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Abstract 

In this work, we initiate the study of fuzzy bi-ideals under t-norms (T-fuzzy bi-ideals) in 

semirings and investigate some properties of them. Also we define prime, strongly prime, 

semiprime, irreducible, strongly irreducible T-fuzzy bi-ideals of semirings. Next we 

investigate them under regular and intra-regular semirings. Finally, we characterize them 

under totally ordered by inclusion of T-fuzzy bi-ideals of semirings. 

1. Introduction  

In abstract algebra, a semiring is an algebraic structure similar to a ring, but without 

the requirement that each element must have an additive inverse. The term rig is also 

used occasionally this originated as a joke, suggesting that rigs are rings without negative 

elements, similar to using rng to mean a ring without a multiplicative identity. Von 

Neumann regular rings were introduced by von Neumann (1936) under the name of 

“regular rings”, during his study of von Neumann algebras and continuous geometry. In 

classical set theory, the membership of elements in a set is assessed in binary terms 

according to a bivalent condition an element either belongs or does not belong to the set. 

The fuzzy set theory, which is regarded as an extension the ordinary set theory, 

originated with Zadeh [36]. By contrast, fuzzy set theory permits the gradual assessment 

of the membership of elements in a set; this is described with the aid of a membership 

function valued in the real unit interval [0, 1]. Fuzzy sets generalize classical sets, since 
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the indicator functions of classical sets are special cases of the membership functions of 

fuzzy sets, if the latter only take values 0 or 1. In fuzzy set theory, classical bivalent sets 

are usually called crisp sets. The fuzzy set theory can be used in a wide range of domains 

in which information is incomplete or imprecise, such as bioinformatics [10, 11]. In [32] 

Shabir and Kanwal introduced prime bi-ideals, strongly prime bi-ideals and irreducible 

bi-ideals in semigroups. Ahsan et al. [2] initiated the study of fuzzy semirings. In [4] 

Bashir et al. studied fuzzy bi-ideals, prime fuzzy bi-ideals, strongly prime fuzzy bi-ideals 

and irreducible fuzzy bi-ideals in semirings. The triangular norm (T-norm) originated 

from the studies of probabilistic metric spaces [12, 31] in which triangular inequalities 

were extended using the theory of T-norm. Later, Hohle [9], Alsina et al. [3], etc. 

introduced the T-norm into fuzzy set theory. The author by using norms, investigated 

some properties of fuzzy algebraic structures [14-30]. Section 2 contains some basic 

definitions and preliminary results which will be needed in the sequel. In Section 3, we 

define fuzzy bi-ideals under t-norms (T-fuzzy bi-ideals) in semiring R. We prove that ∧ 

and sum and product of two T-fuzzy bi-ideals of semiring R is also T-fuzzy bi-ideal of 

semiring R. Also we investigate conditions between T-fuzzy bi-ideals and bi-ideals of 

semiring R. In Section 4, we introduce prime, strongly prime, semiprime, irreducible, 

strongly irreducible T-fuzzy bi-ideals of semiring R and we prove that every strongly 

prime T-fuzzy bi-ideal, is a prime T-fuzzy bi-ideal, every prime T-fuzzy bi-ideal, is a 

semiprime T-fuzzy bi-ideal and every strongly irreducible semiprime T-fuzzy bi-ideal, is 

a strongly prime T-fuzzy bi-ideal of R. Also we obtain some results about them if R be a 

regular and intra-regular semiring. Next, if R be totally ordered by inclusion, then we 

characterize irreducible T-fuzzy bi-ideals and strongly irreducible T-fuzzy bi-ideals of 

semiring R. 

2. Preliminaries 

Definition 2.1 (See [6]). A semiring is a set R equipped with two binary operations + 

and ⋅, called addition and multiplication, such that: 

(1) ( )+,R  is a commutative monoid with identity element 0: 

( ) ( ),cbacba ++=++  

,00 aaa =+=+  

.abba +=+  
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(2) ( )⋅,R  is a monoid with identity element 1: 

( ) ( ),cbacba ⋅⋅=⋅⋅  

.11 aaa =⋅=⋅  

(3) Multiplication left and right distributes over addition: 

( ) ( ) ( ),cabacba ⋅+⋅=+⋅  

( ) ( ) ( ).cbcacba ⋅+⋅=⋅+  

(4) Multiplication by 0 annihilates R: 

.000 =⋅=⋅ aa  

The symbol ⋅ is usually omitted from the notation; that is, ba ⋅  is just written ab. 

Similarly, an order of operations is accepted, according to which ⋅ is applied before +; 

that is, bca +  is ( ).bca +  A commutative semiring is one whose multiplication is 

commutative. 

Throughout this paper, R stands for the semiring ( )⋅+,,R  with an identity element 

R1  and zero element .0R  

Example 2.2. By definition, any ring is also a semiring. A motivating example of a 

semiring is the set of natural numbers N  (including zero) under ordinary addition and 

multiplication. Likewise, the non-negative rational numbers and the non-negative real 

numbers form semirings. All these semirings are commutative. 

Definition 2.3 (See [13]). A non-empty subset B of a semiring R is called a bi-ideal 

of R if 

(1) ,Bba ∈+  

(2) ,Bab ∈  

(3) ,Barb ∈  

for all Bba ∈,  and .Rr ∈  

Definition 2.4 (See [35, 34]).  

(1) A semiring R is called von Neumann regular or simply regular if for each Ra ∈  

there exists Rx ∈  such that .axaa =  
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(2) A semiring R is called an intra-regular semiring if for each Ra ∈  there exists 

Ryx ii ∈,  such that ∑ == n

i ii yaxa
1

2 .  

Definition 2.5 (See [33]). A (non-strict) partial order is a binary relation ≤  over a 

set P satisfying particular axioms which are discussed below. When ,ba ≤  we say that a 

is related to b. (This does not imply that b is also related to a, because the relation need 

not be symmetric.) 

The axioms for a non-strict partial order state that the relation ≤  is reflexive, 

antisymmetric, and transitive. That is, for all ,,, Pcba ∈  it must satisfy: 

(1) aa ≤  (reflexivity: every element is related to itself). 

(2) if ba ≤  and ,ab ≤  then ba =  (antisymmetry: two distinct elements cannot be 

related in both directions). 

(3) if ba ≤  and ,cb ≤  then ca ≤  (transitivity: if a first element is related to a 

second element, and, in turn, that element is related to a third element, then the  first 

element is related to the third element). 

In other words, a partial order is an antisymmetric preorder. A set with a partial order 

is called a partially ordered set (also called a poset). The term ordered set is sometimes 

also used, as long as it is clear from the context that no other kind of order is meant. In 

particular, totally ordered sets can also be referred to as “ordered sets”, especially in 

areas where these structures are more common than posets. For a, b, elements of a 

partially ordered set P, if ba ≤  or ,ab ≤  then a and b are comparable. Otherwise they 

are incomparable. For example, { }x  and { }zyx ,,  are comparable, while { }x  and { }y  

are not. A partial order under which every pair of elements is comparable is called a total 

order or linear order; a totally ordered set is also called a chain (e.g., the natural 

numbers with their standard order). A subset of a poset in which no two distinct elements 

are comparable is called an antichain. For example, set of singletons {{ } { } { }}.,, zyx  

Example 2.6. Standard examples of posets arising in mathematics include: 

(1) The real numbers ordered by the standard less-than-or-equal relation .≤  

(2) The set of subsets of a given set (its power set) ordered by inclusion. Similarly, 

the set of sequences ordered by subsequence, and the set of strings ordered by substring. 
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(3) The set of natural numbers equipped with the relation of divisibility. 

(4) The vertex set of a directed acyclic graph ordered by reachability. 

Definition 2.7 (See [8]). A lattice is an abstract structure studied in the mathematical 

sub-disciplines of order theory and abstract algebra. It consists of a partially ordered set 

in which every two elements have a unique supremum (also called a least upper bound or 

join) and a unique infimum (also called a greatest lower bound or meet). An example is 

given by the natural numbers, partially ordered by divisibility, for which the unique 

supremum is the least common multiple and the unique infimum is the greatest common 

divisor. Lattices can also be characterized as algebraic structures satisfying certain 

axiomatic identities. Since the two definitions are equivalent, lattice theory draws on 

both order theory and universal algebra. Semilattices include lattices, which in turn 

include Heyting and Boolean algebras. These “lattice-like” structures all admit order-

theoretic as well as algebraic descriptions. If ( )≤,L  is a partially ordered set (poset), and 

LS ⊆  is an arbitrary subset, then an element Lu ∈  is said to be an upper bound of S if 

us ≤  for each .Ss ∈  A set may have many upper bounds, or none at all. An upper 

bound u of S is said to be its least upper bound, or join, or supremum, if xu ≤  for each 

upper bound x of S. A set need not have a least upper bound, but it cannot have more 

than one. Dually, Ll ∈  is said to be a lower bound of S if sl ≤  for each .Ss ∈  A 

lower bound l of S is said to be its greatest lower bound, or meet, or infimum, if lx ≤  

for each lower bound x of S. A set may have many lower bounds, or none at all, but can 

have at most one greatest lower bound. A partially ordered set ( )≤,L  is called a join-

semilattice if each two-element subset { } Lba ⊆,  has a join (i.e. least upper bound), and 

is called a meet-semilattice if each two-element subset has a meet (i.e. greatest lower 

bound), denoted by ba ∨  and ,ba ∧  respectively. ( )≤,L  is called a lattice if it is 

both a join- and a meet-semilattice. This definition makes ∨  and ∧  binary operations. 

Both operations are monotone with respect to the order: 21 aa ≤  and 21 bb ≤  implies 

that 2211 baba ∨∨ ≤  and .2211 baba ∧∧ ≤   

Lemma 2.8 (Zorn’s lemma) (See [5]). Suppose a partially ordered set P has the 

property that every chain in P has an upper bound in P. Then the set P contains at least 

one maximal element. 

Definition 2.9 (See [6]). Let X be a non-empty subset of R. Then the characteristic 

function of R denoted and defined by 
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( )


 ∈

=µ
otherwise.0

if1 Xa
aX  

Definition 2.10 (See [7]). A t-norm T is a function [ ] [ ] [ ]1,01,01,0: →×T  having 

the following four properties: 

(T1) ( ) xxT =1,  (neutral element) 

(T2) ( ) ( )zxTyxT ,, ≤  if zy ≤  (monotonicity) 

(T3) ( ) ( )xyTyxT ,, =  (commutativity) 

(T4) ( ( )) ( ( ) )zyxTTzyTxT ,,,, =  (associativity), 

for all [ ].1,0,, ∈zyx  

Example 2.11. (1) Standard intersection T-norm ( ) { }.,min, yxyxTm =  

(2) Bounded sum T-norm ( ) { }.1,0max, −+= yxyxTb  

(3) Algebraic product T-norm ( ) ., xyyxTp =  

(4) Drastic T-norm 

( )








=
=

=
.otherwise0

1if

1if

, yx

xy

yxTD  

(5) Nilpotent minimum T-norm 

( ) { }


 >+

=
otherwise.0

1if,min
,

yxyx
yxTnM  

(6) Hamacher product T-norm 

( )






−+

==
=

otherwise.

0if0

,
0

xyyx

xy

yx

yxTH  

The drastic t-norm is the pointwise smallest t-norm and the minimum is the 

pointwise largest t-norm: ( ) ( ) ( )yxTyxTyxTD ,,, min≤≤  for all [ ].1,0, ∈yx  

Recall that t-norm T is idempotent if for all [ ] ( ) .,,1,0 xxxTx =∈  
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Lemma 2.12 (See [1]). Let T be a t-norm. Then 

( ( ) ( )) ( ( ) ( )),,,,,,, zyTwxTTzwTyxTT =  

for all [ ].1,0,,, ∈zwyx  

3. T-fuzzy Bi-ideals in Semiring 

Definition 3.1. A fuzzy subset [ ]1,0: →µ R  is called a fuzzy bi-ideal of R under 

t-norm T if 

(1) ( ) ( ( ) ( )),, baTba µµ≥+µ  

(2) ( ) ( ( ) ( )),, baTab µµ≥µ  

(3) ( ) ( ( ) ( )),, caTabc µµ≥µ  

for all .,, Rcba ∈  We denote the set of all fuzzy bi-ideals of R under t-norm T by 

T-fuzzy bi-ideal of semiring R. 

Example 3.2. Let ( )⋅+= ,,NR  be a semiring of real numbers. Define 

[ ]1,0: →µ N  by 

( ) { }
{ }




−∈
∈

=µ
.12if80.0

,2if60.0

N

N

x

x
x  

If ( ) xyyxTp =,  for all [ ],1,0, ∈yx  then µ will be a T-fuzzy bi-ideal of semiring 

R. 

Definition 3.3. Let µ and ν be two T-fuzzy bi-ideals of semiring R. 

(1) The symbol νµ ∧  is a fuzzy subset [ ]1,0: →νµ ∧ R  and defined by 

( ) ( ) ( ( ) ( ))aaTa νµ=νµ ∧ ,  for all .Ra ∈  

(2) The sum of µ and ν is a fuzzy subset [ ]1,0: →ν+µ R  with 

( ) ( ) ( ( ) ( ))cbTa cba νµ=ν+µ +=∨ ,  for all .,, Rcba ∈  

(3) The product of µ and ν is a fuzzy subset [ ]1,0: →νοµ R  by 

( ) ( ) ( ( ) ( ))cbTa bca νµ=νοµ =∨ ,  for all .,, Rcba ∈  
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Remark 3.4. Let µ be T-fuzzy bi-ideals of semiring R. Then for all Rcb ∈,  we 

have that 

( ) ( ) ( ( ) ( )) ( ( ) ) ( ) ( ).1,, bbbTcbTbc
bcbc

R
bc

R µ=µ=µ=µµ=µοµ ∨∨∨  

Proposition 3.5. (1) A fuzzy subset [ ]1,0: →µ R  is a T-fuzzy bi-ideal of semiring R 

if and only if µ+µ≥µ  and µοµ≥µ  and .µοµοµ≥µ R  

(2) A non-empty subset B of a semiring R is a bi-ideal of R if and only if the 

characteristic function Bµ  of B is a T-fuzzy bi-ideal of R. 

(3) Let µ and ν be two T-fuzzy bi-ideals of semiring R. Then νµ ∧  is a T-fuzzy bi-

ideal of semiring R. 

(4) Let µ and ν be two T-fuzzy bi-ideals of commutative semiring R. Then νοµ  is a 

T-fuzzy bi-ideal of commutative semiring R. 

Proof. (1) Let µ is a T-fuzzy bi-ideal of semiring R. 

If ,cba +=  then ( ) ( ) ( ( ) ( ))cbTcba µµ≥+µ=µ ,  and then ( ) ≥µ a  

( ( ) ( ))cbTcba µµ+=∨ ,  for all Rcba ∈,,  and so .µ+µ≥µ  

If ,bca =  then ( ) ( ) ( ( ) ( ))cbTbca µµ≥µ=µ ,  and then ( ) ( ( ) ( ))cbTa bca νµ≥µ =∨ ,  

for all Rcba ∈,,  and so .µοµ≥µ  

If ,bcda =  then ( ) ( ) ( ( ) ( )) (( ) ( ) ( ))dbcTdbTbcda R µµοµ=µµ≥µ=µ ,,  and then 

( ) (( ) ( ) ( ))dbcTa Rbcda µµοµ≥µ =∨ ,  for all Rdcba ∈,,,  and so .µοµοµ≥µ R  

Conversely, we prove that µ is a T-fuzzy bi-ideal of semiring R. 

As µ+µ≥µ  so 

( ) ( ) ( ) ( ( ) ( )) ( ( ) ( ))baTbaTbaba
ba

µµ≥µµ=+µ+µ≥+µ
+
∨ ,,  

for all ., Rba ∈  

As µοµ≥µ  so 

( ) ( ) ( ) ( ( ) ( )) ( ( ) ( ))baTbaTabab
ab

µµ≥µµ=µοµ≥µ ∨ ,,  

for all ., Rba ∈  
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As µοµοµ≥µ R  so 

( ) ( ) ( )
( )

(( ) ( ) ( ))cabTabcabc R
cab

R µµοµ=µοµοµ≥µ ∨ ,  

( ( ) ( )) ( ( ) ( ))caTcaT
ab

µµ≥µµ= ∨ ,,  

for all .,, Rcba ∈  

Thus µ will be a T-fuzzy bi-ideal of semiring R. 

(2) Let 

( )


 ∈

=µ
otherwise0

,if1 Bb
bB  

be the characteristic function of B. Let B be a bi-ideal of semiring R such that Bbb ∈21,  

and .Rr ∈  

Since Bbb ∈+ 21  so 

( ) ( ) ( ( ) ( ))2121 ,1,111 bbTTbb BBB µµ==≥=+µ  

and ,21 Bbb ∈  then 

( ) ( ) ( ( ) ( ))2121 ,1,111 bbTTbb BBB µµ==≥=µ  

also ,21 Brbb ∈  then 

( ) ( ) ( ( ) ( )).,1,111 2121 bbTTrbb BBB µµ==≥=µ  

Thus Bµ  is a T-fuzzy bi-ideal of R. 

Conversely, assume that Bµ  is a T-fuzzy bi-ideal of R and Bbb ∈21,  and .Rr ∈  

As 

( ) ( ( ) ( )) ( ) 11,1, 2121 ==µµ≥+µ TbbTbb BBB  

so ( ) 121 =+µ bbB  and then .21 Bbb ∈+  Since 

( ) ( ( ) ( )) ( ) 11,1, 2121 ==µµ≥µ TbbTbb BBB  
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so ( ) 121 =µ bbB  and then .21 Bbb ∈  As 

( ) ( ( ) ( )) ( ) 11,1, 2121 ==µµ≥µ TbbTrbb BBB  

so ( ) 121 =µ rbbB  and then .21 Brbb ∈  Therefore B is a bi-ideal of a semiring R. 

(3) Let µ and ν be two T-fuzzy bi-ideals of semiring R and .,, Rcba ∈  Then 

 ( ) ( ) ( ( ) ( ))babaTba +ν+µ=+νµ ∧ ,    

( ( ( ) ( )) ( ( ) ( )))baTbaTT ννµµ≥ ,,,   

( ( ( ) ( )) ( ( ) ( )))bbTaaTT νµνµ= ,,,  (by Lemma 2.12) 

(( ) ( ) ( ) ( ))baT νµν∧µ= ∧,  

and 

( ) ( ) ( ( ) ( ))ababTab νµ=νµ ∧ ,  

( ( ( ) ( )) ( ( ) ( )))baTbaTT ννµµ≥ ,,,  

( ( ( ) ( )) ( ( ) ( )))bbTaaTT νµνµ= ,,,  (by Lemma 2.12)  

(( ) ( ) ( ) ( ))baT νµνµ= ∧∧ ,  

and 

( ) ( ) ( ( ) ( ))abcabcTabc νµ=νµ ∧ ,  

( ( ( ) ( )) ( ( ) ( )))caTcaTT ννµµ≥ ,,,  

( ( ( ) ( )) ( ( ) ( )))ccTaaTT νµνµ= ,,,  (by Lemma 2.12) 

(( ) ( ) ( ) ( ))., caT νµνµ= ∧∧  

Then νµ ∧  will be a T-fuzzy bi-ideal of semiring R. 

(4) Let µ and ν be two T-fuzzy bi-ideals of semiring R. Let ,,,, 2121 bbaa  

Rcc ∈21,  such that .0,,, 1221333222111 ===== cbcbcbacbacba  Then 

 ( ) ( )
( ) ( ) ( )

( ( ) ( ))212121 ,
212121

ccbbTaa
ccbbaa

+ν+µ=+νοµ
++=+

∨  
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( )
( ( ) ( ))2121 ,

221121

ccbbT
cbcbaa

+ν+µ=
+=+

∨  

( ( ) ( ))2121
,

,
222111

ccbbT
cbacba

+ν+µ=
==

∨  

( ( ( ) ( )) ( ( ) ( )))2121
,

,,,
222111

ccTbbTT
cbacba

ννµµ≥
==

∨  

( ( ( ) ( )) ( ( ) ( )))2211
,

,,,
222111

cbTcbTT
cbacba

νµνµ=
==

∨  (by Lemma 2.12) 

( ( ( ) ( )) ( ( ) ( )))2211 ,,,
222111

cbTcbTT
cbacba

νµνµ=
==
∨∨  

(( ) ( ) ( ) ( ))21 , aaT νοµνοµ=  

and  

( ) ( )
( ) ( ) ( )

( ( ) ( ))212121 ,
212121

ccbbTaa
ccbbaa

νµ=νοµ
=
∨  

( )
( ( ) ( ))2121 ,

221121

ccbbT
cbcbaa

νµ=
=
∨   

( ( ) ( ))2121
,

,
222111

ccbbT
cbacba

νµ=
==

∨  

( ( ( ) ( )) ( ( ) ( )))2121
,

,,,
222111

ccTbbTT
cbacba

ννµµ≥
==

∨  

( ( ( ) ( )) ( ( ) ( )))2211
,

,,,
222111

cbTcbTT
cbacba

νµνµ=
==

∨  (by Lemma 2.12) 

( ( ( ) ( )) ( ( ) ( )))2211 ,,,
222111

cbTcbTT
cbacba

νµνµ=
==
∨∨  

(( ) ( ) ( ) ( ))21 , aaT νοµνοµ=  

and 

( ) ( )
( ) ( ) ( )

( ( ) ( ))321321321 ,
321321321

cccbbbTaaa
cccbbbaaa

νµ=νοµ
=
∨  
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( )
( ( ) ( ))321321 ,

332211321

cccbbbT
cbcbcbaaa

νµ=
=
∨  

( ( ) ( ))321321
,,

,
333222111

cccbbbT
cbacbacba

νµ=
===

∨  

( ( ( ) ( )) ( ( ) ( )))3131
,

,,,
333111

ccTbbTT
cbacba

ννµµ≥
==

∨  

( ( ( ) ( )) ( ( ) ( )))3311
,

,,,
333111

cbTcbTT
cbacba

νµνµ=
==

∨  (by Lemma 2.12) 

( ( ( ) ( )) ( ( ) ( )))3311 ,,,
333111

cbTcbTT
cbacba

νµνµ=
==
∨∨  

(( ) ( ) ( ) ( ))., 31 aaT νοµνοµ=  

Then νοµ  is a T-fuzzy bi-ideal of commutative semiring R. � 

Proposition 3.6. Let βνµ ,,  be T-fuzzy bi-ideals of semiring R and YX ,  be two 

non-empty subsets of semiring R. 

(1) If ,ν≤µ  then βον≤βοµ  and .νοβ≤µοβ  

(2) .XYYX µ=µοµ  

(3) .YXYX ∩µ=µµ ∧  

(4) .YXYX +µ=µ+µ  

Proof. Let .,, Rzyx ∈  

(1) If ,ν≤µ  then ( ) ( ).yy ν≤µ  Now 

( ) ( ) ( ( ) ( )) ( ( ) ( )) ( ) ( )xzyvTzyTx
yzxyzx

βον=β≤βµ=βοµ
==
∨∨ ,,  

and then .βον≤βοµ  Also as ,ν≤µ  then ( ) ( )zz ν≤µ  and 

( ) ( ) ( ( ) ( )) ( ( ) ( )) ( ) ( )xzyTzyTx
yzxyzx

νοβ=νβ≤µβ=µοβ
==
∨∨ ,,  

and thus .νοβ≤µοβ  
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(2) We know that 

( )


 ∈

=µ
otherwise0

if1 Xx
xX  

and 

( )


 ∈

=µ
otherwise0

if1 Yy
yY  

and 

( )


 ∈

=µ
otherwise0

if1 XYz
zXY  



 ∈=

=
otherwise0

if1 XYxyz
 



 ∈∈

=
otherwise.0

,if1 YyXx
 

If Xx ∈  and ,Yy ∈  then XYxy ∈  and then 

( ) ( ) ( ( ) ( )) ( ) ( ).11,1, xyzTyxTz XYYX
xyz

YX =µ===µµ=µοµ ∨∨
=

 

If Xx ∈  and ,Yy ∉  then XYxy ∉  and then 

( ) ( ) ( ( ) ( )) ( ) ( ).00,1, xyzTyxTz XYYXxyzYX =µ===µµ=µοµ ∨=∨  

If Xx ∉  and ,Yy ∉  then XYxy ∉  and then 

( ) ( ) ( ( ) ( )) ( ) ( ).01,0, xyzTyxTz XYYX
xyz

YX =µ===µµ=µοµ ∨∨
=

 

If Xx ∉  and ,Yy ∉  then XYxy ∉  and then 

( ) ( ) ( ( ) ( )) ( ) ( ).00,0, xyzTyxTz XYYXxyzYX =µ===µµ=µοµ ∨∨ =  

Thus .XYYX µ=µοµ  
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(3) We have that 

( )


 ∈

=µ
otherwise0

if1 YXz
zYX

∩
∩  

 



 ∈∈

=
otherwise.0

,if1 YzXz
 

If Xz ∈  and ,Yz ∈  then YXz ∩∈  and then 

( ) ( ) ( ( ) ( )) ( ) ( ).11,1, zTzzTz YXYXYX ∩µ===µµ=µµ ∧  

If Xz ∈  and ,Yz ∉  then YXz ∩∉  and then 

( ) ( ) ( ( ) ( )) ( ) ( ).00,1, zTzzTz YXYXYX ∩µ===µµ=µµ ∧  

If Xz ∉  and ,Yz ∈  then YXz ∩∉  and then 

( ) ( ) ( ( ) ( )) ( ) ( ).01,0, zTzzTz YXYXYX ∩µ===µµ=µµ ∧  

If Xz ∉  and ,Yz ∉  then YXz ∩∉  and then 

( ) ( ) ( ( ) ( )) ( ) ( ).00,0, zTzzTz YXYXYX ∩µ===µµ=µµ ∧  

Then .YXYX ∩µ=µµ ∧  

(4) We get that 

 ( )


 +∈

=µ +
otherwise0

if1 YXz
zYX  



 +∈+=

=
otherwise0

if1 YXyxz
 



 ∈∈

=
otherwise.0

,if1 YyXx
 

If Xx ∈  and ,Yy ∈  then YXyx +∈+  and then 

( ) ( ) ( ( ) ( )) ( ) ( ).11,1, yxzTyxTz YXYX
yxz

YX +=µ===µµ=µοµ +
+=

∨∨  
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If Xx ∈  and ,Yy ∉  then YXyx +∉+  and then 

( ) ( ) ( ( ) ( )) ( ) ( ).00,1, yxzTyxTz YXYX
yxz

YX +=µ===µµ=µοµ +
+=

∨∨  

If Xx ∉  and ,Yy ∈  then YXyx +∉+  and then 

( ) ( ) ( ( ) ( )) ( ) ( ).01,0, yxzTyxTz YXYX
yxz

YX +=µ===µµ=µοµ +
+=

∨∨  

If Xx ∉  and ,Yy ∉  then YXyx +∉+  and then 

( ) ( ) ( ( ) ( )) ( ) ( )yxzTyxTz YXYX
yxz

YX +=µ===µµ=µοµ +
+=

∨∨ 00,0,  

Therefore .YXYX +µ=µ+µ  � 

4. Prime, Strongly Prime, Semiprime, Irreducible and Strongly Irreducible  

T-fuzzy Bi-ideals in Semirings 

Definition 4.1. Let µ be T-fuzzy bi-ideal of semiring R.  

(1) µ is called a prime T-fuzzy bi-ideal if for any T-fuzzy bi-ideals βα,  of R, if 

,µ≤βοα  then µ≤α  or .µ≤β  

(2) µ is called a strongly prime T-fuzzy bi-ideal if for any T-fuzzy bi-ideals βα,  of 

R, if ( ) ( ) ,µ≤αοββοα ∧  then µ≤α  or .µ≤β  

(3) µ is called idempotent if .
2µ=µοµ=µ  

(4) µ is said to be a semiprime T-fuzzy bi-ideal if µ≤α=αοα 2  implies µ≤α  for 

every T-fuzzy bi-ideal α of R. 

(5) µ is said to be an irreducible T-fuzzy bi-ideal if for any T-fuzzy bi-ideals βα,  of 

R, if ,µ=βα ∧  then µ=α  or .µ=β  

(6) µ is said to be a strongly irreducible T-fuzzy bi-ideal if for any T-fuzzy bi-ideals 

βα,  of R, if ,µ≤βα ∧  then µ≤α  or .µ≤β  
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Proposition 4.2. We have the following assertions. 

(1) Every strongly prime T-fuzzy bi-ideal of a semiring R is a prime T-fuzzy bi-ideal 

of R. 

(2) Every prime T-fuzzy bi-ideal of a semiring R is a semiprime T-fuzzy bi-ideal of R. 

(3) The intersection of any family of prime T-fuzzy bi-ideals of a semiring R is a 

semiprime T-fuzzy bi-ideal of R. 

(4) Every strongly irreducible semiprime T-fuzzy bi-ideal of a semiring R is a 

strongly prime T-fuzzy bi-ideal of R. 

Proof. Let βαµ ,,  be T-fuzzy bi-ideals of semiring R. 

(1) Let µ be strongly prime T-fuzzy bi-ideal and ,µ≤βοα  then ( ) ( )αοββοα ∧  

,µ≤  and so µ≤α  or .µ≤β  This implies that µ is prime T-fuzzy bi-ideal. 

(2) Let µ be prime T-fuzzy bi-ideal and .µ≤αοα  Then µ≤α  and then µ is 

semiprime T-fuzzy bi-ideal. 

(3) Let 1µ  and 2µ  be two prime T-fuzzy bi-ideals of semiring R and 

.21 µµ≤βοα ∩  Then 1µ≤βοα  and .2µ≤βοα  This implies that 1µ≤α  or 1µ≤β  

and 2µ≤α  or .2µ≤β  Thus 21 µµ≤α ∩  and .21 µµ≤β ∩  Therefore, 21 µµ ∩  will 

be prime T-fuzzy bi-ideal of a semiring R. 

(4) Let µ be strongly irreducible semiprime T-fuzzy bi-ideal such that ( ) ∧βοα  

( ) .µ≤αοβ  As α≤βα ∧  and β≤βα ∧  so ( ) ( ) ( )2βα=βαοβα ∧∧∧  

.βοα≤  Also β≤βα ∧  and α≤βα ∧  so ( ) ( ) ( )2βα=βαοβα ∧∧∧  

.αοβ≤  Thus ( ) ( ) ( ) .
2 µ≤αοββοα≤βα ∧∧  Since µ is a semiprime T-fuzzy bi-

ideal so .µ≤βα ∧  Now since µ is a strongly irreducible T-fuzzy bi-ideal, µ≤α  or 

.µ≤β  Hence, µ is a strongly prime T-fuzzy.  � 

Proposition 4.3. Let µ be T-fuzzy bi-ideal of a semiring R with ( ) 0>ε=µ a  for all 

Ra ∈  and ( ].1,0∈ε  Then there exists an irreducible T-fuzzy bi-ideal β of R such that 

β≤µ  and ( ) ε=β a  for all Ra ∈  and ( ].1,0∈ε  

Proof. Let { αα= :P  is T-fuzzy bi-ideal of a semiring ( ) }.0:: >ε=αα≤µ aR  
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As P∈µ  so .∅≠P  Let { ii hhH :=  is T-fuzzy bi-ideal of a semiring ( ) :: ε=ahR i  

}Iihi ∈∀≤µ :  be any totally ordered subset of P. Now we prove that iIi h∈∨  is a 

T-fuzzy bi-ideal of R such that .iIi h∈∨≤µ  Assume that Rcba ∈,,  and as ih  is 

T-fuzzy bi-ideal of a semiring R, then 

(1) ( ) ( ) ( ( ))bahbah iIiiIi +=+ ∈∈ ∨∨  

 ( ( ) ( )) ( ( ) ( )).,, bhahTbhahT iIiiIiiiIi ∈∈∈ ∨∨∨ =≥  

(2) ( ) ( ) ( ( ))abhabh iIiiIi ∈∈ ∨∨ =  

( ( ) ( )) ( ( ) ( )).,, bhahTbhahT iIiiIiiiIi ∈∈∈ ∨∨∨ =≥  

(3) ( ) ( ) ( ( ))abchabch iIiiIi ∈∈ ∨∨ =  

( ( ) ( )) ( ( ) ( )).,, chahTchahT iIiiIiiiIi ∈∈∈ ∨∨∨ =≥  

Thus iIi h∈∨  is a T-fuzzy bi-ideal of R. Since ih≤µ  for all ,Ii ∈  .iIi h∈∨≤µ  Also 

( ) ( ) ( ) ( ) ε== ∈∈ ∨∨ ahah iIiiIi  with ( ].1,0∈ε  Therefore, ( ) PhiIi ∈∈∨  and 

( )iIi h∈∨  is an upper bound of H. Now by Zorn’s lemma, there exists a T-fuzzy bi-ideal 

β of R which is maximal with respect to the property β≤µ  and ( ) .ε=β a  Now we show 

that β is an irreducible T-fuzzy bi-ideal of R. Let 21, ββ  be T-fuzzy bi-ideals of R such 

that ,21 β=ββ ∧  then 1β≤β  and .2β≤β  We claim that 1β=β  or .2β=β  By the 

contrary, assume that 1β≠β  and .2β≠β  This implies 1β<β  and .2β<β  So 

( ) ( )aa β≠β1  and ( ) ( ).2 aa β≠β  Hence ( ) ( ) ( ) ε≠β=ββ ∧ aa21  which is a 

contradiction to the fact that ( ) ( ) ( ) .21 ε=β=ββ ∧ aa  Hence either 1β=β  or .2β=β    

� 

In the following proposition and corollaries we investigate T-fuzzy bi-ideals of 

regular and intra-regular semiring R. 

Proposition 4.4. Let T be a idempotent t-norm. Then for a semiring R the following 

assertions hold: 

(1) R is both regular and intra-regular ⇒ (2) µ=µοµ  for every T-fuzzy bi-ideal µ 

of R ⇒ (3) ( ) ( )αοββοα=βα ∧∧  for all T-fuzzy bi-ideals α and β of R. 
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Proof. (1) ⇒ (2) Let R be both regular and intra-regular and .Ra ∈  Then there exist 

elements Rzyx ii ∈,,  such that axaa =  and ∑ == n

i ii zaya
1

2  and then 

( ) ( )∑∑
==

=













===

n

i

ii

n

i

ii xaazaaxyxazayaxaxaxaaxaa

11

2 .  

Now 

( ) ( ) ( ) ( ) ( )













µοµ=µοµ ∑

=

n

i

ii xaazaaxya

1

 

( ) ( ) ( ) ( ) ( )( )∑ ∑
= =

µµ=µοµ= ∨n

i

n

i

iiii xaazaaxyTxaazaaxy

1 1

,  

( ( ( ) ( )) ( ( ) ( )))∑
=

µµµµ≥
n

i

aaTaaTT

1

,,,  (by definition of T-fuzzy bi-ideal) 

( ( ) ( )) ( ) ( )∑ ∑
= =

µ=µ=µµ=
n

i

n

i

aaaaT

1 1

.,  (Since T is idempotent) 

Thus .µ≥µοµ  Also as µ is T-fuzzy bi-ideal µ of R so by Proposition 3.5(part 1) we get 

that .µ≤µοµ  Thus .µ=µοµ  

(2) ⇒ (3) Let α and β be two T-fuzzy bi-ideals of R. Then by Proposition 3.5(part 3) 

we have that βα ∧  is also T-fuzzy bi-ideal of R. Thus by hypothesis, we have 

( ) ( ).βαοβα=βα ∧∧∧  As α≤βα ∧  and β≤βα ∧  so =βα ∧  

( ) ( ) .βοα≤βαοβα ∧∧  Similarly, .αοβ≤βα ∧  Then 

 ( ) ( ).αοββοα≤βα ∧∧   (a) 

Now from Proposition 3.5(part 4) we have that βοα  and αοβ  are T-fuzzy bi-ideals of 

R and by Proposition 3.5(part 3) we get that ( ) ( )αοββοα ∧  will be T-fuzzy bi-ideal of 

R. Thus by hypothesis, we have 

( ) ( ) [( ) ( )] [( ) ( )]αοββοαοαοββοα=αοββοα ∧∧∧  
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( ) ( )
� �

αοβοα=αοβοβοα=αοβοβοα≤
µ≤β R

 

.α≤αοµοα≤ R  (by Proposition 3.5 (part 1)) 

Similarly, ( ) ( ) β≤αοββοα ∧  and then 

 ( ) ( ) .βα≤αοββοα ∧∧   (b) 

Then from (a) and (b) we get that ( ) ( ) .βα=αοββοα ∧∧   � 

Corollary 4.5. Let R be a regular and intra-regular semiring. Then µ is a strongly 

prime T-fuzzy bi-ideal of R if and only if µ is a strongly irreducible T-fuzzy bi-ideal of R.  

Proof. Let R be a regular and intra-regular semiring and α and β be two T-fuzzy bi-

ideals of R. Then from Proposition 4.4 we get that ( ) ( ).αοββοα=βα ∧∧  Now if µ 

is a strongly prime T-fuzzy bi-ideal of R, then ( ) ( ) µ≤αοββοα=βα ∧∧  and then 

µ≤α  or µ≤β  and so µ will be a strongly irreducible T-fuzzy bi-ideal of R. Also if µ is 

a strongly irreducible T-fuzzy bi-ideal of R, then ( ) ( ) µ≤βα=αοββοα ∧∧  which 

means that µ≤α  or µ≤β  and then µ is a strongly prime T-fuzzy bi-ideal of R. � 

Corollary 4.6. Let R be a regular and intra-regular semiring. If the set of T-fuzzy bi-

ideals of R is totally ordered by inclusion. Then each T-fuzzy bi-ideal of a semiring R is a 

strongly prime T-fuzzy bi-ideal of R. 

Proof. Let α, β, µ be three T-fuzzy bi-ideals of R. We prove that µ will be a strongly 

prime T-fuzzy bi-ideal of R. Since the set of T-fuzzy bi-ideals of R is totally ordered by 

inclusion, β≤α  or .α≤β  This gets that α=βα ∧  or .β=βα ∧  As R is a regular 

and intra-regular semiring, so from Proposition 4.4 we get that =βα ∧  

( ) ( ).αοββοα ∧  Now let ( ) ( ) .µ≤αοββοα ∧  Then =βα=α ∧ ( ) ∧βοα  

( ) µ≤αοβ  or ( ) ( ) .µ≤αοββοα=βα=β ∧∧  This implies that µ will be a 

strongly prime T-fuzzy bi-ideal of R.  � 

Corollary 4.7. Let R be a regular and intra-regular semiring. If the set of T-fuzzy bi-

ideals of R is totally ordered by inclusion, then each T-fuzzy bi-ideal of a semiring R is a 

prime T-fuzzy bi-ideal of R. 

Proof. Let α, β, µ be three T-fuzzy bi-ideals of R. We prove that µ will be a prime T-
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fuzzy bi-ideal of R. As R is a regular and intra-regular semiring so from Proposition 4.4 

we get that α=αοα  and .β=βοβ  Now let µ≤βοα  and as the set of T-fuzzy bi-

ideals of R is totally ordered by inclusion so β≤α  or .α≤β  If ,β≤α  then 

µ≤βοα≤αοα=α  and if ,α≤β  then .µ≤βοα≤βοβ=β  Thus µ≤α  or 

µ≤β  and then µ will be a prime T-fuzzy bi-ideal of R. � 

In the following proposition we characterize strongly irreducible T-fuzzy bi-ideals 

and irreducible T-fuzzy bi-ideals of R. 

Proposition 4.8. Let R be a semiring. Then the following assertions are equivalent: 

(1) Set of T-fuzzy bi-ideals of R is totally ordered by inclusion. 

(2) Each T-fuzzy bi-ideal of R is strongly irreducible T-fuzzy bi-ideal of R. 

(3) Each T-fuzzy bi-ideal of R is an irreducible T-fuzzy bi-ideal of R. 

Proof. (1) ⇒ (2) Let α, β, µ be three T-fuzzy bi-ideals of R. We prove that µ will be 

a strongly irreducible T-fuzzy bi-ideal of R. Since the set of T-fuzzy bi-ideals of R is 

totally ordered by inclusion, β≤α  or .α≤β  Thus α=βα ∧  or .β=βα ∧  Now let 

.µ≤βα ∧  Then µ≤βα=α ∧  or .µ≤βα=β ∧  Thus µ≤α  and µ≤β  and 

then µ will be a strongly irreducible T-fuzzy bi-ideal of R. 

(2) ⇒ (3) Let α, β, µ be three T-fuzzy bi-ideals of R. Let µ be a strongly irreducible 

T-fuzzy bi-ideal of R. We prove that µ will be an irreducible T-fuzzy bi-ideal of R. Let 

.µ=βα ∧  Since α≤βα ∧  and ,β≤βα ∧  α≤µ  and .β≤µ  Also since µ is a 

strongly irreducible T-fuzzy bi-ideal of R, .µ≤µ=βα ∧  Thus µ≤α  and .µ≤β  

Therefore, we obtain that µ=α  or µ=β  and this implies that µ is irreducible T-fuzzy 

bi-ideal of R. 

(3) ⇒ (1) Let α, β be two T-fuzzy bi-ideals of R. We must prove that β≤α  or 

.α≤β  By Proposition 3.5(part 3) we have that βα ∧  is also T-fuzzy bi-ideal of R and 

then will be an irreducible T-fuzzy bi-ideal of R. As ,αβ=βα ∧∧  then βα=α ∧  

or βα=β ∧  and so β≤α  or .α≤β  This means that the set of T-fuzzy bi-ideals of R 

is totally ordered by inclusion. � 
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