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Abstract

In this paper, we introduce the notion of Reich contraction of integral type in metric spaces with

w-distance and prove a fixed point theorem. Some conjectures conclude the paper.

1 Introduction and Preliminaries

Theorem 1.1. [/] Let T' be a mapping from a complete metric space (X, d) into itself satisfying
d(Tz,Ty) < cld(z, Tx) + d(y,Ty)], V,y € X, (2.1)
where ¢ € (0, %) 1s a constant. Then T has a unique fixed point in X.

Theorem 1.2. [?] Let T be a mapping from a complete metric space (X,d) into itself satisfying

d(Tz,Ty) d(z,y)
/ p(t)dt < c/ e(t)dt, Vx,ye X, (2.2)
0 0

where ¢ € (0,1) is a constant and ¢ : [0,00) — [0,00) is Lebesgue integrable, summable on each compact
subset of [0,00) and foe p(t)dt > 0 for each € > 0. Then T has a unique fized point a € X such that

limy, 00 T"x = a for each x € X.

Notation 1.3. Throughout this paper, we assume the following

(a) R = (—00,+00).
(b) Rt =10, 4+00).
(¢) No ={0} UN, where N denotes the set of all positive integers.

(d) @ will denote the class of all functions ¢ : [0,00) — [0, 00) which are Lebesgue integrable, summable
on each compact subset of RT and [ ¢(t)dt > 0 for each e > 0.
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Definition 1.4. [5] Let (X,d) be a metric space. A function p: X x X — RT is called a w-distance in
X if it satisfies the following

(wl) p(ZC, Z) < p(fL‘, y) +p(ya Z): \V/CL', Y,z € Xa

(wg2) for each x € X, a mapping p(x,-) : X — RT is lower semi-continuous, that is, if {yn}nen is a
sequence in X with lim, 00 yp =y € X, then, p(x,y) < liminf, o p(z, yn),

(w3) for any e > 0, there exists § > 0 such that p(z,z) < § and p(z,y) < 0 imply d(x,y) < e.

Definition 1.5. [/] A self-mapping T in a metric space (X,d) is called orbitally continuous at u € X if
lim, oo T"x = u, x € X, implies that lim,,_,oc TT"x = Tu. The mapping T is orbitally continuous in X

if T is orbitally continuous at each u € X.

Lemma 1.6. [9] Let X be a metric space with metric d and let p be a w-distance in X. Let {xy}nen
and {yn}nen be sequences in X, let {a tnen and {Bntnen be sequences in RT converging to 0, and let
x,y,z € X, then the following hold:

(a) If p(zn,y) < ayn and p(xyn,2) < By for any n € N, then y = z. In particular, if p(x,y) = 0 and
p(z,z) =0, then y = z.

(0) If p(xn,yn) < ap and p(xp, 2) < By for any n € N, then {y, }nen converges to z.
(¢) If p(xn, xm) < an for any n,m € N with n > m, then {x,}nen is a Cauchy sequence.

(d) If p(x,xy) < o, for anyn € N | then {xy nen is a Cauchy sequence.

Lemma 1.7. [5] Let p € ® and {r,}nen be a nonnegative sequence with lim,_,oc 7y, = a. Then
Tn a
lim p(t)dt = / (t)dt.
Lemma 1.8. [/] Let ¢ € ® and {r,}nen be a nonnegative sequence. Then lim,, fg" p(t)dt =0, if and
only if limy, o 7, = 0.

Theorem 1.9. [0/ Let (X, d) be a complete metric space and let f : X — X be a Reich type single-valued

(a, b, c)-contraction, that is, there exists nonnegative numbers a,b,c with a + b+ ¢ < 1 such that

d(f(z), f(y)) < ad(z,y) + bd(z, f(x)) + cd(y, f(y))
for each x,y € X. Then T has a unique fized point.

2 Main Results

Theorem 2.1. Let (X,d) be a complete metric space and let p be a w-distance in X. Assume that
T:X — X satisfies

p(Tz,Ty) $p(z,y)+p(z,Tx)+p(y, Ty)]
/ p(t)dt < c/ p(t)dt, Y,y € X, (3.1)
0 0
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where ¢ € [0,1) is a constant and ¢ € ®. Then T has a unique fized point v € X, p(u,u) = 0, and
limy, 00 p(T"x0,u) = 0 for each xy € X.

Proof. Pick an arbitrary point zg € X and define z,, = T"xq for each n € Ny. Now we consider the

following two cases:

Case 1. Assume that z,, = zp,—1 for some ng € N. It is easy to see that z,,_; is a fixed point
of T, xy, = xp,—1 for each n > ng, and lim, oo T"x9 = Tp,—1. Suppose that p(xn,—1,Tne—1) > 0. It
follows from (3.1) and ¢ € ® that

p(xnofl »Inofl) p(Txnofl aTxnofl)
/ ol = [ o(t)dt
0 0

%[p(xnofla$n071)+p($n0*17T$n0*1)+p($n0*17T$n0*1)}
< c/ o(t)dt
0
LP(Tng—1,Tng—1)+P(Tng—1,Tng—1)+P(Tng—1,Tng—1)]
< c/ p(t)dt
0
p(mno—lzajno—l)
< / (t)dt
0
which is a contradiction. Hence p(xy,,—1, Tn,—1) = 0 which yields that
lim p(@n, Tno—1) = p(Tng—1, Tne—1) = 0.
n—oo
Case 2. Assume that x, # x,_1 for all n € N. Suppose that
P(Tng—1,Tny) =0 for some ng € N. (3.2)
From (3.1), (3.2), and ¢ € ®, we deduce the following
p(mno»znoJrl)
0< / o(t)dt
0
p(TxnoflvTxno)
_ / o(t)dt
0
%[p(xno—hxno)+p(xn0—17Txn0—1)+p(x’ﬂ07Tx710)}
< c/ o(t)dt
0
%[p(mno—lzxno)+p(xn0—1’xno)+p(xn0 @no-‘rl)]
= c/ ©(t)dt
0
=0
which means that
p(xn0,$n0+1)
/ e(t)dt =0
0
which together with ¢ € ® gives that
P(Tng, Tng+1) = 0. (3.3)
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Note that (3.2), (3.3) and (wy) gives that

0< p(xnofb xnoJrl) < p(l‘no*la mno) +p(l'n07 $n0+1) =0
that is
P(Tng—1, Tng+1) = 0. (3.4)
It follows from (3.2),(3.4), and Lemma 1.6, that x,, = xn,+1, which is absurd and hence

p(n—1,2,) >0, Vn € N. (3.5)

From (3.1), (3.5) and ¢ € @, we deduce the following

P(Tn,Tnt1) p(Tzn—1,T2n)
/ p(t)dt = / o(t)dt
0 0

%[p($n—17$n)+p(xn—17Txn—1)+p(xn7T-73n)}
< c/ p(t)dt
0
%[P(In—17$n)+]3(13n—171‘n)+P(ﬂ3ml‘n+1)]
= c/ (t)dt
0
5Bp(zn—1,2n)]
< c/ o(t)dt
0
p(z’ﬂ*hxn)
< / o(t)dt, V¥n € N
0
which together with (3.5) implies that
0 < p(xn, Tpy1) < p(Tn—1,xn), VYn € N. (3.6)

Note that (3.6) yields that the sequence {p(zn, Tn+1)}nen, is positive and strictly decreasing. Thus there

exists a constant v > 0 with
lim p(zp, Tni1) = 0. (3.7)
n—oo

Suppose that v > 0. By means of (3.1), (3.7), ¢ € ® and Lemma 1.7, we conclude that

v p(fl?n#l?n-&-l)
/ p(t)dt = lim o(t)dt
0

n—oo Jq
p(Txp—1,Txy)
= lim o(t)dt

n—oo 0

< lim ¢
n—0o0 0

2p(@n—1,20)+P(@n—1,TTn 1) +p(Tn,Tzn)]
/ o(t)dt

= lim ¢
n—oo 0

%[3p(xn—17$n)}
< lim c/ o(t)dt
0

% [p(xn—l #Un)'f'p(wn—l 7xn)+p(xn 7-77n+1)]
/ o(t)dt

n—o0
< / o(t)dt
0
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which is impossible and hence v = 0, that is,

lim p(xm xn—i—l) =0. (3'8)
n—oo

Similarly, we get that
lim p(wn-‘rla xn) =0. (3'9)
n—oo

Now we show that

lim p(zp,zm) =0. (3.10)

n,Mm—00

Otherwise there is a constant € > 0 such that for each positive integer k, there are positive integers m(k)
and n(k) with m(k) > n(k) > k such that

p(xn(k)axm(k)) > €.

For each positive integer k, let m(k) denote the least integer exceeding n(k) and satisfying the above

inequality. It follows that

p(a:n(k),xm(k)) > € and p(l‘n(k), a;m(k),l) <, Vk € N. (3.11)
Note that
€ < P(Tn(k)> Tm(k))
< p(xn(k)al'n(k)—l) + p($n(k)—la :Em(k)—l) + p(xm(k)—lv xm(k)) (3 12)
< P(Tn(k)s Tngk)—1) + P(Tnk) =15 Tnk)) + P(Tnk) Tmk)—1) + P(Tmk) =15 Tm(k))
< P(Tn(k)s Trgk)—1) + P(Tn)—15 Tngk)) + €+ P(Zok)—1> Tm(k))-
Letting k£ — oo in (3.12) and using (3.8), (3.9) and (3.11), we get
Hm p(@p k), Tmry) = M p(Tpky—15 T(k)—1) = € (3.13)

k—o00 k—o00

By virtue of (3.1), (3.13), ¢ € ®, and Lemma 1.7, we deduce that

€ p(xn(k)vxm(k))
/ o(t)dt = Tim o(t)dt
0 k—oo 0
P(T 2 (k)= 1,7 Tm(k)—1)
= lim o(t)dt
k—oo 0

< lim ¢ (t)dt

% [p(ajn(k)fl L (k)—1 )+p($n(k)7 1 7T$n(k)7 1)+p(l‘m(k)f 1 7Tx7n(k)7 1 )]
k—o00 0

= lim ¢ o(t)dt

k—o0 0

) L Bp(@n (k) —1:Tm(k)—1)]
< lim ¢
k—oo 0

< /0E p(t)dt
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which is a contradiction. Thus, (3.10) holds. Let € > 0 and ¢ denote the number in (ws). It follows from
(3.10) that there exists N € N satisfying

p(zN,Tn) < and p(xn, xm) < 6, Yn,m € N
which together with (ws) yields that
d(zp, xm) < €, Yn,m > N

that is, {xy, }nen, is a Cauchy sequence. Since (X, d) is a complete metric space, it follows that there exists
a point u € X such that lim,_,o x,, = u. Observe that (3.10) guarantees that for each e > 0, there exists
N, € N satisfying

0 < p(zp,xm) <€, Yn,m > N,

which together with (wg) and lim,,—,o 2, = u yields that

0< p(l‘n,u) < lim infp(xmxm) <e€ Vn > N

m— 00

which gives that
lim p(zy,,u) =0. (3.14)

n—oo

Making use of (3.1),(3.14), ¢ € ®, and Lemma 1.7, we obtain that

p(Txn,Tu)
0< / p(t)dt

/ilg[p Tn,U +p xanx’ﬂ)J’_p(u Tu)]

o(t)dt
0

%[p Tn,U +p xn71n+1)+p(u Tu)]
/ o(t)dt

I
)

0

+[3p( zn,U)]
c/ t)dt — 0 as n — o
0

IN

that is
lim w(t) =0

n—o0 0

which together with Lemma 1.8 means that

hm p(mn_H,Tu) = lim p(Tz,,Tu) =0

n—oo

which together with (wq) and (3.8) yields that
0 < p(zn, Tu) < p(xn, Tnt1) + p(Tpt1, Tu) — 0 as n — oo

that is
lim p(x,, Tu) = 0. (3.15)

n—oo
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Combining (3.14) and (3.15) and using Lemma 1.6, we deduce that v = T'u. Next we show that p(u,u) = 0.
Suppose that p(u,u) > 0. It follows from (3.1) and ¢ € ® that

p(u,u)
0< / (t)dt
0

p(Tu,Tu)
- / ()t
0

/11,) [p(u,u)+p(u,Tu)+p(u,Tu)]

<c p(t)dt (3.16)

0

/é [p(u,u)+p(u,u)+p(u,u)]

=c ©(t)dt

0
p(u,u)
< / (t)dt
0

which is impossible. That is, p(u,u) = 0. Finally, we show that T possesses a unique fixed point in
X. Suppose that « and g are two fixed points of 7 in X. Similar to the proof of (3.16), we infer that
p(a, ) = p(B,8) = 0. Suppose that p(5,«) > 0. It follows from (3.1) and ¢ € P that

p(B8,0)
0< / o(t)dt

p(TB,Ta)
/0

$[p(8,0)+p(8,TB8)+p(a,Ta)]

o(t)dt
0
1

3
/5
0
—e "
p(B,a)
< / o(t)dt
0

which is absurd. Consequently, p(8,a) = 0, which together with p(f, ) = 0 and Lemma 1.6 implies that
B = «. This completes the proof. ]

(8,0)+p(B.8)+p(cv,)]
o(t)dt

o

3 Conjectures

The open problems are to prove or disprove the following

Conjecture 3.1. Let (X,d) be a complete metric space and let p be a w-distance in X. Assume that
T: X — X satisfies

p(Tz,Ty) p(Tz,z) p(Ty,y) p(z,y)
/ o(t)dt < a/ gp(t)dt+b/ gp(t)dt—i—c/ o()dt, o,y € X,
0 0 0 0
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where ¢ € ® and

a,b, and c are nonnegative and a +b+c < 1.

Then T has a unique fived point u € X, p(u,u) =0, and lim, oo p(T™xg,u) = 0 for each x¢ € X.

Conjecture 3.2. Let (X,d) be a complete metric space and let p be a w-distance in X. Assume that

T: X — X is an orbitally continuous mapping satisfying

p(Tz,Ty) p(Tw,z) p(Ty,y) p(z,y)
/ p(t)dt < a/ (t)dt + b/ (t)dt + c/ p(t)dt, Yo,y € X,
0 0 0 0

where ¢ € ® and

a,b, and ¢ are nonnegative and a +b+c < 1.

Then T has a unique fizved point u € X, p(u,u) =0, and lim, oo p(T™x,u) = 0 for each x¢ € X.
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