — sW2 — rWoWy) (=s)" 2 (r2 — s)W2 + (W2 — sW2 —

PWoW1)2(—s)2n—372,
(1) GGGk G = G — (=)™ G2, + (—5)"~FG2)G2 + (—s)2"~m—F G2, G2.
(iV) Gpi1Gno1GryoGroo = GL — (=5)" 72 (1% — 5)G2 + (—5)>" 32

(V) HypomHon Hy i oy = HE 4 (12 4 45)(—8)""™G2, + (—8)""FG2)H2 + (12 + 45)%(— )2~k G2, G2,
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(Vi) Hypy1Hy 1HpyoHy o = H* + (r2 +45) (—s)" 72 (r2 — $)H2 + (12 + 45)2(—s)2" 372,
Proof.

(a)

(i) Set a =rW,, b= sW,_; in the identity (a + b)* — a* — b* = 2ab(2(a + b)?> — ab). Note that in this case,
a+b=rW,+sW,_1 =W,41, ab=rsW,W,_1. Then use Cassini’s identity:

Wi Wy — W2 = —(=s)" "YW} — sWE — rWoW7y).
(ii) Substitute W,, = G, in (i).
(iii) Substitute W,, = H,, in (i).
(b)

(i) Use (a)(i) with Theorem 7.1 (a)(i) and Theorem 7.2 (a)(iv).
(i) Substitute W,, = G,, in (i).
(iii) Substitute W,, = H,, in (i).

(c)

(i) Use Catalan’s identity: Wy, ymWy_m = W2 — (=s)" ™ (WE — sWZ — rWoW1)G?, (see Theorem 1.6).
(ii) Replace m =1 in (i).
(iii)-(iv) Substitute W,, = G, in (i) and (ii).

(v)-(vi) Substitute W,, = H,, in (i) and (ii).

The following theorem reveals several identities for W,,, together with G,, and H,.

Theorem 7.4. Let n,m,k,p € Z. Then

(a) Wn+mWn7mWn+kWn7kWn+anfp = Wg — A1Wé + AQW,S — Ag

where
Ay = (WP —sWg —rWoWh)((=s)" "G}, + (=5)""GE + (—9)" PG,
Ny = (WE—sWF—rWoW1)2((—5)*" ™ " G2,GE + (=) " P G2G2 + (=) P GRG),
As = (WE—sW§—rWoWh)® (=)™ "™ "7 G2,GG2,

(b) W1t Wi Wy oWy oWy 4 sW, 3 = Ws — (W12 — SWO2 — rWOW1)(r4 +r2s4 282) (—S)niB W;Ll + (W12 — SWO2 —
rWoW1)2(—r8 — ris + %) s 5W2 — (W2 — sWE — rWoW1)3(—5)3"5r2(r2 + 5)%.

(©) GrimGn-mGnikGn1GnipGn_p = GS —((—s)"""G? +(—s)"‘kGi+(—s)”_pG§)G,‘,ﬁ+((—s)Qn_m‘kanGi+

m

(—8)2 PG G2 (—5) TR PGRGR)GE — (—s)P MR PG GR G,

(d) Gn+1Gn71Gn+2Gn72Gn+3Gn73 = Gg— (7’4+7"2S+282)(—8)n73Gi+(—7'6 —T‘4S+83)S2n75G%— (—S)3n76T2 (7’2+
s)2.
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(e) Hn+mHn—mHn+kHn—an+;DHn—P = Hy + (TQ + 45)((75)nimG$n + (75)nikGi + (75)n7pG;2o)H3 + (TQ +

n

45)°((— )" KG2, G2 + (—5)2 PG G2 + (—5)2 R PGRGR)H2 + (12 + ds)*(—s)P R PG, GAGE,
(f) Hyi1Hp1HpyoHy oHyy3Hy s = HS + (12 4 4s)(r* + r2s + 252) (—s)" > HA + (r2 + 45)2(—r® — 145 +
§3)s?" O H2 + (—s)3" 002 (r? + 45)3(r? + 5)2.

Proof.

(a) Use Catalan’s identity: W, Wy = W2 — (=s)""™(WE — sWE — rWoW1)G?, (see Theorem 1.6).
(b) Replace m =1 in (a).
(c)-(d) Substitute W,, = G, in (a) and (b).

(e)-(f) Substitute W,, = H, in (a) and (b).

The following theorem exhibits several identities for W,,, together with G,, and H,.

Theorem 7.5. Let n,m, k,p,q € Z. Then

&) Woson Wi Wt kW s Wty Won o Wns W0 = W8 — Ay + AgW — AgIW2 + A,
+ + 14 D q q n n n n

where
A = ((=8)""GE + (=8)" G+ (=) PGE + (=) T IGH) (W — sW§ — rWoWh),
Ay = ((=5)" " FGELGE+ (=) PG G + (<) TG G2+ (<) PGRGE,
(=) R TIGRGE + (=) TP TIGLGR) (W — sW§ — W Wh)?,
Az = ((=s)*" PG GRGE A+ (—8)P T TRIGE GRGE 4 (—s) TN PTIGRGRGE
(=) TPTIGE GRGR)(WT — sWi — rWoWh)?,
Ay = (=) TmTRPIGE GRGRGE(WE — sWE — rW W)t

(b) Wn+1Wn—1Wn—i—QWn—2wn+3Wn—3Wn+4Wn—4 = WS - ASWTGL + Aﬁwi - A7W72L + AS

where
As = (=s)" (% + 3rts + 3r?s? — 253) (W — sWZ — rIWoWy),
Ag = s27T(—r10 —5r8s — 119057 — 13r1s% — 825t + $5) (W2 — sWE — rIWoW))?,
Ay = (=) (r10 4 5r8s 4+ 8r0s? + 2053 — 6125t — 55°) (W — sWE — rWoWh)3,
Ay = ()"0 4 9207 4 29207 — WG — W),
(©) GutmGromGutiGuoiGuipGryGusaGnog = G5 — (—8)"™G2, + (- FG2 + (~s)" 7G2 +

—s n—qG2 GG + —s 2n—m—kG2 G2 4+ (—s 2n—m—pG2 G2 + (—s 2n—m—qG72nG2 4+ (—s 2n—k:—pG2G2 +
q)Yn mYk m-Tp q k~p
(PR RIGHGE (s PRIGEGGE — (—e) R IGRGIGE 4 (—smRGR GG +
(—8)3 K PIGRGRG? + (—s)P M PIGL,GAG) G + (—s)tnmh G2, GRGRGR.
(d) Gn+1Gn_1Gn+2Gn_2Gn+3Gn_3Gn+4Gn_4 = Gi — (*S)n74(7'6 + 37”45 + 37”252 — QSS)Gg + 527177(77”10 — 57”85 —
117652 — 137483 — 8r25% + 55)G2 — (—5)3 992 (110 4 5085 4+ 81652 4 21453 — 6125 — 555)G2 + (—s5)*n 1004 (r2 +
5)2(r? + 2s)2.
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(e) Hn+mHn—mHn+kHn—an+;DHn—PHn+an—q = HS + ((7S)nimG?n + (75)nikGi + (7s)n7pG12) + (75)nqu¢21)
(7 + A)HE + (=) GG+ (=) PGRGE (=) IGRGE + (<8R PGRGY +
()21 K=IGRGE + (—5)"PIGRGE)(r + s)HY + ((—s)P " hPGR,GRGE + ()R IG2,GRGE +
(—5)3"_k_p_qGiGgG3 + (=8)3nmTPTIG2 G2G2) (r? + 4s)3H? + (—5)4"_m_k_p_qG3nG%G§G3(7‘2 +4s)%.

m=p—q

(f) Hys1Hy 1HyoHy oH, 3Hy 3Hy aHy g = H3+(—5)""4(r0+3rts+3r252 —253) (12 +4s) HS + 527 (—r10 —
5r8s —11r6s% — 137153 — 81251 + %) (r2 + 48)2 H: + (=) 9r2(r10 4 5r8s + 8r0s? + 27183 — 6r2s* — 55°)(r? +
45)3H2 + (—s)* 1004 (r2 1 5)2(r2 + 25)2(r? + 4s)*.

Proof.

(a) Use Catalan’s identity: Wy mWip_m = W2 — (—s)" ™ (WE — sWZ — rWoW1)G?2, (see Theorem 1.6).
(b) Replace m =1 in (a).
(c)-(d) Substitute W,, = G,, in (a) and (b).

(e)-(f) Substitute W,, = H, in (a) and (b).
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