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Abstract

This article presents and proves two new theorems concerning integral inequalities involving monotonic
functions. Each theorem incorporates an adjustable parameter, allowing for greater flexibility and
generality. Several related propositions are also derived from these theorems, thereby extending their
scope. To demonstrate the applicability and effectiveness of the new inequalities, the theoretical findings
are presented alongside selected numerical examples.

1 Introduction

Integral inequalities involving monotonic functions, such as the well-known Chebyshev integral inequality,
play a key role in the theory of analysis and its numerous applications. These inequalities are powerful
tools for estimating solutions to differential and integral equations, analyzing the stability of dynamic
systems, and studying the convergence properties of various functional sequences. Foundational results
and classical approaches in this area can be found in [1, 2, 8, 10, 19,20].

Over the past decade, there has been a significant increase in research focused on refining, extending
and generalizing integral inequalities associated with monotonic functions. Recent contributions, including
those presented in [3–7,9,11–18], have introduced innovative techniques and new classes of inequalities. The
ongoing study of integral inequalities involving monotonic functions continues to strengthen the theoretical
foundations of mathematical analysis. Formulating new, more general forms of such inequalities, in
particular, deepens our understanding of the interplay between monotonicity, integrability, and functional
relationships.

This article makes a contribution to this active area of research by presenting two new theorems that
depend on an adjustable parameter. The first theorem takes the following form:∫ 1

0
xαfα+1(x)dx ≤ 1

α+ 1

(∫ 1

0
f(x)dx

)α+1
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where α ≥ 0 is an adjustable parameter and f : [0, 1] → [0,+∞) is a non-increasing function. The
proof relies solely on elementary integration techniques and the fundamental properties of non-increasing
functions. This makes it both accessible and elegant. This result can also be regarded as a kind of
reverse Hölder-type integral inequality involving a power weight function xα. This inequality establishes a
useful relationship between the weighted integral of a power of a monotonic function and the power of its
unweighted integral, revealing a structural duality between the two forms. The two theorems enable us to
derive four new propositions that extend the scope of integral inequalities involving monotonic functions
even further. Several numerical examples illustrate the theory and demonstrate the sharpness of the
inequalities. Overall, our results strengthen the theoretical framework of the subject by providing new
insights and tools for analyzing inequalities related to monotonicity and integrability.

The remainder of the article is organized as follows: Section 2 investigates integral inequalities involving
a non-increasing function, referred to as the non-increasing case. Section 3 presents the analogous results for
the non-decreasing case. Finally, Section 4 provides concluding remarks and discusses possible directions
for future research.

2 The Non-increasing Case

2.1 Main result

The first theorem, concerning the non-increasing case, is stated below, followed immediately by its proof.

Theorem 2.1. Let α ≥ 0 and f : [0, 1] → [0,+∞) be a non-increasing function. Then we have the
following inequality:

∫ 1

0
xαfα+1(x)dx ≤ 1

α+ 1

(∫ 1

0
f(x)dx

)α+1

.

Proof. The proof relies on a clever intermediate integral inequality. Since f is non-increasing, for any
t ∈ (0, x), we have f(x) ≤ f(t). Therefore, the following inequality holds:

xαfα(x) =

(
f(x)

∫ x

0
dt

)α

≤
(∫ x

0
f(t)dt

)α

.

Using this and standard power primitive developments, including
(∫ x

0 f(t)dt
)′

= f(x) and
∫ 0
0 f(t)dt = 0,
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we get ∫ 1

0
xαfα+1(x)dx =

∫ 1

0
f(x)xαfα(x)dx

≤
∫ 1

0
f(x)

(∫ x

0
f(t)dt

)α

dx

=

[
1

α+ 1

(∫ x

0
f(t)dt

)α+1
]1

0

=
1

α+ 1

(∫ 1

0
f(t)dt

)α+1

.

This completes the proof of the theorem. □

Despite the relative simplicity of the proof, to the best of our knowledge, the integral inequality stated
in Theorem 2.1 is a new addition to the existing literature. As mentioned in the introduction, it can be
viewed as a kind of reverse Hölder-type integral inequality involving a power weight function.

To complete this theorem, note that, by applying the Hölder integral inequality, we have(∫ 1

0
f(x)dx

)α+1

≤
∫ 1

0
fα+1(x)dx.

This and Theorem 2.1 yield the elegant inequalities:∫ 1

0
xαfα+1(x)dx ≤ 1

α+ 1

(∫ 1

0
f(x)dx

)α+1

≤ 1

α+ 1

∫ 1

0
fα+1(x)dx.

In particular, they are considerably sharper than the following trivial integral inequality, which relies only
on the fact that xα ∈ [0, 1] for any x ∈ [0, 1], without taking into account the monotonic nature of the
function f : ∫ 1

0
xαfα+1(x)dx ≤

∫ 1

0
fα+1(x)dx.

Let us illustrate Theorem 2.1 with a numerical example. Setting f(x) = 1/(2 + x), x ∈ [0, 1], which is
obviously non-increasing, and α = 1, we get∫ 1

0
xαfα+1(x)dx =

∫ 1

0
x

(
1

2 + x

)2

dx ≈ 0.0721

and

1

α+ 1

(∫ 1

0
f(x)dx

)α+1

=
1

2

(∫ 1

0

1

2 + x
dx

)2

≈ 0.0822.

Of course, we have 0.0721 < 0.0822. This illustrates the desired inequality.

The remainder of this section is devoted to the presentation of several additional integral inequalities
that are derived as consequences of Theorem 2.1.
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2.2 Special cases α = n

A non-trivial integral inequality, derived as a consequence of Theorem 2.1, is presented in the proposition
below.

Proposition 2.2. Let f : [0, 1] → [0, 1) be a non-increasing function such that
∫ 1
0 f(x)dx < 1. Then

we have the following inequality:∫ 1

0

f(x)

1− xf(x)
dx ≤ − log

(
1−

∫ 1

0
f(x)dx

)
.

Proof. Applying Theorem 2.1 to α = n for n ∈ N, we have∫ 1

0
xnfn+1(x)dx ≤ 1

n+ 1

(∫ 1

0
f(x)dx

)n+1

.

Summing both sides with respect to n, we get

+∞∑
n=0

(∫ 1

0
xnfn+1(x)dx

)
≤

+∞∑
n=0

1

n+ 1

(∫ 1

0
f(x)dx

)n+1

. (1)

Using the fact that xf(x) ∈ [0, 1) for any x ∈ [0, 1), together with the uniform convergence of the geometric
series expansion, we obtain

+∞∑
n=0

(∫ 1

0
xnfn+1(x)dx

)
=

∫ 1

0
f(x)

+∞∑
n=0

(xf(x))ndx

=

∫ 1

0

f(x)

1− xf(x)
dx. (2)

Applying the logarithmic series expansion directly, taking into account that
∫ 1
0 f(x)dx ∈ [0, 1), we have

+∞∑
n=0

1

n+ 1

(∫ 1

0
f(x)dx

)n+1

= − log

(
1−

∫ 1

0
f(x)dx

)
. (3)

Combining Equations (1), (2) and (3), we get∫ 1

0

f(x)

1− xf(x)
dx ≤ − log

(
1−

∫ 1

0
f(x)dx

)
.

This ends the proof of the proposition. □

Let us illustrate Proposition 2.2 with a numerical example. Setting f(x) = 1/(2+x), x ∈ [0, 1], we get∫ 1

0

f(x)

1− xf(x)
dx =

∫ 1

0

1/(2 + x)

1− x/(2 + x)
dx = 0.5
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and

− log

(
1−

∫ 1

0
f(x)dx

)
= − log

(
1−

∫ 1

0

1

2 + x
dx

)
≈ 0.5199.

Clearly, 0.5 < 0.5199, which illustrates the desired inequality.

Another result derived as a consequence of Theorem 2.1 is presented in the proposition below. The
proof employs series expansion techniques similar to those developed in the proof of Proposition 2.2.

Proposition 2.3. Let f : [0, 1] → [0, 1) be a non-increasing function such that
∫ 1
0 f(x)dx < 1. Then

we have the following inequality: ∫ 1

0

f(x)

(1− xf(x))2
dx ≤

∫ 1
0 f(x)dx

1−
∫ 1
0 f(x)dx

.

Proof. Applying Theorem 2.1 to α = n for n ∈ N, we have∫ 1

0
xnfn+1(x)dx ≤ 1

n+ 1

(∫ 1

0
f(x)dx

)n+1

,

so that ∫ 1

0
(n+ 1)xnfn+1(x)dx ≤

(∫ 1

0
f(x)dx

)n+1

.

Summing both sides with respect to n, we get

+∞∑
n=0

(∫ 1

0
(n+ 1)xnfn+1(x)dx

)
≤

+∞∑
n=0

(∫ 1

0
f(x)dx

)n+1

. (4)

Using the fact that xf(x) ∈ [0, 1) for any x ∈ [0, 1), together with the uniform convergence of the geometric
series expansion, we obtain

+∞∑
n=0

(∫ 1

0
(n+ 1)xnfn+1(x)dx

)
=

∫ 1

0
f(x)

+∞∑
n=0

(n+ 1)(xf(x))ndx

=

∫ 1

0

f(x)

(1− xf(x))2
dx. (5)

Using the geometric series expansion taking into account that
∫ 1
0 f(x)dx ∈ [0, 1), we have

+∞∑
n=0

(∫ 1

0
f(x)dx

)n+1

=

(∫ 1

0
f(x)dx

) +∞∑
n=0

(∫ 1

0
f(x)dx

)n

=

∫ 1
0 f(x)dx

1−
∫ 1
0 f(x)dx

. (6)

Combining Equations (4), (5) and (6), we get∫ 1

0

f(x)

(1− xf(x))2
dx ≤

∫ 1
0 f(x)dx

1−
∫ 1
0 f(x)dx

.
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This concludes the proof of the proposition. □

Let us illustrate Proposition 2.3 with a numerical example. Setting f(x) = 1/(2+x), x ∈ [0, 1], we get∫ 1

0

f(x)

(1− xf(x))2
dx =

∫ 1

0

1/(2 + x)

(1− x/(2 + x))2
dx = 0.625

and ∫ 1
0 f(x)dx

1−
∫ 1
0 f(x)dx

=

∫ 1
0 1/(2 + x)dx

1−
∫ 1
0 1/(2 + x)dx

≈ 0.6820.

Obviously, we have 0.625 < 0.6820. This illustrates the desired inequality.

The remainder of the article is devoted to the non-decreasing case.

3 The Non-decreasing Case

3.1 Main result

The second theorem, concerning the non-decreasing case, is stated below, followed immediately by its
proof.

Theorem 3.1. Let α ≥ 0 and f : [0, 1] → [0,+∞) be a non-decreasing function. Then we have the
following inequality: ∫ 1

0
(1− x)αfα+1(x)dx ≤ 1

α+ 1

(∫ 1

0
f(x)dx

)α+1

.

Proof. The proof relies on a first clever inequality. Since f is non-decreasing, for any t ∈ (x, 1), we have
f(x) ≤ f(t). Therefore, the following inequality holds:

(1− x)αfα(x) =

(
f(x)

∫ 1

x
dt

)α

≤
(∫ 1

x
f(t)dt

)α

.

Using this and standard power primitive developments, including
(∫ 1

x f(t)dt
)′

= −f(x) and
∫ 1
1 f(t)dt = 0,

we get ∫ 1

0
(1− x)αfα+1(x)dx =

∫ 1

0
f(x)(1− x)αfα(x)dx

≤
∫ 1

0
f(x)

(∫ 1

x
f(t)dt

)α

dx

=

[
− 1

α+ 1

(∫ 1

x
f(t)dt

)α+1
]1

0

=
1

α+ 1

(∫ 1

0
f(t)dt

)α+1

.
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This completes the proof of the theorem. □

To the best of our knowledge, the integral inequality stated in Theorem 3.1 is a new addition to the
existing literature. Compared with Theorem 2.1, we can see that the change in monotonicity has resulted
in a change to the weight function, which is now (1 − x)α rather than xα. However, the upper bound
remains unchanged. This inequality can be viewed as a kind of reverse Hölder-type integral inequality
involving a power weight function, i.e., (1− x)α.

To complete it, note that, by applying the Hölder integral inequality, we have(∫ 1

0
f(x)dx

)α+1

≤
∫ 1

0
fα+1(x)dx.

This and Theorem 3.1 yield the elegant inequalities:∫ 1

0
(1− x)αfα+1(x)dx ≤ 1

α+ 1

(∫ 1

0
f(x)dx

)α+1

≤ 1

α+ 1

∫ 1

0
fα+1(x)dx.

Let us illustrate Theorem 3.1 with a numerical example. Setting f(x) = x/2, x ∈ [0, 1], which is
obviously non-decreasing, and α = 1, we get∫ 1

0
(1− x)αfα+1(x)dx =

∫ 1

0
(1− x)

(x
2

)2
dx ≈ 0.0208

and

1

α+ 1

(∫ 1

0
f(x)dx

)α+1

=
1

2

(∫ 1

0

x

2
dx

)2

≈ 0.0312.

Clearly, 0.0208 < 0.0312, which illustrates the desired inequality.

3.2 Special cases α = n

A non-trivial integral inequality, derived as a consequence of Theorem 3.1, is presented in the proposition
below.

Proposition 3.2. Let f : [0, 1] → [0, 1) be a non-decreasing function such that
∫ 1
0 f(x)dx < 1. Then

we have the following inequality:∫ 1

0

f(x)

1− (1− x)f(x)
dx ≤ − log

(
1−

∫ 1

0
f(x)dx

)
.

Proof. Applying Theorem 3.1 to α = n for n ∈ N, we have∫ 1

0
(1− x)nfn+1(x)dx ≤ 1

n+ 1

(∫ 1

0
f(x)dx

)n+1

.
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Summing both sides with respect to n, we get

+∞∑
n=0

(∫ 1

0
(1− x)nfn+1(x)dx

)
≤

+∞∑
n=0

1

n+ 1

(∫ 1

0
f(x)dx

)n+1

. (7)

Using the fact that (1 − x)f(x) ∈ [0, 1) for any x ∈ [0, 1), together with the uniform convergence of the
geometric series expansion, we obtain

+∞∑
n=0

(∫ 1

0
(1− x)nfn+1(x)dx

)
=

∫ 1

0
f(x)

+∞∑
n=0

((1− x)f(x))ndx

=

∫ 1

0

f(x)

1− (1− x)f(x)
dx. (8)

Applying the logarithmic series expansion directly, taking into account that
∫ 1
0 f(x)dx ∈ [0, 1), we have

+∞∑
n=0

1

n+ 1

(∫ 1

0
f(x)dx

)n+1

= − log

(
1−

∫ 1

0
f(x)dx

)
. (9)

Combining Equations (7), (8) and (9), we get∫ 1

0

f(x)

1− (1− x)f(x)
dx ≤ − log

(
1−

∫ 1

0
f(x)dx

)
.

This concludes the proof of the proposition. □

Let us illustrate Proposition 3.2 with a numerical example. Setting f(x) = x/2, x ∈ [0, 1], we get∫ 1

0

f(x)

1− (1− x)f(x)
dx =

∫ 1

0

x/2

1− (1− x)x/2
dx ≈ 0.2731

and

− log

(
1−

∫ 1

0
f(x)dx

)
= − log

(
1−

∫ 1

0

x

2
dx

)
≈ 0.2876.

Obviously, we have 0.2731 < 0.2876. This illustrates the desired inequality.

Another result derived as a consequence of Theorem 3.1 is presented in the proposition below. The
proof employs series expansion techniques similar to those developed in the proof of Proposition 3.2.

Proposition 3.3. Let f : [0, 1] → [0, 1) be a non-decreasing function such that
∫ 1
0 f(x)dx < 1. Then

we have the following inequality:

∫ 1

0

f(x)

(1− (1− x)f(x))2
dx ≤

∫ 1
0 f(x)dx

1−
∫ 1
0 f(x)dx

.
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Proof. Applying Theorem 3.1 to α = n for n ∈ N, we have∫ 1

0
(1− x)nfn+1(x)dx ≤ 1

n+ 1

(∫ 1

0
f(x)dx

)n+1

,

so that ∫ 1

0
(n+ 1)(1− x)nfn+1(x)dx ≤

(∫ 1

0
f(x)dx

)n+1

.

Summing both sides with respect to n, we get

+∞∑
n=0

(∫ 1

0
(n+ 1)(1− x)nfn+1(x)dx

)
≤

+∞∑
n=0

(∫ 1

0
f(x)dx

)n+1

. (10)

Using the fact that (1 − x)f(x) ∈ [0, 1) for any x ∈ [0, 1), together with the uniform convergence of the
geometric series expansion, we obtain

+∞∑
n=0

(∫ 1

0
(n+ 1)(1− x)nfn+1(x)dx

)
=

∫ 1

0
f(x)

+∞∑
n=0

(n+ 1)((1− x)f(x))ndx

=

∫ 1

0

f(x)

(1− (1− x)f(x))2
dx. (11)

Using the geometric series expansion, taking into account that
∫ 1
0 f(x)dx ∈ [0, 1), we have

+∞∑
n=0

(∫ 1

0
f(x)dx

)n+1

=

(∫ 1

0
f(x)dx

) +∞∑
n=0

(∫ 1

0
f(x)dx

)n

=

∫ 1
0 f(x)dx

1−
∫ 1
0 f(x)dx

. (12)

Combining Equations (10), (11) and (12), we get∫ 1

0

f(x)

(1− (1− x)f(x))2
dx ≤

∫ 1
0 f(x)dx

1−
∫ 1
0 f(x)dx

.

This ends the proof of the proposition. □

Let us illustrate Proposition 3.3 with a numerical example. Setting f(x) = x/2, x ∈ [0, 1], we get∫ 1

0

f(x)

(1− (1− x)f(x))2
dx =

∫ 1

0

x/2

(1− (1− x)x/2)2
dx ≈ 0.2989

and ∫ 1
0 f(x)dx

1−
∫ 1
0 f(x)dx

=

∫ 1
0 (x/2)dx

1−
∫ 1
0 (x/2)dx

≈ 0.3333.

Clearly, 0.2989 < 0.3333, which illustrates the desired inequality.
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4 Conclusion

In this article, we introduced two new integral inequalities involving monotonic functions, each with an
adjustable parameter, and derived several related propositions. We presented numerical examples to
demonstrate the effectiveness and applicability of the results. Future research could explore extending
these inequalities to multidimensional settings and to those involving more general weight functions. They
could also be applied to the study of integral operators, differential equations and approximation theory.
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