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Abstract

In this paper we introduce the notion of an extended interpolative single and multivalued Berinde weak
type F -contraction, and obtain some fixed point theorems for such mappings. An example is given to
illustrate the main result.

1 Introduction and Preliminaries

Definition 1.1. [1] Let (X, d) be a metric space. The mapping S : X 7→ X is called an interpolative
Kannan type contraction, if there are constants α ∈ [0, 1) and c1 ∈ (0, 1) such that

d(Sp, Sq) ≤ αd(p, Sp)c1d(q, Sq)1−c1 ,

for all p, q ∈ X\Fix(S), where Fix(S) = {p ∈ X : Sp = p}.

Definition 1.2. [2] Let (X, d) be a metric space. A mapping S : X 7→ X is said to be an interpolative
Reich-Rus-Ciric type contraction, if there are constants α ∈ [0, 1) and c1, c2 ∈ (0, 1) such that

d(Sp, Sq) ≤ αd(p, q)c1d(p, Sp)c2d(q, Sq)1−c1−c2 ,

for all p, q ∈ X\Fix(S).

Definition 1.3. [3] Let (X, d) be a metric space. We say that the self-mapping S : X 7→ X is an
interpolative Hardy-Rogers type contraction if there exists α ∈ [0, 1) and c1, c2, c3 ∈ (0, 1) with c1+c2+c3 <

1, such that

d(Sp, Sq) ≤ αd(p, q)c1d(p, Sp)c2d(q, Sq)c3
[
d(p, Sq) + d(q, Sp)

2

]1−c1−c2−c3

,

for all p, q ∈ X\Fix(S).
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Notation 1.4. [4] Ω will denote the class of all functions F : R+ 7→ R satisfying the following properties

(a) F is strictly increasing,

(b) for each sequence {pn} ⊂ R+ of positive numbers limn→∞ pn = 0 ⇐⇒ limn→∞ F (pn) = −∞,

(c) there exists m ∈ (0, 1) such that limp→ 0+ pmF (p) = 0.

Example 1.5. [4] The following functions, F : R+ 7→ R, belong to Ω

(a) F (p) = ln(p2 + p), p > 0,

(b) F (p) = −1√
p , p > 0,

(c) F (p) = ln(p), p > 0.

Definition 1.6. [5] Let (X, d) be a metric space. A mapping S : X 7→ X is called an extended interpolative
Ciric-Reich-Rus type F -contraction if there exists c1, c2 ∈ [0, 1) with c1 + c2 < 1, τ > 0 and F ∈ Ω such
that

τ + F (d(Sp, Sq)) ≤ c1F (d(p, q)) + c2F (d(p, Sp)) + (1− c1 − c2)F (d(q, Sq)),

for all p, q ∈ X\Fix(S) with d(Sp, Sq) > 0.

Definition 1.7. [6] Let (X, d) be a metric space. A mapping S : X 7→ X is called an extended interpolative
Hardy-Rogers type F -contraction, if there exists c1, c2, c3 ∈ [0, 1) with c1 + c2 + c3 < 1, τ > 0, and F ∈ Ω

such that

τ+F (d(Sp, Sq)) ≤ c1F (d(p, q))+c2F (d(p, Sp))+c3F (d(q, Sq))+(1−c1−c2−c3)F

(
d(p, Sq) + d(q, Sp)

2

)
,

for all p, q ∈ X\Fix(S) with d(Sp, Sq) > 0.

Definition 1.8. ( [5], [6]) Let (X, d) be a metric space, and let CB(X) be the collection of all nonempty
bounded and closed subsets of X. The Hausdorff metric induced by the metric d of X is defined as

H(A,B) = max{sup
p∈A

d(p,B), sup
q∈B

d(q, A)},

for every A,B ∈ CB(X) with d(p,B) = inf{d(p, q) : q ∈ B}.

Definition 1.9. ( [5], [6]) Let S be a mapping from X to CB(X). If p ∈ Sp, then p ∈ Q is called a fixed
point of the multivalued mapping S.
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Definition 1.10. [5] Let (X, d) be a metric space. A mapping S : X 7→ CB(X) is called an extended
interpolative multivalued Ciric-Reich-Rus type F -contraction if there exists c1, c2 ∈ [0, 1) with c1 + c2 < 1,
τ > 0 and F ∈ Ω such that

τ +H(d(Sp, Sq)) ≤ c1F (d(p, q)) + c2F (d(p, Sp)) + (1− c1 − c2)F (d(q, Sq)),

for all p, q ∈ X\Fix(S) with H(Sp, Sq) > 0.

Definition 1.11. [6] Let (X, d) be a metric space. A mapping S : X 7→ CB(X) is called an extended
interpolative multivalued Hardy-Rogers type F -contraction, if there exists c1, c2, c3 ∈ [0, 1) with c1+c2+c3 <

1, τ > 0, and F ∈ Ω such that

τ+H(d(Sp, Sq)) ≤ c1F (d(p, q))+c2F (d(p, Sp))+c3F (d(q, Sq))+(1−c1−c2−c3)F

(
d(p, Sq) + d(q, Sp)

2

)
,

for all p, q ∈ X\Fix(S) with H(Sp, Sq) > 0.

Definition 1.12. [7] Let (X, d) be a metric space. We say T : X 7→ X is an interpolative Berinde weak
operator if it satisfies

d(Tx, Ty) ≤ λd(x, y)αd(x, Tx)1−α,

where λ ∈ [0, 1) and α ∈ (0, 1), for all x, y ∈ X, x, y /∈ Fix(T ).

Alternatively, the interpolative Berinde weak operator is given as follows

Definition 1.13. [7] Let (X, d) be a metric space. We say T : X 7→ X is an interpolative Berinde weak
operator if it satisfies

d(Tx, Ty) ≤ λd(x, y)
1
2d(x, Tx)

1
2 ,

where λ ∈ [0, 1), for all x, y ∈ X, x, y /∈ Fix(T ).

2 Main Result

Definition 2.1. Let (X, d) be a metric space. We will call the self mapping T on X an extended
interpolative Berinde weak type F -contraction if there exists α ∈ (0, 1), τ > 0, and F ∈ Ω such that

τ + F (d(Tx, Ty)) ≤ αF (d(x, y)) + (1− α)F (d(x, Tx)),

for all x, y ∈ X\Fix(T ) with d(Tx, Ty) > 0.

Theorem 2.2. An extended interpolative Berinde weak type F -contraction self mapping on a complete
metric space admits a fixed point in X.
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Proof. Let θ0 ∈ X. Define the sequence {θn} by θn = Tn(θ0) for each positive integer n. If there exists n0

so that θn0 = θn0+1, then θn0 is a fixed point of T . Suppose that θn ̸= θn+1 for all n ≥ 0. From Definition
2.1, we have

τ + F (d(θn, θn+1)) = τ + F (d(T (θn), T (θn−1)))

≤ αF (d(θn, θn−1)) + (1− α)F (d(θn, T θn))

= αF (d(θn, θn−1)) + (1− α)F (d(θn, θn+1)).

Suppose that d(θn−1, θn) < d(θn, θn+1) for some n ≥ 1. Then from the above inequality we have, τ +

F (d(θn, θn+1)) ≤ F (d(θn, θn+1)), which is a contradiction. Therefore, d(θn, θn+1) ≤ d(θn−1, θn) for all
n ≥ 1. Thus, we have, τ + F (d(θn, θn+1)) ≤ F (d(θn−1, θn)) . Consequently we have,

F (d(θn, θn+1)) ≤ F (d(θn−1, θn))− τ ≤ · · · ≤ F (d(θ0, θ1))− nτ,

for all n ≥ 1. Therefore, d(θn, θn+1) < d(θn−1, θn) for all n ≥ 1. Now taking limits in the above inequality
as n → ∞ we get that limn→∞ F (d(θn, θn+1)) = −∞. From Notation 1.4(b), we have limn→∞ d(θn, θn+1) =

0. Put γn = d(θn, θn+1), Thus, limn→∞ γn = 0 Then for any n ∈ N, we have γkn(F (γn)−F (γ0)) ≤ −γknnτ <

0. Thus, limn→∞ γknn = 0. So there is N ∈ N, so that, γn ≤ 1

n
1
k

for all n ≥ N . Now for any m,n ∈ N with
m > n we get

d(θn, θm) ≤
m−1∑
i=n

d(θi, θi+1) =
m−1∑
i=n

γn ≤
m−1∑
i=n

1

i
1
k

.

Since the last term of the above inequality tends to zero as m,n → ∞, we have d(θn, θm) → 0 as
m,n → ∞, that is {θn} is a Cauchy sequence. Since X is complete, there is θ ∈ X such that θn → θ as
n → ∞. Now we show that θ is a fixed point of T . Suppose to the contrary that θ ̸= Tθ.We consider two
cases

Case 1: There is a subsequence {θnk
} such that Tθnk

= Tθ for all k ∈ N.

In this case
d(θ, Tθ) = lim

k→∞
d(θnk+1, T θ) = lim

k→∞
d(Tθnk

, T θ) = 0.

Case 2: There is a natural number N such that Tθn ̸= Tθ for all n ≥ N.

In this case, from Definition 2.1, we have

τ + F (d(θn+1, T θ)) = τ + F (d(Tθn, T θ))

≤ αF (d(θn, θ)) + (1− α)F (d(θn, θn+1)).
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Letting n → ∞ in the above inequalty, we get that limn→∞ F (d(θn+1, T θ)) = −∞ and so
limn→∞ d(θn+1, T θ) = 0. Therefore,

d(θ, Tθ) = lim
n→∞

d(θn+1, T θ) = lim
n→∞

d(Tθn, T θ) = 0.

Thus, d(θ, Tθ) = 0, and so θ = Tθ, and the proof is finished.

Definition 2.3. Let (X, d) be a metric space. We will call the multivalued mapping T : X 7→ CB(X) an
extended interpolative multivalued Berinde weak type F -contraction if there exists α ∈ (0, 1), τ > 0, and
F ∈ Ω such that

τ + F (H(Tx, Ty)) ≤ αF (d(x, y)) + (1− α)F (d(x, Tx)),

for all x, y ∈ X\Fix(T ) with H(Tx, Ty) > 0.

Theorem 2.4. Let (X, d) be a complete metric space, and T be an extended interpolative multivalued
Berinde weak type F -contraction. Assume in addition that

(H): F (inf A) = inf F (A).

Then T has a fixed point.

Proof. Choose two arbitrary points θ0 ∈ X and θ1 ∈ Tθ0. If θ0 ∈ Tθ0 or θ1 ∈ Tθ1 we have nothing to
prove. Let θ0 /∈ Tθ0 and θ1 /∈ Tθ1. Then Tθ0 ̸= Tθ1. Now

τ

2
+ F (d(θ1, T θ1)) < τ + F (H(Tθ0, T θ1))

≤ αF (d(θ0, θ1)) + (1− α)F (d(θ0, T θ0))

≤ αF (d(θ0, θ1)) + (1− α)F (d(θ0, θ1))

= F (d(θ0, θ1)).

From the above inequality and using (H), we can conclude that there is θ2 ∈ Tθ1 so that

τ

2
+ F (d(θ1, θ2)) < F (d(θ0, θ1)).

Continuing this process, we obtain a sequence {θn} in X such that θn+1 ∈ Tθn, θn /∈ Tθn, and,

τ

2
+ F (d(θn, θn+1)) < F (d(θn−1, θn)).

If there is n0 so that θn0 = θn0+1, then θn0 is a fixed point of T . So we assume that θn ̸= θn+1 for all
n ≥ 0. Consequently,

F (d(θn, θn+1)) ≤ F (d(θn−1, θn))−
τ

2
≤ · · · ≤ F (d(θ0, θ1))− n

(
τ

2

)
,
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for all n ≥ 1. Similar to Theorem 2.2, we find that {θn} is a Cauchy sequence. Since X is complete,
there is θ ∈ X such that θn → θ. Now we show that θ is a fixed point of T . Assume to the contrary that
θ /∈ Tθ. We consider two cases.

Case 1: There is a subsequence {θnk
} such that Tθnk

= Tθ for all k ∈ N.

In this case
d(θ, Tθ) = lim d(θnk+1, T θ) = limH(Tθnk

, T θ) = 0.

Case 2: There is a natural number N such that Tθn ̸= Tθ for all n ≥ N.

In this case we have

τ + F (d(θn+1, T θ)) = τ + F (H(Tθn, T θ))

≤ αF (d(θn, θ)) + (1− α)F (d(θn, θn+1)).

Now letting n → ∞ in the above inequality, we find that limn→∞ F (d(θn+1, T θ)) = −∞ and so
limn→∞ d(θn+1, T θ) = 0. Therefore,

d(θ, Tθ) = lim
n→∞

d(θn+1, T θ) ≤ lim
n→∞

H(Tθn, T θ) = 0.

Thus, d(θ, Tθ) = 0 and hence θ = Tθ, and the proof is finished.

Example 2.5. Let X = {−1, 0, 1} be endowed with the metric

d(θ, v) =


0 if θ = v

3
2 if (θ, v) ∈ {(1,−1), (−1, 1)}

1 otherwise.

Clearly (X, d) is complete. Take T (0) = T (−1) = 0 and T (1) = −1. First, letting θ = 0 and v = 1, we
have

F (d(Tθ, Tv)) = F (d(0,−1)) = F (1) and F (d(θ, v)) = F (d(0, 1)) = F (1).

Thus, we cannot find τ > 0 such that τ + F (d(Tθ, Tv)) ≤ F (d(θ, v)), that is, Theorem 1.9 [5] is not
applicable. On the other hand, let θ, v ∈ X\Fix(T ) with d(Tθ, Tv) > 0. Hence, θ, v ∈ {(1,−1), (−1, 1)}.

Without loss of generality take (θ, v) = (1,−1). Choose α = 1
2 , τ = 1

3 ln

(
3
2

)
, and F (t) = ln(t). Observe

we have τ +F (d(Tθ, Tv)) = 1
3 ln

(
3
2

)
and αF (d(θ, v)) + (1−α)F (d(θ, Tθ)) = ln

(
3
2

)
. It follows that T is

an extended interpolative Berinde weak type F -contraction. Here, T admits a fixed point (u = 0).
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