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Abstract

In this paper, we introduce the notion of an exponential interpolative type contraction operator, and
prove the Kannan, Berinde weak, and Ciric-Reich-Rus fixed point theorems for such operators in the
setting of metric spaces. Finally, we apply the exponential interpolative Kannan contraction mapping

theorem to the Fredholm integral equation.

1 Introduction and Preliminaries

Theorem 1.1. [I] Let (X,d) be a complete metric space, and let T : X — X be a mapping such that
there exists K < % satisfying
d(Tz,Ty) < Kld(z, Tz) + d(y, Ty)]

for all x,y € X. Then T has a unique fized point v € X, and for any © € X, the sequence of iterates

{T™z} converges to v, and

K n
d(Tn+1x’v) S K . (1_[{> d($7Taj)7 n = O, 1,27 e,

Definition 1.2. [2]| Let (X, d) be a metric space. A map T : X — X is called a weak contraction if there
exists a constant § € (0,1) and some L > 0 such that

d(Tz,Ty) < dd(x,y) + Ld(y, Tx) for all z,y € X. (1.1)

Theorem 1.3. [2] Let (X,d) be a complete metric space and T : X — X be a weak contraction, that is,
a mapping satisfying (1.1) with 6 € (0,1) and some L > 0. Then

(a) F(T)={x e X :Tx =x} #0.
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(b) For any xo € X, the Picard iteration {x,}5°, given by xp41 = Txy, converges to some x* € F(T).

(¢) The following estimates

—_
|
(=%}

and

hold, where 6 € (0,1).

Theorem 1.4. [2] Let (X,d) be a complete metric space and T : X — X be a weak contraction for which
there exist 6 € (0,1) and some L1 > 0 such that

d(Tx,Ty) < 0d(z,y) + Lid(z,Tx), for all x,y € X.

Then

(a) T has a unique fized point, that is, F(T) = {z*}.
(b) The Picard iteration {x,}52, given by xn41 = Txy converges to x*, for any xo € X.

(¢) The a priori and a posteriori estimates

n

1-90

d(l’n,l'*) < d(iUO,LUl), n:071727"'

and 5
d(I‘n,.’E*) < ﬁd(xn—].)xn)v n= 17 27 T

hold.

(d) The rate of convergence of the Picard iteration is given by

d(xp,z") < 0d(xp—1,2%), n=1,2,---

) )

Theorem 1.5. ( [3/- [7]) In the framework of a complete metric space (X,d), if T : X — X forms a
Cliric-Reich-Rus contraction mapping, that is,

d(Tz, Ty) < Ad(x,y) + d(z,Tz) + d(y, Ty)]
for all z,y € X, where A € [0, %), then T possesses a unique fixed point.

Definition 1.6. |[3] Let (X,d) be a metric space. We say that the self-mapping 7' : X — X is an

interpolative Kannan type contraction, if there exist a constant A € [0,1) and « € (0, 1) such that
d(Tz,Ty) < Ad(z, Tz)*d(y, Ty)'

for all z,y € X, z,y ¢ Fiz(T), where Fiz(T) ={z € X : Tax = x}.
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Theorem 1.7. [5] Let (X,d) be a complete metric space and T be an interpolative Kannan type

contraction. Then T has a unique fized point in X.

Definition 1.8. [9| Let (X,d) be a metric space. We say T': X — X is an interpolative Berinde weak
operator if it satisfies
d(Tx, Ty) < Ad(x,y)*d(z, Tx)' =,

where A € [0,1) and « € (0,1), for all x,y € X, z,y ¢ Fix(T).

Definition 1.9. [9] Let (X, d) be a metric space. Wesay T : X — X is an alternate interpolative Berinde

weak operator if it satisfies

N|=
N[

d(Tz,Ty) < Ad(z,y)
where A € (0,1), for all z,y € X\ Fiz(T).

d(z,Tx)2,

Theorem 1.10. /9] Let (X, d) be a metric space. Suppose T : X — X is an interpolative Berinde weak
operator. If (X, d) is complete, then the fixed point of T exists.

Definition 1.11. [10] Let (X,d) be a branciari metric space. A self-mapping 7" on X is called an
interpolative Ciric-Reich-Rus type contraction, if there exists A € [0, 1) and positive reals a, 8 with a+5 < 1
such that

d(Tx, Ty) < Md(z,y)*d(x, Tz)?d(y, Ty) —*?

for all z,y € X\Fiz(T).

Theorem 1.12. [/0] Let T : X — X be an interpolative Ciric-Reich-Rus type contraction on a complete
Branciari distance space (X,d). Then T has a fized point in X.

Definition 1.13. [11] Let (X, d) be a metric space. A map T : X — X is called an alternate interpolative
Ciric-Reich-Rus operator if there exists A € (0,1) such that

ol

d(Tz,Ty) < d(z,y)3d(z, Tx)3d(y, Ty)s
for all x,y € X\Fiz(T).

Theorem 1.14. [11] Let (X,d) be a metric space. Suppose T : X +— X is an alternate interpolative
Ciric-Reich-Rus operator. If (X,d) is complete, then the fized point exist.

2 Main Result

Theorem 2.1. (Exponential Interpolative Kannan Contraction Mapping Theorem) Let (X, d) be a metric

space. Suppose T : X — X is an exponential interpolative Kannan contraction operator, that is, T' satisfies

ed(Ta:,Ty) < k,ead(ac,TJ:)—l—(l—a)d(y,Ty),

where k € [0,1) and a € (0,1), for all z,y € X\Fix(T). If (X,d) is complete, then the fived point of T' is

unique i X.
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Proof. Let g € X be chosen arbitrarily. Define the sequence {x,}52 recursively by z,+1 = Tz, for all

n, and also define
Pn — ed(wmfﬂwrl)‘

Letting x = x,_1 and y = x, in the contractive definition of the theorem, we have

ed($n7xn+1) < kead(mnywnfl)+(1*a)d($n7$n+1)'

From which it follows that
ed(xn,xn+1) < kéed(»"ﬂml’nfl)

that is, P, < kéPn_l. By induction, we have

Thus, making use of the above inequality and the triangle inequality, we obtain for all n > 0 and m > 1,

that

d(inn, anrm) < d(fEna 5L'n+1) + d(l'nJrl’ :L'n+2) +---+ d($n+m71, 5L'n+m)

< Po(ka + K™% 4+ K0T
nl—ka
— Pka
Tk
kﬁ
Spol k—)Oasn,m—M)o.

This shows that {z,} is a Cauchy sequence in the complete metric space (X, d), ensuring its convergence
to a point z* € X. To confirm that x* is a fixed point, we substitute x = x* and y = x,, in the contractive

definition of the theorem, then we have

ed(Tx*7xn+1) < kead(T:c*,x*)+(1—a)d(xn+1,xn)'

Passing to the limit as n — oo in the above inequality, we deduce that

ed(Tx*,x*) < kead(T{t*,x*)

which implies e(1=0dT2"2") < 1 (since k < 1). It follows that d(Tz*,z*) = 0, that is, T2* = z*, and so
x* is a fixed point of T. For uniqueness, assume that Tx = x and Ty = y, with « # y. Then, from the

contractive definition of the theorem, we have

d@y) — (T2 Ty) < Joad@a)+(1-a)d(y.y)

which implies e¥®¥) < 1, since k < 1. Thus, d(z,y) = 0, that is, x = y, and the fixed point is unique.
This completes the proof. ]
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Theorem 2.2. (Ezponential (Alternate) Interpolative Berinde Weak Contraction Mapping Theorem) Let
(X,d) be a metric space. Suppose T : X +— X is an exponential interpolative Berinde weak contraction

operator, that is, T satisfies

where k € [0,1), for all x,y € X\Fiz(T). If (X,d) is complete, then T has a unique fized point in X .

Proof. Let g € X be chosen arbitrarily. Define the sequence {x,} recursively by z,+1 = T, for all

n, and also define
Pn — ed(l’nvxn-‘rl).

Letting x = x,,—1 and y = z,, in the contractive definition of the theorem, we have

= kedl@n—1.2n)
From the above inequality, we have P,, < kP,,_1, and by induction we have
d(-xn,xn—&—l) <P, <k"R.

Thus, making use of the above inequality, and the triangle inequality, we obtain for all » > 0 and m > 1
that

d(xn’ xn—l—m) < d(l'na xn—i—l) + d(xn—i-lvxn—i-Q) + -+ d(xn+m—17 xn—i—m)
< Po(kn + k,n—i—l 4ot kn+m—1)

1-— K™
= Pyk"
Tk
kn
SP()1 k—>0asn,m—>oo.

This shows that the sequence {z,} is a Cauchy sequence in the complete metric space (X, d), ensuring its
convergence to a point * € X. To confirm that z* is a fixed point, we substitute x = x* and y = x,, in

the contractive definition of the theorem, then we have

ed(Tw*»ZrHJ) < k:e% 4@ wn ) (" Ta")] .

Passing to the limit as n — oo in the above inequality, we obtain that
ed(Tgv*,m*) < ke%d(a:*,Tx*)
which implies that ezd@” Tz") <1, since k < 1. Thus, d(z*,Tx*) = 0, that is, 2* = Tz*, and so z* is a

fixed point of T'. For uniqueness, assume that Tx = x and Ty = y, with x # y. Then from the contractive

definition of the theorem, we have

ed(a:,y) — ed(Tx’Ty) S ke%[d(x7y)+d(mvx)] — ke%d(mvy)

which implies e3@y) < 1, since k < 1. Thus, d(z,y) = 0, that is, x = y, and the fixed point is unique.
This completes the proof. ]
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Theorem 2.3. (Ezponential (Alternate) Interpolative Ciric-Reich-Rus Contraction Mapping Theorem) Let
(X, d) be a metric space. Suppose T': X + X is an exponential interpolative Ciric-Reich-Rus contraction

operator, that is, T satisfies
AT TY) < posld@y)+d@To)+d(y,Ty)]

where k € [0,1), for all x,y € X\Fixz(T). If (X,d) is complete, then T has a unique fized point in X .

Proof. Let g € X be chosen arbitrarily. Define the sequence {x,}52 recursively by z,+1 = Tz, for all

n, and also define
Pn _ ed(azn,xn+1)'

Letting x = x,,—1 and y = z,, in the contractive definition of the theorem, we obtain
e (@n,Tni1) < kxeé[d($n717$n)+d($n71773n)+d($n773n+1)]
< ke Bd(@n—1,2n)]
= ked(@n—1,2n),
From the above inequality, we have P,, < kP,_1. By induction, we have
d(wn,xn+1) <P, < knpo.
Thus, making use of the above inequality and the triangle inequality, we obtain for n > 0 and m > 1 that

d(xny xn—l—m) S d(l‘n, xn-{—l) + d(xn-‘,-l; xn+2) +---+ d(xn+m—17 xn—i—m)
< Pg(kn + kn—i—l 4t kn—i—m—l)

1—-k™
= Pyk"
Tk
k.n
§P01 k—)Oasn,m—)oo.

This shows that the sequence {x,} is a Cauchy sequence in the complete metric space (X, d), ensuring its
convergence to a point * € X. To confirm that z* is a fixed point, substitute + = 2* and y = x,, in the

contractive definition of the theorem. Then, we have

6d(Tz*,atn+1) < ke%[d(a:*,:cn)—f—d(a:*,Ta:*)—f—d(mn,:anrl)}.

Passing to the limit as n — oo in the above inequality, we deduce that

* ok 1 * *
ed(Ta: ,*) < kegd(z JTx*)

which implies e3d@Tz") < 1, since k < 1. Thus, d(z*,Tz*) = 0, that is, Tz* = z*, and so z* is a fixed
point of T'. For uniqueness, assume that Tx = x and Ty = y, with z # y. Then from the contractive

definition of the theorem, we have
ed(x,y) _ ed(Tx,Ty)
< e d(zy)+d(e.x)+d(y.y)]

= ke3d@y),
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From the above inequality, we have, e3d@y) < 1, since k < 1. It follows that d(x,y) = 0, and hence,
x = y. So the fixed point is unique. This completes the proof. ]

3 Application

We apply our result to establish an existence theorem for non-linear Fredholm integral equation. Let
Y = CJ0,1] be a set of all real continuous functions on [0, 1] equipped with the metric p(u,v) = |u —v| =
maxe(oq] |u(t) — v(t)], for all u,v € C[0,1]. Then (Y,p) is a complete metric space. Now we consider the

non-linear Fredholm integral equation

1
u(t) = v(t) —i—/o K(t,s,u(s))ds, (3.1)

where t,s € [0,1]. Assume that K :[0,1] x [0,1] XY — R and v : [0, 1] = R are continuous, where v(t) is

a given function in Y.

Theorem 3.1. Let (Y,p) be a metric space equipped with the metric p(u,v) = |u — v| = max,c(,1) [u(t) —
v(t)| for allu,v €Y, and F : Y — Y be an operator on'Y defined by

1
Fu(t) = v(t) +/ K(t,s,u(s))ds. (3.2)
0
If there exists pu € [0,1) such that for all u,v €'Y, s,t € [0, 1], satisfying the following inequality
e\K(t,s,u(s))—K(t,s,v(s))\ < /LM(U(S), ’U(S)),

where
M (u(s),v(s)) = eclu(s)=Fu(s)|[+(1—a)|v(s)—Fu(s)|

with o € (0,1). Then the integral equation (3.2) has a unique solution in'Y .

Proof. From (3.1) and (3.2), we obtain

fol K(t,s,u(s))dsffo1 K(t,s,v(s))ds

JPu)—Po)] _

< eJo | (ts,u(s) =K (15,0(s))|ds
1
</ G (t5,u(5) ~ K (t,3,0(5))]
0

1
< u / polu(9) = Fu(s)|+(1—0)[o(s)~Fu(s)]| g4
0

Taking the maximum on both sides for all ¢ € [0, 1], we obtain

(P(FuFv) _ jmaxicpo) [Fu(t)—Fo(t)|

1
<o [P Ol g
t€l0,1] Jo

_ Iueap(u,Fu)—i—(l—a)p(v,FU) _

Earthline J. Math. Sci. Vol. 16 No. 2 (2026), 299-306
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Since Y = (0, 1] is complete metric space, all the conditions of Theorem 2.1 are satisfied. Hence, the

integral equation (3.2) has a unique solution in Y. O
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