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Abstract

The classification of finite rings still remains an open problem. For finite rings with identity, attempts
have been made to classify them through their units or zero divisors. This study has followed the same
trend, where the order structures of the units and zero divisors of a class of five radical zero completely

primary finite rings have been precisely discovered.

1 Introduction

Let R be a completely primary finite ring. An automorphism of R is a map that preserves its inherent
structures. The automorphism group of R*, Aut(R*), is a set whose elements are automorphisms ® :
R* — R* with group operation given by the composition of automorphisms. It is well known that
Aut(R*) provides treasured information about the structure of R. Alkhamees |2,3] determined the group of
automorphisms of finite rings in which the product of any two zero divisors is zero, for both characteristics
p and p?, as well as for both commutative and non- commutative cases in completely primary finite
rings. In [10], Hiller and Rhea determined the automorphisms of direct products of finite rings, in which
they generated a useful description of the automorphism group of an arbitrary finite group and further
obtained the size of the automorphism group. Chikunji [3,9] determined the structure of the group of
automorphisms, Aut(R), of cube radical zero completely primary finite rings of characteristics p, p? and
p3. Owino [16] explicitly gave a description of the group of automorphisms of certain class of completely
primary finite rings satisfying some special properties. In |[14,15] ; Ojiema et al. characterized the
automorphisms of the unit groups of both square radical zero as well as power four radical zero completely

primary finite rings.

An automorphism A of a graph T'(R) is a bijective mapping h : I'(R) — I'(R) which preserves both
adjacency and non-adjacency. The set of all graph automorphisms of I'(R) forms a group under the usual
composition of functions. For a graph I'(R) with p™ vertices, Aut (I'(R)) = Sp» if and only if I'(R) = Kpn.
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Research on zero divisor graphs of completely primary finite rings has attracted much attention,
especially those defined by Anderson and Livingstone [0]. Scanty literature has addressed research on
the automorphisms of zero divisor graphs. In [17], Owino determined the automorphisms of zero divisor
graphs of Galois rings, Ry = GR (p’”", pk), of order p*” and of characteristic p* for k > 2. Lao et al. [11,12]
characterized the automorphisms of the zero divisor graphs of square radical zero, and power four radical
zero completely primary finite rings. Were and Oduor [20] determined graph invariants including the
diameter, girth and binding number, as well as graph characteristics including connectedness, completeness,

and partiteness of five radical zero commutative completely primary finite rings.

The equivalence class of z, [x] = {y : y ~ z,yis a set of vertices}. Clearly, = € [z]. The graph of
equivalence classes of zero divisors of a ring R, denoted by I'g(R) is the graph associated to R whose
vertices are the classes of the elements in Z(R)*, with each pair of distinct classes [z],[y] joined by an edge
if and only if [z].[y] = 0. The equivalence classes partition the set Z (R)* and the graph of I'g(R) has
vertex set as Z (R)" / ~.

Two distinct vertices x,y € Z (R)* are adjacent if and only if zy = 0 and are equivalent (z ~ y) if
annp(z) = anng(y). Thus [z],[y] € Z (R)" / ~ are adjacent in I'g(R) if and only if x is adjacent to y in
I'(R).

Compressed zero divisor graphs for commutative ring R with identity 1 # 0 were first introduced by
Mulay [13] and they have been explicitly studied in [1-7,18,19]. Some characterizations of the compressed

zero divisor graphs of the Galois rings as well as their idealizations have been exposed in [, 17].

Throughout this paper, R denotes a class of five radical zero commutative completely primary finite
rings; Z (R) denotes the set of all zero divisors (including zero); Z (R)" denotes the set of nonzero zero
divisors; I'(R) denotes the graph of the ring R; T'g(R) denotes the graph of equivalent vertices in R;
b(I'g(R)) denotes the binding number of I'g(R) ; gr (I'g(R)) denotes the girth of I'g(R); diam (I'g(R))
denotes the diameter of I'p(R); Aut(R*) denotes the automorphisms of the unit group R* of the ring
R; Aut(R*)! denotes the order of the automorphisms of the unit group R*; and CharR denotes the

characteristic of the ring R.

The rest of this paper is organized as follows. In Section 2, important results that are useful in this
work are given. The construction of five radical zero completely primary finite rings whose structures of
the unit groups and zero divisor graphs are to be considered is also given. In Section 3, a characterization
of the structures and orders of the automorphisms of the described class of rings is given. Finally, Section

4 concludes the research and recommends areas that could be further researched.

2 Preliminaries

The following results are useful in this paper and their proofs can be obtained from the cited references.
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This work also refers to the given specific case of a general construction of five radical zero completely
primary finite rings of characteristic p. For the details of general background of this construction, the

reader is referred to ( [21], section 3.1).

For any prime integer p and a positive integer r, let Ry = GR (p", p) be a Galois ring of order p" and
characteristic p. Suppose U, V, W and Y are finitely generated Ry - modules such that dimgp,U = e,
dimg,V = f, dimgr,W = g and dimp,Y = h. Let {ui,---,uc}, {vi,---,vp}, {wi,---,wy}, and
{y1, -+ ,yn} be the generators of U, V, W and Y respectively so that R= Ry @ U @V @ W @Y is an

additive abelian group. On the additive group R , we define multiplication by the following relations:

Uiy = Uply = Uj, UUj = Vil = Wg, UWiWg = Wl = Y, uiy = yiug = 0, vuy = vpvy =y,

'ijk = wkvj = 0, 'ijl = yﬂ)j = 0, WEWE — Wi W, — O, WYl = YWy = 0, YYyr = Yyryr = 0.

Further w;uyupmwymuw = 0, uirg = rou;, vjrg = rovj, wWrro = ToWk, Yiro = 7oy, wWhere ro € Ry ,
1<ii<e 1<j,j<f,1<kk <gand 1<1,I <h.

From the given multiplication in R, we see that if

e f

g h f g h
’ / ’ / ’
TO,ZT’iuiv SjUjvztkwkaZZlyl and o, riuiazsjvjaztkwk7zzlyl

i=1 j=1 k=1 =1 i=1 j=1 k=1 1=1

o

are any two elements of R, then

f g h e f g h
To, Z riug, Z S;5V5, Z tywy, Z 21y To, Z Triuq, Z $iVj, Z tkwka Z 21U
=1 i=1 j=1 k=1 I=1
’ © ’ / f / g
= | rory, Z [7“07”2' + 7“07“1‘] Uq, Z o) s + 55 'ro + Z (r#ry) vy, Z [ 0 tk + 1k (ro) +
i=1 j=1 v =1
h
Z (r;) s +s; 7‘, wy, Z T0) zl + 2 (7"0) + Z <ntk + tgr; > + <s,€s,y> U
ij =1 ik KyY

It is well known that this multiplication turns R into a unital commutative completely primary finite

ring.

Theorem 2.1. (/21], Proposition 2.1) Let R be the ring described by the above construction with pu; = 0,
pvj =0, pwy, = 0 and py; = 0. Then its group of units is given by

Zor—1 x (Zi3)© x (Z5)? , p=2
R = { Zyy x (Z) x (25) x (z5)" ,p=3
Ly x (2) < () = ()" < ()" . p=5
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Theorem 2.2. ([20], Proposition 2.4) The ring R constructed above is completely primary of characteristic
p with Jacobson radical Z(R):

e f g h
Z(R) = Z Rou; @ Z Rov; & Z Rowy, @ Z Roy
i=1 j=1 k=1 I=1

f
(Z(R))* =) Rov; @ (Z(R))’
j=1

(Z(R))* = Rowy, ® (Z(R))*
k=1
h
(Z(R))* =3 Roy
=1
(Z(R))® =0

Theorem 2.3. ([10], Lemma 2.1) Let H and K be finite groups with relatively prime orders. Then
Aut(H) x Aut(K) = Aut(H x K).

Theorem 2.4. (/10/, Theorem 3.3) The map ¥ : R, — End (1 + Z(R)) given by ¥ (A) (x1, - - ,xn)] =
0] (A (1, ,xn)T> is a surjective ring homomorphism, where the matriz A = (a,,) € Ry and ¢ : 2" —

(1 + Z(R)) s a homomorphism gz’ven by ¢ (xh o 7$n)T = (¢($1), T 7¢($n))T = (:L'la o afEn)T'

Theorem 2.5. ([10/, Theorem 5.6) An endomorphism M = W (A) is an automorphism if and only if
A (modp) € GL,, (Fp).

Theorem 2.6. ([15], Proposition 8) Let rank (1 + Z(R)) = n and 1+ Z(R) = Zj. Then the number of

n—1

elements in GLy, (F,) is H <p" - pk).
k=0

Theorem 2.7. ([10], Theorem 4.1) The Abelian group H, = Z/pelZ X oo X Z/pe”Z has

n n

|Aut(Hp)‘ = H (pdk _pk—l) H(pej)n—dj H(pei—l)n—ci-i-l.
=1

k=1 j=1
Definition 2.1. ([10], Definition 3.1) The set of rings of matrices describing the representation of the
endomorphisms of 1 + Z(R) is defined as Ry, = {(auw) € Znxn :pT#*T”‘aW, 1 <v <u<n} such that

nz p=v
L T
prray, >V

Example: Suppose n =3 and 1+ Z(R) = Zs X Zy X Zg such that 71 =1, 79 =2 and 73 = 3 then,

a1 a2 as
Ry = 2a31 a2 a3 | :au € Zo

4az1 2a32 as3
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Definition 2.2. Let oy and By be defined as follows:

ap = max{m : T, = T},

and By =min{m : 7, = 1}.

From the above definitions, it is clear that T,, = 1, for m = b resulting into ap > b and By < b. Since
B1=02="+-= Pa,, we have

/81 :/BQZ"’:BOQ S/Bozl—l—l-
When 7, = 7, = -+ = Top(142(R))s VI, V, it Tesults to ap = By. For different 7,’s, we can have distinct
numbers {T;L} such that {TL} = {7} and
< Ty <
Let 71 = T1, Ty = Tay4+1, -+, 7] =Tn for 1 € N and define

dy = max{m : 7, = 7,,},

and ¢y = min{m : 7, = 7, },
such that ¢y = 1. Then dy = rk (1 + Z(R)) and ¢;41 = (rk (1 4+ Z(R))) + 1.

The number of matrices A € R, that are invertible modulo p is given by

rank(1+Z(R))

11 (po‘b - pb*l) :

b=1
since they must be linearly independent columns. Next, we count the number of extensions of A to Aut(1+
Z(R)). This is done by extending each entry my, € Z/pZ to au, € p™ ™ZL[/p™Z if 7, > T, such
that a,, = my, (mod p). Clearly, we have p™ ways of doing so for necessary zeros as any element
P p™ 7 will do.

3 Main Results

Since the group of units R* of the ring R is defined by R* = (b) x (1 + Z(R)) where(b) = (R/Z(R))* is a
cyclic group of order p" — 1 and 1 + Z(R) is a normal subgroup of R, then the structure problem of R*
reduces to that of 1 + Z(R).

Theorem 3.1. Let R* be the unit group of a class of five radical zero commutative completely primary

finite ring of characteristic p described by construction in section 2. Then:

(ZQT—I)* X GLr(g+e)(F2)7 p=2
a) Aut(R") =4 (Zgr_1)" x GLy(f4hte) (F3), p=3,
(Zyr—1)" X GLy (g pygn)(Fp), p=5.
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r(gte) r(gte) r(g+e)
o 1) [T @ =2 [ @rytoraes T @ty p=2
b=1 v=1 ;,L:l
r(f+hte) r(f+h+te) r(f+h+te)
b)|Aut(R*)} _ L,O(?f _ 1) ) H <3ab _ 3b71) H (STy)T(erthE)*OéV H (37'#71)7‘(f+h+6)*5u+1’p =3,
b=1 v=1 p=1
r(e+f+g+h)
p" =1 I ™", p=5.
b=1

Proof: We describe the matrix R, and determine the endomorphisms W(A) where A € R, such
that U : R, — End(1+ Z(R)). Then, we find all the elements of Aut (1 + Z(R)) that can be extended
to a matrix in End(1+ Z(R)) and calculate the distinct ways of extending such an element to an

endomorphism. These are done for the cases when p =2 , p=3 and p > 5.

Case I. p = 2: Let 1 + Z(R) = (Z3)"™ x (Z)". Then the rank ((Z2)™ x (Z93)™) = r(g + e).
It is visualizable that 7 = --- =7,y = 1 and T,g41 = -+ - = Tr(gte) = 3 such that for every a,, € Zs,
Ry = {(a[w) D2 ayy, Vp,v,1 <v<p < r(g+e)} = Mr(g+e) (Z2).

Therefore
an o Aig) Uirgr1) 0 Gi(r(gte)) )
az1 S a2(rg) A(rg+1) " a2(r(g-+e))
Iy = Argl Tt G(rg)(rg) Urg)(rg+1) " O(rg)(r(gt+e)) | ¢ G € L2
dagrgryn 0 AAagr)(rg)  Grg+1)(rg+1) T O(rg+1)(r(g+e))
C\da(r(gte)1 0 440 (gre))(rg)  Ar(g+e)(rg+1) " Or(g+e))(r(g+e)) )

From Ry, all the endomorphisms of (Z2)"? x (Zg3)"™ are identified by defining a surjective ring
homomorphism W : Mg 0y (Z2) — End((Z2)"? x (Zy3)™). For A = (aw) € My(gie)(Z2), we
have End ((Z2)"™ x (Zy3)™) = W(A). To specify endomorphisms that are automorphisms, we note
that the structure of Aut ((Z2)"? x (Zy3)™) is a general linear group whose dimension is the rank of
(Z2)" x (Zgs)™. Thus Aut ((Z2)" x (Zg3)") = GLy(g1e) (F2). Since R* = Zor 1 x ((Z2)" x (Zy3)"),
g.c.d (|Zar—1|, | (Z2)" x (Zy3)™®|) = 1 and that Aut(Zgr—1) = (Zgr—1)", then from the fact that
Aut ((Zg)w X (Z23)Te) = GLT(nge) (Fg), we have

Aut (R*) = (Zgr_l)* X GLr(g-i-e) (Fg) .

Using definition 2.1 together with theorem 2.7, we have

r(g+e) r(g+e) r(g+e)
At (229 % @) | =[] @ =27 [T eyt ] @utyro i
b=1 v=1 ,u,:1
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and

|Aut(R*)| =| (Zor—1)" | - |Aut((Z2)" x (Zy3)") |

r(g+e) r(g+e) r(g+e)
290(2r _ 1) . H (2041; _ 2b—1) H (2Ty)r(g+e)—o¢,, H (27-”—1)7”(9-1-@)_5#4_1
b=1 v=1 M:l

Case II. p = 3: Let 1+ Z(R) = (Z3)"Y*™ x (Z32)™. Then the rank ((Zg)r(ﬁh) X (ZSQ)T€> =
r(f 4+ h+e). It is visualizable that 73 = -+ = Tr(f+h) = L and Tppipy11 =+ = Tp(f4hte) = 2 such that
for every a,, € Z3, R3 = {(auu) : 37—“_7”‘@#1/ Vv, 1 <v<p<r(f+h+e)}= MT(f—‘rh-i-e) (Z3).

Therefore
all s A1(r(f+h)) A1(r(f+h)+1) T A1(r(f+h+te))
as . A2(r(f+h)) A2(r(f+h)+1) T A2(r(f+h+e))
Ry = Ar(f+r)L 77" A(r(f+m))(r(f+h)) r(f+R)(r(f+)+1) 0 Qr(f+R)(r(f+hte) DOy € Zs
3aG(f+r)+n1 T BAG(fHR)F)(fR)  UrFHRFDERFY) GG () (r(f+hte)
Ba((frhte)l T BAG(f+h4e)(r(f+h) O (fHh+e)r(fHR)+D) T G (frhte)(r(f+hte)

From Rj3, all the endomorphisms of (Zg)r(f'i'h) X (Z32)"® are identified by defining a surjective ring
homomorphism W : M,y p4e) (Z3) — End ((Zg)r(ﬂh) X (ZgQ)Te). For A = (auu) € My(fihie) (Z3), we

have End ((Zg)r(f ) % (ZgQ)re> >~ ¥ (A). To specify endomorphisms that are automorphisms, we note
that the structure of Aut ((Zg)r(ﬂh) X (Z32)T€> is GLy(f4nte) (F3). Thus Aut ((Zg)T(Hh) X (Z32)T6) =
GLy(f4nte) (F3).

Since R* = Zgr i x ((Zg)r(“h) x (232)”), g.cd (}Zgr_l | (23)" ) « (Zgg)“D = 1 and that
Aut (Zsr—1) =2 (Zsr—1)", then from the fact that Aut ((Zg)r(ﬂ“h) X (Z32)re> = GLy(f4h+e) (F3), we have

Aut (R*) = (Z?)T—l)* X GLr(f+h+e) (Fg) .

Using definition 2.1 together with theorem 2.7, we have

r(f+h+e) r(f+h+e) r(f+h+e)
}Aut <(Z3)r(f+h) x (232)’!’6) ‘ _ H (3ab o 3b—1) H (3Ty)r(f+h+e)—a,, H (3Tll—l)r(f+h+e)—ﬁu+1
b=1 v=1 u=1

and

| Aut(R*)| =| (Zsgr1)* | - }Aut((Zg)r(Hh) X (232)“) |

r(f+h+e) r(f+h+e) r(f+h+e)t,
=p(3"—1)- H (3% — 3b71) H (3Tu)r(f+h+e)*ﬂ/ H (3Tu*1)r(f+h+e)*/3u+l
b=1 v=1 u=1
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Case IIL. p > 5: Let 1+ Z (R) = (Z,)"“"/9*"  Then the rank ((Zp)r@*f +g+h>) =r(e+frg+h) It
is visualizable that 71 = -+ = 7,y r441n) = 1 such that for every a,, € Zp,
Ry = {(aw) : p ™ ap Y, v,1 <v<p<r(ed f4+g+h) = Myeqpiginy (Zp).

Therefore
aii T ai(r) A1(r+1) T A1(r(e+f+g+h))
az1 T as(r) A2(r+1) T A2(r(e+f+g+h))
Ry = a1 e (r)(r) A (r+1) o Q) (r(e+f+g+1) P € Ly
A(r+1)1 T Ar+1)(r) A(r+1)(r+1) o A(r+1)(r(e+f+g+h))
Ar(etf+g+m)1 " A(r(etf+g+h)(r)  Ur(et+f+g+m)(r+1) " A(r(etf+g+h)(r(e+f+g+h))

From R,, all the endomorphisms of (Zp)r(eﬂc +97h) are identified by defining a surjective ring
homomorphism W : M, (et fygin) (Zp) — End ((Zp)r(eJngJrh)). For A = (au) € My(eqfigrn) (Zp),

we have End ((Zp)r(eﬂc +g+h)) >~ ¥ (A). To specify endomorphisms that are automorphisms, we note
that the structure of Aut ((Zp)r(e+f+g+h)> is GLy(ct f4+g+h) (Fp). Thus, we have Aut ((ZP)T(€+f+g+h)> =
GLy(cts+g+n) Fp)-

Since R 2 Zyy x (@) ) ged (|2l [ (2,) TP ]) = 1 and that
Aut (Zyr—1) = (Zpr—1)*, then from the fact that Aut ((ZP)T(e+f+g+h)) = GLy(etfrgrn) (Fp), we

have
Aut (R*) = (Zpyr—1)" X GLy(eq frg1n) (Fp) -

Using definition 2.1 together with theorem 2.7, we have

r(e+f4+g+h)
|Aut (Z,)" T =TT (™ - ")
b=1

and

‘Aut(R*)‘ :‘ (Zp'r_l)* ‘ . ‘Aut<(Zp)r(e+f+g+h)) ‘

r(e+f+g+h)

o =1 I -

b=1

Theorem 3.2. Let R be the class of completely primary finite ring constructed in section [2] above whose
Jacobson radical Z(R) = U &V @ W @Y with pu; = 0, pv;j = 0, pwp, = 0 and py; = 0. Then the
Aut (F(R)) = S(phrfl) X S(pgr_l)phr X S(pfrfl)p(g“’h)r X S(per_l)p(f+g+h)r.
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Proof: Let ¢1,--- ,&, € Ry with ey = 1 such that £1,--- ,&, € Ry form a basis for Ry over its prime
subfield Ro/pRo. Then the graph set V (I'(R)) = Z(R)* = Z (R) — {(0,0,0,0,0)} is partitioned in such a
way that the vertices having the same degree belong to the same partition. Consider Vi = ann (Z(R)*) =

Vi & .Then ‘Vl‘ = p" — 1 and each vertex a € V7 is adjacent to every other vertex in I' (R) with

Y ew

I=1 A=1
the deg (a) = plet/T9tMr 9 for all a € Vi. Let Vo =V

g h r
Z E\WE + Z Z EAYI

k=1A=1 1=1 A=1

. be another partition

such that V1 NV, = @. Then

}Vg’ = (p9 —1)p" and each vertex b € V, is such that the deg(h) = p/T9t"" — 2. Also considering

Vs=Vy g r h 7

YD) SETES 35 SEVIES 3 SEv1
j=1 =1 k=1 =1 =1 =1

}Vg’ = (pf’" -1) pltPT and each = € V3 is such that the deg (z) = pltM"™ — 2. Finally let the vertex

as another vertex set that is disjoint from V; and Vs, then

set Vi =V oy . - , then the |Vy| = (p — 1) pU+9+M" and
YSPIETIND 5D ST o) SRS o) it
i=1 A=1 j=1 =1 k=1 =1 I=1 A=1

each y € Vj is such that the deg(y) = p"" — 1.
Clearly Vi, Vi, V3 and Vj are mutually disjoint partitions of the vertex set V (I'(R)). Since automorphisms
permute the vertices V,,, w = 1,2, 3,4 independently, then

Aut (T'(R)) = S(phu1) X S(pgr_l)phT X S(p,fr,l)p(ﬁh)r X S(per_1)p(f+g+h)r

For a symmetric group on n symbols, S, has n! permutation operations, and the order of the symmetric

group }Sn‘ = n!, therefore
[Aut (P(R)) | = (= 1)1 (@ = 1)t ) (o7 = 1) plot ) (7 — 1) plrHot ),

Example 1. Let
R=GR(2,2) ®Zs® Lo ® Lo & Lo
forp=2,r=1,e=f=g=h=1. Then the set
Z(R) =002y DZLy® LoD Lo

and

Z(R)* = V(I'(R)) = {(0,0,0,0,1),(0,0,0,1,0), (0,0,0,1,1), (0,0,1,0,0), (0,0, 1,0, 1),
(0,0,1,1,0),(0,0,1,1,1),(0,1,0,0,0), (0,1,0,0,1), (0, 1,0,1,0),
(07 ]‘70? ]" ]‘)’ (07 17 ]‘? 0’ O)’ (07 17 ]‘? 0’ ]‘)’ (07 17 ]‘? ]" O)’ (07 17 ]‘? ]" 1)}
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The graph set V(I'(R)) is partitioned into vertices having the same degree as

V1 ={(0,0,0,0,1)} of degree 14;
Vo ={(0,0,0,1,0),(0,0,0,1,1)} each vertex is of degree 6;
Vi = {(0,0,1,0,0), (0,0,1,1,0), (0,0,1,0,1), (0,0,1,1, 1)}
each vertex is of degree 3;
and
Vi = {(0,1,0,0,0), (0,1,0,0,1), (0,1,0,1,0), (0,1,0,1,1),
(0,1,1,0,0),(0,1,1,1,0), (0,1,1,1,0), (0,1,1,1, 1)}

each vertex is of degree 1.

Clearly, |[Vi| =1, |Va| =2, |V3] =4, |V4| = 8.

Thus, Aut(I'(R)) = S1 x S2 x Sy x Sg and
|[Aut(T(R))| = 1!2!4!8! = 1,935,360.
Theorem 3.3. Let R be the module idealization constructed in Section [2] above whose Jacobson radical
Z(R)=UsVaoWaY

with pu; = 0, pvj =0, pwy = 0 and py; = 0. Then the graph I'g(R) satisfies the following:

i) Tp(R) is connected.
it) Tg(R) is incomplete.
i) diam(I'g(R)) = 2.
) gr(Te(R)) = 3.
v) b(T'e(R)) = 3.
vi) T'(R) is 3-partite.
Proof: The compressed zero divisor graph I'p(R) associated with Completely Primary Finite Ring R
in which characteristic of R is p contain the following equivalent classes:
Lp(R) = {ann (Z(R)*), (Z(R)"* — ann (Z(R)"))*,(Z(R)*)*, (Z(R)*)°}
i) At least ann (Z(R)*) is adjacent to all the equivalent classes in I'g(R). Thus the I'g(R) is connected.

ii) Since {(Z(R)*)?’] {(Z(R)*)‘E’] # (0), it is clear that not all the equivalent classes are adjacent. Hence
I'r(R) is incomplete.
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iii) Since the I'g(R) has two non-adjacent equivalent classes whose product with ann (Z(R)*) is zero,
we have diam (I'g(R)) = 2.

iv) The ann(Z(R)*) is adjacent to both (Z(R)* —ann(Z(R)*))* and (Z(R)*)>. Also
(Z(R)* — ann (Z(R)*))? is adjacent to (Z(R)*)>. Thus gr (Tg(R)) = 3.

v) The graph set I'g(R) is partitioned into mutually disjoint subsets having adjacent equivalent classes
as follows: Vi = {ann (Z(R)*)}, Va = {(Z(R)* — ann (Z(R)*))?,(Z(R)*)*} and V3 = {(Z(R)*)°}.
Since the neighborhood of Vi, N (V1) = Vo U V3, we have |N (Vi) | = V2| + V3] = 3 and |V4| = 1.

Thus,we have b(I'(R)) = }]\’[\(/Vll)} =
1

vi) Since N (V1) = Vo U V3, it follows that I'g(R) is 3 partite.

Example 2. Let
R=GR(2,2) ®Zo ® Zo ® Lo ® Zo

forp=2,r=1,e=f=¢g=h=1. Then the set
Z(R) =00 Zy D Zo® LoD Zo
and

Z(R)* =V(I'(R)) ={(0,0,0,0,1),(0,0,0,1,0), (0,0,0,1,1),(0,0,1,0,0), (0,0,1,0,1),
(0,0,1,1,0),(0,0,1,1,1),(0,1,0,0,0),(0,1,0,0,1),(0,1,0,1,0),
(0,1,0,1,1),(0,1,1,0,0),(0,1,1,0,1),(0,1,1,1,0),(0,1,1,1,1) }.

The compressed zero divisor graphs

Pe(R) = {ann(Z(R)"), (Z(R)" — ann(Z(R)"))*, (Z(R))*, (Z(R)")" |

where

ann(Z(R)*) = {(0,0,0,0,1)},
(Z(R)* — ann(Z(R)*))2 = {(0,0,0,1,0),(0,0,0,1,1)},
(Z(R)*)3 = {(0,0,1,0,0),(0,0,1,0,1),(0,0,1,1,0),(0,0,1,1,1)},

(Z(R)*)® = {(0,1,0,0,0), (0,1,0,0,1), (0,1,0,1,0), (0,1,0,1, 1),
(0,1,1,0,0),(0,1,1,0,1),(0,1,1,1,0),(0,1,1,1,1)}.

The equivalence classes are then partitioned as:

Vi = {ann(Z(R))}, Ve = {(Z(R)" — ann(Z(R))), (Z(R)"*}, Vs ={(Z(R))").
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4 Conclusion

In a completely primary finite ring R, an element is either a unit or a zero divisor. This study has
explicitly determined the automorphisms of the structures of Completely Primary Finite Ring R of
characteristic p whose Jacobson radical Z(R) satisfy the condition (Z(R))® = (0) and (Z(R))* # (0).
These opportunities have exposed the symmetries of these rings, facilitating their classification into rings
with desirable properties as well as understanding their fundamental structures. It has been realized that
I'g(R) and I'(R) share several graph theoretic properties and I'g(R) is less noisy than I'(R) . Since the
class of rings studied in this paper was restricted to characteristic p , the automorphisms of the unit groups

and zero divisor graphs of the cases where characteristic of R is p* where 2 < k < 5 are left for future work.
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