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Abstract

In this study, we introduce intuitionistic fuzzy Riemann-Liouville and Hadamard fractional ®integrals
of intuitionistic fuzzy valued functions and obtain some of their basic properties. We also give some

examples to illustrate the obtained results.

1 Introduction

For f e L1[a,b] and a € C with Re(a) > 0, the Riemann-Liouville fractional integrals Z¢, f(x) and Z;* f(z)
are defined by

@) = o [ @00 @ a)
@) - o ). (- (<),

The Hadamard fractional integrals H%. f(x) and H;- f(x) are defined by

HOf(w) = ﬁf:%(lnx—lnt)a_lf(t)dt (0<a<z),
HEf(x) = ﬁfmb%(lnt—lnx)a‘lf(t)dt (0<z<b).

Riemann-Liouville and Hadamard fractional integrals are two extensions of the concept of integral of
integer order to non-integer(fractional) order and they have caught the attention of many researchers since
their introduction. Authors have studied these two fractional integrals in different topics and obtained
various results. In multiplicative calculus [1, 2], Abdeljawad and Grossman [3] defined multiplicative

Riemann-Liouville, Letnikov fractional integrals and introduced geometric fractional calculus. Also, they
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defined the corresponding multiplicative fractional derivatives in geometric fractional calculus. On the
other hand, Zhou and Du [/] introduced multiplicative Hadamard k-fractional integrals and obtained
Hermite-Hadamard and Bullen type multiplicative fractional integral inequalities with application to
multiplicative differential equations, quadrature formulas, special means for real numbers. Recently, Bas et
al. |5] defined multiplicative(bigeometric) Riemann-Liouville fractional integrals and derivatives by using
multiplicative(bigeometric) gamma and beta functions and examined their fundamental properties. See

also [6—11].

In this paper, we aim to study the concepts of Riemann-Liouville and Hadamard fractional integrals
in ®calculus and ®calculus(or shortly ® calculus) [12]. We introduce intuitionistic fuzzy Riemann-Liouville
and Hadamard fractional ®integrals and obtain some of their properties in intuitionistic fuzzy ®calculus.
We give representations of these intuitionistic fuzzy fractional ®integrals by using the multiplicative ones

given in [3-5] and provide some examples for selected intuitionistic fuzzy valued functions(IFVFs).

2 Preliminaries

In this section we give preliminaries for multiplicative calculus, intuitionistic fuzzy values, ®calculus and

®calculus.

2.1 Multiplicative calculus

We give some preliminaries for multiplicative calculus [1,2, 13].

Let u € R*. Then, absolute value of u in the multiplicative sense is

. U, u>1,
uf ="
w’ u<1.

Definition 2.1. Let f: [a,b] » R*. Then f is said to be Riemann *integrable on [a,b] if there exists L

such that for any partition P = {xg,x1, -, xn} of [a,b] and for any points ¢y, € [xk, Tk41], we have

n-1
lim f(ep)B% = L.
\\P\\—’Dg (c)

b
In that case, we write L = f f(z)®.
a

Theorem 2.2. If f:[a,b] - R" is *integrable, then

[ e [n(r)a).
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A function f: 1 cR - R" is said to be *bounded if there exists M > 1 such that |f(z)|" < M for all

x € I. Otherwise, it is said to be *unbounded.

Definition 2.3. [//] Let f :[a,b) — R" be *integrable on interval [a,t] for each t € [a,b) and *unbounded
on the left point of b. Then, improper *integral of type 2 of the function f on [a,b] is defined as

[ r@ = im [y,

In the case f:(a,b] - R* is *unbounded on the right point of a, it is defined as

[ r@y = g [

If the limit exists in R, then the integral is said to be *convergent. Otherwise, it is said to be *divergent.

Definition 2.4. [3] Let f > 0. Then, the multiplicative Riemann-Liowville fractional integrals *Zo: f(x)
and *Ty- f(z) are defined by

Lo f (@) =exp{Z3(Inof)(z)}, "Iy f(x) = exp{Zy (Inof)(z)}.

Definition 2.5. [/, 5] Let f > 0. Then, the multiplicative Hadamard fractional integrals *Hys f(x) and
“Hy- f(x) are defined by

"o f(2) =exp{Hg(Inof) ()}, "My f(2) =exp{Hy (Inof)(z)}.

2.2 Intuitionistic fuzzy values

Now we give definitions concerning intuitionistic fuzzy values.

Let U be a non-empty set. Then, an Atanassov’s intuitionistic fuzzy set [15] has the following form:
A= {{u,pa(u),va(u))|u € U}, where p: U - [0,1] is called membership function and v : U - [0,1] is
called non-membership function. For any we U, 0 < pa(u) +va(u) < 1. In special case pa(u) +va(u) =1,
A-TFS degenerates to fuzzy set [16]. Authors [17-19] used the notation u = (u,,u,) for an intuitionistic
fuzzy value(IFV) where w, € [0,1], u, € [0,1], and 0 < u,, +u, < 1. The set of all IFVs is denoted by L.

Also, we give the following sets
L% ={uel:u<, (1,0)}, LZ={uel:(0,1) <, u},
where the order < is defined by u <, v <=, <v, A u, >v,.

Now we give basic operations of IFVs.

Definition 2.6. [/19-21] Let u = (uy,,u,) and v = (vy,v,) be two IFVs and ¢ > 0. Then,
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(i) u®v=(1-(1-u,)(1-vu),uvy),
(1) 4 v = (01 - (1-w,) (1 - 1,)),
(1ii) cu=(1-(1-uu)u;), where u <, (1,0) (scalar multiplication),

(iv) u® = (ug, 1= (1-u,)), where u > (0,1) (scalar exponentiation).

2.3 ®Calculus for intuitionistic fuzzy values

®Calculus [12] is defined on the set L% = {ue L:u<, (1,0)}.

Definition 2.7. [/2] Let f: T <R - L® and c is a cluster point of I. We say that the ®limit of f, as x
approaches c, is £ € L® if for any IFV &= (e,1-¢) >, (0,1) there exists § >0 such that

fx)< @& and &<, f(x)o@é
holds whenever x € I and 0 < |z —c| < 4. In this case, we write ®lim f(x) = €.

Theorem 2.8. [I12] Let f: I cR — L®, f(z) = (fu(x), fu(x)) and & € LB. Then, Gaglci_rgf(x) =& if and
only f lim e fu(2) = & and lim f, () = &,.

Definition 2.9. [12] f:[a,b] — L® is said to be Riemann ®integrable on [a,b] if there exists an I[FV
&€ L% such that for any partition P = {xg,x1,,xn} of [a,b] and for any points cy € [Tk, Tp11], we have

®lim %_Blf(ck)Axk =£.

IP1-0 k=0

erbd
In that case, we write £ =f f(z)dz.
a

Theorem 2.10. [12] Let f:[a,b] > L® and f = (fu, fv). If [ is ®integrable on [a,b], then

eafabf(;p)d$ = (1_ /ab(l—f“)dx’fabfgx)' 2.1)

f:IcR - L®is said to be ®bounded if there exists M € L® such that f(x) <, M for all z € I.

Otherwise, f is said to be ®unbounded on I.

Definition 2.11. Let f : [a,b) - L® be ®integrable on interval [a,t] for each t € [a,b) and ®unbounded
on the left point of b. Then, improper ®integral of type II of the function f on [a,b] is defined as

be(x)dx = eatlirgl@[at f(z)dz.
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In the case f: (a,b] = L® is ®unbounded on the right point of a, it is defined as

be(a?)dx = etl_i)rgzbf(x)d:v.

If the ®limit exists in L®, then the integral is said to be ® convergent. Otherwise, it is said to be ® divergent.

We define set L?[a,b] by
Lfla,b] = {f € L% : f is ®integrable on [a,b] properly or improperly}.

Remark 2.12. If f € L?[a,b], then In(1- f,) € Li[a,b] and In(f,) € L1[a,b].

2.4 ®Calculus for intuitionistic fuzzy values

®Calculus [12] is defined on the set L® = {ue L£:(0,1) <, u}.

Definition 2.13. [/2] Let f: I <R — L and c is a cluster point of I. We say that the ®limit of f, as t
approaches c, is IFV & if for any IFV £=(1-¢,e) <, (1,0) there exists 6 >0 such that

E>, f(x)®e and f(z)>.{®E (2.2)
holds whenever 0 < |x —¢| <, x € I. In this case, we write ®lim f(z) = £.
Theorem 2.14. [12] Let f: 1 cR —» L%, f = (fu, fv) and £ € L2. Then, ®lim f(z) = £ if and only if
limge fu(x) =&, and lim f,(z) = &,.

Definition 2.15. [12] f:[a,b] - L® is said to be Riemann ®integrable on [a,b] if there exists an IFV
€ € L® such that for any partition P = {xg, 1, zn} of [a,b] and for any points cj, € [xy, xp11], we have

®lim ’éﬁf(ckwk =&

IP1-0 k2o

®rb
In that case, we write £ :[ f(z)®.
a

Theorem 2.16. [1°] Let f:[a,b] - L® and F = (fyu, fu). If [ is ®integrable on [a,b], then

T o= ([Cama- [fa-m%).

f:IcR - L® is said to be ®bounded if there exists M e L® such that f(x) >, M for all z € I.

Otherwise f is said to be ®unbounded.
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Definition 2.17. Let f : [a,b) - L® be ®integrable on interval [a,t] for each t € [a,b) and ®unbounded
on the left point of b. Then, improper ©integral of type II of the function f on [a,b] is defined as

Ty =i [ e

In the case f: (a,b] > L® is Cunbounded on the right point of a, it is defined as

erb erb
[ r@yt =etim [y

If the ®limit exists in L, then the integral is said to be ® convergent. Otherwise, it is said to be ® divergent.

We define set L®[a,b] by
LPla,b] = {f € L% : f is ®integrable on [a,b] properly or z'mproperly}.

Remark 2.18. If f € L?[a,b], then In(f,) € L1[a,b] and In(1 - f,) € Li[a,b].

3 Intuitionistic Fuzzy Riemann-Liouville Fractional ®Integrals

3.1 Intuitionistic fuzzy Riemann-Liouville fractional ®integral

Before to define intuitionistic fuzzy Riemann-Liouville fractional ®integral, we prove following result for

n-fold ®integrals.

Theorem 3.1. Let f be ®integrable on [a,b]. Then,

fft ft” f Ftn)dtndtnr...dt = " _1),f (z - )" L f(t)dt, (3.1)
(i) szlb"‘zn Q[tn 1f(tn)dtnaltn,l...dt1 = ﬁzb(t—x)n_lf(t)dt. (3.2)

Proof. (i) By Theorem 2.2 and Theorem 2.10, we have

eafatmf(tn)dtn = (1—exp(fatnilln(l—fﬂ,(tn))dtn),exp(/atnillnfu(tn)dtn))
ftn 27t” F(t)dtndtn = (1-exp(fatw fatmln(l—f#(tn))dtndtn,l),exp(/atw fatnillnf,,((tn)dtndtn,l))

and proceeding in this way we get

Srx®rt) Oprt, o®rt, 1
/ / f / F(tn)dtndtn_...dt

http: //www. earthlinepublishers.com
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frmeol [ L0t ol [ [t )
(1—exp(( L Lot o) e ( Ay [0 m o)
o 1), (1-exp ([ m- £ at) cexp ([ mne) " at))
- ) 0
by the help of classical Cauchy formula for repeated integration. This completes the proof of part (7).

(7i) The proof of this part is similar to part (7). O

We now define intuitionistic fuzzy Riemann-Liouville fractional ®integrals.

Definition 3.2. Let f € L[a,b]. Then, the left and right intuitionistic fuzzy Riemann-Liouville fractional
®integrals of order o >0 are defined by

9T f(z) - ﬁzx(az—t)o‘_lf(t)dt (z>a), (3.3)
oI f(x) - ﬁ“’[;(t—x)alﬂwdt (x<b), (3.4

respectively.

In case of @ =n where n €N, (3.3) and (3.4) coincides with n—fold ®integrals in (3.1) and (3.2).

Theorem 3.3. Let f € L?[a,b] and f = (fu, f,). Then,

(i) “Zgef (1 - exp (Zg+In(1 = £,)) ;exp (Zg-In ),

(i) °I, f (1 -exp (Zy-In(1 - f.)) ,exp (Zy-In £,)) ,

where 10, and I;* are the classical Riemann-Lioville fractional integral operators.

Proof. Let f e L?[a,b] and f = (fu, fv).

(1) From Definition 2.6, Theorem 2.10, Definition 3.2 and definitions of Z¢, and Z;*, we have
1 erz

— 1) f(t)dt

Far, 0T

~ T(a )( / (1= fu(t) 0% H f £, (1) (@D 1)"“)

i F—a)(l—exp(/ax(m_t)al ln(l—fu(t))dt) ,exp(fax(x—t)afllnfu(t)dt))

Lo f(2)
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(1 —exp(ﬁ JACE ln(l—fu(t))dt),exp(ﬁ [ax(x—t)o“llnfl,(t)dt))

(1 - exp (ZiIn(1 = f)(2)) , exp (Z5:In £, (2)))

which completes the proof of part ().

(ii) The proof of this part is similar to part (i), hence it is omitted. O

In the following theorem, we represent intuitionistic fuzzy Riemann-Liouville fractional ®integrals via

the multiplicative ones given in [3].
Theorem 3.4. Let f € L?[a,b] and f = (fu, fv). Then,
@Zg“ff = (1 - *Ing(l - fu)a *Ighfu) ) GBI?—JC = (1 - >€l—lc)l—(l - fu): yrIl?—fu) )

where *Zo. and *Iy- are the multiplicative Riemann-Liouville fractional integral operators.

Proof. The proof is direct from Theorem 3.3 and Definition 2.4, hence it is omitted. O
Theorem 3.5. Let f € LP[a,b] and a >0, 5>0. Then, we have

(i) °Tg (°To f(2)) = °To2" f(a),

@) °Ty (°Ty f(2)) = °Ty" f ().

Proof. Let f e Lf[a,b] and o >0, 5> 0.

(i) In view of Theorem 3.4 we obtain

Lo (“Tarf@) = *T (17100 £ @) T fu(@)

(1-"Z0 20, (1= £)(2), " T6 " T0 ful))

(1-"Z0° (- £)(@), 02 (@)
= *  f (@)

which completes the proof of part ().

(i7) The proof of is similar to part (i) and hence omitted. O

http: //www. earthlinepublishers.com
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Example 3.6. Here, we give a general example for intuitionistic fuzzy Riemann-Liouville fractional

®integration in view of Definition 3.2 and Theorem 5.3.
For0<m<n and 0 < «,0 < 3, we have
eaIZZ(1—exp(—m(ac—a)5_1) ,exp(—n(x—a)ﬁ_l))

= (1-exp(Z3{-m(z-a)""})  exp(Z{-n(2-a)""'}))

ool et o) ool et )

and

eBIZ{(1—exp(—m(b—aj)ﬁ_1) ,exp(—n(b—a:)ﬁ_l) )

~ mI'(B) nl'(8)
= (1—exp(—m(b—$)ﬂ+a_l) ,exp(—m(b—a?)ﬁﬂ_l)) )

3.2 Intuitionistic fuzzy Riemann-Liouville fractional ®integral

Due to the fact (£L®,®) = (L®,®) given in [12, Section 4], the proofs of theorems in this subsection is

similar to those in Subsection 3.1. Hence the proofs are omitted in this subsection.

We first give following result for n-fold ®integrals.

Theorem 3.7. Let f be ®integrable on [a,b]. Then, we have

dty
1
(Z) ®f:v®/t1 "'7tn727tn71f(tn)dtitn_1 _ (7'96 f(t)((x_t)n_l)dz )(n—l)! , (3.5)
dty

(i) 7”7b...®/b 7b P00 :(7bf(t)((tm)"'1)dt)(n_l)!. (3.6)
xT t1 tn—2Jdtn-1 T

We now define intuitionistic fuzzy Riemann-Liouville fractional ®integrals.

Definition 3.8. Let f € L?[a,b]. Then, the left and right intuitionistic fuzzy Riemann-Liouville fractional

®integrals of order o >0 are defined by

2@ = (e T s (3.7
oz i@ - (o T e, (33

respectively.
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In case of @ =n where n €N, (3.7) and (3.8) coincides with n—fold ®integrals in (3.5) and (3.6).
Theorem 3.9. Let f € L?[a,b] and f = (fyu, f,). Then,

(i) ®Zgif = (exp(Zgnfy),1-exp(Z&In(1-f£))),

(i) ®I, f (exp (Zy-In fu) . 1 - exp (Zy-In(1 - £,))) ,

where 1, and I;" are the classical Riemann-Lioville fractional integral operators.
Theorem 3.10. Let f € L?[a,b] and f = (fu, f,). Then,

®I(?+f:( a*’flﬂ - a+(1 fV))7 ®Ig‘f:(*Ilc)k‘fual_*zl?‘(l_fl/))a
where *Zo. and *Iy- are the multiplicative Riemann-Liowville fractional integral operators.

Theorem 3.11. Let f € L?[a,b] and o >0, 3> 0. Then, we have
(i) °To. (°Th f(2)) = °To2" f (),
(ii) °Ty- (°Ty-f(2)) = °Ty " f (=),
Example 3.12. For 0<n<m and 0 < «a,0< 3, we have
®Ig+( exp(—m(x—a)ﬁ_l) ,l—exp(—n(ac—a)ﬁ_l))

:(exp( { m(z-a)?~ 1}) 1- exp( { n(z—a)?~ 1}))

—lex mI'(53) Bro-1) | _aenle nl'(3) r—a ﬁ«H))
(ol iyt ool s g te-o

and

®I§i( exp(—m(b—x)ﬁ_l) ,1—eXP(—n(b‘x)ﬁ_1))

= (exp(——mr(ﬁoz (b—x)&a_l) ,l—exp( I’(ﬂ(f) )( :U)mo‘_l)) .

4 Intuitionistic Fuzzy Hadamard Fractional ®Integrals

4.1 Intuitionistic fuzzy Hadamard fractional ®integral

Definition 4.1. Let f € LP[a,b]. Then, the left and right intuitionistic fuzzy Hadamard fractional
®integrals of order o> 0 are defined by
1

U f(z) = mzx%(lnx—lnt)alf(t)dt (0<a<z),

http: //www. earthlinepublishers.com
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1

Uy f(z) = mzb %(lnt ~Inz)* tf@)dt (0<z<b),

respectively.

Theorem 4.2. Let f € Lf[a,b] and f = (fyu, f,). Then,

(i) ®Horf (1-exp (Hg:In(1 - f,)),exp (Hg+In f,)),

(i) ®Hy f (1 —exp (Hy-In(1 = f)) , exp (H-In £)) ,

where HS. and Hy- are the classical Hadamard fractional integral operators.
Proof. Let f e L¥[a,b] and f = (fu, f).
(1) From Definition 2.6, Theorem 2.10, Definition 4.1 and definitions of H¢. and H;", we have

Ny f ()

1 erz] o1
@/a S(na =)™ (1)t

1 z ((lrnac—lnt)”'1 )it z (nz-1n )1 |4t
:—1—/ 1—fu(t g f LT — ))
ol G ACREAO) " 1)

- FL@)(1—exp(/a%%(lnx—lm‘)‘)“lln(l—fu(t))dt),eXp(faI%(hla?—hfl?f)o’_lhlfu(t)al?f))

= (1 —exp (I‘(la) faaj %(lnx ~Int)* ' In(1- fu(t))dt) , exXp (F(la) /ax %(lnw ~Int)*! lan(t)dt))
= (I-exp(Hg:In(1- fu)(x)) exp (Hg:In f, (2)))
which completes the proof of part ().

(ii) The proof is similar to that of part (i), hence it is omitted. O

In the following theorem, we represent intuitionistic fuzzy Hadamard fractional ®integrals via the

multiplicative ones defined in [1,5].

Theorem 4.3. Let f € L?[a,b] and f = (fyu, fv). Then,
EB'H;f = (1 - *Hg+(1 - fu)a *H:*'fll)a GB,H?—f = (1 - *Hba—(l - f,u)a *H?—fu)a

where *How and *Hy- are the multiplicative Hadamard fractional integral operators.

Proof. The proofs are direct from Theorem 4.2 and Definition 2.5, hence omitted. O

Earthline J. Math. Sci. Vol. 15 No. 6 (2025), 1113-1127
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Theorem 4.4. Let f € LP[a,b] and a >0, 5>0. Then, we have
(i) ®He (*Ho- f(2)) = °HE f (),
(i1) ®Hy (“Hy-f(2)) = “Hy " f(2).

Proof. Let f e Lf[a,b] and a >0, 8> 0.

(1) In view of Theorem 4.3 and [!, Theorem 3.3|- [5, Theorem 2|, we obtain

“Hg (1-H (1= fu) (@), Hi fu(2))

(1= "He 1 (L= fu) (@), Mo M fo ()

(1= 12 (1= ) @), 1 fu(@)
“Hel ()

“Ho (Hee ()

which completes the proof of part ().

(ii) The proof of this part is similar to that of part (i), hence it is omitted. O

Example 4.5. We give following example for intuitionistic fuzzy Hadamard fractional ®integration in view
of Definition 4.1 and Theorem 4.2.

() - (ol () s ()
(ool () ) ool ()

and

®Ho- (1 -exp (—mxﬂ) , €xXp (—nwﬁ)) = (1-exp (—m?—[(o]ixﬁ) , €Xp (—nH8‘+xﬂ))
(1 - exp (—mﬂ_aazﬁ) , eXp (—nﬂ_a:vﬁ)) .

4.2 Intuitionistic fuzzy Hadamard fractional ®integral

Due to the fact (L% @) = (£L®,®) in [12, Section 4], the proofs of theorems in this subsection is similar to

those in Subsection 4.1. Hence the proofs are omitted in this subsection.

http: //www. earthlinepublishers.com
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Definition 4.6. Let f € L?[a,b]. Then, the left and right intuitionistic fuzzy Hadamard fractional
®integrals of order o >0 are defined by

1

(Inz— lnt)a 1 )dt INEY)
(0O<a<uwx),

U f) = ([ ro
Hp i@ = ([ o= 0cac),
respectively.

Theorem 4.7. Let f € L?[a,b] and f = (fyu, fv). Then,

(i) ®Haef = (exp(Hglnfu),1-exp(Holn(1- 1)),

(i) *Hyf (exp (Hy-In fi,) ;1 = exp (Hy-In(1 - £,)))

where HS. and Hy- are the classical Hadamard fractional integral operators.

Theorem 4.8. Let f € [?[a,b] and f = (fu, fu). Then,

o f = (Hoe [ 1="Hor (1= £)) . ®Hy f = ("Hy- fur 1= Hy-(1- 1)),
where *Hy+ and *Hy- are the multiplicative Hadamard fractional integral operators.

Theorem 4.9. Let f € [?[a,b] and a >0, 5>0. Then, we have
(i) Hew (*Ho f(2)) = *HE f (),
(i1) My (*Hy-f(2)) = *Hy " ().

Example 4.10. For 0<n <m and 0 < «,0< 3, we have
()1 E)) = (o fom(5)})1-e0 (s o (2))
. eyt n £y erl
(exp(—m (ln(g)) )’1_6Xp(_r(2+a) (ln(a)) ))

and

o (exp (—m:z:ﬁ) ,1—exp (—n:nﬁ)) = (exp (—mH8‘+J;5) ,1—exp (—nHS&xﬁ))
(exp (—mﬁ_axﬁ) ,1—exp (—nﬁ_o‘asﬁ)) i
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5 Conclusion

In this paper, as a continuation of the paper 12| introducing ®calculus(®calculus and ®calculus) for
intuitionistic fuzzy values, we have defined intuitionistic fuzzy Riemann-Liouville and Hadamard fractional
®integrals for intuitionistic fuzzy valued functions. Then, we have proved some theorems establishing
connections with the multiplicative Riemann-Liouville and Hadamard fractional integrals and have given
some examples for intuitionistic fuzzy Riemann-Liouville and Hadamard fractional ®integrals by the help
of proven theorems. Following this paper, researchers may define the other types of intuitionistic fuzzy

fractional ®integrals and obtain corresponding theoretical findings.
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