Earthline Journal of Mathematical Sciences
E-ISSN: 2581-8147

Volume 15, Number 6, 2025, Pages 1129-1150
https://doi.org/10.34198 /ejms.15625.11291150

A Collection of Trigonometric Inequalities via Functional Estimates

Alexandros Kyriakis"" and Marios Kyriakis?

! Department of Mathematics, Boston College, Skirbeck Road, Boston, PE21 6JF, United Kingdom

e-mail: alexanderkiriakis@hotmail.com

2 Department of Business, University of Gothenburg, Sweden

e-mail: marios.kyriakis97@gmail.com

Abstract

In this article, a stream of inequalities involving trigonometric functions is presented. All inequalities
are rigorously proved and derived via a specific collection of functional estimates. Most of the results
that are presented in the literature rely on monotonicity properties or power series expansions to
derive inequalities, but in this work the authors heavily rely on functional estimates involving Lebesgue
norms. The inequalities derived are non-trivial and they enrich the current works in the mathematical

literature.

1 Introduction

In this article, inequalities involving trigonometric functions are derived using functional estimates which
involve Lebesgue norms. The are various inequalities involving trigonometric functions in the literature
(1, 121, 131, 14, [5], 6], [7], [8], 19], [10], [L1], [13], [14], [15] and usually monotonicity properties or series
expansions are used to derive the results. This work diverges from the literature, as it employs functional
inequalities to obtain the results and introduces new machinery to derive inequalities. This machinery
is something that is very rare in the literature, as functional inequalities are mainly used in Partial
Differential Equations to examine the behavior of the solutions. This work is motivated by the work [10]
where the authors use functional estimates to derive multiple inequalities and use Pade approximation
to obtain estimates in terms of polynomials. Another work that motivated this article is the one by
Chesneau [12], where basic integral inequalities are used to derive trigonometric ones. He obtained a
stream of inequalities which are completely different compared to the inequalities presented in this current
article. All the inequalities presented here are different from the ones in the literature as they involve
nested quantities. The format of these inequalities is different with the format that appears in other

works. Before delving into the main body of the work, the article is structured as follows: At first, there
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are some functional estimates obtained and these are accompanied by rigorous proofs. The next section
contains the main results, where all the functional estimates are employed and there are detailed proofs.
In the next section, there is graphical illustration of all the inequalities, as verification of the rigorous
theoretical results. The last section contains all the conclusions and remarks of some the inequalities that
are interesting according to the author. This article enriches the literature of inequalities and promotes

new machinery to derive those.

2 Preliminary Estimates

In this section, some preliminary estimates are derived that will be used later on. There are rigorous

proofs for all ten estimates.

Theorem 2.1. Let f : Q = (a,b) C|0,4+00[— R, f € C®(Q), where C*°(Q) denotes the class of smooth

functions. Then,

(/f )| < b (1) ~ a(a \+—\/b3 1)l a(any, 0 < a < b (2.1)
Proof.
b b
| [ rwa] =| [ @rrwal
b
— | b0) -~ as@) - | tf’(t)dt]
<| b0 - ar@ |+| [ 17t
<| bf(®) ~ af(a) / /(D)
< | bf(b) —af(a) +</ th7§> (/ f(t th)
=|bf(b) —af(a) +£\/b —a3 (/ 0 dt>
= [bf(b) — |+*vb3 @I (Ol La((apy)s 0 <a<b
using integration by parts once, then employing the triangle and the Schwarz-Cauchy inequality. O

Theorem 2.2. Let f : Q = (a,b) C]0,+o0[—= R, f € C®(Q), where C°(Q2) denotes the class of smooth

functions. Then,

b
| [ ral< s ) - ar @)+ V@I Ol 0<a <t (22)
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Proof.

| / o] - / ‘oo

IN

IN

IN

bf'(b) — af'(a) |+
bf'(b) — af'(a) |+

bf'(b) — af'(a) |+

— | ') - af'(a)

= [bf'(b) — af'(a)

=[ o)~ art@) - | btf"(t)dt\

t () dt‘

/ o
S(frea) (f o)

+\3[\/ —a? (/ £ (t)? t>
V3
5 VB = |0l Laamy 0 <a <

employing integration by parts once, then employing the triangle and the Schwarz-Cauchy inequality. [

Theorem 2.3. Let f : Q = (a,b) C|0,4+00[— R, f € C®(Q), where C*°(Q) denotes the class of smooth

functions. Then,
b
| [ <o)

Proof.

[ rwal=| [ o

— | br(6) - af"(a) - / b tf”'(t)dt\

IN

IN

IN

= | bre) -

bf"(b) —
bf"(b) -

bf"(b) -

V3
+5v b3 — || " ()| Lo((ay)> 0 < a <D

”(t)dt‘

af"(a) |+

af"(a) |+
af"(a) |+

af"(a)

= [bf"(b) — af"(a)

tf”/ dt‘

/ £ (1))t
() ([ ey

2
+?3\/b3 — a3 ( / f’”(t)th>
3
O iy 0 <0 <

(2.3)
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employing the integration by parts, the triangle inequality and the Schwarz-Cauchy inequality. O

Theorem 2.4. Let f: Q = (a,b) C|0,+o0[— R, f € C®°(Q), where C*°(Q) denotes the class of smooth

functions. Then,

b
| [ 7| 070) - a @)+ S @Ol 0< a < (24)
Proof.
b b
| [ | =] [ ey
b
— bf”/(b) —af/”(a) _/ tf///l(t)dt‘
S bfl//(b) _ af”/(a) tf”” dt’
S bf///(b) _ af///(a) / |tf//// |dt
S bf///(b) o af///(a) + </ t2dt> </ f/l// >
2
— bf///(b) o af///(a) +§ /b3 o CLS (/ f////(t)th)
= [bf"(b) — af"( |+f\/b3 a3[| " ()| La((apy), 0 <a <b
using the integration by parts once, the triangle inequality and the Schwarz-Cauchy inequality. ]

Theorem 2.5. Let f,g : Q = (a,b) C]0,+00[— R, f,g € C>®(), where C*°(Q) denotes the class of

smooth functions. Then,

b
| [ st <| brea) - af@se)] + *Q S F Q9O oy + 1FOF Olla(any) (2:5)

0<a<hb.
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Proof.
b b
[ | =| [arraso
b
= [ b 0)9(8) - a(@yg(@) ~ [ tr@g))
b
- wwmwwﬂwmmww—/tf@<ww —/tﬂ £y
< | b)) - af@gta)|+| [ et g0
< W@M@%ﬂﬁMMM)+/IﬁGM@hﬁ+/Iﬁ (t)ldt
b 3 5
< aﬂ@ﬂm—afmmm>+(/’ﬂﬁ) (/(fumawwg
b 3/ b 3
+ ( / t2dt) ( / ( f(t)g’(t))th>
:\w —aﬂ)(ﬂ
Vw 3 (1F 09 | Lagary) + 1F O Ollaasy)
using the integration by parts once, the triangle inequality and the Schwarz-Cauchy inequality. O

Theorem 2.6. Let f > 0: Q = (a,b) CJ]0,+o0[— R, f € C®(Q), where C*°(Q) denotes the class of

smooth functions. Then,

(t)dt|< | 76) W(F(B) = £ (@)W (@) [HIFON ooy 1 Ol aary O <a<b (26)
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Proof.
’ (t)d| = /b f,(t)f(t)dt’
o f(t)
b
= | [ ntren y e |
b
= | 7O - F@) (@) - [ s O]
b
< | (@) ~ f@) n(f@)|+| [ W) dt!
< [ 70) () — Fla) n( @)+ / [In( (1)) /(1)
<[t - s(amsan|+ ( / (£ (1) dt) ([ 7 dt)
= |£(0) In(f(b)) = f(a) In(f (@) |+ In(f ) Lo(ap)) 1F Ol La(apys 0 <a<b
using the integration by parts once, the triangle inequality and the Schwarz-Cauchy inequality. O

Theorem 2.7. Let f: Q = (a,b) C]0,+oo[— R, f € C®(Q), where C*°(Q) denotes the class of smooth
functions and ' > 0, in the domain . Then,

(1) — @ (@) I O oy 17 Ollagnn 0 < a< b (27)
Proof.
/a ’ f”(t)dt‘ = ab gg; f’(t)dt‘
= | [ i s |
= [ /O O) - Pt @) - [ mo) ol
<|F®) (7 4) - @) n(f (@) bln(f() " dt)
< | FO)m(F®) - (@) n(f ()] + / [In(F'(6) £ (2) e
<[y mre) - r@mra) ( [ s |dt> ( /;f"os)?dt)é
— | FO) W ®) — /@ m(F @) IR O aary 1Ol agans 0< a < b
using the integration by parts once, the triangle inequality and the Schwarz-Cauchy inequality. 0

http: //www. earthlinepublishers.com



A Collection of Trigonometric Inequalities via Functional Estimates

1135

Theorem 2.8. Let f : Q = (a,b) C]0,4+00[— R, f € C®(Q), where C*°(Q?) denotes the class of smooth

functions. Then,

O,y < [b720) = ar@)+ 22V = 1500

||L2 (ab))s 0<a<b. (2.8)

Proof.
15Ol = || S0
- / (1) 7 (0|
b
_ bf?(b)_an(a)—/ L)) dt |
‘ b
— 20 - af@ -2 [ errr e
b
< [pr2(0) - af?(a)| +2 tf(t)f'(t)dt\
< [bf2(b) — af*(a )+2/ tf(t)f(t)|dt
< |bf2(b) — af?(a)|+2 (/ t2dt> </ |f(t) 2dt>
20)  aftie)|+ 203 :
= [6720) - a?@)|[+ 22V (/ OO )
2 2 Q\f
= |bf*(b) — af*(a)|+—— Vb = a® || f(t) ' (D)l Ly((apy), 0 <a<b
using the integration by parts once, the triangle inequality and the Schwarz-Cauchy inequality. O

Theorem 2.9. Let f: Q = (a,b) C]0,+oo[— R, f € C®°(Q), where C*°(Q) denotes the class of smooth

functions. Then,

1O sy < p20) = a2 2220 = |17

(Ol Lo ((ap)), 0<a<b. (2.9)
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Proof.
b
1O s = | [ F(02d
b
- | [ el
a b /
= bf’Q(b)—af'Q(a)—/ t(f(1)?) dt‘
‘ b
— b2 - af?@ 2 [ er o 0
b
< |of20) - af(@)|+2| [ tre s
ab
<[or2m —ar2@fe2 [ @
< [bf20) — ar?(@)]+2 (/ &u) (/ PO 2dt>
= o) - @) 25V ([ f’(t)f”(t)Ith)Q
= b6 a2 @ 2= PO Ol 0< 0 <
using the integration by parts once, the triangle inequality and the Schwarz-Cauchy inequality. O

Theorem 2.10. Let f: Q = (a,b)

functions. Then,

C|0,+oo[— R, f € C®(R), where C*°(Q) denotes the class of smooth

‘ /ab £t) sinh(t)dt‘g ‘b F(b) sinh(b) — af(a) sinh(a)|+

V2

+ 7Htfl(t)||L2((a7b)) \/sinh(b

V2

+ 7|‘tf(t)‘|L2((a,b))\/Sinh(b)

) cosh(b) — sinh(a) cosh(a) — (b — a)

cosh(b) — sinh(a) cosh(a) + (b —a), 0 < a < b. (2.10)
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Proof.

’/ t) sinh(¢ dt’—‘/ t) sinh(¢ dt‘

b
= |bf(b) sinh(b) — af(a) sinh(a)—/ t(f(t) sinh(t))/dt‘
¢ b b
— [bf(b) sinh(b) — af(a) sinh(a) — / ¢ f(t) sinh(t)dt — / LF(£) cosh(t)dt

< |bf(b) sinh(b) — af(a)sinh(a)

b
t f(t) sinh(t)dt‘

+ / "y () cosh(t)dt‘
< ’bf(b) sinh(b) — af(a) Sinh(a)’—i— /ab [t f'(t)sinh(t)|dt

b
+ / [#£(t) cosh(t)|dt
< [bf(5) sinh(s) - af(a) sinh(a)|+

(/ [tf!(t 2dt> ( b[smh ]dt>2
(/ tf(t ]dt) b\cosh \dt>2

‘bf )sinh(b) — af(a)sinh(a )’

+ {Htf’(t)HLg((a’b)) \/sinh(b) cosh(b) — sinh(a) cosh(a) — (b — a)

+ thf(t)HLz((a,b))\/sinh(b) cosh(b) — sinh(a) cosh(a) + (b—a), 0 <a <b

using integration by parts, the triangle inequality, the Schwarz-Cauchy inequality and exploiting the
Lebesgue norms of the hyberbolic functions

|| sinh(t)] 1y ((a,5)) —\/smh cosh(b) — sinh(a) cosh(a) — (b — a),

|| cosh()|] L ((a,b)) —\/smh cosh(b) — sinh(a) cosh(a) + (b — a).
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3 Main Results

In the current section, the main results are presented. There are ten inequalities involving trigonometric

functions, stemming from the estimates involving the Lebesgue norms in the first section.

Theorem 3.1. The following inequality holds

sin(z)

< cos(z) + \26\/5 V& —sin(z) cos(x), =€ (0, E) . (3.1)

x 2

Proof. The result follows by applying (2.1). Pick a = 0,b = x, f(t) = cos(t), then the left hand side and
the right hand side becomes

L(x) =sin(x), z € (0, g)

R(z) =z cos(x) +

employing the Lebesgue norm

1Ol a0y = ( /0 sin2(t)dt>

N =

= ?\/m —sin(z) cos(x).

Consequently
sin(z) <z cos(x) + \gé ' V& — sin(z) cos(x)
= sin(z) < cos(z) + @\/:E V& —sin(z) cos(x), =€ (0, E) .
z 6 2
0
Theorem 3.2.
1 —zsin(z) — \ééxg V& + sin(z) cos(x) < cos(z), = € (O, g) : (3.2)

Proof. The result is derived by direct application of (2.2). Pick a = 0,b = z, f(t) = sin(¢), then the left
hand side and the right hand side becomes

L(xz) =1—cos(x), z€ (O, g)

=

R(z) =z sin(z) + 2 V& +sin(z) cos(x), x € (0, g) .

Consequently, this yields

=

1 —cos(z) < z sin(z) + a3 V& + sin(z) cos(x)

= 1—z sin(z) — \éé 2t V' +sin(z) cos(x) < cos(x), x € (0, g) .

http: //www. earthlinepublishers.com
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Theorem 3.3.
1 — 922 + zsin(x) — \éé 2 V732 + sin(z) cos(z) — 24 sin(x)
< cos(x) <
14 322 — zsin(x) + \gé 3 73z + sin(z) cos(z) — 24 sin(z), (3.3)

™

Proof. The result follows after direct application of (2.3). Pick a = 0,b = =z, f(t) = 3 + sin(¢). Also
consider the Lebesgue norm

1

17" | a((0.0)) = < /0 "6 cos@))zdt) :

2
= \2[\/7390 + sin(x) cos(x) — 24 sin(x).
The left hand side and the right hand side becomes

L(z) = |32% + cos(x) — 1],z € (0, g)

R(z) = z(6x —sin(z)) + \ééa:g /73 + sin(z) cos(x) — 24 sin(z),

6
= 62% — xsin(z) + \6[3:2 73z 4 sin(z) cos(z) — 24sin(z), = € (0, g)
Removing the absolute value and further working, the desired estimate is obtained

1 — 922 + zsin(x) — \éé 2 V732 + sin(z) cos(z) — 24sin(z)

< cos(x) <

1+ 322 — zsin(x) +

-l

3 73z + sin(z) cos(z) — 24 sin(z),
T

Theorem 3.4.

2 1
|1 — sin(z) — cos(x)| < x|sin(z) — cos(x)| + ?wg\/:): - w + 5 L € (0, g) .

(3.4)

Proof. The inequality is derived using the estimate (2.4). Pick a = 0,b = =z, f(t) = sin(t) + cos(t).
Consider the Lebesgue norm

17 | Lat0.0)) = ( /0 (sin(t) +cos(t))2dt> = \/x— COS;%) + % v € (0, g)

Earthline J. Math. Sci. Vol. 15 No. 6 (2025), 1129-1150
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As a consequence, the left hand side and the right hand side of the inequality are written below

L(x) = |1 —sin(z) — cos(x)|, = € (O’ g)

R(z) = x |sin(z) — cos(x)| + ?wg\/:c _ cos(2z) + E r € (0, E) .

2 2’ 2

Combining the above, the desired inequality is obtained

|1 —sin(z) — cos(z)| < z[sin(z) — cos(z |+— \/ cos(2z) %, T € (Qg)-
0
Theorem 3.5.
|1 — cos(2z)| < 4|z sin(x) cos(x) |
+ 2\3/5 2 ( 3; + sin(84x) + sin(2z) + \/3; + singlx) - sin(2:c)) ,
z € (O,g). (3.5)

Proof. This result occurs naturally from the estimate (2.5). Pick a = 0,b = z, f(t) = sin(t), g(t) = cos(t).
Then the left member and the right member of the inequality is

L(z) = %|1 —cos(2x)|, z € (0, g)

R(z) = |z sin(z) cos(z)]

+ ? (\/3; + singlx) +sin(2z) + \/3; + singlx) - sin(2x)> T € (O’ g>

exploiting the Lebesgue norms

1

(cos(t) cos(t))th> i

8

' ®g®lLa02)) =

N\

1
2

—
S~ S

cos® (t)dt>

sin(4x)

3
+

+ sin(2x),

I
-
| &

N

x

£ D9 (D a0 = (sin(t) sin@))zdt)

/O ’ sin4(t)dt> :

3x  sin(4dz) .
\/ 5 + —5 sin(2x).

7 N N
=)

l\D\H N = N = N N = N

http: //www. earthlinepublishers.com
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This yields

7\1 — cos(2x)| < ]:U sin(x) cos(z

(\/3; + sin(dz) + sin(2z) + \/?;E + sin(84:c) - Sin(2x)>

= |1 — cos(2z)| < 4|z sin(x) cos(z

2 in(4 in(4
+ \3/3 5 <\/32x + Smé 2) + sin(2z) + \/?)x + Sm(8 z) _ sin(2$)> ,

2
T € <0,%)

and the proof is complete. O

Theorem 3.6.

sin(z) <
In <1 + exp(sin(z)) sin(z) + *gé(sin(x))i(exp(sin(x)) — 1)2 (exp(sin(z)) + 1)é>
v c (0, g) (3.6)

Proof. Pick the estimate (2.6) and adjust the upper bound of integration to b = b(z) = sin(x),z € (0, §).

The lower bound is @ = 0. Then the estimate is of the form
x)=sin(z)
| F(0yde| < [£(0()) W(f (b)) ~ £(0) In(£(0))
+ I (f ) 0,06 I O La0,p02))) -
Pick f(t) = exp(t). Then,working out the above estimate yields the following

exp(sin(z)) — 1 < exp(sin(z)) sin(z)

V6

55 (sin(2))? (exp(sin(x)) — 1)2 (exp(sin(a)) +1)2
= exp(sin(z)) < 1+ \éé(sin(x))g(exp(sin(x)) —1)2 (exp(sin(z)) + 1)2
+ exp(sin(x)) sin(z)
= sin(z) <

N[

In <1 + exp(sin(z)) sin(x) + \gé(sin(:n))g(exp(sin(x)) - 1)%(exp(sin( )+ 1)

T € (0, g)

)

Earthline J. Math. Sci. Vol. 15 No. 6 (2025), 1129-1150
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and the proof is complete. O
Theorem 3.7.
T(x) <

In (1 + T (z)exp(T(x)) + \gé T3 (z)(exp(T(z)) — 1)%(exp(T( ) + 1)é> (3.7)

T(x) =1+ sin(z) + sin?(z),
7r
T € (O, 5)
Proof. The proof is similar in fashion to the inequality (3.6). Pick a = 0,0 = b(x) = T'(x) = 1 + sin(x) +
sin?(z),z € (0,%), f(t) = exp(t) in the estimate (2.7). Then by thorough workout, this yields
exp(T(z)) — 1 < exp(T(z))T(x)

+ Y2 (T(2))? (exp(T(x)) — 1)2 (exp(T(x)) + 1)

 exp(T(@)) < 1+ L0 (T(@) Hexp(T() 1) (exp(T(@) + 1

+exp(T(2))T (z)
=T (z) <

NG

(NI
N

=S

3
2

NI

(T(2))? (exp(T () — 1)% (exp(T(x)) + 1)

™

In (1 + exp(T(x))T(z) +

and the proof is complete. O

& — sin(z) cos(z) < 2z sin?(z) + \?)f \lg sin(4 (3.8)

Proof. This inequality is a direct consequence of the estimate (2.8). Let f(¢) = sin(t), a =0 and b ==z
where x € (0, 5). Then, it follows

Theorem 3.8.

— s 3 1
(x sm(;v) cos(z)) < wsin?(x) + \3[$3 g B smg3 x)
2 sin (4
= x — sin(x) cos(x) < 2z sin?(x) + \3/3553 g — 51n(8 x)7 x € (07 g) .

http: //www. earthlinepublishers.com
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Theorem 3.9.

z + sin(z) cos(z) < 2z cos®(z) +

2\3/51:3 r  sin(4x) s c (0’ [) ' (3.9)

Proof. Employ the estimate (2.9). Let f(t) = sin(t), a = 0 and b = x where x € (0, §). Then, it follows

(x + sin(z) cos(x)) \f [z sin(4
5 < xcos? ? 5~

\f sm
3

= x + sin(z) cos(x) < 2z cos®(x)

2
[
Theorem 3.10.
|sin(z) cosh(sin(z)) — sinh(sin(z))| < sin?(z) sinh(sin(z))
+\éé(sin(x))g \/sinh(sin(z)) cosh(sin(z)) — sin(x)
+\g§0(sm 3 \/sinh(sin(z)) cosh(sin(z)) + sin(z), = € (o, g) (3.10)

Proof. This inequality stems from the estimate (2.10). Set a = 0, b = b(x) = sin(x),z € (0, 5), f(t) = t.
Then the left and right member of the inequality is

L(x) = |sin(z) cosh(sin(x)) — sinh(sin(x))|, x € (O, g)

R(x) = sin®(x) sinh(sin(z))
\gé(sin(m))g \/sinh(sin(z)) cosh(sin(z)) — sin(z)

V10
10

+

+

(sin(x))? /sinh(sin(x)) cosh(sin(z)) + sin(z), = € (0, g) .

Combining the above, yields the desired inequality

|sin(x) cosh(sin(z)) — sinh(sin(x))| < sin?(z) sinh(sin(z))

—i—?(sin(x))g \/sinh(sin(x)) cosh(sin(z)) — sin(z)

+\1EOO(SH1 ))g\/sinh(sin(a:))cosh(sin(:n)) +sin(z), = € (07 g)

Earthline J. Math. Sci. Vol. 15 No. 6 (2025), 1129-1150



1144 Alexandros Kyriakis and Marios Kyriakis

4 Graphical Illustration of the Results

In this section, graphical illustration is provided for all the inequalities involving trigonometric functions.

The graphical results verify the theoretical results derived via rigorous proofs. All the related graphs

follow below.

0.4

0:2

Figure 1: Graphical illustration of (3.1).

Figure 2: Graphical illustration of (3.2).

http: //www. earthlinepublishers.com
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Figure 3: Graphical illustration of (3.3).

Figure 4: Graphical illustration of (3.4).

Earthline J. Math. Sci. Vol. 15 No. 6 (2025), 1129-1150
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Figure 5: Graphical illustration of (3.5).

T LITYTY

Figure 6: Graphical illustration of (3.6).
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Figure 7: Graphical illustration of (3.7).
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Figure 8: Graphical illustration of (3.8).
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Figure 9: Graphical illustration of (3.9).
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Figure 10: Graphical illustration of (3.10).

5 Conclusions and Remarks

New trigonometric inequalities have been derived and rigorously proved using functional inequalities,

and avoiding using series expansions or monotonicity properties which is the most standard and most
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common technique in the literature. Using functional inequalities and other integral methods to derive

trigonometric inequalities is a topic hardly seen in the literature. This article enriches the literature on

inequalities involving trigonometric functions, serves as motivation for more research in analysis and as

a pedagogical mean. This article presents a stream of inequalities and encourages the use of functional

inequalities to derive further results. Additional inequalities using this machinery could be derived for

other class of functions, such as special functions, polynomials, hyperbolic functions etc. A few remarks

are made for some of the inequalities previously derived.

Inequality (3.1):There are various inequalities for cardinal sine function such as Jordan’s,
Cusa-Huygens which motivated a large volume of works in analysis. This inequality is derived
via functional estimate and it is new in the literature (to the best knowledge of the author). The

inequality is sharp and more tight compared to Jordan’s and Cusa-Huygens.

Inequality (3.2): This inequality is new in the literature to the best knowledge of the author. The
right hand side of the inequality is the cosine function and at the left hand side there is a combination

of trigonometric, linear and nested quantities. This combination is novel in the literature.

Inequalities (3.6), (3.7) These are implicit trigonometric inequalities. In the first case, the sine
function is below a function which is the natural logarithm and its argument is a combination of
exponential and trigonometric functions in some fractional power. In the second case, there is a
trigonometric polynomial where it is bounded by a logarithmic function containing exponentials and

the trigonometric polynomials in fractional power. This inequality is also novel.

Inequality (3.10) This inequality is novel in the literature, containing trigonometric and hyperbolic
functions. The arguments of the hyperbolic functions are trigonometric functions and there are also

fractional powers of the trigonometric functions.

The other inequalities are novel in the literature to the best knowledge of the author.
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