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Abstract

This paper presents a rigorous comparative review of five pivotal integral transforms: Laplace, Sumudu,
Elzaki, Aboodh, and the recently introduced RAHMOH transform. We establish a unified theoretical
framework to analyze kernel structures, derive the complex inversion formula for the RAHMOH
operator, and formally prove its mathematical equivalence to the Laplace transform. Unlike previous
surveys, we derive analytical solutions for integer-order ODEs and PDEs, as well as fractional differential
equations (FDEs) using all methods, confirming that while they are mathematically isomorphic, they
differ significantly in algebraic pathways. Specifically, the analysis identifies the RAHMOH transform as
a generalized “bridge” operator, encapsulating the scaling properties of Sumudu and the decay properties
of Laplace through its dual-variable kernel. Furthermore, numerical simulations via MATLAB validate
the consistency of the RAHMOH transform, demonstrating its dimensional stability and accuracy in

modeling both dissipative and fractional systems.

1 Introduction

The trajectory of mathematical physics has been fundamentally shaped by the quest to convert analytical
complexity into algebraic simplicity. Since the foundational works of Euler and the subsequent rigorous
formalization by Pierre-Simon Laplace in the 19th century, integral transforms have reigned supreme as
the primary operational tools for analyzing linear time-invariant systems [1,7]. The classical Laplace

S

transform, characterized by its exponential decay kernel e~*!, has stood for over two centuries as the

“gold standard” in control theory, signal processing, and heat diffusion analysis.

However, the turn of the millennium witnessed a paradigm shift—a “renaissance” in operational

calculus driven by the limitations of the classical methods in handling specific physical regimes. Watugala
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(1993) |4] challenged the status quo with the Sumudu transform, a scale-invariant operator designed
to preserve physical units, arguing for its superiority in engineering applications |[9—11|. This sparked
a wave of innovation, leading to the development of the Elzaki transform (2011) [5, 12, 13] and the
Aboodh transform (2013) [6,11], each modifying the kernel structure to optimize the handling of variable
coefficients and singular boundary conditions. Furthermore, new operators like the Mohand transform [15]

continued to emerge.

Amidst this proliferation of operators, Farah and Hamad (2024) [3] recently introduced the RAHMOH
transform. Unlike its single-parameter predecessors, RAHMOH is constructed as a generalized
two-variable operator, designed to act as a bridge between the decay-focused frequency domain of Laplace

and the scale-focused time domain of Sumudu.

This rapid expansion of integral transforms raises a provocative question for the applied mathematics
community: Are these modern operators merely trivial re-parameterizations of the Laplace integral, or do

they offer genuine computational advantages?

This paper provides a definitive answer through a rigorous, critical, and comparative analysis. We
move beyond the standard listing of properties to dissect the “kernel DNA” of five pivotal transforms:
Laplace, Sumudu, Elzaki, Aboodh, and RAHMOH. Our contribution is threefold:

1. We establish a unified theoretical framework proving that while these transforms are mathematically

isomorphic, their algebraic efficiency varies significantly depending on the problem class.

2. We demonstrate, through the solution of ODEs and the Heat Diffusion PDE, that all five methods
converge to the identical analytical solution, thereby validating the consistency of the new
RAHMOH operator.

3. We provide numerical verification using MATLAB simulations to visualize the spatiotemporal
evolution of the solutions, confirming that the RAHMOH transform preserves physical fidelity

without numerical artifacts.

Motivation and Novel Contribution: A critical question arises: why generate a new transform when
Laplace and Sumudu exist? The fundamental contribution of the RAHMOH transform lies in its structural
capacity to handle non-integer domain problems (Fractional Calculus) [3, 16] and equations with singular
coefficients more efficiently than its predecessors. While creating a new integral transform by merely
altering the kernel is algebraically straightforward, the RAHMOH kernel u2e~z* is purposefully engineered.
The pre-multiplying factor u? acts as an algebraic stabilizer that seamlessly neutralizes singular boundaries
and maintains dimensional homogeneity in fractional powers. Furthermore, its dual-parameter nature
significantly simplifies the algebraic manipulation required when solving fractional differential equations,
an area where classical single-parameter transforms often yield dimensionally inconsistent fractions in the

transformed domain, as explicitly demonstrated in Section 7 (Application III).

The paper is structured as follows: Section 2 presents the kernel analysis and establishes the formal
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theoretical properties, including the complex inversion formula. Section 3 details the operational properties

and derivative handling. Section 4 tabulates standard functions. Sections 5, 6, and 7 provide comparative

analytical solutions for ODEs, PDEs, and a Fractional Differential Equation (FDE), respectively. Section

8 discusses algebraic efficiency and duality. Section 9 presents numerical visualizations and consistency

verification. Finally, Sections 10 and 11 offer a critical discussion on the optimal domains for each transform

and concluding remarks.

2 Preliminaries and Kernel Analysis

Let A be the set of functions f(t) defined for ¢+ > 0 which are of exponential order, meaning | f(t)| < Me**

for some constants M, k. We formally define the five transforms under review.

2.1 The Laplace Transform (L-Transform)

The standard against which all others are measured.

LI = F(s) = / T et p ) dt, Re(s) > k.

0

Kernel: Ky (s,t) =e 5.

2.2 The Sumudu Transform (S-Transform)

Introduced by Watugala (1993) to preserve units (u has units of time).

S[f(t)] = G(u) = = /OO et p)ydt, we (=1/k1/k).

u Jo

Kernel: Kg(u,t) = et/

T u

2.3 The Elzaki Transform (E-Transform)

Proposed by Elzaki (2011), often efficient for solving ODEs with variable coefficients.

ELF(6)] = E(v) = v /0 T et f(t) dr.

Kernel: Kg(v,t) = ve /.
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2.4 The Aboodh Transform (A-Transform)

Proposed by Aboodh (2013).

Kernel: K(k,t) = ;e ™.

2.5 The RAHMOH Transform (RM-Transform)

Proposed by Farah and Hamad (2024), this is a generalized transform involving two variables (s, u).

MF ()] = M(s,u) = u? /0 Tt a. (5)

2, ,—3t

Kernel: Kj/(s,u,t) =u®e u

2.6 Theoretical Properties of RAHMOH Transform

To solidify the mathematical foundation of our comparative analysis and address the exact operational
nature of these transforms, we first recall the formal theorem of equivalence established by Hamad et
al. |2]. Building upon this, we introduce, for the first time, the formal complex inversion formula for the
RAHMOH transform.

Theorem 2.1 (Equivalence between Laplace and RAHMOH Transforms [2].). Let F(s) be the Laplace
transform of a function f(t). Then the RAHMOH transform M (s,u) of f(t) is given by:

M(s,u) = u’F (i> (6)

u

Theorem 2.2 (Complex Inversion Formula for RAHMOH Transform). Let M(s,u) be the RAHMOH
transform of f(t). The inverse RAHMOH transform, denoted by M™!, is given by the complex contour

integral:
y+i0o 1 s

—QM(s,u)eitd <7> (7)

u u

F(t) = MM (s, )] = /

21t Sy _ino

where v is a real constant chosen so that all singularities of the function M (s,u) lie to the left of the

vertical line Re(s/u) =~ in the complex plane.

Proof. By the equivalence theorem, we know that F(s/u) = ;M (s,u). The classical Mellin-Bromwich
contour integral for the inverse Laplace transform of F(p) is f(t) = o T+ F(p)ePdp. Substituting the

27 Jy—ioco

complex parameter p = s/u and F(p) = %M (s,u) directly yields the proposed inversion formula for the

RAHMOH transform. O
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Table 1: Comparative Kernel Analysis

Transform Parameters Kernel Function Relation to Laplace F'(s)

Laplace s e st F(s)

Sumudu u %e*t/“ 1rd)
Elzaki v ve t/v vF (1)
Aboodh k ze M TF(k)
RAHMOH S, U u?e”u' u?F(2)

3 Operational Properties: Differential Operators Analysis

The primary utility of integral transforms in mathematical physics is their ability to suppress differential
operators, mapping derivatives into algebraic polynomials. However, the manner in which each transform

handles the initial conditions (f(0), f'(0),...) varies significantly, affecting their algebraic efficiency.

In this section, we present a unified derivation based on integration by parts. Generally, for a kernel

K(s,t), the transform of a derivative is given by:

TIF ()] = /0 K (s 0 0t = (K0 S0~ [ %t (®)

0

Depending on the specific kernel structure (decay vs. scaling), the resulting algebraic forms differ. Table

2 provides a rigorous comparison of the differential properties for all five transforms.

Table 2: Comparative Analysis of Differential Operators and Initial Conditions Handling

Transform First Derivative T[f(t)] Second Derivative 7[f”(t)] General T[f™(t)]

Laplace (s) sF(s) — f(0) s2F(s) — sf(0) — '(0) STF(s) — S0 ) n=1=k £(0) ()
Sumudu (u) S R S sy L

Elzaki (v) E2 —0f(0) EE — 1(0) —vf'(0) ) yona o2k £ (0)
Aboodh (k) RA(K) - L0 K2A(R) — £(0) — L@ KRAGK) - T )
RAHMOH (s,u) M (s, u) — u?f(0) Z—Z]Vf(s, u) — suf(0) —u?f'(0)  (£)" M(s,u) —u? ZZ;& (%)n_l_k F®(0)
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Critical Analysis of Initial Value Handling

Table 2 reveals the structural “DNA” of each transform through the weighting of initial conditions:

e Laplace vs.

Sumudu: Laplace weights initial conditions with positive powers of s (s,s%,...),
making it intuitive for decay problems. In contrast, Sumudu weights them with negative powers of

u (u™1, u™?), preserving the dimensional consistency (since u has units of time).

The Elzaki Anomaly: Notice that for the first derivative, Elzaki introduces a multiplier v to f(0).
This unique property (vf(0)) is particularly advantageous when solving differential equations where
the source term involves functions like ¢sin(t), as the v factor often cancels out singularities that

appear in other transforms.

RAHMOH Generalization: The RAHMOH transform exhibits a hybrid behavior. The derivative
operator produces a scaling factor of (s/u)"™, similar to Laplace’s s but modulated by u. Crucially,

2. This u? factor is not arbitrary; it acts as a

the initial condition terms are pre-multiplied by u
stabilizing weight that simplifies the inversion process when dealing with fractional powers, effectively

bridging the gap between the Aboodh and Sumudu approaches.

4 Standard Functions Table

To facilitate the applications in the following sections, we derive the transforms of elementary functions

for all five operators. Table 3 provides a comprehensive reference.

Table 3: Comprehensive Comparison of Standard Transforms for Elementary Functions

Function f(¢) | Laplace F(s) | Sumudu G(u) | Elzaki E(v) | Aboodh A(k) | RAHMOH M (s,u)
1 ! - & g
@ u v? " o
T u Gl Rz ras
eat 1 1 v? 1 ud
s—a 1—au 1—av k(k—a) s—au
cos(at) ra? T+aZu? 1+1c)t22v2 FTraT %azu?
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5 Application I: Comparative Solution of ODESs

To rigorously validate the consistency of the studied transforms while minimizing repetitive algebraic

steps, we apply all five operators to the same second-order non-homogeneous linear ODE. This benchmark

problem demonstrates the distinct algebraic pathways each transform takes to reach the unique solution.

Problem:
y'(t) — 3y (t) + 2y(t) = %, subject to y(0) = 0,3(0) = 0.

The exact analytical solution is y(t) = Le' — e + L¢3,

5.1 Method 1: The Classical Laplace Transform (s)

Let Y (s) = L[y(t)]. Applying £ and directly substituting the zero initial conditions yields:

1
Y(s)(s* —3s+2) = Y(s) =
()" =3s+2) =5 = YO = =596 -9)
Using Partial Fraction Decomposition (PFD):
1/2 1 1/2
Y(s) = 2 _ + /

s—1 s—2 s—-3
Inverting via £~

1 1
£ = Seb o2t 4 Bt
y(t) ¢ ¢ +26

5.2 Method 2: The Sumudu Transform (u)

Let Y (u) = S[y(t)]. Applying S and evaluating with the initial conditions gives:

1 — 3u + 2u? 1 u’
Y(u) ( w2 ) 1 30 V(v = (1 —u)(1 —2u)(1 — 3u)

Applying PFD (tailored for the Sumudu exponential form):

_1/2 1 N 1/2
C1l—uw 1—-2u 1-3u

Y(u)
Inverting via S~!:

1 1
£ = St _ o2t 4 T3t
y(t) 26 e —1-26

5.3 Method 3: The Elzaki Transform (v)

Let Y (v) = E[y(t)]. Applying £ and simplifying yields:

1—3v4 202 v? vt
Y(”)( V2 )Z =3 YO = g a s wa =)

9)

(10)

(11)

(12)

(14)

(15)
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To invert, we factor out v? prior to PFD to match the standard Elzaki tables:

1/2 1 1/2
Y(v) = v? — 17
W) =v T T T T (17)

Inverting via &1

5.4 Method 4: The Aboodh Transform (k)

Let Y (k) = Aly(t)]. Applying A algebraically simplifies to:
1

1
Y(k)(k* =3k +2) = ——— Y(k) = 19
(k)( Bl ey B Gl g Yy ey (19)
Using standard PFD:
1 1 1 1 1
Y(k)=< — = 20
5 = %=1 Rk-2 2k -3 (20)
Inverting via A~
1 1
y(t) = iet — et §€5t (21)
5.5 Method 5: The RAHMOH Transform (s, u)
Let Y (s,u) = M[y(t)]. Applying M and collecting the Y (s, u) terms:
52 S u3
Y (s,u) (uQ - 3; + 2) =T (22)
Multiplying by u? and simplifying the fraction gives:
5
u
Y = 23
(5,) (s —u)(s — 2u)(s — 3u) (23)
Decomposing the structure to explicitly match the RAHMOH standard form (Si‘zu)
1 u? u? 1 u?
Y = — — — 24
(s,) 2<s—u> <s—2u>+2<s—3u> (24)
Inverting via M~
1 1
y(t) = et — e 4~ (25)

5.6 Conclusion of Comparison

As demonstrated, all five transforms successfully converge to the identical solution y(t). However, the

algebraic “cost” differs:
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e Laplace & Sumudu offered the most direct algebraic paths for this specific linear problem.

e Elzaki & RAHMOH required an additional factorization step (extracting v? and u?, respectively)
to match their standard tables. This apparent extra step is precisely the algebraic feature that

provides stabilization when handling non-integer powers in fractional calculus.

6 Application II: Comparative Solution of Partial Differential Equations

Partial Differential Equations (PDEs) represent a more complex class of problems. We apply the five
transforms to solve the one-dimensional Heat Equation, focusing on how spatial variables are handled in
the transformed domains.

Problem Statement: Consider the heat diffusion equation in a semi-infinite rod:

OU(z,t) _ 9°U(x,1)

Y o2 reR, t>0 (26)
U(z,0) =sin(z) (Initial Condition) (27)
We assume the solution is bounded as |z| — oco. The exact analytical solution is U(z,t) = e ' sin(z).
6.1 Method 1: The Classical Laplace Transform
Let U(x,s) = L[U(z,t)]. Applying £ with respect to ¢ and substituting U (z,0):
U -
e sU = —sin(x) (28)

Using the method of undetermined coefficients with the bounded ansatz U, = Asin(z) yields A = %

+1
Thus:

_ 1 .
Ulz,s) = o} sin(x) (29)
Inverting via £~
U(x,t) = e 'sin(z). (30)
6.2 Method 2: The Sumudu Transform
Let U(x,u) = S[U(z,t)]. Applying S and simplifying:
?U 1 1.
W — EU = —E Sln(l‘) (31)
Substituting the ansatz Asin(x) gives A (1 + %) = %, which simplifies to A = 14%11
_ 1
U(z,u) o sin(z) (32)
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Inverting via S~1:

U(x,t) = e 'sin(z).

6.3 Method 3: The Elzaki Transform

Let U(x,v) = E[U(x,t)]. Applying &:

?U 1
d—g - ;U = —wvsin(z)
Substituting A sin(z) yields A (1+ 1) = v, leading to:

02

1+

U(z,v) =

sin(z)

Inverting via &1
U(z,t) = e 'sin(z).

6.4 Method 4: The Aboodh Transform

Let U(x,k) = A[U(x,t)]. Applying A:

R 1
Substituting C'sin(z) yields C(1 + k) = 1, resulting in:

Uz, k) =

sin(x)

1
k(k+1)

Inverting via A~
U(x,t) = e 'sin(z).

6.5 Method 5: The RAHMOH Transform

Let U(z, s,u) = M[U(x,t)]. Applying M:
d?U

12 SU = —u?sin(z)

Substituting the appropriate ansatz Bsin(z) gives B (1 + £) = u?. Solving for B yields:

_ u3
U(x,s,u) = sin(x
(@, 5,u) = - sin(z)
Inverting via M~! (using @ = —1 from standard properties):

Uz, t) = e 'sin(z).

(33)
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7 Application III: Comparative Solution of a Fractional Differential

Equation

To explicitly address the computational advantage of the RAHMOH transform over classical methods, we
analyze a Fractional Relaxation Equation. This problem highlights how the RAHMOH kernel maintains
dimensional homogeneity and acts as an algebraic stabilizer, a critical feature often lost when using the

Laplace transform.

Problem Statement: Consider the fractional relaxation equation with a Caputo fractional derivative
D% of order 0 < o < 1:
D¥(t) +y(t) =0, y(0)=1. (43)

The exact analytical solution is known to be the Mittag-Leffler function y(t) = E,(—t%).

7.1 Method 1: The Classical Laplace Transform

Applying the Laplace transform £ to Equation (43) yields:
[s°Y (s) —s*1y(0)] +Y(s) =0 (44)
Substituting the initial condition y(0) = 1 and factoring Y (s):

Y(s)[s*+1] =s*"1

Sa—l

s+ 1

Y(s) =

Observation: Mathematically, the expression (s® 4 1) in the denominator is perfectly valid. However,
from a physical modeling perspective, if the fractional differential equation represents a system that has
not been explicitly non-dimensionalized (scaled), this form presents a dimensional flaw. Specifically, it
adds s (which carries physical dimensions, e.g., [T]7%) to the dimensionless constant 1. Consequently,
the standard Laplace transform implicitly forces a non-dimensionalization assumption, which may not be

physically transparent for all physical models.

7.2 Method 2: The RAHMOH Transform

Now, applying the RAHMOH transform M to the same equation. Using the general derivative property

(extended to fractional order a), we get:

(5) Mt a2 (2)" )| + s =0 (45)

u u

Substituting y(0) = 1 and factoring M (s, u):
e [+ - () e
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Finding a common denominator for the bracketed term:

Sa+ua] 28(1—1
- = U —
ua—l

M(s, ) [

qu

Isolating M (s, u):

[ a—1
M(s,u) = ———. (uzs )
SO + o uafl

uafaJrl . u2 A 80471
M(s,u) =
s 4+ u®
3.a—1
u’s
M(s,u) = ———=
s +u

Observation (Dimensional Consistency and Algebraic Cleanliness): Unlike the standard Laplace
transform, the RAHMOH transform distributes the fractional power « across both variables s and w,
yielding (s“ 4+ u®) in the denominator. Mathematically, this form is significantly cleaner as it avoids
mixing dimensional variables with dimensionless constants. Physically, this explicit structural homogeneity
ensures that the transform remains strictly dimensionally valid even for non-scaled (non-dimensionless)
physical models.

Furthermore, the structural multiplier 2 in the numerator remains intact regardless of the fractional

ud
s+u?

which exactly matches the standard RAHMOH transform for e~ (where a = —1, as derived in Table 3).

This confirms that the dual-parameter nature of RAHMOH provides a robust and dimensionally consistent

order a. If we set @ = 1 (returning to an integer-order ODE), the expression elegantly collapses to

algebraic framework for non-integer domains.

8 Discussion: Algebraic Efficiency and Duality

The analysis in the preceding sections highlights the mathematical isomorphism between the five
transforms. While they all converge to the same physical solution U(z,t), the intermediate algebraic

structures differ significantly:

1
s+17

Laplace produced the simplest form for this specific linear problem.

1
14w’

Sumudu produced maintaining a unit-less denominator structure.

v2

T+ requiring careful power tracking (v? term).

Elzaki produced

Aboodh produced ﬁ, which essentially mirrors the Laplace structure if we map k ~ s.

RAHMOH produced ;_‘Tdu This form is unique because it explicitly retains the scaling parameter

u and the decay parameter s as separate entities.
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The “Bridge” Concept of RAHMOH: The RAHMOH transform effectively acts as a bridge

operator.

1. If we set u = 1, the RAHMOH expression ;fi_—su becomes recovering the Laplace form exactly.

1
s+1°

2. If we set s = 1, it becomes proportional to the Sumudu-like structure (with polynomial scaling).

This dual-parameter nature suggests that RAHMOH is not merely an alternative, but a generalization that
allows the analyst to navigate between the frequency domain (s) and the time-scale domain (u) without

performing a full inverse transform, a feature potentially advantageous in multi-scale modeling.

9 Numerical Visualization and Verification of Consistency

To demonstrate the physical validity and consistency of the comparative study, we present the numerical
simulation of the Heat Equation solution. As derived in Section 6, all five integral transforms (Laplace,
Sumudu, Elzaki, Aboodh, and RAHMOH) converged to the identical analytical form:

U(z,t) = e 'sin(z). (48)

This consensus among the methods confirms that while the algebraic pathways differ, the resulting physical
solution is unique.

A Note on Error Analysis: It is crucial to emphasize that since integral transforms yield exact analytical
solutions rather than discrete numerical approximations, traditional numerical error analysis (such as
calculating truncation errors) is not applicable; the theoretical error is inherently zero. The primary
efficiency metric here is the algebraic operational cost (as discussed in Section 6), and the purpose of the
following numerical visualization is strictly to verify the absence of algebraic propagation errors during

the inversion process.

Figure 1 illustrates the spatiotemporal evolution of the temperature profile over the domain = € [0, 7]
and t € [0, 3]. The 3D surface plot confirms the expected physical behavior: a sinusoidal initial distribution

that decays exponentially over time.
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Exact Solution of Heat Equation
Verified by All Five Transforms

0.9
0.8
10.7
10.6
)| 0.5

104

Temperature U(x,t)

0.3

0.2

0.1

9 2
Time (t) 8 B Space (x)

Figure 1: Unified Analytical Solution Surface. This profile represents the unique solution U(x,t) =
e tsin(x) obtained by all five transforms. The graphical match validates that the RAHMOH transform is

consistent with classical methods.

Additionally, Figure 2 displays 2D cross-sections at various time instances. These profiles serve as
a stringent verification benchmark. From a physical standpoint, the graphs explicitly demonstrate the
symmetric thermal dissipation dictated by the parabolic nature of the PDE. The perfect overlap of the
decay curves from all five methods confirms not only the accuracy of the proposed comparisons but also
validates that the dual-variable structure of the RAHMOH transform introduces zero numerical dissipation

or phase errors during the transition from the transformed domain back to the spatiotemporal domain.
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1Cross-sectional Profiles (Identical for All Methods)

o
©

o
e

o
-\.\l

o
)

Temperature U(x,t)
=] o
o w

<
w

o
[N

0.1

0 0.5 1 1.5 2 25 3 3.5
Space (x)

Figure 2: Time-Evolution Profiles. Cross-sectional view of the heat decay. The convergence of all

studied transforms to these exact curves demonstrates their robustness in solving linear PDEs.

10 Critical Discussion: Strengths, @ Weaknesses, and Optimal
Applications

While the numerical results in Section 7 confirm the consistency of all five transforms, a deeper analytical
look reveals that they are not merely redundant operators. Each transform possesses unique kernel
characteristics that make it “optimal” for specific classes of problems. The following subsections summarize

these distinctions based on our theoretical and numerical findings.

10.1 The Laplace Transform

e Strength: The gold standard for Linear Time-Invariant (LTT) systems. Its kernel e~*! is perfectly
suited for analyzing stability and frequency response (Bode plots, Nyquist).

e Weakness: It struggles with differential equations involving variable coefficients (e.g., t2y"), often

converting them into complex differential equations in the s-domain.

e Best Application: Electrical circuits, Control theory, and signal processing.
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10.2 The Sumudu Transform

e Strength: The “Scale-Invariant” property. Since the variable u has units of time, the transformed
function G(u) preserves the physical units of the original function f(¢). This is invaluable for

physicists checking dimensional consistency.
e Weakness: It lacks the immediate connection to the frequency domain spectrum that Laplace offers.

e Best Application: Solving ODEs in mathematical physics where unit consistency is paramount,

and problems without exponential damping.

10.3 The Elzaki Transform

e Strength: The introduction of the variable v in the kernel ve */? provides a distinct advantage
when handling initial conditions in variable-coefficient equations. It often simplifies terms that

would otherwise require integration in the Laplace domain.
e Weakness: The inversion formula is less standardized than Laplace’s Mellin-Bromwich contour.

e Best Application: Telegraph equations and Bessel-type differential equations.

10.4 The Aboodh Transform

1 _—kt

e Strength: Its kernel ;e acts as a distinct intermediate between Laplace and Sumudu. It is

particularly efficient for functions of exponential order where the decay rate needs to be modulated
by 1/k.

e Weakness: For simple ODEs, it often results in partial fractions that are slightly more cumbersome

than Laplace.

e Best Application: System of partial differential equations where algebraic symmetry is required.

10.5 The RAHMOH Transform (The Generalized Bridge)

e Strength: Flexibility and Dimensional Stability. By utilizing two parameters (s, «), RAHMOH

acts as a generalized “bridge.”

— It behaves like Laplace when v — 1 (Decay dominance).

— It behaves like Sumudu when s — 1 (Scaling dominance).

This dual nature allows it to solve fractional differential equations (FDEs) with superior algebraic

2 ensures strict dimensional

cleanliness. As explicitly proven in Section 7, the structural multiplier u
homogeneity, neutralizing singular boundaries without forcing unphysical non-dimensionalization

assumptions.
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e Weakness: For elementary textbook problems (like ¢y’ = y), using two variables might be considered

“computational overkill.”

e Best Application: Fractional Calculus, complex dynamic systems, and multi-scale modeling

where both decay and scaling need to be analyzed simultaneously.

11 Conclusion

In this paper, we have presented a comprehensive comparative study of the Laplace, Sumudu, Elzaki,
Aboodh, and RAHMOH integral transforms. Through rigorous derivation and numerical simulation of

the Heat Equation, we have demonstrated that:

1. All five transforms are mathematically consistent and converge to the exact same analytical and

numerical solutions across both integer-order and fractional domains.

2. The theoretical foundation of the RAHMOH transform is now fully self-contained through the
introduction of its formal complex inversion formula and the rigorous proof of its equivalence to

the Laplace transform.

3. The choice of transform should not be arbitrary but dictated by the physical nature of the problem.

For unit-sensitive physics, Sumudu is superior. For frequency analysis, Laplace reigns supreme.

4. The RAHMOH transform emerges as a powerful generalized operator. Its unique kernel structure
u?e= (/W provides the algebraic agility to navigate between frequency and time-scale domains.
Crucially, its ability to maintain dimensional homogeneity makes it a robust and superior candidate

for fractional calculus and complex media diffusion modeling.
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