Earthline Journal of Mathematical Sciences
E-ISSN: 2581-8147

Volume 16, Number 2, March 2026, Pages 319-349
https://doi.org/10.34198 /ejms.16226.25.319349

An Efficient Block Multistep Method for the Numerical Approximation
of General Fourth-Order Ordinary Differential Equations

S. J. Kayode!, F. O. Obarhua? and F. C. Ogedengbe®”

! Department of Mathematical Sciences, The Federal University of Technology, Akure, Nigeria
e-mail: sjkayode@futa.edu.ng

2 Department of Mathematical Sciences, The Federal University of Technology, Akure, Nigeria

e-mail: obarhuafo@futa.edu.ng

3 Department of Mathematical Sciences, The Federal University of Technology, Akure, Nigeria
e-mail: ogedengbefc@futa.edu.ng

Abstract

Fourth-order ordinary differential equations (ODEs) are applied in real-life situations such as analyzing
the vibration and stability of structural elements, including beams, plates, and airplane wings. Other
applications include modeling fluid flow, such as in the lungs, and the development of surface profiles
in material science. In engineering, they are used in areas such as beam theory to predict beam
failure and in analyzing the stress and strain in materials like reinforced concrete shells. The purpose
of this study is to develop a class of continuous hybrid numerical methods for the direct solution of
general fourth-order initial value problems of ordinary differential equations. The technique adopted
in this work involves interpolation and collocation of a basis function and its corresponding differential
system, respectively. The differential systems and the basis functions are collocated and interpolated,
respectively, at selected grid and intra-step grid points. The unknown parameters in the system of
linear equations arising from the collocation and interpolation procedures were determined, and the
values were substituted into the approximate solution. The required continuous methods were obtained
for different step numbers after the necessary simplifications. The derived methods were tested and
found to be consistent, convergent, and to possess low error constants. The discrete schemes obtained
from the continuous methods were implemented in block mode. The methods were applied to solve
linear and nonlinear fourth-order initial value problems directly. The errors in the results obtained were
compared with those of existing methods of the same and even higher order of accuracy to establish

the superiority of the newly proposed method.

1 Introduction

Ordinary differential equations (ODEs) have important applications and serve as powerful tools in the

study of many problems in the natural sciences and technology. They are extensively employed in
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mechanics, astronomy, physics, and in many areas of chemistry and biology. Mathematical models across
this wide range of disciplines describe how quantities change, which naturally leads to the language of

ordinary differential equations.

For instance, Newton’s laws in mechanics make it possible to describe the motion of mass points or
rigid bodies through ordinary differential equations. The computation of radio technical circuits, satellite
trajectories, studies of the stability of an aircraft in flight, and the analysis of chemical reactions are all
carried out by formulating and solving ordinary differential equations. Some of the most interesting and
important applications of these equations arise in the theory of oscillations, ship dynamics, and automatic

control theory.

These applied problems, in turn, generate new theoretical challenges involving first-, second-, third-,
fourth-, fifth-, and even higher-order derivatives in ODEs. However, explicit solutions to many higher-order
ODE problems do not exist. Consequently, there is a need to develop numerical methods, particularly

implicit linear multistep methods (LMMSs), to solve these problems effectively.

Therefore, in this research paper, we consider the general fourth-order ordinary differential equation

of the form
y o= fleyy v y"), oz elal],
subject to
(x()) = Yo, (1)

y/(x()) = yé)a

y'(z0) = g,

y"(x0) = vy, o€ [a,b]
on the partition

Zra=x9< 1w <---<zxN =D, Ty = Tp—1+h, n=1,...,N.

Here, f: R x R™ x R™ x R™ x R™ — R™, N > 0 is an integer, m denotes the dimension of the system,

n represents the grid index, and

is the step size.

[1] developed a new efficient numerical model for directly solving second-, third-, and fourth-order

ordinary differential equations.

[2] examined a new special 15-step block method for solving general fourth-order ordinary differential
equations. The formulation of the new scheme was achieved through interpolation and collocation
techniques. The method is of sixteenth order, and the number of interpolated points corresponds to

the order of the problem being solved.

[21] proposed the development and implementation of a four-step predictor—corrector method with
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an improvement strategy for fourth-order ordinary differential equations, together with applications. The

method is of order ten and exhibits high accuracy.
[18] proposed a block algorithm containing nine intermediate steps with an order of accuracy p = 11.

[1] developed an improved Runge-Kutta method in which the problem was first converted into a

system of first-order ODEs before being solved.

[13] proposed a block extension of a single-step hybrid multistep method for directly solving

fourth-order initial value problems with order of accuracy nine.

[16] developed a Chebyshev-generated block method for directly solving nonlinear and ill-posed
fourth-order ODEs. The method was derived by applying interpolation and collocation procedures to
a Chebyshev approximate polynomial. The method was shown to be zero-stable, consistent, convergent,

and p-stable, with order seven.

Moreover, most of the methods mentioned above for solving higher-order ODEs and implemented in
block mode were attempts to overcome early setbacks of predictor—corrector methods. For instance,
predictor—corrector methods often combine lower-order predictors with higher-order correctors, which
may result in relatively low overall accuracy. It should also be noted that the block method is
problem-independent, unlike conventional block methods that are problem-dependent. This observation
forms the motivation for the present work. In this paper, an order-eight block method with five inter-steps

embedded within a step length of three is presented for the solution of general fourth-order ODEs.

For completeness and readability, a power series is employed as the basis function to derive the method
in Section 2. In Section 3, the fundamental properties of the method are examined to determine its
applicability. Section 4 provides numerical examples to demonstrate the effectiveness of the proposed

method, and Section 5 concludes the study with final remarks.

Definition 1.1. A numerical method is said to be A-stable if its region of absolute stability contains the

entire complex left-half plane
Re(hA) <0

(see Dahlquist).

Alternatively, a numerical method is called A-stable if all solutions of (1) tend to zero as n — oo when

the method is applied, with fized positive h, to any differential equation of the form

AN
da Y,

where A is a complex constant with negative real part.
Definition 1.2. A numerical method is said to be A(a)-stable, o € (O, g), if its region of absolute stability

contains the infinite wedge
Wo ={Ah:—a <7 —arg(\h) < a}.
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2 Methodology

The following power series is used as the approximate solution:

(C+D)—1
y(x) = Y e, (2)

j=0
where e;, j = 0,1,2,--- ,k, are the coefficients to be determined, and x is continuous and differentiable.

Here, C' is the number of collocation points and I is the number of interpolation points.

The fourth derivative of (2) is given as

(C+I)—1

v = Y GG =1 —2)( — 3)ejad (3)

j=4

Equations (2) and (3) form the differential system to be solved using Gaussian elimination in order to

determine the unknowns e;. Interpolating (2) at the points

T = Tny Tntry; Tn+ts; Tn+ly Tn+ty Tn+2y Tntus Tnto,

and collocating (3) at the points

T = Tn, Tn+l; Tn+2, Tn+3,

where 0 < 7r,s<1,1<t<2,and 2 < u,v < 3.

Specifically, the values of r, s,t, u, v are taken as

respectively. The values of ej, j = 0,1,...,11, are substituted into (2) to obtain a linear hybrid multistep

method with continuous coefficients in the form:

@) ao(t)yn + 1)y, 1 +@2()y, 2 + 1Oy + as()y, s + 2(B)ynie + az )y, 1 @
y(z) =
+as(t)y, s + WA (Bo(t) fr + B1(t) fas1 + B2(t) favz + B3(t) frrs

Using the transformation in Obarhua [19],

T — Tptk-1
= ———"7—"—
h )
a1
dr h’

The coefficients of y,,; and f,4; are obtained in terms of ¢ as follows:

53899915 y 1887573 .2 26936935 3 _ 9998964 /5 18810387 /6

ap (t) = 21730632 164626 718368 82313 * 94072 (5)
0 29810997 . 189317655 g 50141835 4 7223661 410 2407887 14
188144 2634016 2634016 2634016 14487088
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2514507764247936 11865063358905552 42 2212479979458192 3

6542148436575 | | 41631830823275 3784711893025
| 65498623238043288 5 14965151920137324  , 81637067352375837
o (t) = 41631830823275 5947404403325 1631830823275 (6)
3 _ 146597574614397993 | 385648447904316 5 5530470810060393
166527323293100 1665273232931 166527323293100
| 1837676031505893
~ 915900278112050
6802027220144583  32176055050768179 , ~11389931730591453
46729606026125 33985168019000 6179121458000
40662574728650559 5 64605656892252609 ¢ 200606214555836019 7
o (t) = 8496292004750 8496292004750 33985168019000 7
3 179673176866579443 377498830527063 o  6758923323485043
67970336038000 543762683304 67970336038000
| 2243841946782453 ,,
373836848209000
(_ 1581554948115072 | 922877025926512 ,  161085515709652 4
9345921205225 849629200475 77239018225
4537620997303023 ;  14376961268550531 5 5570064234248337 7
on(t) = 849629200475 1699258400950 849629200475 (8)
1 _ 19929563434220751 104570316262557 4  748179033514821 1
6797033603800 135940672076 6797033603800
| 248148260180541
37383684820900
86202246039076864 ,  116870818864562176 , G0875398008674048 4
981321726548625 208159154116375 56770678395375
_ 566284122573225084 5 127766956508157312 691141065551732736 -
s (t) = 208159154116375 29737022016625 208159154116375 ()
3 308233119097092096 s  644810572781568 o 11490448657360896 1
208159154116375 1665273232931 208159154116375
7590618972076032 ,,
2289750695280125 /
_ 18179626299387 | 84213149031871 , 320004100401977 4
849629200475 617912145800 1235824291600
| 9979484594581 5 TTSIS3ITTI6233 ¢ 4T3156442280701 7
an(t) = 154478036450 77239018225 617912145800 (10)
2 412952299836957 5 4201383172041 o  14476133562057 1
1235824291600 49432971664 1235824291600
| 4599059492007,
L 6797033603800

1966787338950144 1153062628975584 2 203041069528644 3

327107242182875 bt 29737022016625 2703365637875
n 5956740515058831 o 2796484795006941 64 1137056023843182 £
_ 29737022016625 8496292004750 4248146002375
ar(t) (11)
3

a 30221887201535637 5 33967726281045 4  1309183742090187 410

t t
537806176133000 | 951584704532 237896176133000
468358311024027 1,

* 1308428968731500
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17930294352837 402549707075427 5  6186570289869321 3

t— t
4325385020600  15138847572100 121110780576800
501412362975477 5 921809360892393 ¢  10218156392025333 7
o () = 3784711893025 4325385020600 60555390288400
3 | 9394715758141521 . 101850500665080 | 377840422089891 1
121110780576800 4844431223072 121110780576800
11834122224051 .,
60555390288400
_ 9192230625323 5, 23331901128773 . 193226800501 5 ,
856426234078800 856426234078800 13594067207600
| 3831038177, 57314583297 o, 19554783957 .,
By = 951584704532 95158470453200 523371587492600
0 | BA3G0OITSIT . 1528959503021 , 4 55811930068
926868218700 107053279259850 28037763615675
1385163465563 4 4, 1 4.4
- nt + — hlt
61173302434200 " T 2 J
(_ 135513307800013 o, 1147741231848 , 573873132850529 ; ,
53526639629925 28037763615675 47579235226600
4167563537581 - | | 883TGSGO194661 ¢ | 6473565562749
Bi(t) = 285475411359600 13594067207600 3806338818128
1 | 2889997461369 1o, 4 3831085930311 .y 4  2319067856787571 g, 4
11894808806650 261685793746300 122346604868400
| 2229372477541 5, 4
~ 463434109350 /
( 287524127417567 5, 1086222244158869 7 ,  23582144308580
95158470453200 285475411359600 13594067207600
| 221443307229 o 6495020572653 g, o 2209494893913
By = 475792352266 95158470453200 523371587492600
2 | 2716955528042 5, 362146175091 g o 26TAGATIIATE2
53526639629925 308956072900 28037763615675
3698545560989 ¢
7646662804275
_ 6390518068 ., 435453157 5, 3156575039351 5.,
28037763615675 154478036450 428213117039400
1461136410241 5, 8181261781393 ., 0569328601 g
Ba(t) = 122346604868400 856426234078800 13594067207600
3 4691323969 o, S953TSHISL g, 802386639y,
3806338818128 47579235226600 65421448436575
| T8367503463 4
U 53526639629925 J

Evaluating at the non-interpolation point gives the main scheme of the method.

5510839779 12268164582 + 3179719998 100876746752
505774675 Unts 361267625 nt5 72253525 Ut 2528873375 Unts
3179719998 12268164582 5510839779

Yn+3 = Yn

t 72253525 Ut T 361267625 Ui T 50577467 Unth T

e (755090 fri3 — 158515490 fo 10 — 158515490 fo 41 + 755090 f,,) b

(12)

(14)

(15)

(17)
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Putting t = 1 in (6) and evaluating its first, second, and third derivatives at the points

x::xn7$n+%7xn+l7xn+%axn+27xn+§7xn+§7xn+&

While the fourth derivative of (6) is evaluated at the points

T=Tppls Tpy2s Ty s Ty 1

and represented below.

Represented in matrix form:

Yo = Aiyi + h*bif;.

Where
-

hy'
hy'

hy’

hy'
hy’

h2
h%y

h2y
h%y

hy

h3y

h3y

h3y

h3y
h3y

h*y
hty
hty
hty

+3 ]
hyn
n+%
n+2
hy;+1
n+%
hy;+2
n+%
n+%

hy;+3

"
Yn
"
n+%

"
2
n+3

1’

h2yn+1

"
n+%

h2y5+2
h2yn

"
1

"
n+%
"

hzyn+3
hyy

"

1
n—+ 3
1

2
n+ 3

3,1
h yn+1

"

n+%

a

hsyn+2

1

n+%

"

n+%

"

hgyn+3

v

n+%

v

n+%

v

n+%

v

L n+%_

yYi =

[Yn+8 ]

Yn
yn+%
yn+%
Yn+1
yn+%
Yn+2

yn+%

(18)
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Adopting the matrix inversion method to solve (18), the quantities

yn+%7 yn+%7 Yn+1, yn+%7 Yn+2, yn—i—%’ yn+§7

/ / / / / / / /
yn_'_%? yn+§7 yn+17 yn—l—%’ yn+27 yn_i_%? yn_;'_%? yn+37

" ! " " " " ! "
yn+%7 yn+%7 yn+17 yn+%7 yn+2v ynJr%a yn+%’ yn+37

" n n n n n n "
yn_;'_%? yn+%> yn+17 yn+%> yn+2a yn_;'_%? yn+%7 yn+3

are determined and expressed as given below.

1
54997766208000
= + 21092333175 f, 1-%35497225jh+3—%2723030100]h+2—%142587112501g+1

(—894614706;;+z — 5990371328 f,, 3 — 20824471116 f,, , »
3 2 3

1
1 174 h4 /i h3 - //h2 - /h
+ 17890917400 f,,) )+162y +18y +3yn +Yn

1
214835024250
= + 1649760525 f,,, 1 + 2081075 fy.3 + 160353900 fy 2 + 851404050 fu 1

(—52580826 Jpyr — 354377728 f, 5 — 1257396696 f, , 2
3 2 3

4 2
4—7689362001g)h4+-éig/”h3 ——y%hQ—%Egygh—%yn

1
2794176000
Ynil = —%105895755jﬁ+;—+108725jﬁ+34—836262015+2—%43983450jﬁ+1

(—2744442 Fosz — 18436096 £, 3 — 58486212 fio 4o

1
-mwmmwm#+6wm %M+yw+%

1
2207744000
%—366103800jh+;—+320850fh+3—F24621975fﬁ+2—F145052775j5+1

<78089713f;+%4753921664jg+g4711673987315+2

yn_l,-

Njw

9 3
-+108347850f5)h4+-16y”7ﬁ 8yxh2%—§g/nh—%yn

1
1212750
Ynio =+ 543375 f, 1 4425 frig + 32200 frio + 253750 fri

C&mBSLH§—5WM4LH%—9QM8LH§

4
+Mmmﬂmﬁ+3y’M+2ym+2%m+%l

1
1122403392000
Ynil = + 844694189325 fn+% + 630682675 fr,13 + 51353788500 fr,12 + 439366072950 fr+1

343 /// 3 49 // 2 7 /
") h -y h
1627 TR g Yl U

(—15880151574 fn+§ — 48257871872 fn+% — 103752501804 fn+%

+ 218106359800 f,)h* +

(21)

(22)

(23)
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1
107417512125
+ 125821278720 f,, 1 + 91686400 fr 3 + 9293921280 f,, 12 + 71480908800 fr 41

3
256 32 8
g ymnh3 ? y;‘ih2 + g y/nh + Yn

(—3&994LH%«+35ﬂ%08ﬁﬂg«—21xﬁ64ﬁH%

<—2127264768j%+z — 140509184 f, s — 9602178048 f,  »
3 2 3

+ 31510412800 f,,)h* +

1
34496000
Ynsg = + 59344245 f,,, 1 + 52875 fuvs + 5409180 fryz + 35976150 fs1

9

9
+ 14545800 f,,)ht + = M%3 ymﬁ+mmh+%

1
185177664000
g1 =4 +962627085 f, 1 +»1509475fh+3—%116063640]h+2%—612501750j5+1

(—38092518 Jpyz — 255954944 f 5 — 902943288 f, . »
3 2 3

1
+6ﬂ%%%ﬁﬂﬁ+Tyw3+ yrh+y',

8

1
(—2854278jh+%~—19226624j5+%——66876273fh+§

2170050750
I o= + 102350385 f,, 1 + 112075 foy5 + 8703765 fo42 + 46081350 11

2
+—38871700jﬁ)h?-+-93/”h2 3

—275562 f,,, 7 — 1847296 f,, 5 — 4846392 f,, »

v b+ Y

84672000 (
Vi1 =4+ 12126915 f 413 + 10925 fris + 839160 fro + 4419450 i1

1
+%M%Q@Mﬂ+ﬁﬂM+%m+yn

1
1605632000
r— + 624836835 fn+; + 490725 fn+3 + 37319940 fr42 + 271054350 fr 11

(—42321558f5+1-—78833664fn+;-1@%34828f@+g
3 2 3

9
4—165256200jg)h34—8@/”h2—+ v'h+ o,

330750 (_4374fﬁ+§“8192fﬁ+g-—15309f;+2

Y'nio = + 251505 £, 1 + 175 fors + 13545 frpo + 141750 oy
+ 61900 fo )R +2 9" b2+ 29" h + o/,
1

3779136000
o= + 4065625305 f,,, 1 + 2821175 fu 13 + 308576520 fr42 + 2548781550 fo41

(-—71624574jg+7/34—226193408j;+% — 51342084 f, .2

49 7
Hmmwmmﬁ+ﬁyW+3
1

oG0S (8980056 £, 7 + 218365052 f, .5 + 38011104/, 2

l s = + 1568185920 fn+% + 1150400 fr,4+3 + 183415680 fp+2 + 1060617600 f,41
32
9

ynh+ 9

+ 367558400 f,,)h* +

8
y;-ilh? + gy”h_i_ y/n

(25)

(26)

(27)

(28)

(29)

(31)

(33)
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5136000 (275902 g + 1437696, 3 + 472392 f,

Y nis = + 5806485 f,, 1 + 13275 fo13 + 748440 frio + 3997350 fr i (34)
9
+ 1360800 f,,)h> + 3 YR+ 3y h+ o,

1
92588832000
"= + 6861625 fn 13 + 4932356895 f, 1 — 4222085148 f, o — 1171410944 f, _ s (35)

(2417453800 f,, + 2824797150 f,41 + 529329780 £,

1
— 173479158 f,, | 1)h* + 3 ¥ b+ "

1116700500 (86917100 fy, + 104646150 fr, 1 + 20193390 fr, 2 + 263075 fr 43

"oog = +297941085 f,, 1 — 137450034 f, > — 44388352 f,, 5 — 6633414 f, +z)) K2 (36)
3 3 2 3

2
+ g y///nh+ y//n

— (1321800 f, + 1 : 40 foro + 4025 fris + 52111 s
. [14112000 ( 321800 f,, + 1750350 1 + 309540 fo45 + 4025 fys + 5211135 f, -
755244 f,., 2 — 684032 ., 5 — 101574 f, +%) W2y bty

" 50176000 (7206450 fr A+ 18T251T5 fo 1 + 1397655 fo12 + 19650 foy3 + 30967920 f,, .1

3
570807 f,., 2 — 1960704 f,, 5 — 478953 f,,, 1 ) h* + 5"l

§ 550500 (42700 fn + 143850 fr 41 + 14070 fryo + 125 fris + 190755 f,, 1

Y n+2 —
+16038 f,,, 2 + 36864 f, 5 — 3402 fn+%) K22y bty
1389568000 (429406600 fy, + 1563411150 fr11 + 368649540 fr, 1o + 1294825 fr 43

Yy = +1943281935 f, 1 + 227042676 f, > + 633622528 f, , s — 22885254 f, +z) h2 (40)
3 3 2 3

+ 7/3 y///nh+ y//n

361675125 (94896800 f,, + 348465600 fr,11 + 107634240 f,, 12 + 706400 f,,13

Nos = +427174560 f,,, 1 + 71430336 f,,, 2 + 195166208 f, , s + 40481856 f,, +z) h? (41)
3 3 2 3

8
+ g y///nh + y//n

" 1568000 (489000 S 41162350 frp1 + 79380 fri2 + 39825 fry + 1935495 f, 1

Y n+3 =
+866052 f,, 2 + 1683456 f,, 5 + 800442 f,, ;7 /3) 243y h+y'

———— (5382274 8302329 1528569 19714
m 51438240 ( fn + fn+1 + fn+2 + fn+3 (43)

Y gl =
" +18506880 f,, 1 — 12692619 f,, 2 — 3401216 f, s — 499851 fn+%) h+y",

W=
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(6422960 f,, + 5844510 f,, 11 + 1306620 fr 0 + 17435 fr 13

y/// 2= 64297800 (44)
° +32089365 f,, 1 + 399492 f, . o — 2781184 f, . 5 — 433998 f, +z> h+ 4",
3 3 2 3
—— (107470 f,, + 293895 f,, 29295 f, 370 fp 510300 f, . 1
| oo (107470 £, + 293805 41 + 29295 fis2 + 370 fys + 510300 £, )
+194643 £, » — 68096 f, , s — 9477 fn+z> h+y"
3 2 3
——— (3945560 25135110 — 306180 2285
: +20437515 f, 1 + 3228012 f, 2 + 7755776 f, , 5 + 13122 fn+z> h+y",
3 3 2 3
1
—— (5392 f,, + 26082 f, 12852 f,, 37 fn
S =) 52020 (5392 fn + fo1 + frt2 +37 frys )
+25515 f, 1 + 8748 f, 2 + 28672 f, s — 1458 fn+z> h+y".,
3 3 2 3
——— (522410 f,, + 2948085 f, 2577645 fria — 490 f, 2619540 f 1
g | oo (522410 £, + fur1 + Frvz =490 fus + il g
: +607257 f,,, 2 + 2433536 f,, s 4 539217 f, +z> h+y",
3 2 3
———— (960280 f,, + 375480 f, 11 — 682920 f,, 122380 £,
y" L5 = 8037225 ( Jn + Jnta Jovz + Jots (49)
: +2891700 f,,, 1 4 4088232 f, 2 4 7684096 [, s + 5993352 f, +z> h+y",
3 3 2 3
1
—— (6730 f, — 48195 f, 1 — 48195 £, 6730 f, 59049 f . 2
g = 39200 (67307 Jn1 Jrr2 6730 fuis + 59049 £y 2 (50)

+82432 f,p 5 + 59049 £, 1)) B+ 4",

3 Properties of the Method

In this section, the analysis of the derived schemes such as order and error constant, consistency,

zero-stability, convergence and the stability domain was carried out.

Suppose the linear operator defined on the method (7) is given as
k: .
Liy(x);h) =Y {ogy(en + jh) — h*Biy™ (@n + jh)} - (51)
j=0

where y(x) is any continuously differentiable test function on the interval [a, b].

Expanding y(x, + jh), ¥'(zn + jh), v"(xn + jh), ¥ (zn, + jh), 7 = 0,1,...,k in (52) in Taylor series

about x, and collecting like terms in A and derivatives of y gives

Lly(x); h] = Toy(x) + Lihy'(x) + -+ + LhPy W (z) + Ly iy Pt () 4 1, ohP T2y P4 (1) 4.
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Definition 3.1. [20] The term Ip4 is called the error constant, meaning that the local truncation error
is given by
Tk = Ip+4hp+4y(p+4)(x) + O(hP*9).

Definition 3.2. The difference operator L associated with the hybrid block method with step number three
(52) is said to be of order p if

Iy=h=L=--=1I,;3=0, Iy s #0

(see [22]).

Definition 3.3. [19] A linear multistep method (LMM) is a computational method for determining the
sequence {yn }, which takes the form of a linear relationship between yn4; and fnij, j = 0(1)k. The general

form of a linear k-step method for an mth-order general ODE may be written as

k k
D aynrs =h™ > Bifatis (52)
=0 =0
where o; and B; are the coefficients of the method, and

7 i m—1 .
fn+j = f(anrja Yn+j, y;ir y7(1+)37 ceey y7(1+j ))7 J = 0(1)k

Here, h is the step length, m is the order of the ODE to be solved, ay # 0, and ag and By are not both

zero (see [11], [22].

Definition 3.4. A multistep method is said to be P-stable if its interval of periodicity is (0,00) (see [19]).

3.1 Order and Error constant of the Method

Apply the linear operator L in (51) to determine the order and error constant of the derived method.

Expanding the method (17) by Taylor series and combining coefficients of like terms in h™ gives

Co=C1=0=03=04=C5=C=0Cr=C3=Cyg=C19p=0, C;1=0, Ci2#0.

Since Cp = Cy = -+ = Cpy3 =0 and Cpiq # 0 (see Yahaya and Badmus |22]), the method has order
p=2~8
with error constant 15037031
Cho = —Trreo-ma0808000 — 01249632486 x 1075,

Similarly, the additional methods and their derivatives were also analyzed and summarized below:

http: / /www. earthlinepublishers.com



An Efficient Block Multistep Method for the Numerical Approzimation ...

331

Table 1: The order and error constants

Equation number

Error Constant

(19)
(20)
(21)
(22)
(23)
(24)
(25)
(26)
(27)
(28)
(29)
(30)
(31)
(32)
(33)

(34)

_ 21913
12570917990400

6T
2582803260

37819
362125209600

1263
3229614080

169
176818950

991613
646504353792

575296
248594813775

2T
7884800

3471989

"~ 158393566679040

215603
1546812174600

13963
10236134400

46807
56518246400

23
15717240

_ 32675209
16162608844800

521704
193351521825

47
11038720

339551
1714216089600

10193
20832487200

1403
1828915200

__ 611
550502400

—__43
28576800

442127
244888012800
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Table 2: The order and error constants

Equation number Order FError Constant

(41) 8 ~ 579606575
(42) 8 ~ 7536400
(43) 8  —zsgossreismnn
(44) 8  —Iambam0
(45) 8 ~ T529915200
(46) 8 ~ 036758400
(47) 8 ~ 57155600
(48) 8 ~ $T629357500
(49) 8 ~ 306001550
(50) 8 — 3508800

3.2 Zero-stability of the Method

Suppose the first characteristic polynomial of equation (52) is

3 9510839779 g 12268164582 %_3179719998 9

T h05774675 | ' 361267625 72253525
100876746752 s 3179719998 12268164582

) =4 + Srorsrazrs "0 7aosssas | T 361267625

5510839779 .
505774675

win

Solving p(r) = 0 gives the roots r = 0,1, 1, which satisfy

R <1, j=1,... .k
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The roots lie inside the unit circle, and the repeated root at r = 1 has multiplicity not exceeding the order
of the method. Therefore, the method is zero-stable.

3.3 Consistency of the Method
According to [12], a sufficient condition for a method to be consistent is that its order p is greater than
or equal to one. Consequently, since our method is of order p = 8, it is consistent.

3.4 Convergence of the Method

A numerical method is said to be convergent if it is consistent and zero-stable. Thus, the method is

convergent since it satisfies the conditions established in Section 3.2 and Section 3.3.

3.5 Stability Domain of the Method

The region of absolute stability of the method is examined via the procedure discussed in Lambert [17]
and Obarhua [19]. The stability matrix is expressed as
M(z) = 2B(I — zA)"'U +V, (53)
together with the stability function
p(n, z) = det (= M(2) +nl), (54)

where 7 denotes the eigenvalues.

For the stability analysis, the method (19)-(50) is formulated as a general linear method of the form

% A U ht f (u)
SN D R (55)

Yin B 4 Yia

where n represents the roots of the first characteristic polynomial.

Yntl
) }/:L‘-i-l = "3 )
Yn+3
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0 0 0 0 0 0 0 0
89454587 3471989 _ 7141451 905315 _ 11699944 432227 _ 1840771 1419889
274988831040 9053130240 18860688000 3491921664 107417512125 8729804160 113164128000 2199910648320
15378724 271567 _ 862412 270287 _ 177188864 50906 _ 108191 83243
4296700485 35363790 147349125 68201595 107417512125 68201595 442047375 8593400970
188701 37353 _ 180513 13963 _ 5144 6637 _ 16941 4349
13970880 985600 8624000 887040 779625 2217600 17248000 111767040
A= 2166957 1830519 _ 116739873 828873 _ 421263 140697 _ 8089713 6417
- 44154880 11038720 2207744000 12615680 17248000 12615680 2207744000 44154880
2924 69 _ 5526 145 _ 4096 92 _ 591 17
24255 154 67375 693 86625 3465 67375 48510
1090531799 139044311 _ 35580419 976369051 _ 94253656 11411953 _ 32675209 25227307
5612016960 184757760 384912000 2494229760 2192194125 249422976 2309472000 44896135680
1260416512 103556608 _ 13171712 45384704 _ 140509184 29504512 _ _8754176 3667456
4296700485 88409475 147349125 68201595 107417512125 341007975 442047375 4296700485
72729 11868849 _ 531441 102789 6984 38637 _ 177147 423
L 172480 6899200 8624000 98560 67375 246400 17248000 275968 .
1260416512 103556608 13171712 45384704 140509184 29504512 8754176 0 3667456
B 4296700485 88409475 147349125 68201595 107417512125 341007975 442047375 4296700485
72729 11868849 _ 531441 102789 6984 38637 _ 177147 0 423
172480 6899200 8624000 98560 67375 246400 17248000 275968
01 Yn In
01 yn+% fnJr%
0 1 Un+ 2 Frst
0 1 Yn+1 f n+1
V=l g (|0 U0 1 Y=g |I=| o [ JO) =] farg
01 Yni2 Jni2
0 1 . foo
Yn+3 nts
O ]- 8 f 8
yn+§ n+3
L J Yn+3 Jnts
—2A+ M
[ 1 0 0 0 0 0 0 0 0 ]
_ 89454587 _ . _ 3471989 g 7141451 __ 905315 11699944 _ _ 432227 1840771 . g ___ 1419889
274988831040 5053130240 T8860688000 3491921664 107417512125 8720804160 113164128000 2199910648320
_ 15378724 _ 271567 _ 862412, 4 _ 270287 177188864 _ _ 50906 _ 108191 0 ___83243
1296700485 35363790 147349125 68201595 107417512125 68201595 142047375 8593400970
188701 37353 180513 13963 5144 6637 16941 4349
~ 13970880 ~ 985600 © 8624000 % — 887040 2 T 1 779625 * ~ 2217600 © 17248000 ~ 0 T 111767040 *
_ 2166957 1830519 116739873 828873 421263 140697 8089713 6417
K= ~ 44154880 2 ~ 11038720 © 2207744000 * ~ 12615680 ~ T7248000 2 T 1 ~ 12615680 ~ 2207744000 ~ 0 ~ 44154880
69 5526 145 4096 92 591 17
T 24255 % ~154 % 67375 2 ~ 693 % 86625 © —3465 2 T 1 67375 © 0 ~ 48510
_ 1090531799 _ 139044311 35580419 _ 976369051 94253656 _ _ 11411953 32675200, 41 _ 25227307
5612016960 184757760 384912000 2494229760 2102194125 249422976 2309472000 74896135680
_ 1260416512 _ 103556608 13171712 _ 45384704 140509184, _ 29504512 8754176 _ 1 _ 3667456 _
1296700485 88409475 147349125 68201595 107417512125 341007975 142047375 1296700485
72729 11868849 531441 102789 6984 38637 177147 423
L ~ 172480 ¢ ~ 76899200 ~ 8624000 * ~ "98560 “ ~ 67375 ~ 246400 © 17248000 ~ 0 —a7sees 2T 1]

Now, substituting the values of the matrices A, B, U, V, M, and I into equations (53) and (54), we

obtain the stability function.

G

T=—
2H

(56)
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where
n (4667544 n 2" + 37707737040 1 28 + 20762735994 27 4+ 106139067996290 1 25
+219722788039545 2° 4 98334058642570800 7 z* — 18349682103018590 2°

o +17720873567407584000 1 2 + 160757801576551393200 2*
—1141174226142720000 i 2 + 83135281824395359776000 2° — 15674099380002201600000 7 =
+11837658192308331102720000 2% — 72422100420377444352000000 77
| +244440263018153876889600000 2 + 72422100420377444352000000)
and

2333772 27 + 18853868520 25 + 53069533998145 2° + 49167029321285400 2*
H = { 4 8860436783703792000 2* — 570587113071360000 2% — 7837049690001100800000 =
— 36211050210188722176000000

135W
Z = —
5T (57)

where

’77(898703673646500036z12-16958410341170634393372zll
—103285618101515061792141055 2'°
—114846022832617901307035221200 z” + 62470204323935944900563388224000 2°
+74420125438120195727832863955840000 2"
+33960542840970428892006743683852800000 2°

W =< +9357696826125476234417567358308352000000 z°
+1047896104523024780871098396933652480000000 ~*
4214324770973632357038382583132874342400000000 23
+67598559322029920094693049680687267840000000000 2>
+6350429538512765045146693528235016192000000000000 2
+65562007866240435024089426498985708748800000000000)

and

(2333772 27 + 18853868520 25 + 53069533998145 2° + 49167029321285400 2*
L =< 4 8860436783703792000 2* — 570587113071360000 2% — 7837049690001100800000 2
— 36211050210188722176000000)?

The stability polynomial and its first derivative are then plotted in the MATLAB (R2012a)
environment. It should be noted that M is a 9 x 9 identity matrix. The region of absolute stability
(RAS) of the method is displayed in Figure 1 below.
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- Region of Absolute Stability of Three-step Five-off step points Block Method
| — ¢ F ¢ § I _
0z
0.1
g 0
-0.1
-0.2
-0.3 : f :
04 . | I i . . 1
0.7 0.6 05 0.4 -0.3 0.2 0.1 1]
Re(z)

0.1

Figure 1: Region of absolute stability of the method.

The inside of the curve represents the unstable region, while the outer segment of the curve represents
the stable region. Therefore, the newly generated method is absolutely stable

4 Numerical Examples and Results
Test problems

Problem 1

Homogeneous linear fourth order problem

Y = (" + 142° + 492% + 322 + 12) exp(z)
Exact solution:

y"(0)=-6, h=0.1

y(w) = 2*(x — 1) exp(z)
Source: Ahamad and Charan [3], and Jena et al. |

I
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Table 3: Numerical Results for Problem 1 using h = 0.1

x-value y-exact-solution y-computed solution Error in New Results | Time
0.100000 | 0.00895188443641274820 | 0.00895188443641274820 0.000000e+-000 0.0073
0.200000 | 0.03126791060890032900 | 0.03126791060890036400 3.469447e-017 0.0139
0.300000 | 0.05952877341410175300 | 0.05952877341410176700 1.387779e-017 0.0203
0.400000 | 0.08592910258413723200 | 0.08592910258413720400 2.775558e-017 0.0273
0.500000 | 0.10304507941875807000 | 0.10304507941875804000 2.775558e-017 0.0338
0.600000 | 0.10495404290249327000 | 0.10495404290249336000 8.326673e-017 0.0409
0.700000 | 0.08880649439944778000 | 0.08880649439944805800 2.775558e-016 0.0474
0.800000 | 0.05697384776940670600 | 0.05697384776940727500 5.689893e-016 0.0544
0.900000 | 0.01992278520037080200 | 0.01992278520037158200 7.806256e-016 0.0611
1.000000 | 0.00000000000000000000 | 0.00000000000000073254 7.325412e-016 0.0677

Problem 1 is solved using the newly developed method of order p = 8, the numerical results which

contains the y-exact results, y-computed results, absolute error and the time of execution is presented in

Table 3.

0.12

0.1

0.08

y axis
o
o
(o]
T

0.04

0.02

E

0 I I

*

exact
Numerical

0.1 0.2 0.3

0.4 0.5 0.6 0.7
X axis

0.8

0.9 1

Figure 2: Graph of exact value and numerical value for problem 1.

It was also compared with existing methods, namely: Ahamad and Charan [3|, who developed an

improved Runge—Kutta method in which the problem was first converted into a system of first-order ODEs
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before being solved. Likewise, Jena et al. |

| proposed a block algorithm containing nine intermediate

steps with an order of accuracy p = 11. The comparison is presented in Table 4.

Table 4: Comparison of the newly proposed method with Ahamad and Charan [3] and Jena et al. [10] for

Problem 1
x-value | Error in New Results, | Error in Ahamad and Charan [3], | Error in Jena et al [10],
p=8 h=0.1 Runge-kutta, h = 0.1 p=11,Ah=0.1

0.1 0.000000e+-000 6.23665e-08 1.5370e-14
0.2 3.469447e-017 4.71836e-05 8.2021e-14
0.3 1.387779e-017 4.40097e-05 3.6666¢e-13
0.4 2.775558e-017 7.68036e-05 6.3424e-13
0.5 2.775558e-017 2.17730e-04 6.7024e-13
0.6 8.326673e-017 2.537301e-03 5.2608e-13
0.7 2.775558e-016 7.777177e-03 3.3906e-13
0.8 5.689893e-016 8.830157e-03 1.9011e-14
0.9 7.806256¢e-016 1.52112e-03 9.6152¢-14
1.0 7.325412¢-016 0.00000e-00 4.4983e-14

Problem 2

Linear fourth order problem:

yiv — _y//
1.1 1 1
_ / o " o " _ _
yO =0 vO=5"5% v O= 1m0 ¥ O~ 1000 320
Exact solution:
1 —2 —cos(z) — 1.2sin(x
. (@) ~ 12sin(x)

Source: Atabo and Adee [1].

144 — 1007

The tables displayed below are the numerical results when the newly proposed block method with

step-length 3 with four hybrid points were applied to fourth order differential equations above.

The comparison of the generated numerical results is made with the existing methods in terms of error.

Here problem 2 is solved using the newly developed method of order p = 8, The results of the problem

1 which contains the y-exact results, y-computed results, absolute error and the time of execution is

presented in Table 5.
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Table 5: Numerical Results for Problem 2 using h = ﬁ
x-value y-exact-solution y-computed solution Error in New Results | Time
0.003125 | 0.00004037459302299736 | 0.00004037459302299726 9.486769e-020 0.0444
0.006250 | 0.00008069158007106986 | 0.00008069158007106989 2.710505e-020 0.0522
0.009375 | 0.00012095074677095987 | 0.00012095074677096074 8.673617e-019 0.0593
0.012500 | 0.00016115187931405831 | 0.00016115187931407801 1.970537e-017 0.0601
0.015625 | 0.00020129476445849724 | 0.00020129476445858864 9.139824e-017 0.0603
0.018750 | 0.00024137918953123110 | 0.00024137918953148554 2.544351e-016 0.0606
0.021875 | 0.00028140494243011042 | 0.00028140494243067443 5.640020e-016 0.0609
0.025000 | 0.00032137181162595881 | 0.00032137181162705060 1.091792e-015 0.0610
0.028125 | 0.00036127958616463267 | 0.00036127958616654927 1.916598e-015 0.0612
0.031250 | 0.00040112805566908761 | 0.00040112805567221581 3.128194e-015 0.0615

x 107
45

y axis

*  Numerical ||

exact

0
0 0.005

0.01

0.015 0.02

X axis

0.025

0.03 0.035

Figure 3: Graph of Exact value and Numerical value for problem 2

It was also compared with exiting methods namely; Atabo and Adee [I| who proposed hybrid block

method is of order p = 16. The comparison is shown in Table 6.
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Table 6: Comparison of the newly developed method with Atabo and Adee [!] for Problem 2.
x-value | Error in New Results, k = 3,h = ﬁ,p = 8 | Error in Atabo and Adee [1], k = 15,
1
0.003125 9.486769e-020 5.4210 e-20
0.006250 2.710505e-020 5.4210 e-20
0.009375 8.673617e-019 2.7105 e-19
0.001250 1.970537e-017 1.0842 e-19
0.015625 9.139824e-017 3.2526 e-19
0.018750 2.544351e-016 3.2526 e-19
0.021875 5.640020e-016 3.2526 e-19
0.025000 1.091792e-015 4.3368 e-19
0.028125 1.916598e-015 2.1684 e-19
0.031250 3.128194e-015 6.5052 e-19
Problem 3

Consider the fourth order below

y" =y — gy — 42® + exp(x)(1 — 4z + 2?)

Exact solution:

Source: Kuboye et al. [15].

1, "(0) =3,

y(z) = 2 + exp(x)

y///(o) — 17

1
h=——
320

Table 7: Numerical Results for Problem 3 using h = ﬁ

x-value y-exact-solution y-computed solution Error in New Results | Time
0.003125 | 1.00313965352773900000 | 1.00104329445926270000 1.776357e-015 0.0568
0.006250 | 1.00630863450376200000 | 1.00630863450377390000 1.199041e-014 0.0609
0.009375 | 1.00950697358907090000 | 1.00950697358904470000 2.620126e-014 0.0700
0.012500 | 1.01273470154063450000 | 1.01057961595501580000 2.464695e-014 0.0707
0.015625 | 1.01599184921168570000 | 1.01599184921167200000 1.376677e-014 0.0708
0.018750 | 1.01927844755202620000 | 1.01927844755197250000 5.373479e-014 0.0711
0.021875 | 1.02259452760832640000 | 1.02038053028855620000 5.195844e-014 0.0713
0.025000 | 1.02594012052442900000 | 1.02594012052438810000 4.085621e-014 0.0715
0.028125 | 1.02931525754165380000 | 1.02931525754157200000 8.171241e-014 0.0717
0.031250 | 1.03271996999910280000 | 1.03044687398359770000 7.949197e-014 0.0720
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Problem 3 is a nonlinear fourth-order problem which is solved using the newly proposed method of
order p = 8, the numerical results which contains the y-exact results, y-computed results, absolute error

and the time of execution is presented in Table 7.

1.035 T

exact

*  Numerical
x

1031

1.025 b

1.021 * i

y axis

1.0151 i
101 b

1.005 b

*

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035
X axis

Figure 4: Graph of exact value and Numerical value for problem 3.

It was also compared with exiting methods namely; Kayode et al. [I1] proposed a four step

Predicted-corrector method with order of accuracy of p = 10.

1.035

1031

1.0251

1.02

y axis

1.0151

101

1.005 computed value for new method 2
' *  computed value for Kayode et al. (2025)

1 . . . . . .
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035
X axis

Figure 5: Comparison of computed value in the new method and Kayode et al. [11].
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Table 8: : Comparison of error in the newly developed method and Kayode et al. [11] for Problem 3.

x-value | Error in New Results, p = 8 | Error in Kayode et al. [14], p = 10

h:ﬁ,k: h:ﬁ,k:él
0.003125 1.776357e-015 2.220446e-15
0.006250 1.199041e-014 5.628831e-13
0.009375 2.620126e-014 5.704326e-13
0.001250 2.464695e-014 1.895373e-13
0.015625 1.376677e-014 4.039213e-12
0.018750 5.373479e-014 8.015588e-12
0.021875 5.195844e-014 1.202927e-11
0.025000 4.085621e-014 1.891598e-11
0.028125 8.171241e-014 2.800626e-11
0.031250 7.949197e-014 4.028355e-11

Problem 4

Special fourth order problem

Exact solution:

Source: Kayode et al. [11].

Table 9: Numerical Results for Problem 4 using h = 0.1

x-value y-exact-solution y-computed solution Error in New Results | Time
0.100000 | 0.10000008333333334000 | 0.10000008333333334000 0.000000e+000 0.0573
0.200000 | 0.20000266666666661000 | 0.19791919730797874000 2.775558e-017 0.0650
0.300000 | 0.30002025000000004000 | 0.30002024999999999000 5.551115e-017 0.0715
0.400000 | 0.40008533333333357000 | 0.40008533333333335000 2.220446e-016 0.0801
0.500000 | 0.50026041666666721000 | 0.49817170300934993000 5.551115e-016 0.0873
0.600000 | 0.60064800000000074000 | 0.60064800000000007000 6.661338e-016 0.0954
0.700000 | 0.70140058333333433000 | 0.70140058333333333000 9.992007e-016 0.1030
0.800000 | 0.80273066666666792000 | 0.80061196248133726000 1.443290e-015 0.1112
0.900000 | 0.90492075000000149000 | 0.90492074999999994000 1.554312e-015 0.1174
1.000000 | 1.00833333333333510000 | 1.00833333333333330000 1.776357e-015 0.1239
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Problem 4 is a special fourth-order problem that has previously been addressed by scholars such as and

Kayode et al. [11]. In this study, the problem is solved using the newly proposed method of order p = 8.

The numerical results, which include the exact solution y, the computed solution, the absolute error, and

the execution time, are presented in Table 9.
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Figure 6: Graph of Exact value and Numerical value for problem 4

Furthermore, a comparison is made with existing methods, notably the Four-step predictor-corrector

method with five hybrid points of order p = 10 proposed by Kayode et al. [11].
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Figure 7: Comparison of computed value in the new method and Kayode

et al. [141] for problem 4.
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Table 10: Comparison of error in the newly developed method and Kayode et al. [14] for Problem 4.
x-value | Error in New Results, | Error in Kayode et al. [11]
p=8k=3h=01| p=10k=4h=0.1
0.1 0.000000e+000 0.000000e+00
0.2 2.775558e-017 9.242607e-015
0.3 5.551115e-017 2.498002e-015
0.4 2.220446e-016 6.494805e-015
0.5 5.551115e-016 3.885781e-014
0.6 6.661338e-016 1.629807e-013
0.7 9.992007e-016 3.756995e-013
0.8 1.443290e-015 7.696066e-013
0.9 1.554312e-015 1.487144e-012
1.0 1.776357e-015 2.586598e-012

Problem 5: Application Problems

To confirm the application of the newly developed method, we solve a physical problem from ship
dynamics. As stated by Atabo and Adee [I|, when a sinusoidal wave of frequency passes along a ship
or offshore structure, the resultant fluid actions vary with time ¢. Therefore, consider the fourth-order

problem as:

Y+ 3y" +y(2+ecos(Q) =0, >0,

where € = 0 for the existence of the theoretical solution:

y(t) = 2cost — cos (tx@) .

Source: Atabo and Adee et al. [1] and Kayode et al. [11].
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Table 11: Numerical Results for Problem 5 using h = ﬁ
x-value y-exact-solution y-computed solution Error in New Results | Time
0.003125 | 0.99999999999205269000 | 0.99999999999205269000 0.000000e+000 0.0005
0.006250 | 0.99999999987284383000 | 0.99999999987284394000 1.110223e-016 0.0006
0.009375 | 0.99999999935627548000 | 0.99999999935627548000 0.000000e-+000 0.0008
0.012500 | 0.99999999796552663000 | 0.99999999901886427000 1.110223e-016 0.0011
0.015625 | 0.99999999503306747000 | 0.99999999503306747000 0.000000e+000 0.0012
0.018750 | 0.99999998970067949000 | 0.99999998970067949000 0.000000e+000 0.0014
0.021875 | 0.99999998091947950000 | 0.99999998721410266000 0.000000e+000 0.0017
0.025000 | 0.99999996744995123000 | 0.99999996744995112000 1.110223e-016 0.0018
0.028125 | 0.99999994786198110000 | 0.99999994786198121000 1.110223e-016 0.0020
0.031250 | 0.99999992053490105000 | 0.99999993969837697000 0.000000e+000 0.0023

Finally, Problem 5 which is an application problem earlier solved by Atabo and Adee || and Kayode

et al. |

| is resolved using the newly developed method of order p = 8, the numerical results which

contains the y-exact results, y-computed results, absolute error and the time of execution is presented in

Table 11.
1 sk
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*  Numerical
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Figure 8: Graph of exact value and numerical value for problem 5.
It was also compared with exiting methods namely; Atabo and Adee [!| who proposed a special

15-step block method of order sixteen, while Kayode et al. |

order of accuracy of p = 10.

| Proposed predictor-corrector method of
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Figure 9: Comparison of computed value in the new method and Kayode et al. [14] for problem 5.

Table 12: Comparison of error in the newly developed method, Atabo and Adee [!] and Kayode et al. |

for Problem 5.

x Error in New Results, p =8 | Error in Kayode et al. [14], p =10 | Atabo and Adee [1] p = 16
h=gs k=3 h=gs k=4 h=4sp=15
0.003125 0.000000e+000 0.000000e-00 0.000000e-00
0.006250 1.110223e-016 1.304512e-15 1.110223e-16
0.009375 0.000000e+-000 5.884182e-15 0.000000e-00
0.012500 1.110223e-016 1.920686e-14 2.220446e-16
0.015625 0.000000e+000 4.196643e-14 7.771561e-16
0.018750 0.000000e+000 9.592327e-14 2.886580e-15
0.021875 0.000000e+-000 1.596501e-13 8.548717e-15
0.025000 1.110223e-016 3.291811e-13 2.187139e-14
0.028125 1.110223e-016 5.845324 e-13 4.951595e-14
0.031250 0.000000e+000 1.105338 e-12 1.035838e-13

5 Discussion of Results

One non-linear ODEs was considered because of a small number of literature that appeared on it. While

other four problems ranging from linear to special and non-homogeneous fourth-order ordinary differential

equations problems are examined by the new developed block methods.

|
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In Table 3, the results produced when the new method k = 3 was applied to Problem 1 are found better
than the methods of: Ahamad and Charan [3] and Jena et al. [10]. Ahamad and Charan [3] employed
Runge-kutta method to solve problem 1 after transforming to system of first order ordinary differential
equation. On the other hand, Jena et al. [10] presented a block algorithm with nine concurrent step with
order p = 11. The results displayed in Table 4 for solving Problem 1 implies that the new block method
k = 3 is high in accuracy than Jena et al. [10] even with the same step-length £ = 9. Problem 1 was also
solved by the new block method k = 3 and the produced numerical results are better than the existing

methods in the literature as shown in Table 4.

Problem 2 is a linear problem which was solving by Atabo and Adee [I| who proposed hybrid block
method of order 16 The numerical results is shown in Table 5. It could be seen that when the new method
were compared with Atabo and Adee [I| for solving Problem 2 in Table 6. In term of accuracy, the
generated numerical results of the new block method k = 3 claim superiority over Atabo and Adee [I] for

solving Problem 2.

The numerical results of nonlinear problem is presented in Table 7, while In Tables 8, it can be observed
that the accuracy of the new block method k = 3 for solving Problems 3 is higher than Kayode et al. [11],
who proposed a four step predictor corrector method with order of accuracy of p = 10. This actually

shows that the method is computational reliable in handling nonlinear problem more efficient.

Problem 4 is a special fourth-order problem. The application of the new method to Problem 4 in Table
9. Table 10 is also better in terms of error than Kayode et al. [14]. It should be noted that the exiting
method compared with are also of order p = 10. Furthermore, by comparing errors in Tables 10 for solving
Problem 4, it can be seen that the accuracy of the new block method k = 3 is more advanced than Kayode
et al. [11].

In Table 11, the numerical results derived from the new block method k¥ = 3 when the method was
applied to Problem 5 which is physical problem from ship dynamics show the efficiency of the method in
terms of error over Kayode et al. [11] and Atabo and Adee [!]. The accuracy of the new method in Table

12 is better when comparison was made with existing methods.

Finally, this research has demonstrated that block hybrid method with multiple interpolation points is
more efficient and perform better than other block algorithms for solving fourth-order ordinary differential
equation. This claim has been demonstrated with several examples presented ranging from linear,
nonlinear, special non-homogeneous problems and application problem. It should also be noted that
most of the existing methods compared with are of higher order, despite the proposed method give a more

accurate and efficient results. Hence it is recommended for general purpose.

5.1 Conclusion and Future Research

The proposed method which is design for the solution of fourth order initial value problems of ordinary

differential equations with continuous hybrid block method of orders eight proposed for the direct solutions
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of fourth order initial value problems. The block methods are found to be zero-stable, consistency, hence
they are convergent. five numerical examples were solved using the newly derived methods, comparing
their accuracy with existing methods, they performed favorably well. The main method and the additional
methods are obtained via interpolation and collocation procedures from the same continuous scheme
derived. Numerical results obtained using the proposed block approach shows that it is adequate for the

solution of special, linear, non-linear problems of fourth-order ordinary differential equations.
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