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Abstract

In this work, we initiate the study of fuzzy bi-ideals under t-norms (7-fuzzy bi-ideals) in
semirings and investigate some properties of them. Also we define prime, strongly prime,
semiprime, irreducible, strongly irreducible 7-fuzzy bi-ideals of semirings. Next we
investigate them under regular and intra-regular semirings. Finally, we characterize them

under totally ordered by inclusion of T-fuzzy bi-ideals of semirings.

1. Introduction

In abstract algebra, a semiring is an algebraic structure similar to a ring, but without
the requirement that each element must have an additive inverse. The term rig is also
used occasionally this originated as a joke, suggesting that rigs are rings without negative
elements, similar to using rng to mean a ring without a multiplicative identity. Von
Neumann regular rings were introduced by von Neumann (1936) under the name of
“regular rings”, during his study of von Neumann algebras and continuous geometry. In
classical set theory, the membership of elements in a set is assessed in binary terms
according to a bivalent condition an element either belongs or does not belong to the set.
The fuzzy set theory, which is regarded as an extension the ordinary set theory,
originated with Zadeh [36]. By contrast, fuzzy set theory permits the gradual assessment
of the membership of elements in a set; this is described with the aid of a membership

function valued in the real unit interval [0, 1]. Fuzzy sets generalize classical sets, since

Received: May 15, 2019; Accepted: June 20, 2019
2010 Mathematics Subject Classification: 16Y60, 13A15, 76N10, 03E72, 03B45.
Keywords and phrases: semirings, ideals, regularity theory, fuzzy set theory, norms, 7-fuzzy bi-ideals.

Copyright © 2019 Rasul Rasuli. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided
the original work is properly cited.



242 Rasul Rasuli

the indicator functions of classical sets are special cases of the membership functions of
fuzzy sets, if the latter only take values O or 1. In fuzzy set theory, classical bivalent sets
are usually called crisp sets. The fuzzy set theory can be used in a wide range of domains
in which information is incomplete or imprecise, such as bioinformatics [10, 11]. In [32]
Shabir and Kanwal introduced prime bi-ideals, strongly prime bi-ideals and irreducible
bi-ideals in semigroups. Ahsan et al. [2] initiated the study of fuzzy semirings. In [4]
Bashir et al. studied fuzzy bi-ideals, prime fuzzy bi-ideals, strongly prime fuzzy bi-ideals
and irreducible fuzzy bi-ideals in semirings. The triangular norm (7-norm) originated
from the studies of probabilistic metric spaces [12, 31] in which triangular inequalities
were extended using the theory of T-norm. Later, Hohle [9], Alsina et al. [3], etc.
introduced the T-norm into fuzzy set theory. The author by using norms, investigated
some properties of fuzzy algebraic structures [14-30]. Section 2 contains some basic
definitions and preliminary results which will be needed in the sequel. In Section 3, we
define fuzzy bi-ideals under f-norms (7-fuzzy bi-ideals) in semiring R. We prove that /\
and sum and product of two T-fuzzy bi-ideals of semiring R is also 7T-fuzzy bi-ideal of
semiring R. Also we investigate conditions between T-fuzzy bi-ideals and bi-ideals of
semiring R. In Section 4, we introduce prime, strongly prime, semiprime, irreducible,
strongly irreducible T-fuzzy bi-ideals of semiring R and we prove that every strongly
prime T-fuzzy bi-ideal, is a prime 7-fuzzy bi-ideal, every prime T-fuzzy bi-ideal, is a
semiprime 7-fuzzy bi-ideal and every strongly irreducible semiprime 7-fuzzy bi-ideal, is
a strongly prime 7-fuzzy bi-ideal of R. Also we obtain some results about them if R be a
regular and intra-regular semiring. Next, if R be totally ordered by inclusion, then we
characterize irreducible 7-fuzzy bi-ideals and strongly irreducible T-fuzzy bi-ideals of

semiring R.
2. Preliminaries

Definition 2.1 (See [6]). A semiring is a set R equipped with two binary operations +

and Llcalled addition and multiplication, such that:
(1) (R, +) is a commutative monoid with identity element O:
(a+b)+c=a+(b+c),
O+a=a+0=aq,

atb=>b+a.
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(2) (R, I} is a monoid with identity element 1:
(ap)k =albX),
lla=all =a.
(3) Multiplication left and right distributes over addition:
allb+c)=(a)+(alk),
(a+b) = (a &) + (b T).
(4) Multiplication by 0 annihilates R:
0la=al0=0.

The symbol Uis usually omitted from the notation; that is, a [b is just written ab.
Similarly, an order of operations is accepted, according to which [lis applied before +;

that is, a +bc is a + (bc). A commutative semiring is one whose multiplication is

commutative.
Throughout this paper, R stands for the semiring (R, +, [ with an identity element

1 and zero element O.

Example 2.2. By definition, any ring is also a semiring. A motivating example of a
semiring is the set of natural numbers N (including zero) under ordinary addition and
multiplication. Likewise, the non-negative rational numbers and the non-negative real
numbers form semirings. All these semirings are commutative.

Definition 2.3 (See [13]). A non-empty subset B of a semiring R is called a bi-ideal
of R if

(1) a+b 0B,
(2) ab U B,
(3) arb O B,
forall ¢, b0 B and r O R.
Definition 2.4 (See [35, 34]).

(1) A semiring R is called von Neumann regular or simply regular if for each a O R

there exists x 0 R such that a = axa.
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(2) A semiring R is called an intra-regular semiring if for each a U R there exists

x;, y; O R such that a = Zlf‘:lxl,a2yi_

Definition 2.5 (See [33]). A (non-strict) partial order is a binary relation < over a
set P satisfying particular axioms which are discussed below. When a < b, we say that a

is related to b. (This does not imply that b is also related to a, because the relation need

not be symmetric.)

The axioms for a non-strict partial order state that the relation < is reflexive,

antisymmetric, and transitive. That is, for all a, b, ¢ (I P, it must satisfy:

(1) a £ a (reflexivity: every element is related to itself).

(2)if a < b and b < a, then a = b (antisymmetry: two distinct elements cannot be

related in both directions).

(3)if a<b and b < ¢, then a < ¢ (transitivity: if a first element is related to a
second element, and, in turn, that element is related to a third element, then the first

element is related to the third element).

In other words, a partial order is an antisymmetric preorder. A set with a partial order
is called a partially ordered set (also called a poset). The term ordered set is sometimes
also used, as long as it is clear from the context that no other kind of order is meant. In
particular, totally ordered sets can also be referred to as “ordered sets”, especially in
areas where these structures are more common than posets. For a, b, elements of a
partially ordered set P, if a < b or b < a, then a and b are comparable. Otherwise they

are incomparable. For example, {x} and {x, y, z} are comparable, while {x} and {y}

are not. A partial order under which every pair of elements is comparable is called a fotal
order or linear order; a totally ordered set is also called a chain (e.g., the natural
numbers with their standard order). A subset of a poset in which no two distinct elements

are comparable is called an antichain. For example, set of singletons {{x}, {3}, {z}}.

Example 2.6. Standard examples of posets arising in mathematics include:

(1) The real numbers ordered by the standard less-than-or-equal relation <.

(2) The set of subsets of a given set (its power set) ordered by inclusion. Similarly,

the set of sequences ordered by subsequence, and the set of strings ordered by substring.
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(3) The set of natural numbers equipped with the relation of divisibility.

(4) The vertex set of a directed acyclic graph ordered by reachability.

Definition 2.7 (See [8]). A lattice is an abstract structure studied in the mathematical
sub-disciplines of order theory and abstract algebra. It consists of a partially ordered set
in which every two elements have a unique supremum (also called a least upper bound or
join) and a unique infimum (also called a greatest lower bound or meet). An example is
given by the natural numbers, partially ordered by divisibility, for which the unique
supremum is the least common multiple and the unique infimum is the greatest common
divisor. Lattices can also be characterized as algebraic structures satisfying certain
axiomatic identities. Since the two definitions are equivalent, lattice theory draws on
both order theory and universal algebra. Semilattices include lattices, which in turn
include Heyting and Boolean algebras. These “lattice-like” structures all admit order-
theoretic as well as algebraic descriptions. If (L, <) is a partially ordered set (poset), and
S O L is an arbitrary subset, then an element u U L is said to be an upper bound of § if
s <u for each s[JS. A set may have many upper bounds, or none at all. An upper
bound u of S is said to be its least upper bound, or join, or supremum, if # < x for each
upper bound x of S. A set need not have a least upper bound, but it cannot have more
than one. Dually, / O L is said to be a lower bound of S if / < s for each s S. A
lower bound [ of § is said to be its greatest lower bound, or meet, or infimum, if x </
for each lower bound x of S. A set may have many lower bounds, or none at all, but can

have at most one greatest lower bound. A partially ordered set (L, <) is called a join-
semilattice if each two-element subset {a, b} [0 L has a join (i.e. least upper bound), and
is called a meet-semilattice if each two-element subset has a meet (i.e. greatest lower
bound), denoted by a | _b and a | b, respectively. (L, <) is called a lattice if it is

both a join- and a meet-semilattice. This definition makes | and | _ binary operations.

Both operations are monotone with respect to the order: a; < a, and b < b, implies
that a; |:b1 <ap |:b2 and o |:b1 <a |:b2.

Lemma 2.8 (Zorn’s lemma) (See [5]). Suppose a partially ordered set P has the
property that every chain in P has an upper bound in P. Then the set P contains at least

one maximal element.

Definition 2.9 (See [6]). Let X be a non-empty subset of R. Then the characteristic
function of R denoted and defined by
Earthline J. Math. Sci. Vol. 2 No. 1 (2019), 241-263
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1 ifalX

0 otherwise.

i (@) {

Definition 2.10 (See [7]). A t-norm T is a function T : [0, 1] x [0, 1] - [0, 1] having

the following four properties:
(T1) T(x, 1) = x (neutral element)
(T2) T(x, y) < T(x, z) if y < z (monotonicity)
(T3) T(x, y) = T(y, x) (commutativity)
(T4) T(x, T(y, z)) = T(T(x, y), z) (associativity),
for all x, y, z O [O, 1].
Example 2.11. (1) Standard intersection T-norm 7,, (x, y) = min{x, y}.
(2) Bounded sum T-norm T}, (x, y) = max{0, x + y = 1}.
(3) Algebraic product T-norm 7, (x, y) = xy.

(4) Drastic T-norm
y if x =1
Tp(x, y)=4x if y=1

0 otherwise.

(5) Nilpotent minimum 7-norm

T,

n

min{x, y} if x+y>1
m(x y) = )
0 otherwise.

(6) Hamacher product T-norm
0 if x=y=0

Ty, (x, y) = xy
x+y-=xy

otherwise.

The drastic t-norm is the pointwise smallest #-norm and the minimum is the

pointwise largest #-norm: Tp(x, y) < T(x, y) € Tpin (x, ¥) forall x, y O[0, 1].

Recall that -norm T is idempotent if for all x O [0, 1], T(x, x) = x.
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Lemma 2.12 (See [1]). Let T be a t-norm. Then
T(T(x, y), T(w, 2)) = T(T(x, w), T(y, 2)),

forall x, y, w, z [0, 1].
3. T-fuzzy Bi-ideals in Semiring

Definition 3.1. A fuzzy subset p: R — [0, 1] is called a fuzzy bi-ideal of R under

t-norm 7 if
(1) u(a +b) = T(u(a). u(b),
(2) u(ab) 2 T(u(a), u(b)),
(3) u(abe) = T(u(a). ulc)),

for all a, b, c JR. We denote the set of all fuzzy bi-ideals of R under f-norm 7T by
T-fuzzy bi-ideal of semiring R.

Example 3.2. Let R=(N,+ ] be a semiring of real numbers. Define

u:N - [o,1] by

(y_aw it x O{2N},
M =080 if xO{2n - 1),

If T,(x, y) = xy forall x, y0[0,1], then p will be a T-fuzzy bi-ideal of semiring

Definition 3.3. Let 1 and v be two T-fuzzy bi-ideals of semiring R.

(1) The symbol M |_V is a fuzzy subset [ |_v R > [0, 1] and defined by
(1 L v)(a) = T(u(a), v(a)) forall a OR.

(2) The sum of p and v is a fuzzy subset p+Vv:R - [0,1] with
(L+V)(a) = [a:bJ,cT(u(b), V(c)) for all a, b, c OR.

(3) The product of p and v is a fuzzy subset pov:R - [0,1] by
(mov)(a) = [ y=pcT(U(b), v(c)) forall a, b, c OR.

Earthline J. Math. Sci. Vol. 2 No. 1 (2019), 241-263
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Remark 3.4. Let p be T-fuzzy bi-ideals of semiring R. Then for all b, cJ R we
have that

(our)(be) = 7). nete) = |_1u0). 1) = |_uee) =

Proposition 3.5. (1) A fuzzy subset i : R — [0, 1] is a T-fuzzy bi-ideal of semiring R
ifandonlyif y2 U+ U and 4 2 O and = LOHR OLL

(2) A non-empty subset B of a semiring R is a bi-ideal of R if and only if the
characteristic function Ug of B is a T-fuzzy bi-ideal of R.

(3) Let 4 and v be two T-fuzzy bi-ideals of semiring R. Then W | _v is a T-fuzzy bi-
ideal of semiring R.

(4) Let L and v be two T-fuzzy bi-ideals of commutative semiring R. Then L0V is a

T-fuzzy bi-ideal of commutative semiring R.

Proof. (1) Let [l is a T-fuzzy bi-ideal of semiring R.

If a=b+c, then W(a)=p®d+c)=T(u®), u(c)) and then p(a)=
| uzpse T(u(b), u(c)) forall a, b, cOR andso P = P + .

If a = be, then p(a) = p(be) = T(R(), p(c)) and then w(a) = [ 4op T(M(), v(c))
forall a, b, cOR andso 4 = HO.

If a =bcd, then W(a) = w(bed) = T(U(b), u(d)) = T((Lopg) (bc), U(d)) and then
w(a) 2 [ =pea T(MOMR) (bc), n(d)) forall a, b, ¢, d DR andso | = HOpg O
Conversely, we prove that [l is a T-fuzzy bi-ideal of semiring R.

As L= U+ so

a+b)2 (@+p)a+b)= | T(a > T(u(a), u(b))

a+b
for all a, b OR.
As L= oM so

u(ab) = (o) ( |_T(u ), u(b)) = T(u(a), u(b))

forall a, b OR.
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As {2 HOHR O sO

W(abe) = (Wopig o) (abe) = I_T T((uoug)(ab), u(c))
(ab)c

= L_7(ua). u(e)) 2 T(0(a). ue)

forall a, b, c OR.

Thus p will be a T-fuzzy bi-ideal of semiring R.
(2) Let

1 if »p0OB,
uB(b):{

0 otherwise

be the characteristic function of B. Let B be a bi-ideal of semiring R such that by, b, U B
and r JR.

Since by + by U B so
Mpby +by) =121=T(1) =T(ug(b). np(b2))
and bb, 00 B, then
Hp(biby) =121=T(1, 1) = T(Hp (k). up(b2))
also byrb, 0 B, then
up(birby) =121=T(1 1) = T(ug(by), up(b2))-
Thus pp is a T-fuzzy bi-ideal of R.
Conversely, assume that {p is a 7-fuzzy bi-ideal of R and b, b, O B and r J R.
As
Hp(br +by) 2 T(up(by) mp(b)) =T(L 1) =1
so Up(by +by) =1 and then by + b, O B. Since

Wp(biby) 2 T(ug(hr), mp(by)) =T(1, 1) =1

Earthline J. Math. Sci. Vol. 2 No. 1 (2019), 241-263
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so Hg(bby) =1 and then bib, O B. As
Hp(birby) 2 T(Hp (D) kp (b)) =T(1, 1) =1
s0 Up(byrby) =1 and then byrb, O B. Therefore B is a bi-ideal of a semiring R.
(3) Let pand v be two T-fuzzy bi-ideals of semiring R and a, b, ¢ O R. Then
(w L_v)(a+8) = T(u(a +b). v(a +b))
2 T(T (u(a), w(b)), T(v(a), v(b)))

= T(T(W(a), v(a)), T(u(b), v(p))) (by Lemma 2.12)

=7(( Ov)(a). (n L_v)
and
(L v)(ab) = T(u(ab). v(ab))
2 T(T(u(a), u(p)). T(v(a), v(b)))
= T(T(u(a), v(a)), T(u(®), v(»))) (by Lemma 2.12)
=7((n L_v)(a). (0 L v) (@)
and

(1 |_ (abc) = T(u(abc), v(abc))
2 T(T(u(a). u(c)). T(v(a), v(c)))
= T(T(u(a). v(a)). T(u(c). v(c))) (by Lemma 2.12)

=7(( L_v)(@). (u L_v)(e))

Then p |_v will be a T-fuzzy bi-ideal of semiring R.

(4) Let i1 and v be two T-fuzzy bi-ideals of semiring R. Let ay, ay, by, by,

C1, [0 R such that a = blcl, ay = b2C2, as = b3C3, b1C2 = szl = 0. Then

+ = T +D), +
wova +a)= LT m) via + o)
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- L 7 + o) Vi + )

(a1 +ap)=bc; +bycy

= L T b)) via + o))

al :blcl, an :b2C2

2 L 20@e). ue). 70(e). v(e))

ay=bjcy, ay=bycp

= L 70m). ve)). 7). v(c,)) (by Lemma 2.12)

ay =blcl, ay :b2€2

=7( L 7). ve). L 7). ve)

a=hycy a2 =b20
=T((nov)(a), (Lov)(ay))

and

0 = T(u(byd, ),
wovaa)= L (). veier)

= |: T(u(byb;), v(cicy))

(a1a2)=bycibycy

T((bhr), v(cicr))

ap=bycy, ay=bycy

T(T(u(br), 1(02)), T(v(c1). v(c2)))

aj=bjcy, ay=byc;

\

Ta =bm|,_a2 =bycs T(T(u(By). vier)), T(W(b2), v(ez))) (by Lemma 2.12)

= 7 E Tu). vie). L T(®,). v(er))

ar=hic| 42=h22
=T((moVv)(a), (moVv)(ay))

and

oV = T(ubbrbs), v
wov)(aaas)= L () )

Earthline J. Math. Sci. Vol. 2 No. 1 (2019), 241-263
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= |: T(u(bbyb3), V(cieacs))
(ajapa3)=bicibycobycs

T(H(Brbab3), V(cieae3))
al :blcl , ap :b2c2 , az :b3(,‘3

\

T(T(ubr). 1(bs)). T(v(cr). v(c3)))

ay :blcl , az :b3(,‘3

= b T(T (1), v(er)). T(u(b3). v(c3))) (by Lemma 2.12)

=7( L 1) ve). L 7). vie)

ay :bl(,‘l as :b3C3
=T((nov)(a). (nov)(a3)).
Then oV is a T-fuzzy bi-ideal of commutative semiring R. O

Proposition 3.6. Let |, v, B be T-fuzzy bi-ideals of semiring R and X, Y be two

non-empty subsets of semiring R.
W IfU<vV, then pOB<VOP and Bou < Bov.
(2) Hx OHy = Hxy.
3) kx L Hy = uxnyr-
4 Uy tHy =Hy4y-
Proof. Let x, y, zOR.

(D If g < v, then p(y) < v(y). Now

(MoB)(x) = | T(u(y). B) = L 70:(»). Bz)) = (v o B) (x)

X=yz X=yz

and then HOB < VOP. Alsoas p < v, then p(z) < v(z) and

@Bow () = L TE0). nE) < L 760). v(z) = Bov)(v)

xX=yz X=yz

and thus Bou < Bov.
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(2) We know that

1
Hx (x) = {0

and
1
MY(Y) = {0

and
1
Hxy (Z) = {0

If xOX and y OY, then xy O XY and then

|_ T(ux (x), py (y

Z=Xy

(lx opy)(z) =
If xOX and y Y, then xy U XY and then

(Hx opy)(2) = Loy Ty (x

If xOX and y Y, then xy U XY and then

|: T(ux (x

Z=xy

(hx opy)(z) =
If xOX and y OY, then xy O XY and then
(x OHy)(2) = Lo Ty (). by (v

Thus Wy OHy = Hyy-

if xOX

otherwise

if yOvY

otherwise

if zOXY

otherwise

if z=xyQdXY

otherwise

if xOX,yOY

otherwise.

=L 10 =1=pyy(c = ).

= _70,0)=

y= |70, 1) =

=0 = uyy(z = xy).

=|_700,0) =

0= pyy(z = xy).

0 = puyy(z = xy).

Earthline J. Math. Sci. Vol. 2 No. 1 (2019), 241-263
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(3) We have that

0 otherwise

1 ifzOXNY
uXmY(z)={ .

_% if zO0X,z0Y

0 otherwise.

If zOX and zOVY, then z O X NY and then

(x L_ny) () = Ty (2) by (2) = T 1) =1 = iy (2).
If zOX and zOY, then z O X (Y and then

(y L 1y) () = T(ax (2). by (2)) = T(1, 0) = 0 = pyy (2).
If zOX and zOY, then z O X (Y and then

(y L my) () = T(ax () by (2)) = 7(0. 1) = 0 = pyy (2).
If zOX and zOVY, then z O X NY and then

(x L 1y) (@) = T(ux (o). wy (2)) = T(0. 0) = 0 = pyy (2).
Then py [ py = pyny-

(4) We get that

( )_ 1 if zOX +Y
Ky (2 0 otherwise

% if z=x+y0X+Y

0 otherwise

1 it x0X, y0dy
0 otherwise.

If xOX and y Y, then x+ y 0 X +Y and then

(x o) (@)= L Ty uy0) = Lrt ) =12 uyguplz = x+ ).

z=xty
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If xOX and yOY, then x+ yJ X +Y and then

(yomy)(@) = | T(uy(x = 70,0)=0 = pygiy(z = x +y).

Z=x+ty

If xOX and yOY, then x+ y 0 X +Y and then

(x omy) (@)= L Tlx () my () = LT(0.1) =0 = pyay(c = x + ).

z=x+y

If xOX and y Y, then x+ yJ X +Y and then

(xom)@ = L 70 wy() = L70,0) =0 =gy (e = x+ )
=Xty
Therefore py + Hy = Uy +y. 0

4. Prime, Strongly Prime, Semiprime, Irreducible and Strongly Irreducible
T-fuzzy Bi-ideals in Semirings

Definition 4.1. Let A be 7T-fuzzy bi-ideal of semiring R.

(1) p is called a prime T-fuzzy bi-ideal if for any T-fuzzy bi-ideals o, B of R, if

00l <y, thena <por B

(2) W is called a strongly prime T-fuzzy bi-ideal if for any T-fuzzy bi-ideals o, 3 of
R.if (aoP) [ (Boa)<p, then a < p or B<

(3) Wis called idempotent if u = pop = p2.

(4) W 1is said to be a semiprime T-fuzzy bi-ideal if aod = a? < M implies a < 4 for
every T-fuzzy bi-ideal a of R.

(5) Y is said to be an irreducible T-fuzzy bi-ideal if for any T-fuzzy bi-ideals a, 8 of
Rifa | B=p, then o = or B=p.

(6) W is said to be a strongly irreducible T-fuzzy bi-ideal if for any T-fuzzy bi-ideals
a,B of R,ifa | PB<p, thena < or B<p

Earthline J. Math. Sci. Vol. 2 No. 1 (2019), 241-263
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Proposition 4.2. We have the following assertions.

(1) Every strongly prime T-fuzzy bi-ideal of a semiring R is a prime T-fuzzy bi-ideal
of R.

(2) Every prime T-fuzzy bi-ideal of a semiring R is a semiprime T-fuzzy bi-ideal of R.

(3) The intersection of any family of prime T-fuzzy bi-ideals of a semiring R is a
semiprime T-fuzzy bi-ideal of R.

(4) Every strongly irreducible semiprime T-fuzzy bi-ideal of a semiring R is a
strongly prime T-fuzzy bi-ideal of R.

Proof. Let Y, a, B be T-fuzzy bi-ideals of semiring R.

(1) Let p be strongly prime T-fuzzy bi-ideal and a 0 < i, then (a0f) [ (Boa)
<M, andso a < {4 or B < W This implies that p is prime 7-fuzzy bi-ideal.

(2) Let p be prime T-fuzzy bi-ideal and cdoa < . Then o <P and then p is
semiprime 7-fuzzy bi-ideal.

(3) Let p; and M, be two prime T-fuzzy bi-ideals of semiring R and
00B <My MNHy. Then a 0P < Yy and o 0P < py. This implies that a < py or B <y
and o < Y, or B< U, Thus o <Py M,y and B < Yy (N Hy. Therefore, Py (N, will
be prime T-fuzzy bi-ideal of a semiring R.

(4) Let W be strongly irreducible semiprime T-fuzzy bi-ideal such that (o o) |:

2
Boa)sp As a| Bs<a and al Bs<p so (a[_po@ p)=(@[p)
<aof. Also a| B<P and al B<a so (a[ _P)o(a [ B)=(a [ B>
<Boa. Thus ( |: B)” < (coP) |: (Boa) < . Since p is a semiprime 7T-fuzzy bi-
ideal so o | [3 < W Now since p is a strongly irreducible 7-fuzzy bi-ideal, a < 4 or

3 < W. Hence, W is a strongly prime 7T-fuzzy. [

Proposition 4.3. Let | be T-fuzzy bi-ideal of a semiring R with U(a) = € > 0 for all
aOR and €0 (0, 1]. Then there exists an irreducible T-fuzzy bi-ideal B of R such that
U< B and Bla) =€ forall a O R and € 0(0, 1].

Proof. Let P ={a : a is T-fuzzy bi-ideal of a semiring R: 1 < o : d(a) = € > 0}.
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As WOP so P # 0. Let H ={h; : h; is T-fuzzy bi-ideal of a semiring R : h;(a) = €
H<sho 00 I} be any totally ordered subset of P. Now we prove that [i[ll h; is a
T-fuzzy bi-ideal of R such that p < O, ;. Assume that a, b, cOR and as h; is

T-fuzzy bi-ideal of a semiring R, then
) (L) iila +6) = gy (n(a + b))
> | Ti(a), ) = T(Lioy (@) iy i (8)).
@ (i )i (ab) = [y (2 (b))
> | T(hia). b (0) = T(iny mila), oy m(0)).
3 (Lior)hi(abe) = |iny (i (abe))
> iy T(hia). i) = T(Liy hila). iy hi(e)).

Thus Ei[l[ h; is a T-fuzzy bi-ideal of R. Since p < h; forall i 07, p < EiDI h;. Also
(Ujor 7)) (@) = Loy (h) (@) =€ with €0(0,1]. Therefore, | ,; (;;) 0P and
[iD ; (h;) is an upper bound of H. Now by Zorn’s lemma, there exists a T-fuzzy bi-ideal
B of R which is maximal with respect to the property p < 3 and B(a) = £. Now we show
that (3 is an irreducible 7-fuzzy bi-ideal of R. Let B, B, be T-fuzzy bi-ideals of R such
that 3, |: B, =P, then B <, and B <,. We claim that B =3, or  =[3,. By the
contrary, assume that 3% (3, and P #(,. This implies B<PB; and B<PB,. So
Bi(a) #B(a) and B,(a)# B(a). Hence (B; [_PB,)(a)=P(a)# € which is a
contradiction to the fact that (3; [ B,)(a) = B(a) = €. Hence either B = B, or B = B,.

O

In the following proposition and corollaries we investigate 7-fuzzy bi-ideals of

regular and intra-regular semiring R.

Proposition 4.4. Let T be a idempotent t-norm. Then for a semiring R the following

assertions hold:

(1) R is both regular and intra-regular = (2) HOW = W for every T-fuzzy bi-ideal |
ofR=3) a | _PB=(aop) [ (Boa) forall T-fuzzy bi-ideals o and B of R.
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Proof. (1) = (2) Let R be both regular and intra-regular and a [J R. Then there exist

elements x, y;, z; R suchthat a = axa and a = Z?:l yiazzi and then

n n
a = axa = axaxa = ax[z yiazzl}xa = Z(axyia) (az;xa).

i=1 i=1

Now

(o)) = (o) {Z (@i (az,-xa)]

i=1

n

= (wow)(@ia) (aisa) = Y [ r(u(ania). plasisa)
i=1

i=1

> ZT(T(u(a), U(a)), T(1(a), u(a))) (by definition of T-fuzzy bi-ideal)
i=1

n n

= ZT(u(a), U(a)) = Zu(a) = WU(a). (Since T is idempotent)
i=1 i=1

Thus pop = . Also as W is T-fuzzy bi-ideal M of R so by Proposition 3.5(part 1) we get

that pop < W. Thus pop = .

(2) = (3) Let a and B be two T-fuzzy bi-ideals of R. Then by Proposition 3.5(part 3)
we have that o | B is also 7-fuzzy bi-ideal of R. Thus by hypothesis, we have

ol B=(a[_Bo(@[ B). As a| B<a and ol B<P so ol B=
(a [_B)o(a [_PB) < aop. Similarly, o |_B <poa. Then

a L_ps(aop) L (Boa). @
Now from Proposition 3.5(part 4) we have that a 03 and Boa are T-fuzzy bi-ideals of

R and by Proposition 3.5(part 3) we get that (a o) [ (Boa) will be 7-fuzzy bi-ideal of
R. Thus by hypothesis, we have

(@op) L_(Boa)=[(@op) |_(Boa)o[(aop) |_(Boa)]
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<(aoB)o(Boa)=aoPBoBoa =00 B oa
B <iix

S O0Hp OO < 0. (by Proposition 3.5 (part 1))

Similarly, (0 oB) [_ (Boa) < B and then

(aop) |_(Boa)sa [_B (b)
Then from (a) and (b) we get that (@ oB) [ (Boa)=a [_B. O

Corollary 4.5. Let R be a regular and intra-regular semiring. Then | is a strongly
prime T-fuzzy bi-ideal of R if and only if |\ is a strongly irreducible T-fuzzy bi-ideal of R.

Proof. Let R be a regular and intra-regular semiring and o and 3 be two T-fuzzy bi-
ideals of R. Then from Proposition 4.4 we get that a | B = (a0 0B) [ (Boa). Now if
is a strongly prime T-fuzzy bi-ideal of R, then o [_B = (a0op) [_ (Boa) < and then
o <M or B < and so p will be a strongly irreducible 7-fuzzy bi-ideal of R. Also if [ is
a strongly irreducible T-fuzzy bi-ideal of R, then (a o) |_(Boa)=a [ B <p which

means that a < | or B < W and then [ is a strongly prime 7-fuzzy bi-ideal of R. O

Corollary 4.6. Let R be a regular and intra-regular semiring. If the set of T-fuzzy bi-
ideals of R is totally ordered by inclusion. Then each T-fuzzy bi-ideal of a semiring R is a
strongly prime T-fuzzy bi-ideal of R.

Proof. Let a, B, [ be three T-fuzzy bi-ideals of R. We prove that Y will be a strongly
prime 7-fuzzy bi-ideal of R. Since the set of T-fuzzy bi-ideals of R is totally ordered by
inclusion, o < B or B < o. This gets that o | _B=a or a | _B =p. As R is a regular

and intra-regular semiring, so from Proposition 4.4 we get that o |_ B=
(aoB) [ (Boa). Now let (aop)[ (Boa)<p Then a=al| B=(aop)[_
(Boa)<sp or B=o [ P=(aoB)[ (Boa)s<p This implies that p will be a
strongly prime 7-fuzzy bi-ideal of R. O

Corollary 4.7. Let R be a regular and intra-regular semiring. If the set of T-fuzzy bi-

ideals of R is totally ordered by inclusion, then each T-fuzzy bi-ideal of a semiring R is a
prime T-fuzzy bi-ideal of R.

Proof. Let a, (3, 4 be three T-fuzzy bi-ideals of R. We prove that i will be a prime 7-
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fuzzy bi-ideal of R. As R is a regular and intra-regular semiring so from Proposition 4.4
we get that aod =a and Bof3 =P. Now let a o3 < and as the set of 7T-fuzzy bi-

ideals of R is totally ordered by inclusion so a < or B<a. If a<f, then
o0 =0o0a<dof<p and if B<a, then B=PoB<oaof<p Thus a<p or

B < p and then p will be a prime 7-fuzzy bi-ideal of R. [

In the following proposition we characterize strongly irreducible 7T-fuzzy bi-ideals

and irreducible T-fuzzy bi-ideals of R.
Proposition 4.8. Let R be a semiring. Then the following assertions are equivalent:
(1) Set of T-fuzzy bi-ideals of R is totally ordered by inclusion.
(2) Each T-fuzzy bi-ideal of R is strongly irreducible T-fuzzy bi-ideal of R.
(3) Each T-fuzzy bi-ideal of R is an irreducible T-fuzzy bi-ideal of R.
Proof. (1) = (2) Let a, 3, U be three T-fuzzy bi-ideals of R. We prove that 1 will be

a strongly irreducible T-fuzzy bi-ideal of R. Since the set of T-fuzzy bi-ideals of R is
totally ordered by inclusion, a < or B<a. Thus o | _B=a or a | _B =p. Now let

o| B<W Then a=a| B<sp or p=a| PB<p Thus a<p and B<u and
then [ will be a strongly irreducible T-fuzzy bi-ideal of R.

(2) = (3) Let a, (3, H be three T-fuzzy bi-ideals of R. Let p be a strongly irreducible
T-fuzzy bi-ideal of R. We prove that Y will be an irreducible 7-fuzzy bi-ideal of R. Let
a| B=p Since a | B<a and a | B<P, m<a and u<p. Also since H is a
strongly irreducible 7T-fuzzy bi-ideal of R, o | B=p<p Thus a <p and B<p
Therefore, we obtain that a = 4 or 3 = 1 and this implies that [ is irreducible T-fuzzy
bi-ideal of R.

(3) = (1) Let a, B be two T-fuzzy bi-ideals of R. We must prove that o < 3 or
B < a. By Proposition 3.5(part 3) we have that o |_ [ is also T-fuzzy bi-ideal of R and
then will be an irreducible T-fuzzy bi-ideal of R. As o | B=B| o, thena =a | B
or B=a | P andso o <P or B < a. This means that the set of 7-fuzzy bi-ideals of R

is totally ordered by inclusion. [
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