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Abstract

Integral inequalities are a fundamental part of modern mathematical analysis and the theory of function
spaces. In this paper, we present several refinements and extensions to classical integral inequalities,
with a particular focus on those of Hoélder, Hardy, Minkowski, Clarkson, and Schweitzer. First, we
apply Holder’s inequality to find new refined bounds. Then, we establish Holder-type inequalities
using extended Young’s inequalities. Consequently, we derive Hardy-type derivative inequalities with
an optimal weight factor. After that, we introduce the Minkowski-Clarkson relation and variation for
two functions. Lastly, we formulate a weighted generalisation of Schweitzer’s inequality incorporating
parametric functions. Concrete examples involving the beta and gamma functions demonstrate the
sharpness and applicability of the proposed bounds, showing measurable improvements upon their

classical counterparts.

1 Introduction

Since the invention of calculus by Isaac Newton and Gottfried Wilhelm Leibniz in the 17th century, the
concept of integration has undergone profound development |2, 16]. In the 19th century, Bernhard Riemann
formulated a rigorous definition of the integral, establishing a foundation for classical analysis [19]. Later,
in 1901, Henri Lebesgue introduced the revolutionary notion of measure theory, extending integration to
a far more general and flexible framework [13]. Following these milestones, numerous integral inequalities
were developed, amongst which Jensen’s, Minkowski’s, Cauchy-Schwarz’s, and Hoélder’s inequalities have

become fundamental to modern analysis [11].

Building on this historical foundation, integral inequalities have emerged as fundamental tools
in modern analysis, providing essential instruments for understanding the behaviour of functions,
estimating solutions to differential and integral equations, and establishing quantitative bounds across
diverse branches of mathematics. These inequalities forge a crucial link between the local properties

of functions—such as convexity, monotonicity, and smoothness, and their global behaviour, typically
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characterised through integrals. Beyond their theoretical significance, integral inequalities also underpin
applications in functional analysis, probability theory, and partial differential equations, where they often

form the basis for stability and convergence results. See, for instance, |5, 14, 18].

Given their fundamental importance, many mathematicians have sought to investigate new integral
inequalities and refine existing ones. For instance, in 2021, Eric Anders Carlen and his team established

a remarkable result by showing that, for any p € (0,1] U [2,00), one has

2/ p—1
[ 17+ gpan< (1+ 201Gl ) [arp + 1P
Q ( Q

I£15 + Nlgllp)2/»

1/p
£l = ( / If!pdu)

denotes the usual LP-norm. This inequality represents a notable refinement of the standard norm

where

inequality |6]. More recently, in 2023, Jorge Paz Moyado and collaborators established reverse Holder-type
inequalities along with their applications [17]. In 2024, Thabet Abdeljawad and his research group
extended Schweitzer’s inequality to a Riemann-Liouville fractional calculus setting [1]|. In a similar fashion,
Noureddine Azzouz and Bouharket Benaissa introduced a reverse Minkowski-type inequality based on the
k-weighted fractional integral operator in 2025 [3|. These recent advances stimulate further exploration

into new inequalities that can be formulated from these pivotal findings.

Motivated by these developments, in this work, we establish several new refinements and extensions of

classical integral inequalities. Our contributions are five-fold, as described below.

e Firstly, we systematically refine fundamental inequalities by exploring their interplay, deriving refined

bounds for || f|[b¥ through strategic applications of Hélder’s inequality (Section 2).

e Secondly, we construct new Hélder-type inequalities using the generalised Young’s inequalities by
Choi (Section 3).

e Thirdly, we establish Hardy-type derivative inequalities, one with explicit optimal constants, via

Cauchy-Schwarz’s inequality (Section 4).

e Fourthly, we unify Minkowski’s and Clarkson’s inequalities to obtain refined and variant two-function
bounds (Section 5).

e Finally, we extend Schweitzer’s classical inequality to the LP space with weight functions, establishing

new bounds for pairs of functions (Section 6).

Throughout the paper, concrete examples involving the beta and gamma functions illustrate both the

sharpness and applicability of these results.
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2 Refined Bounds by Holder’s Inequality

Notation. Throughout the paper, n stands for a positive integer.
First of all, we recall the statement of the celebrated Holder integral inequality, established earlier by
Otto Ludwig Hélder in 1889.

Lemma 1. (Hélder’s inequality, [2/]) Let (2, A, 1) be a measure space, and let pi,...,pn > 1 satisfy
Z?Zl 1/p; = 1. Suppose fi,..., fn : Q@ = R are p-measurable functions such that f; € LPi(Q) for each
j€A{1,...,n}. Then, we have

T4 <TI0,
j=1 j=1

1
Our first main result provides a lower bound for || fx|[b¥ by applying Holder’s inequality in multiple
configurations. The key insight is to consider different groupings of the exponents {p;}.

Theorem 2. Let (Q, A, ) be a measure space, and let py,...,p, > 1 satisfy Z?:l 1/p; = 1. Suppose
fis-oos fn : @ — R are p-measurable functions such that 0 < | fi|lp, < oo fori,j € {1,...,n}. Then, for

any k € {1,...,n}, we have
~1

|7l >H PR A N R A (Tl

J#k J#k

Proof. Fix k. First, applying Holder’s inequality with exponents {p;} gives

- 1p’€ 1/pj
i It < ([ 1nran) " TL([15man)

/ H 55l

1/pk
</Q’fk|pkd,u> > T
( / 5 |Pfdu>
J#k

Next, for each i # k, we apply Holder’s inequality to the factors |fi[P</P, | fi|, and |fj| (for j # k,4) with
exponents p;, pi, and pj;, respectively. Note that 1/p; +1/pj + Z#k ;1/p; = 1. This yields

1/p; l/pk 1/p;
/fk’pk/p1H|fJ|dN< (/ |fk\pkdu> (/ Iflpkdu> (/ 5 |Pfdu> ,

J#k
which can be rearranged to

JFk
which implies

(1)

J#kyi

/ el TT 18w

e Y i
() (L) I (o)™ :
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Multiplying Equation (1) and all the Equation (2) over i # k, the left-hand side becomes [, | fx|P*dpu since
> j—11/pj = 1. The right-hand side becomes

- . &/ Di )
/Q]Hllfjldu 11 /Qmp i

ik £k
_ 1/p; [ 1/pk ' 1/p;
11 (/ |fj|pfdu> 11 (/ |fi|pkdu> 11 (/ |fj|pfdu>
itk N itk | N9 ik N
Performing some algebraic manipulation, we obtain the desired result. O

For the special case that n = 2, we have

Java ([ 1saan) ([ 1srmgan) ( rquu)_l/q (f |g|pdu>_1/p,

where 1/p+1/q = 1.

As a demonstration, we now proceed to a sequence of corollaries illustrating specific parameter choices
of Theorem 2.

Corollary 3. Let p1,...,pn > 1 satisfy Z?Zl 1/pj =1, and let oy, ..., > 0. Suppose f:(0,1) - R
is a Lebesgue integrable function and 0 < fol |f(x)|Pide < oo for each j. Then, for any k € {1,...,n}, we

have
1 n 1
/ |f(x)Prda > H / |f () ’pk/Pi H 2% da H(ajpj + 1)(”*1)/pj(oszk + 1)1/pk.
0 i=1 \79 j#k j#k
Proof. Fix k. The result is immediate by applying Theorem 2, taking f; = f and fj(x) = 2% for all j # k

together with some further simplification. O

For the special case that n = 2, we have

/01 |f(x)[Pdx > </01 |f(m)|a:ad;g) (/01 ‘f(x)’p/qmadx> (aq+ 1) (ap + 1)1/,

where 1/p+1/q = 1.

Example 4. By taking f(z) =1 — 2z and n = 2 in Corollary 3, we get

/01(1 — z)Pdz > (ag+ 1)Y9(ap + 1)1/P </o1 (1= x)da;) </o1 A a;)P/qu> ’

equivalently,
1

p+1
where B(-,-) is the beta function [1].

> (ag+ 1)Y9(ap + 1)/PB(a +1,2)B <a F1,1+ z) :
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Corollary 5. Let p1,...,pn > 1 satisfy Z?Zl 1/p; =1, and let a1, ..., a, > 0. Suppose f:(0,00) = R
is a Lebesgue integrable function and 0 < fooo |f(x)Pide < oo for each j. Then, for any k € {1,...,n},

we have

/0 2)|Prdz > H / (z)[Pr/Pi H e %%y H(a].pj)(n—l)/pj (ajpk)l/pk'

J7#k J7#k

Proof. Fix k. The result is immediate by applying Theorem 2, taking f; = f and fj(z) = e~*" for all
j # k together with some further simplification. O

For the special case that n = 2, we have

[T iwra = ([T i) ([T rwpear) @0,

where 1/p+1/q = 1.

One may naturally inquire whether it is possible to obtain an upper bound for || f¢|[b* as well. In this
regard, Panagiotis Krasopoulos and Lazhar Bougoffa have established a reverse-type Holder inequality in
2022, stated below.

Lemma 6. [12] Let (Q, A, u) be a measure space, and let p1,...,p, > 1 satisfy Z?Zl 1/pj = 1. Suppose
Ji,- s fa 0 2 = R are p-measurable functions such that 0 < || f;|l,, < oo and 0 < my; < f; < M; p-a.e.
for j €{1,...,n}. Then, we have

n n "
H ||f]||pj <M H fill
J=1 Jj=1

1
where M = [[7_; ij_l/ | m?il.

Using this reverse Holder inequality, we easily obtain an upper bound complementing Theorem 2:

Hfa
I£ellgy < <=t 3)

H 1517

Jj#k

However, we note that this result is limited by the restriction that m; > 0 p-a.e., as the essential infimum

of many special functions over interesting domains equals zero.

3 Holder-type Inequalities via Choi-Young’s Inequalities

Having established refined bounds through strategic applications of Hoélder’s inequality, we now turn

to constructing new Holder-type inequalities using a different approach based on the generalised Young
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inequality founded by Daeshik Choi in 2018. First, we present this inequality, the Jensen inequality, and
the alternative reverse Holder inequality (which is a different version from the one in Section 2 for a specific

purpose).

Lemma 7. [7] Let a,b > 0, and let p,q > 1 such that 1/p+1/q = 1. Then, for any positive integer n,

(8+2) = @miny s ((“57) - @), @

<; ; 2) < (@PBMay 4 (2R)" ((“ . b>n - (ab)"/z) , (5)

where r = min{1/p,1/q} and R = max{1/p,1/q}.

we have

Lemma 8. (Jensen’s inequality, [2”]) Let (Q, A, u) be a probability measure space. Let f : Q — R be a

u-measurable function, and let ¢ : R — R be a conver function. Then, we have

s@(/gf@) S/stfdu-

Lemma 9. Let (2, A, u) be a probability measure space, and let f: Q — R be a p-measurable function. If

froe ([e)

Proof. This follows from Jensen’s inequality, taking ¢(x) = 2™ which is convex by [20]. O

n > 1, then we have

Lemma 10. [15] Let (2, A, ) be a measure space. Let p,q > 1 with 1/p+1/q = 1. Suppose f,g: Q2 — R
are p-measurable functions such that f € LP(Q)), g € L4(R2), and

|fP
|gle

A\ Vw0
Italg < () sl

Now, we can state the main result.

0<m< <M p-a.e.

Then, we have

Theorem 11. Let (2, A, p) be a probability measure space. Let p,q > 1 with 1/p+1/q = 1. Suppose
frg: Q2 —= R are p-measurable functions such that f € LP(Q), g € LY(R2), and

\fP

0<m<
lgle

<M p-a.e.

Let r = min{1/p,1/q}. Then, for any positive integer n, we have

1 1/(pq)
(g G2 ) s Rlaly”
(2r)"

n/2 1
Pl glle Plgldd + /2pq+2qp"d
TORE <||f|!p||g\|q/ﬂf| 9] M> o) Q(q [FIPllgld + 2 |gl N FI1B) " dpe

<
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Proof. Note that || f||,,[|g]lq > 0 since (2) =1 > 0 and | f|, |g| are positive p-a.e. We start by substituting

R P and b— _9°
p [ lfIPdu q fq lgl%dp

in Lemma 7, Equation (4). This gives

( A [ )"
p? Jo | fIPdp @ o |gl9dp

£llg] ' ( Fi gl >
> + +
_<(PfgIflpdu)l/p(quIglqdu)l/q) " \p o [du

q Jo lglidp
n |fIP|g]9 )"/2
— (2

(2r) <pq T 1Pdu iy lgldn

(6)
1 (1fllgD)" N <r)” (alf1P Jo lg19dp +plgl* fo | £1Pdp)"
P (g )™ (Jo loba) 77)" AP NN
n/2
@r)m (P9l fo |f1Pdu fy lg|7dp)"™
(pg)"/? (Jo I F1Pdu fo lgl7dp)"
Next, we integrate Equation (6) over © with respect to . On the right-hand side, we have
1 (If1lgh™ r\" (alfIP fo lgldp +plgl? Jo |F1Pdp)"
Upgl/a\n 1/ 1/ mep + vq) P adu)” dp
o WP (o lrd) 7 (o lalodu) ') o \pg (Jo lfIPdu o lgl7dp)

_ / @) (FPlgl? Jo L FPdp fy lgldp)""
a(

L d
p)" " (ol Jo Loty

I Jolfgldp N (r)" Jo (@lF1P fo lgl*dp + plgl? Jo | Pdu)" dp
(pt/pgt/a)n ((fg | Flpdp) ([, \g\qdu)l/qy pq (Jo [fIPdu fo 1gladu)”

@) Jo (FPll Jo lf1Pdu fo |g17d)" dps

(pq)™/? (Jo fIPdps o lgl7dp)”
.1 Jo | Foldn " <r) (o alfPdu Jo lgtdy + o plgldp Jo |f Pdp)"
~ @O\ (f, £ Pd) P (f;, lgladu) Pq (ol flPdu fo lglodp)"
e S (FPlgl o L Pdp f |gl9d) " dp
(pg)"/? (Jo IfIPdpe Jo, lgl7dp)"

; (%)”“"” UolfPdm) ™ (Jo |g|‘1du>l/q)n (o’

~ (pl/rgtha)e (fQ |f’pdﬂ)1/p (fQ |9|qd:u)1/q
@) Jo (FPlgl? Jo |f1Pdp fo |g17dpn)"" dps

(pg)™/? (Jo IfIPdp Jo lgladu)”
1 (ﬂ)l/(pq)Jr @0 (ol Plgldu fo | Py fy lg|7dp) "
~ (pl/rgt/ayn \ M "

(pq)™/? (Jo lfIPdp [ gladp)™
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Above, we apply Lemma 9 in the second inequality and Lemma 10 in the third inequality. Moreover, the

last equality is due to (p+¢q)/(pq) = 1/p+ 1/q = 1. Next, on the left-hand side of Equation (6), we have

B g1 )nd - <q2|fpfg Iglqdﬂ+p2lgqu9|f‘pdu>nd
/g(pzfglflpdfrq?fg gledu) " (pq)zn/sz Jo lfIPdp [ |gl9du a

_ Jo (@1 Jololdp + 7|9l Jo | 1Pdp)" dp.
(pg)?" (Jo, | fIPdp [ 1gl0dps)"”

Combining these developments, we obtain

Jo (I Jo lgldp + plg|? fo [FPdm)" dp @) (Jo | £ 1919 Jo | £ P fo lg1odp)"™"?
(pa)?" (fo I fIPdp fo |gladu)” (pg)"/? (Jo IfIPdp [ |gladp)"”

- 1 (ﬁ)l/(pq)

~ (pV/rgt/ayn \M

n
9

or

((pl/pcljl/q)n ' (%)1/(10(1) +T”) (/Q |f|”d,u/Q |g|qd/£>n

2r)" n/2 1 n
< 2 (Lurviaran [ [ apa) o i [ (@ [ ot 2iar [ 1) dn
(pq) Q Q Q (Pg)*" Jo Q Q
This completes the proof. O

For the special case that p = ¢ =2 and n = 1, Theorem 11 reduces to

L,/m 1 22 1 21 112 / 1 2/ 2 2/ 2
PV VLS <z 2d — |4 d 4 du ) .
Gilm+3) HszHgHz_2\/!\fH2HgHz+ [solan-+ 5 (41018 [ 1P 21718 [ 1o

With some algebraic manipulation, this is simply equivalent to

m
V3 fllgllz < 11FIlgl3 + 1 £9ll3,

where 0 < /m < |f/g| < VM for p-a.e.

By repeating a similar argument, we deduce a complementary identity as shown below.

Theorem 12. Let (2, A, ) be a probability measure space. Let p,q > 1 with 1/p + 1/q = 1. Suppose
fr9 : @ = R are p-measurable function such that f € LP(Q), g € LY(Q), and [, |f[P|g|%dpn < oo. Let
R =max{1/p,1/q}. Then, for any positive integer n > 2, we have

n/2
(I F1I5lgllg)™ + (2R)" (HfHﬁHgHg/Q!f!p\glqdu)
< (WP1a,)" [ 15otan-+ [ (17¥lsls + 1o1718)" dn
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Proof. It || f||, = 0 or ||g||; = 0, then the inequality trivially holds. So, let us suppose that both of them
are nonzero. Then, we substitute

P
fQ ‘f|pd,u

in Lemma 7, Equation (5). Therefore, we have

and b 9"
fQ \g‘qdu

< | fIP N lg]4 )"
p Jo | fIPdp  q o |glidp

£llg i glr \"
: <(fsz\f|”dﬂ)l/p (fg\g\qdu)l/q> - <fsz|f|pdﬂ+fg !quﬂ>
o | fIPlg|? n/2
21 <fﬂrfrpdufg i) )
(101 U 7)™ U o) ) (11 ot + ot Jo 7"
(o |f1Pdp o lgl7dpe)" (o IfPdps [ gladp)"
oo (FPl9l? fo |F Py [ lglidp)"
) (Jo I fPdp [ |gladp)”

In the second equality, we apply the assumption 1/p+ 1/q = 1. Next, we integrate Equation (7) over Q
with respect to . On the left-hand side, we have

| fIP |g]? )"d ><fo|de Jo lgl%dp )":(1 1)’"‘:1
/sz(pfglflpd#+QIQ gledu) M pfglf\de+QIQ lgl9dp p g ’

where we apply Lemma 9 in the first inequality. Then on the right-hand side of Equation (7), we have

/(‘fg\ (o |£17die) " (fy gtedn) ") d/rirR”/ (1 Jolat"dp + 1l Jo | 71Pdp)" |
Q Q

(Jo [ F1Pdp fo | gladp)"” (Jo, | £ IPdu [ lgladp)”

o [ (Ll o [Pl fy lglodp)""
o /Q (fﬂ | flPdp fQ ‘g|qdu)n

_ (Ualoran) ™ (g loba)™")" Jo daldie - fy (11 fy lolodn -+ 91 fy 1) d

(Jo If1Pdp [ lgladp)™ (Jo [f1Pdp fo, 1gl9dp)”
oy Un P Jolottdi Jo | 17lgl7dp)"
(Jo I fPdpe [y |gladps)”

Note that the second inequality is due to Lemma 9. Combining these facts, we obtain

n 1/q 1/p\ "
( [ isran | |9!qu> < (( / If!pdu) ( / \glqdu> ) [ \ralan
n n/2
+R /Q <f|p /Q 191y + |g]? /Q \flpdu> dji— (2R) < /Q FPdu /Q j9/7du /Q f|p|9!qdﬂ> .

This completes the proof. ]

Earthline J. Math. Sci. Vol. 16 No. 2 (2026), 179-198



188 Christophe Chesneau

Remark 13. Both Theorems 11 and 12 can be generalised to any finite positive measure space (not only
probability space) by introducing the factor u(2) appropriately in Lemma 9. We leave this straightforward

extension to interested readers.

Remark 14. There are two significant differences between the assumptions in Theorems 11 and 12. First,
we do not assume boundedness conditions on the ratio |f|P/|g|? in Theorem 12 since we do not use Lemma

10. Second, in Theorem 12, we suppose that n > 2 to ensure the convezity argument on Lemma 9.

Example 15. Let p = ¢ = 2 and n = 2. Consider Q = (0,1) and p the Lebesgue measure. Choose
f(z) = z® and g(z) = (1 — x)? with a, > —1/2. Note that R = 1/2. We compute the following

expressions involved in Theorem 12:

1 1
1 1
2 20 2 28
= dr = = 1-— dr =
1112 /0 T ar 2%+ 1’ lgll2 /0 ( z)"dx 2B+ 1
1
1
20 28 2/2
(1 —2)dx = B2a+ 1,28+ 1), = = ,
/0 (1—x) ( B+, 7 M2 = [l T

1922 *(1—2)?)%dz = B(2a + 1,28 + 1),

1 1
= lgl =z [ @

/1( L (1—$)25>2dx_ 1 2B(2a + 1,28 + 1)
0o \28+1  2a+1 28+ 1)2(4a+1)  (a+1)28+1)  (2a+1)2(48+1)
Plugging all these into the inequality, we have

( 1 >2+B(2a+1,2ﬂ+1)
(2a+1)(28 + 1) 2a+1)(28+ 1)

B2a+1,26+1) 1 2B(2a+ 1,28+ 1) 1
= Q2a+1)(28+1) 4((25+1)2(4a+1) (2a+1)(26+1) (2a+1)2(45+1)>’

or simply

1 2B(2a + 1,28+ 1) 1
28+ 12(da+1)  (Ra+1)2B+1) ' (a+1)2(AB+1)

(8)

2o+ 12@B+12 =

As a numerical example, substituting o = 8 = 1/4 into Equation (8) gives
4 1’ 1
(3/2)4 7 (3/2)2(2) ~ (3/2)*  (3/2)%(2)
Approximately, the left-hand side is 0.7901 while the right-hand side is 0.7935 up to four significant digits.

4 Hardy-type Derivative Inequalities using Cauchy-Schwarz’s

Inequality

The techniques developed in the preceding sections rely primarily on Holder’s inequality and its variants.
We now demonstrate how the Cauchy-Schwarz inequality, a special case of Holder’s inequality, can yield

derivative-type estimates with optimal constants.
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Theorem 16. Let f : [0,00) — R be an absolutely continuous function with f(0) = 0. Let w : [0,00) —

[0,00] be a Lebesgue measurable function. For x > 0, we define
W (z) =/ yw(y)dy € [0, oc.

Then, for every measurable derivative f' (u-a.e. defined), we have

| e < [T 0@
0 0

Proof. Since f(0) = 0 and f is absolutely continuous, the fundamental theorem of calculus implies that

fly) = fé” f'(x)dx for each y > 0. Applying Cauchy-Schwarz’s inequality to the integral on the right-hand

dwr=( [ f’(w)dx>2 < ([ ar) ([[r@ya) =y [ (rpas

for each fixed y > 0. Next, we multiply both sides by the nonnegative weight w(y) and integrate in y over

side gives

[0,00). This gives
[T wwuras [Ty ([ k) )

The right-hand side is nonnegative. So, we can apply Fubini-Tonelli’s theorem to change the order of

integrations and deduce

[ vt ([[@pac)ay= [T ([Tiwwa) o= [T r@pwee. oo

Combining Equations (9) and (10), the proof is complete. O

Although the above result is only stated on the real half-line with Lebesgue measure, it can be regarded
as a one-dimensional illustration of how Hélder’s inequality yields derivative-type estimates in the general

measure-space framework.

Corollary 17. Let o > 0. Let f : [0,00) — R be a differentiable function such that f(0) = 0. Then, we

have

— 2«

[ et uwrar< o [T et (@), (1)
0 0

Proof. This easily follows from Theorem 16 by taking w(z) = e—2%®  We note that
00 ) 1 y—co )
W(z) = / yw(y)dy = / ye‘adey = [_e—ayQ] _ - aa?
x z 2 y=2 2c

This completes the proof. ]
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Remark 18. In fact, the constant 1/(2«) in Corollary 17 is optimal; that is, it cannot be replaced by a
smaller value. To illustrate this, consider the test function f(x) = x for x > 0. Clearly, f(0) = 0 and

f'(x) = 1. We can evaluate the two integrals appearing in Equation (11) explicitly. On one hand, we

> > 1 1 1
/ e~ (f(x))de = / 22e™ % dg = —q73/2T 3 = a2, ﬁ = 7\/%0[—3/27
. 0 2 2) "2 2 4

obtain

where I'(+) is the gamma function [/]. On the other hand, we find

(o) o0 1
et @rae = [ etan =gy /T
0 0 2

(%

It follows that equality holds in Equation (11).

In light of the preceding developments, it is natural to investigate whether similar operator-type
inequalities can be formulated for bilinear expressions involving two functions. By carefully applying
the Holder inequality in this context and leveraging the symmetry of the underlying kernel, we obtain the

following new result, which offers a further extension of the inequalities discussed above.

Theorem 19. Let a,b € RU {too} with a < b. Let f,g : [a,b] — R be absolutely continuous functions
such that f(a) = 0 and g(b) = 0, where we adopt the conventions f(—o00) = limy_,_ f(z) and g(co) =
lim, 00 g(z). Suppose f',g" € L*(|a,b]) (which exist y-a.e.). Then, we have

1/2

< (] - x)3!f’($)2>1/2 (/ (o Ol @) (12)

Proof. 1f either of the two integrals on the right-hand side of Equation (12) diverge, then we are done.

[ s

So, let us consider the case where both are finite. Because f and g are absolutely continuous with

f(a) = g(b) =0, we can write

x b
f@) = [ Foit and g@) = [ (s

by the fundamental theorem of calculus. Using Fubini’s theorem, we have

/ab f(x)g(x)dr = — /ab /: /: f'(t)g' (s)dtdsdx
= _/ab /tb /ts f'()g' (s)dzdsdt

_ —/ab/tb(s—t)f’(t)g'(s)dsdt.

Therefore we obtain

[ st

= ’// (s —t)f'(t)g'(s)dsdt| .
{(s:t):a<t<s<b}
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Applying Cauchy-Schwarz’s inequality gives

1/2 1/2
< (// (s — t)2]f'(t)|2dsdt> (// ]g'(s)|2dsdt> . (13)
{(s,t):a<t<s<b} {(s,t):a<t<s<b}

We examine each integral above separately. We have

J] s e A OPas = | P (/ (s- Pds ) at

[ s

(14)
L 31 ()2
— 5 [ o-vRirr
and
b s
Il o) Pasat = [1g P [ ae) as
{(s,t):a<t<s<b} ab a (15)
~ [(-alge)Pas.
Substituting Equations (14) and (15) into Equation (13), the proof is complete. O

Let us see a demonstration below involving the beta function.

Example 20. Let [a,b] = [0,1]. For o, 3 > 1/2, define f(z) = 2* and g(z) = (1 — z)?. Note that
f(0) = g(1) = 0 as desired. Moreover, f'(z) = ax®~! and ¢'(z) = —3(1 —x)?~1. By Theorem 12, we have
1/2

[0 eyarl <« 2 ([a-apropa) ([ agmee) (16

The left-hand side of Equation (16) is exactly B(a+ 1,8+ 1) by definition. Now, we look at each integral
involved on the right-hand side of Equation (16). We have

1 1
/ (1 —2)3|f'(x)|*dx = a2/ (1 —2)32%2dz = o®’B(2a — 1,4)
0 0
and

1 1
[ e @pae =g [ 2020 = 212,28 - 1)
0 0

Putting these all together, we obtain the inequality

Bla+1,8+1) < il/é\/B(Qa —1,4)B(2,28 - 1).

As a numerical illustration, the left-hand side equals 0.1667 while the right-hand side equals 0.2041, up to
4 significant digits.
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5 Minkowski-Clarkson Relations and Variants

While Sections 2, 3, and 4 focused on refinements of Holder-type inequalities, we now investigate
relationships between Minkowski’s and Clarkson’s inequalities. These results are fundamental in
understanding the structure and uniform convexity properties of LP spaces. We start by recalling the

famous Minkowski inequality, introduced by Hermann Minkowski in 1896.

Lemma 21. (Minkowski’s inequality, [9]) Let (2, A, 1) be a measure space, and let p > 1. Suppose
fi,ooos fu 0 @ = R are p-measurable functions such that f; € LP(Q) for each j € {1,...,n}. Then, we

have
n

S oAl <D0l
p 71

=1

To facilitate our study, we use several classical inequalities stated below.

Lemma 22. (Jensen’s discrete inequality, [11]) Let @ C R be an interval. Suppose A1,..., A\, > 0 with
2?21 Aj=1. Let ¢ : Q = R be a continuous function. Let x1,...,x, € 0. If ¢ is concave, then we have

o [ D N | =D Ne(a;).
st =1

On the other hand, if ¢ is convez, then the inequality is reversed.

Lemma 23. Let x1,...,2, > 0. If k € (0,1], then

n n k
St <t (Yo
j=1 j=1
Proof. First we observe that the function z — z* defined on [0, 00) is concave if k € (0,1] [20]. So, we

apply Jensen’s discrete inequality with coefficients \; = 1/n. As f is concave, we get

k k 1—k
EOIE N =D DLl D D=l DL
=1 =1 j=1 j=1
This completes the proof. ]

Now, we can present our next main result.

Theorem 24. Let (2, A, 1) be a measure space, and let p > 1. Suppose fi,..., fn € LP(Q). Then, we

have

1/p
n

> fill <Dl <2 TP NI
=1
p

Jj=1 Jj=1
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Proof. Note that 1/p € (0, 1] because p > 1. The former inequality is basically the Minkowski’s inequality,
while the latter is trivial by applying Lemma 23 with z; = [, | f;[Pdp for each j € {1,...,n}. O

While this result is not technically demanding, it possesses certain applicability and offers new insight

into its relationship with other inequalities, as we shall see below.

Example 25. Let g, -+, > 0. Consider 2 = [0,00] and p the Lebesgue measure. For each j, take

fj(x) =e *x% >0 on [0,00]. Then, we have

o D > —pT Q5P 1 OO —Y,, 5P 1
/ij(:n)dx:/o e x]dfczw/o e y]dyZWF(ajp+1)-

Note that the second equality above is yielded from the change of variable y = pz. Thus applying Theorem

24, we obtain

1/ 1/p

n

1
> L@+ 1)

p
n 1 1/p 1/p
j=1 NP i=1

p
00 n
/ e ” g z% | dx
0 =

For further instance, if we take p = 2 and «; = j, then we deduce that

] antl 1 2 n 1 . " 1 .
\//0 o2z <x1) dxgz\/wf‘@j—l—l)g nZWF@j—i—l).
j=1 j=1

When n = 2, Theorem 24 specialises to

_ 1
1F + gllp < 1flp + llglly < 27 (1AIE + Nlgln)

To further refine the two-function case, we make use of Clarkson’s inequality, established by John Clarkson
in 1936. It is stated below.

Lemma 26. (Clarkson’s inequality, [5]) Let (2, A, u) be a measure space, and let p > 2. Suppose f,g €
LP(Q). Then, we have

1f +gllp +11F = glly < 227 (IFIE + Nlgllp) -

Remark 27. In fact, this inequality can easily be extended to n functions in a cyclic form. Suppose
fis fay ooy fn € LP(Q). By adopting the convention fn41 := f1, we have

n

D 5+ fiallf + 15 = fiallp) <22 N1
j=1

j=1

From our main finding and this inequality, we deduce the following immediately.

Corollary 28. Let (2, A, 1) be a measure space, and let p > 2. Suppose f,g € LP(Q). Then, we have

_ 1
1f + gllp + 1 = gllp < 22072 (I £12 + (g l2) 7
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Proof. We consider Theorem 24 for the case n = 2. Substituting f by f + g and g by f — g, we have

1/p 1/p 1/p
< / |f+g\pdu) +( / If—glpdu> <o ( / (|f+g\”+\f—glp)dﬂ> .
Q Q Q

Applying Clarkson’s inequality on the right-hand side gives

1/p 1/p - - 1/p
([1r+aran) "+ ([17-gpan) " <20m20m ([ e jgryan)

as desired. O

We note that the classical Clarkson inequality describes the uniform convexity of LP spaces in the
unweighted setting. We next present a weighted and mixed-exponent variant Clarkson-type inequality,

where a measurable weight function modifies the argument in a nontrivial way.
Lemma 29. [//] Let a,b € R. If p > 2, then we have
laf” + b < (af® + (b2,

Theorem 30. Let (2, A, 1) be a measure space, and let p > 2. Suppose f,g: Q2 — R and w: Q — (0,00)
are p-measurable functions such that wf + g, f —wg € LP(Q2). Then, we have

lwf + gllh + 1f = wgllpy < 20727 [lw? + 1]22(| £115, + llgll5,)-

Proof. We consider the substitution a = (wf + ¢)/2 and b = (f — wg)/2 in Lemma 29. We first compute

the sum of squares which appears on the right-hand side, as follows:
1 1
al? + [6f% = 7 (wf + g +1f — wgl?) = (w? + V(P +1gP).

Hence, we have

2 2 23\ P/2
lafP + [bP < ((w + )(‘4]0‘ + g )) ' (17)
Applying the Jensen’s discrete inequality with coefficients {1/2,1/2} on the right-hand side of Equation
(17) (since the function 2 — 2P/2 is convex by [20]), we see that
<<w2 TSP+ \gm)”” _ <w2 - 1)”/2 <\f\2 + |g|2>p/2
4 B 2 2

L 2 p/21 P P
< 57wt + VPR (fP + |gP)

= 2727w + DPR( P + |gfP).

Now, merging this and Equation (17), plugging in a = (wf + ¢)/2 and b = (f — wg)/2, then multiplying
both sides by 2P, we have

wf + gl +1f —wgl” < 2727 (w? + DPE(FP + |gf?).
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Integrating this over {2 with respect to u, we get
[ twr s+ [ 17 = walrd <22 [ @ 102067+ lo

Finally, applying the Holder’s inequality with exponents {2,2} to each term, we obtain

1/2 1/2

v < ([ vead) ([ 1)
Q Q Q

1/2 1/2

/Q(w2 + 1P |g|Pdp < </Q(w2 + 1)pdu) (/Q |g|2”du> :

Combining all these developments, we obtain the desired result. ]

Let us see an example.

Example 31. Let Q = [0,1] and p the Lebesgue measure. Take p = 2. Fix parameters «, 5,y > 0 and
set f(z) = 2%(1—2)", g(x) = (1—2)%, w(z) = 27 for x € [0,1]. Then f,g € L*([0,1]) for all o, 3 > —1/4.
Put m := v+ a. For p = 2, the left-hand side of Theorem 30 becomes

1 1
lwf +gll3 + [If —wgl3 = / (1—2)* (1 +2™)%dx +/ (1—2)* (2 - 27)?dz
0 0

1
= /0 (1 —2)2(1 4 22™ + 2™ + 22 — 22977 + 2)dx (18)

=B(1,28+1)+2B(m+1,28+1)+ B2m+1,28+1)
+B2a+1,28+1) —2B(a+~+1,268+1) + B(2y + 1,28 + 1).

The right-hand side in Theorem 30 for p = 2 equals

lw? + l2(ILF1E + llgll)

_ (/Ol(xm N 1)2> v (/01 (1 - 2)%de + /01(1 - x)‘wdf) " (19)

_\/< 1 + 2 +1)<\/B(4a+1,46+1)+\/B(1,4/3+1))-

dv+1  2v+1

Hence Equation (18) is bounded above by Equation (19). As a numerical demonstration, take @ = 8 =
v = 1/2. Then the left-hand side is roughly 0.9167 while the right-hand side is 1.160 up to 4 significant
digits.

6 Weighted Generalised Schweitzer’s Inequality

Our final result extends Schweitzer’s classical inequality to a weighted setting in LP spaces. The original

version, proven by P. Schweitzer in 1914, is stated below [23].
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Let a,b € R with b > a, and let m, M € (0,00). Suppose f : [a,b] — (0,00) satisfies m < f(x) < M
for all x € [a,b]. Then, we have

</abf(x)dx> </: f(lz)dx> < (b_af;%—i_ M)z'

Theorem 32. Let (Q, A, ) be a measure space. Let m,M € (0,00). Suppose f,g : Q@ — R are

Here is the result.

wu-measurable functions such that |f| > m and |g| < M for p-a.e. Let w: Q — (0,00) be a p-measurable

function. Then, we have

UMW@) (/ﬂ \/T%Jldﬂ> ST (M/medmm/gwmdu)Z,

provided that the four integrals involved converge.

Proof. First, because |f| > m > 0 and |g| < M, p-a.e., (|f| — m)(M —|g|) > 0 p-a.e. Expanding this
inequality gives

|fgl +mM < M[f|+ml|g| p-ae.
Multiplying both sides by the positive factor w/\/% note that w > 0 and |f], |g| > 0 p-a.e.) gives

w + < Mw +mw
| f4l |fg \/ \/

Next, we integrate this over €2 with respect to u, which ylelds

Ry ey wmw i ml )

Applying the classical AM-GM inequality to the left-hand side, we see that

2/ [ w !fgdu\/mM / i < | v aldis +-ma / e (21)

Finally, combining Equations (20) and (21) together with some further simplification, we obtain the desired
result. O

Remark 33. When |f| = |g| and w =1, Theorem 32 reduces to the classical Schweitzer inequality.

Example 34. Consider = [0, 1] and p the Lebesgue measure. Choose m = 1/2 and M = 2. Define
functions (all positive p-a.e.): f(z) =14z, g(x) = 2 — x, and w(z) = 1 + sin(27x). We note that the

assumptions in Theorem 32 are met. Thus we have

> (/01(1 —|—Sin(27rac))m¢ix) </01 Hsm(%x)) .

2+ — 122
Numerically, we know that the left-hand side equals 1.291, while the right-hand side equals 0.9997, up to
4 significant digits.
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