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Abstract

In this paper, we consider a collection of d Ylideals of a d-algebra D. We use the

connotation of congruence relation regard to d"-ideals to construct a uniformity which

induces a topology on D. We debate the properties of this topology.

1. Introduction

Yoon and Kim [4] and Meng and Jun [5] introduced two classes of abstract algebras:
namely, BCK-algebras and BCI-algebras. It is known that the class of BCK algebras is a
proper subclass of the class of BCI-algebras. In [2], [3] Bourbaki and Sims introduced a
wide class of abstract algebras: BCH-algebras. They have shown that the class of BCI-
algebras is a proper subclass of the class of BCH-algebras. Neggers et al. [6] introduced
the notion of d-algebras which is another generalization of BCK-algebras, and
investigated relations between d-algebras and BCK-algebras. They studied the various

topologies in a manner analogous to the study of lattices. However, no attempts have

Received: March 7, 2019; Accepted: June 7, 2019
2010 Mathematics Subject Classification: 06F35.
Keywords and phrases: d-algebra, uniformity, d D—ideal, topological d-algebras.

Copyright © 2019 Ahmed Talip Hussein, Habeeb Kareem Abdulla and Haider Jebur Ali. This is an open
access article distributed under the Creative Commons Attribution License, which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.



208 Ahmed Talip Hussein, Habeeb Kareem Abdulla and Haider Jebur Ali

been made to study the topological structures making the star operation of d-algebra
continuous. Theories of topological groups, topological rings and topological modules
are well known and still investigated by many mathematicians. Even topological

universal algebraic structures have been studied by some authors.

In this paper, we address the issue of attaching topologies to d-algebras in as natural
a manner as possible. It turns out that we may use the class of d-ideals of a d-algebra as
the underlying structure whence a certain uniformity and thence a topology is derived
which provides a natural connection between the notion of a d-algebra and the notion of
a topology in that we are able to conclude that in this setting a d-algebra becomes a
topological d-algebra.

2. Preliminaries

Definition 2.1 [6]. A d-algebra is a non-empty set D with a constant 0 and a binary

operation “[” satisfying the following axioms:
OHxCx=0,
dHOoLCx =0,
) xCy=0and yCx=0imply x = y
forall x, y inD.

A non-empty subset S of a d-algebra D is called a sub d-algebra of D if it is closed

under the d-operation.
A non-empty subset I of a d-algebra D is called a BCK-ideal of D if
D1) oOI
(D2) xOI and y Cx O imply y 01 forall x, y 0 D.
And [ is called a d-ideal of D if it satisfies (D1) and

(D3) xOI and yOD imply xCy O/, ie, ICDOI.

A d-ideal I of D is called a d” -ideal of D if, for arbitrary x, y, z O D,

(D4) xCzUOI whenever xLyUO[Z and y Lz O 1.
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Ifa d* -ideal I of a d-algebra D satisfies

(D5) xCyOI and yCx O/ imply (xOz) O(y Oz) O 1 and (z Ox) O(z Oy) O 1
forall x, y, z O D, then we say that/ is a d"-ideal of D.

Theorem 2.2 [6]. In a d-algebra D, any BCK-ideal of D is a d-subalgebra of D.

Lemma 2.3 [6]. In a d-algebra any d-ideal is a BCK-ideal.

Corollary 2.4 [6]. Any d Y ideal of a d-algebra is a d-subalgebra.

Definition 2.5. Let D be a d-algebra. An equivalence relation ~ on D is called a

congruence if x ~ y,u ~v imply x Cu ~ y Cv, where x, y, u, v D.

Let I be a d"-ideal of a d-algebra (D, 0 0). For any x, y in D, we define x ~ y if
andonlyif xCy O/ and y Lx 7. We claim that ~ is an equivalence relation on D.
Since 001, we have xCx =001, ie., x ~x, forany xOD. If x ~y and y ~ z,
then xLy, yLCxOJ and yLz, zLCyOI By (D4) xLz, zCx O/ and hence x ~ z.
This proves that ~ is transitive. The symmetry of ~ is trivial. By (D5) we can easily
see that ~ is a congruence relation on D. We denote the congruence class containing x
by [x];, ie., [x]; ={y O X\x ~ y}. We see that x ~ y if and only if [x], =[y],.
Denote the set of all equivalence classes of D by D/I, i.e., D/I ={[x] ;1x O D} [6].

Lemma 2.6 [6]. Let I be a d“-ideal of a d-algebra (D; O 0). Then I =[0];.

Theorem 2.7 [6]. Let (D, 0 0) be a d-algebra and I be a d -ideal of D. If we
define [x]; O[y]; =[x Oy]; for all x, y O D, then (D/I,00) is a d-algebra, called

the quotient d-algebra.
3. Uniformity in d-algebras

From now on, D is a d-algebra, unless otherwise is stated. Let D be a non-empty set,
and U and V be any subsets of D x D. Define:

UOV =(x, y)ODx D/ forsome zOD, (x, z) DU and (z, y)OV.

U™ =(x, y)ODxD/(y, x) OU.
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A = (x, x)/x O D.

Definition 3.1. By a uniformity on D, we mean a non-empty collection K of subsets
of D x D which satisfies the following conditions:

U odu forany U UK,
(U2)if U OK, then U™ UK,
(U3)if U O K, then there existsa V [ K such that VOV 0O U,
U4)if U,VOK, then UNV OK,
US)ifUOKand U OV ODXxD, then VOK.
The pair (D, K) is called a uniform structure.

Theorem 3.2. Let [ be a d -ideal of a d-algebra D. If we define

Ul ={(x, y)ODxD/x0yO1I and yOx 01}

and let
k" ={U'/1 is a d"ideal of D}.
Then K" satisfies the conditions (U1) ~ (U4).

Proof. (U1) If (x, x) O A, then (x, x) DU’ since xCx=0017. Hence AD U’
for any vl ok"

(U2) Forany U! O k"
(x, yYOU! o xOyOT and yCxO1,
oy~
- (y, x)0U!,
o (x, y)O@)™

Hence (U)™ = vr 0 k"
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(U3) For any U I'ok D, the transitivity of ~; implies that U Tov' ou'.
(U4) For any Ul and U7 in KD, we claim that U’ ﬂUJ Ok-
(x, youlnu’ « (x, y)OU! and (x, y) OU’,
o xQy, yOxOINJ,
< X~InJg Y
o (x, y)O uln’.
Since I J isa dY-ideal of D, vlinu’ = v 0 k" This proves the theorem.
Theorem 3.3. Let K ={U O D x D/UI U for some vl o K[}. Then K satisfies
the conditions for a uniformity on D and hence the pair (D, K) is a uniform structure.

Proof. By Theorem 3.2, the collection K satisfies the conditions (U1) ~ (U4). It
suffices to show that K satisfies (U5). Let U O K and U OV O D x D. Then there

existsa U O U OV, which means that V O K. This proves the theorem.
Let x 0D and U O K. Define:
Ulx] ={y O D/(x, y) OU}.
Theorem 3.4. Let D be a d-algebra. Then
T ={G 0 D/Ox0G, U 0K, U[x] O G}
is a topology on D.

Proof. It is clear that 0 and the set D belong to 7. Also from the definition, it is
clear that T is closed under arbitrary unions. Finally to show that T is closed under finite
intersection, let G, H 0T and suppose x G () H. Then there exist U and V 0 K

such that U[x] OG and V[x]OH. Let W=UNV. Then WOK. Also
W[x] ODU[x]NV[x] and so W[x] O GN H. Therefore, G(NH OT. Thus, T is a
topology on D.

Notion 3.5. For any x in D, U[x] is a neighborhood of x.
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Definition 3.6. Let A be an arbitrary family of d Yideals of a d-algebra D which is
closed under intersection. Then the topology T comes from Theorem 3.4 is called a
uniform topology on D induced by A.

Notation 3.7. Let A be a family of d Y.ideals of a d-algebra D, where A is closed
under intersection, we denote by T, the uniform topology by A. Especially if A = {1},

we denote it by 7.

Example 3.8. Let D = {0, 1, 2, 3} be a d-algebra which is not a BCK-algebra with
the following table:

I =
w = oo
w - o o~
w o O oON
o = = olw

Then it is easy to show that {0}, F ={0, 3}, 7 ={0, 1, 2} and D are the only d"-ideals
of D. We can see that U\% =4, uF =aU{(0,3), (3, 0)}, U’ =aU{(0,1), (1, 0),
(0, 2), (2,0, (1, 2), (2, 1)} and UP = D x D. Therefore, k”={1% v" v’ uP}
and K={UODxD/U" OU forsome U/ OKS3. If we take U =UF, then
ulo] =u[3] ={0, 3}, U[2]={2} and U[1] ={1}. Therefore, T ={G O D/Ox O G,
U 0K, U[x] 0G} ={D, 0,{0, 3}, {0}, {1}, {2}. {0, 1, 3}, {0, 2, 3}}. If we take
U=U!, then U[0]=U[]]=0U[2] ={0,1,2} and U[3] ={3}. Therefore, T =
{D, 0, {3}, {0, 1, 2}}. If we take U = Ut% then Ulx] ={x}, Ox O D and we obtain

T = 2P, the discrete topology. Moreover, if we take D as a d Yideal of D, then
U[x] = D, Ox O D and obtain T = {0, D}, the indiscrete topology.

4. Topological Property of Space (D, Tp)

Note that from Theorem 3.4 giving the A family of d Dideals of a d-algebra D

which is closed under intersection. We can induce a uniform topology 75 on D. In this
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section we study topological properties on (D, Tp). Let D be a d-algebra and F, H be
subsets of D. We define aset F L H as follows:

FOH ={x0y/x0OF, yOH}.

Definition 4.1. Let D be a d-algebra and T be a topology on the set D. Then we say

that the pair (D, T) is a topological d-algebra if the operation “[” is continuous with
respect to 7. (i.e.) If O is an open set and a, b [ D such that a L b [J O, then there exist
open sets O and O, suchthat ¢ 1 Oy, b U O, and O; U0, U O.

Theorem 4.2. The pair (D, Tp) is a topological d-algebra.

Proof. Let x, y 0 D and G be an open subset of D such that x L y 1 G. Then there
exist UOK,U[xOy] 0 G and a d"-ideal I of D such that U O U. We claim that the
following relation holds:

Ul[x] DUI[y] 0 U[x Oy).
Indeed, for any h U UI[x] and k [ UI[y] we have that x ~; h and y ~; k. Since ~;
is a congruence relation, it follows that x Uy ~; h Uk. From that fact we have
(xOy, hOk)OU! OU. Hence h Ok OU![x Oy] O U[x Oy]. Then h Ck OG.

Theorem 4.3 [3]. Let X be a set and S 0 P(X x X ) be a family such that for every
U OS the following conditions hold:

@AD0U,

(b) U™Y contains a member of S,

(c) there exists a V S such that VoV U U. Then there exists a unique uniformity
U, for which S is a sub base.

Theorem 4.4. If we set S ={U"/I is a d“-ideal of a d-algebra D}, then S is a sub
base for a uniformity of D. We denote its associated topology by Tg.

Proof. Since ~; is an equivalence relation, it is clear that § satisfies the axioms of

Theorem 4.3.
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Example 4.5. In Example 3.7, we can see that S ={U0 =n, UF =AU
{(0,3), (3, 0%, U =aU{(0, 1), (1, 0), (0, 2), (2, 0), (1, 2), (2, 1)}, UP = Dx D}.

Theorem 4.6. Let N\ be a family of d"-ideals of D which is closed under

intersection. Any dD—ideal in the collection N is a clopen subset of D for the topology
Th.

Proof. Let I be a d-ideal of D in A and y 0 1€. Then y JU’[y] and we obtain
that 1¢ OUU[y]/yDI¢}. We claim that U'[y]O1¢ for all yOI¢ Let
z [ Ul[y], then y ~; z. Hence y[Cz U/ If zUOI, then y 1, since ] is a d"-ideal

of D, which is a contradiction. So z 0 I¢ and we obtain
U{u'lyl/yoryore.

Hence 1€ = U [y]/y O I¢}. Since U'[y] is open for any y O D, Iis a closed subset
of D. We show that 7 = {u![y]/yDO1}. If yOI, then yOU![y] and hence
10UWul[y)/yOI}. Given yOI, if zOU'[y], then y~; z and so zLyDOI.
Since y[/ and I is a dD—ideal of D, we have z[I. Hence, we get that

U{u[y]/y 01} O 1, i.e., Iis also an open subset of D.

In Example 3.8, the d Uideals I, F, {0} and D are clopen subsets of D, where
N ={1, F, {0}, D}.

Theorem 4.7. Ty =T, where J = ({1/1 O A}.

Proof. Let K and K" be as Theorems 3.2 and 3.3, respectively. Now consider
Ao ={J}. Define (K,)" ={U’} and K, ={U/U’ OU}. Let GOTx. Given an
x0G, there exists U OK such that U[x] 0 G. From J 0 I, we obtain that
vl ou I, for any d Uideal I of D. Since U O K, there exists I JA such that

Ul OU. Hence UJ[x] O Ul[x] 0G. Since U’ UKy, GOT,;. Hence Ty UTy.
Conversely, if H 0T, then for any x 0 H, there exists U 0 K, such that U[x] O H.
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So U J[x] U H and hence A 1is closed under intersection, J [JA. Then we get

U’ 0K andso H UTp. Thus T; O Tp.

Corollary 4.8. Let I and J be d Y ideals of a d-algebra D and 1 U J. Then J is
clopen in the topological space (D, Ty).

Proof. Consider A ={I, J}. Then by Theorem 4.7, Tp =T7; and therefore J is

clopen in the topological space (D, T;).
Theorem 4.9. Let I and J be d"-ideals of ad-algebra D. Then T; O T, if J O I.

Proof. Let J O 1. Consider A, ={1}, k{'={U'}, Kk, ={u/u’ DU} and
N, ={J}, K5={U’}, K, ={U/U’ OU}. Let GOTy, then for any x G, there
exists U 0 K such that U[x] O G. Since J O I, we have v’/ oul. [x] O G implies

UJ[x] U G. This proves that v’ O K, andso G OT;. Thus T; O T,.

Remark 4.10. Let A be a family of d Uideals of D which is closed under
intersection and J = ﬂ{l 10 /\}. We have the following statements:

(i) By Theorem 4.9, we know that Ty =T7,. Forany U 0 K, x U D, we can get that
U’[x] O U[x]. Hence T} is equivalentto {A 0 D:Ox O A, U’[x] O A}. So A0 D

is open set if and only if for all x [0 A, UJ[x] O Aifandonlyif A = UXDAUJ[x].
(i) For all x 0 D, by (i), we know that U” [x] is the smallest neighborhood of x.

(iii) Let B; ={U’ [x] : x O D}. By (i) and (ii), it is easy to check that B; is a base
of TJ .

(iv)For all x O D, {U I [x]} is a fundamental system of neighborhoods of x.
Theorem 4.11. If is a d"-ideal of D, then for all x 0 D,
(i) U'[x] is a clopen subset in the topological space (D, Ty).

(i) U I[x] is a compact set in a topological space (D, Ty).

Earthline J. Math. Sci. Vol. 2 No. 1(2019), 207-221
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Proof. (i) We show that (U'[x])° is open. If y O (U'[x])°, then x Oy OI¢ or
y Ox O 1¢. We assume that y Ox O 7¢. By applying Theorems 4.2 and 4.3, we obtain
W'[ylou![x]) O U]y Ox] O I°. We claim that U'[y] O U'[x])¢. It zOU![y],
then z Ox O (U![z] OU'[x]). Hence z Ox O 1€, then we get z O (U![x]); proving that
(Ul[x])c is open. Hence Ul[x] is closed. It is clear that Ul[x] is open. So Ul[x] is a
clopen subset of D.

(ii) Let Ul[x] O U(aDQ)Oua where each Oy is an open set of D. Since x [ Ul[x],

there exists o JQ such that x 0O,. Hence U’[x] 00y, proving that U'[x] is

compact.
Proposition 4.12 [3]. Let (X, T) be uniform structure. Then uniform space (X, T)

is completely regular.

Corollary 4.13. Let N\ be a family of d"-ideals of D which is closed under

intersection. Then topological space (D, Tp) is completely regular.

Theorem 4.14. Let N\ be a family of d Y ideals of D which is closed under
intersection. Then (D, Tp) is a discrete space if and only if there exists I O N\ such that
Ul[x] ={x} forall x O D.

Proof. Let Ty be a discrete topology on D. If for any I O A, there exists x O A
such that U'[x] # {x}. Let J =NA. Then J OA and there exists x, 0 D such that
U’ [xo] # {xo}. It follows that there exists y, 0U![xy] and x, # y,. By Remark

4.10G1), U J[xo] is the smallest neighborhood of x;. Hence, {xp} is not an open subset

of D, which is a contradiction. Conversely, for any x U D, there exists / [ A such that

U![x] = {x}. Hence {x} is an open set of D. Therefore, (D, Ty) is a discrete space.

Theorem 4.15. Let N\ be a family of d-ideals of D which is closed under
intersection. Then J =(W\ and D be a d-algebra with right identity 0. Then the

following conditions are equivalent:
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() (D, T;) is a discrete space;

Gi) J ={0}.

Proof. () = (ii) By Theorem 4.14, we have U’{0} ={0}. We show that
JOU’[0]. Let xOJ. Since (x00)Ox =0 and J is d"-ideal, then xLCO and
0CxOJ we get that x DU’ [0]. It follows that J O U’[0]. Since U’[0] = {0} and
0 O J. Therefore, J = {0}.

(i) = (i) Let J ={0}. Since D is d-algebra with right identity 0, we can get that
U’ [x] = {x}. It follows that (D, T) is discrete.

Corollary 4.16. Let N\ be a family of d -ideal of D which is closed under
intersection, J =\ and D be a d-algebra with right identity 0. Then (D, T;) is a

Hausdorff space if and only if J ={0}.
Proof. Let (D,T;) be a Hausdorff space. First we show that for any x 0O D,
U’ [x] ={x}. If there exists x # y OU”[x], then y OU’[x]NU’[x]. By Remark

4.10G1), U J[x] and U J[ y] are the smallest neighborhoods of x and y, respectively.
Hence, for any neighborhood U of x and neighborhood V of y, we have that

yOU’[x]NU’[y]0U NV # O, which is a contradiction. Hence by Theorems 4.14
and 4.15, J ={0}. The other side of the proof directly follows from Theorem 4.15.
Definition 4.17 [3]. Recall that a uniform space (X, K) is said to be totally
bounded if for each U [ K, there exist xj, ..., x, 0 X suchthat X = U= U[x].
Theorem 4.18. Let I be a d"“-ideal of a d-algebra D. Then the following conditions
are equivalent:
(1) the topological space (D, Ty) is compact,
(2) the topological space (D, Ty) is totally bounded,

(3) there exists P = xq, ..., x, U D such that for all a0 D there exist x; UP
(i=1,..,n) withaOx; OI and x; Da O 1.
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Proof. (1) = (2): It is clear by [3].

(2) = (3): Let U O K. Since (D, T;) is totally bounded, there exist x;,..., x, 01
such that D = U}, U[x;]. If a O D, then there exists x; such that a O U;[x;], therefore
alx; 01 and x; Oa U 1.

(3) = (1): For any a [0 D, by hypothesis, there exists x; P with a Ox; O/ and

x; Da O 1. Hence a OU'[x]. Thus D = U'-,U[x;]. Now let D = UgynoOq Where
each Oy is an open set of D. Then for any x; U D there exists a; 00 Q such that

x; U Oq;» since Oy, is an open set. Hence Ul[xl-] U Oq,;- Hence D = U Ulx] O
i=1 Oq, ie., D = Ujz Oy, , which means that (D, Ty) is compact.

Theorem 4.19. If ] is a d-ideal of D such that 1€ is a finite set, then the topological
space (D, Ty) is compact.

Proof. Let D =UguopOy, where each Oy is an open subset of D. Let
1° ={x, ..., x,}. Then there exist d, Ay, ..., 8, OF such that 0 0Oy, x; 0041, ...,
%, 0O, Then U'[0] O Oy, but U'[0] = 1. Hence D =Uj~;0q, U Oq.

Theorem 4.20. If I is a d-ideal of D, then I is a compact set in the topological space
(D, T7).

Proof. Let I O Uyqp Oy, where each Oy is open set of D. Since 07, there is
o UF such that 000 Oy. Then [ =U ! [0] 0 Oy. Hence, I is a compact set in the
topological space (D, Ty).

Definition 4.21 [8]. Let Dy and D, be d-algebras. A mapping f:D; - D, is
called a d-morphism from Dy to D, if

f(x0y) = f(x) O (y)

for any x, y U Dy. If the mapping fis bijective, then we call f a d-isomorphism and note

that f (01) = 0, when fis a d-morphism.

http://www.earthlinepublishers.com



Uniformity in d-algebras 219

Proposition 4.22. Let f : D; — D, be a d-morphism. Then the following properties
hold:

@O IfJisa d"-ideal of D,, then the set f_l(J) is a d -ideal of Dy.
(i) If fis bijective and I is a d"-ideal of Dy, then f(I)isa d Yideal of D;.
Proof.

(i) (1) Since 0, O J and f(0;) = 0,, then 0, 0 f}(J) % O.

(2) Let xO £7'(J) and yO Dy, then f(x)OJ and f(y)O D,. Since J is d"-
ideal. So f(x)0f(y)0J = f(xOy)OJ. Thus x Oy O f£71(J).

(3) Let x,y,z0D; such that xOy, yOzO £ '(J). Then f(xOy), f(yOz)
0J = f&)OfG), £(y)Of(z) O J. Since Jis d-ideal, f(x)0f(z)0J = f(x0z)
0J = x0z0 f£7'(J). From (1), (2) and (3) we get that £~ !(J) is d"-ideal.

(ii) (1) Since 0; O 7 and £(0;) = 0,, 0, 0 f(1)# 0.

(2) Let xO £(J) and y O D,. Since fis surjective, there exist @ 07 and b 0 D,
such that £(a) = x, f(b) = y and since I'is d"-ideal. So a Ob 01 = f(a Op) O f(I) =
f(@)Of(®) 0 f£(I). Thus x Oy O £(I).

(3) Let x, y, z 0 D, such that x Oy, y Oz O £(I). Then there exist a, b, ¢ 0 D,
such that f(a) = x, £(b) = y, f(c) =z = f(a) Of (). £(b)Of(c) O £(I). Since f is
injective, a 0b = £~ (f(aOp)) O f7'(f(1) = 1. bOc = £~ (f(b0c)) O £ (£ (1))
=1 and Iis a d"-ideal, then a Oc 071 = f(a Oc) O £(I) = x Oz O £(1). Thus, from
(1), (2) and (3) we get that £(I) is d-ideal.

Lemma 4.23. Let D; and D, be d-algebras and J be a d"-ideal of Dy. If

-1
f:Dy - Dy is a d-isomorphism, then (x, y) gu/ V) o (f(x), £(») ou’ for
every x, y U Dy.
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Proof. For any (x, y)DUf_l(J) e X~ yDUf_I(J) = f(x)~f(y)OJ =
(f(x). F)OU7.

Theorem 4.24. Let D; and D, be d-algebras and J be a d Yideal of Dy. If

f : Dy — Dy is ad-isomorphism, then the following properties hold:
) forany <0 Dy, fU V) = 07 [ ()]
(i) for any y 0 Dy, W7 =07 D7 ()]
Proof. (i) Let yO f(U ! [y] Then there exists xo U/ _1(1)[)5] such that
y = f(x0). Tt follows that x ~ xoO f ()= f(x) ~ f(x0) = f(x)~yOJ =
bOUT[F(x)].
Conversely, let yOU'[f(x)]= f(x)~yOJ = Y (f(x)~»)0r)=>
- G070 = ) 00 O = 60 ! V).
i) 077D« f@WOU Dl e )~ y07 = fTH )~ )0 T)
= O E) = 200 T ORTE)

Theorem 4.25. Let D; and D, be d-algebras and J be a d ideal of Dy. If

)

f : Dy > Dy is an d-isomorphism, then f is a homeomorphism map from (Dy, T )

o (Dy, 15).

Proof. First we prove that f is continuous. Let A [1T. By Remark 4.10, we can get
that A =UgypaU” [a]. Tt follows that £71(A) = £ N (Uqpa U7 [a]) =Ugoa £ (U7 [4)).
We claim that if 50 £ (U7[a]), then U/ U] 0 7w/ [a]). Indeed, let
cO Uf_l(J)[b], we get that ¢ ~b 0 f71(J), so f(c) ~ f(b)OJ by Lemma 4.23.
Since f(b) DU’ [d], we get that f(b) ~ a O J. It follows that f(c) ~ a O J. Thus, we
have that  f(c)O0U’[a). So O f ' U’[da]). Hence fHU’[d])=

http://www.earthlinepublishers.com
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U )Uf_l(J)[b] DTf_l . Therefore, £~ (A)=Uqoaf ‘U7 [a]) 01

) hay
So fis a continuous map. Finally we show that fis an open map. Let A be an open set of
(D), T ). We claim that f(A) is an open set of (D,, T;). Let a O f(A). We shall

b0f U7 [d]

1)

show that U”[a] O f(A). Indeed, for any b OU”[a], we get that b ~a OJ. By
-1

Lemma 4.23, we have £ '(a) ~ f7'(6) 0 £7'(J). Hence f'()0OU' (J)[f_l(a)].

Since a [ f(A) and fis injective we get that £ '(a) 0 A. By Remark 4.10(i), it follows

that Uf_l(J)[f_l(a)] OA So fl(p)0A, we get that b0 f(A). Therefore
U’[a] O f(A). Sofis open map.
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