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Abstract 

In this paper, we consider a collection of ∗
d -ideals of a d-algebra D. We use the 

connotation of congruence relation regard to ∗d -ideals to construct a uniformity which 

induces a topology on D. We debate the properties of this topology. 

1. Introduction  

Yoon and Kim [4] and Meng and Jun [5] introduced two classes of abstract algebras: 

namely, BCK-algebras and BCI-algebras. It is known that the class of BCK algebras is a 

proper subclass of the class of BCI-algebras. In [2], [3] Bourbaki and Sims introduced a 

wide class of abstract algebras: BCH-algebras. They have shown that the class of BCI-

algebras is a proper subclass of the class of BCH-algebras. Neggers et al. [6] introduced 

the notion of d-algebras which is another generalization of BCK-algebras, and 

investigated relations between d-algebras and BCK-algebras. They studied the various 

topologies in a manner analogous to the study of lattices. However, no attempts have 
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been made to study the topological structures making the star operation of d-algebra 

continuous. Theories of topological groups, topological rings and topological modules 

are well known and still investigated by many mathematicians. Even topological 

universal algebraic structures have been studied by some authors. 

In this paper, we address the issue of attaching topologies to d-algebras in as natural 

a manner as possible. It turns out that we may use the class of d-ideals of a d-algebra as 

the underlying structure whence a certain uniformity and thence a topology is derived 

which provides a natural connection between the notion of a d-algebra and the notion of 

a topology in that we are able to conclude that in this setting a d-algebra becomes a 

topological d-algebra. 

2. Preliminaries 

Definition 2.1 [6]. A d-algebra is a non-empty set D with a constant 0 and a binary 

operation “ ∗” satisfying the following axioms: 

  (I) ,0=∗ xx  

 (II) ,00 =∗ x  

(III) 0=∗ yx  and 0=∗ xy  imply yx =  

for all yx,  in D. 

A non-empty subset S of a d-algebra D is called a sub d-algebra of D if it is closed 

under the d-operation. 

A non-empty subset I of a d-algebra D is called a BCK-ideal of D if 

(D1) Io ∈  

(D2) Ix ∈  and Ixy ∈∗  imply Iy ∈  for all ., Dyx ∈  

And I is called a d-ideal of D if it satisfies (D1) and  

(D3) Ix ∈  and Dy ∈  imply ,Iyx ∈∗  i.e., .IDI ∈∗  

A d-ideal I of D is called a #
d -ideal of D if, for arbitrary ,,, Dzyx ∈  

(D4) Izx ∈∗  whenever Iyx ∈∗  and .Izy ∈∗  
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If a #
d -ideal I of a d-algebra D satisfies 

(D5) Iyx ∈∗  and Ixy ∈∗  imply ( ) ( ) Izyzx ∈∗∗∗  and ( ) ( ) Iyzxz ∈∗∗∗  

for all ,,, Dzyx ∈  then we say that I is a ∗
d -ideal of D. 

Theorem 2.2 [6]. In a d-algebra D, any BCK-ideal of D is a d-subalgebra of D. 

Lemma 2.3 [6]. In a d-algebra any d-ideal is a BCK-ideal.  

Corollary 2.4 [6]. Any ∗d -ideal of a d-algebra is a d-subalgebra.  

Definition 2.5. Let D be a d-algebra. An equivalence relation ~  on D is called a 

congruence if vuyx ~,~  imply ,~ vyux ∗∗  where .,,, Dvuyx ∈   

Let I be a ∗d -ideal of a d-algebra ( ).0,, ∗D  For any yx,  in D, we define yx ~  if 

and only if Iyx ∈∗  and .Ixy ∈∗  We claim that  ~  is an equivalence relation on D. 

Since ,0 I∈  we have ,0 Ixx ∈=∗  i.e., ,~ xx  for any .Dx ∈  If yx ~  and ,~ zy  

then Ixyyx ∈∗∗ ,  and ., Iyzzy ∈∗∗  By  (D4) Ixzzx ∈∗∗ ,  and hence .~ zx  

This proves that ~  is transitive.  The symmetry of ~  is trivial. By (D5) we can easily 

see that ~  is a congruence relation on D. We denote the congruence class containing x 

by [ ] ,Ix  i.e., [ ] { }.~\ yxXyx I ∈=  We see that yx ~  if and only if [ ] [ ] .II yx =  

Denote the set of all equivalence classes of D by ,ID  i.e., {[ ] }DxxID I ∈|=  [6]. 

Lemma 2.6 [6]. Let I be a ∗
d -ideal of a d-algebra ( ).0,; ∗D  Then [ ] .0 II =  

Theorem 2.7 [6]. Let ( )0,, ∗D  be a d-algebra and I be a ∗
d -ideal of D. If we 

define [ ] [ ] [ ]III yxyx ∗=∗  for all ,, Dyx ∈  then ( )0,, ∗ID  is a d-algebra, called 

the quotient d-algebra. 

3. Uniformity in d-algebras 

From now on, D is a d-algebra, unless otherwise is stated.  Let D be a non-empty set, 

and U and V be any subsets of .DD ×  Define: 

( ) DDyxVU ×∈= ,0 for some ,Dz ∈ ( ) Uzx ∈,  and ( ) ., Vyz ∈  

( ) ( ) .,,
1

UxyDDyxU ∈×∈=−
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( ) ., Dxxx ∈=∆  

Definition 3.1. By a uniformity on D, we mean a non-empty collection K of subsets 

of DD ×  which satisfies the following conditions:  

(U1) U⊆∇  for any ,KU ∈  

(U2) if ,KU ∈  then ,1
KU ∈−  

(U3) if ,KU ∈  then there exists a KV ∈  such that ,0 UVV ⊆  

(U4) if ,, KVU ∈  then ,KVU ∈∩  

(U5) if KU ∈  and ,DDVU ×⊆⊆  then .KV ∈   

The pair ( )KD,  is called a uniform structure. 

Theorem 3.2. Let I be a ∗
d -ideal of a d-algebra D. If we define  

( ){ }IxyandIyxDDyxU
I ∈∗∈∗×∈= ,  

and let 

{ }.- DofidealdaisIUK
I ∗∗ =  

Then ∗
K  satisfies the conditions (U1) ~ (U4).  

Proof. (U1) If ( ) ,, ∆∈xx  then ( ) I
Uxx ∈,  since .0 Ixx ∈=∗  Hence I

U∈∆  

for any .∗∈ KU
I  

(U2) For any ,∗∈ KU
I  

( ) IyxUyx
I ∈∗↔∈,  and ,Ixy ∈∗  

,~ xy I↔  

( ) ,, I
Uxy ∈↔  

( ) ( ) .,
1−∈↔ I

Uyx  

Hence ( ) .
1 ∗− ∈= KUIU

I  
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(U3) For any ,∗∈ KU
I  the transitivity of I~  implies that .0

III
UUU ⊆  

(U4) For any I
U  and J

U  in ,∗
K  we claim that .∗∈ KUU

JI
∩  

( ) ( ) IJI
UyxUUyx ∈↔∈ ,, ∩  and ( ) ,,

J
Uyx ∈  

,; JIxyyx ∩∈∗∗↔  

,~ yx JI ∩↔  

( ) ., JI
Uyx
∩∈↔  

Since JI ∩  is a ∗
d -ideal of D, .∗∈= KUUU

JIJI ∩
∩  This proves the theorem. 

Theorem 3.3. Let { }.
∗∈⊆×⊆= KUsomeforUUDDUK

II  Then K satisfies 

the conditions for a uniformity on D and hence the pair ( )KD,  is a uniform structure. 

Proof. By Theorem 3.2, the collection K satisfies the conditions (U1) ~ (U4). It 

suffices to show that K satisfies (U5). Let KU ∈  and .DDVU ×⊆⊆  Then there 

exists a ,VUU
I ⊆⊆  which means that .KV ∈  This proves the theorem. 

Let Dx ∈  and .KU ∈  Define: 

[ ] ( ){ }., UyxDyxU ∈∈=  

Theorem 3.4. Let D be a d-algebra. Then 

[ ]{ }GxUKUGxDGT ⊆∈∃∈∀⊆= ,,  

is a topology on D. 

Proof. It is clear that ∅  and the set D belong to T. Also from the definition, it is 

clear that T is closed under arbitrary unions. Finally to show that T is closed under finite 

intersection, let THG ∈,  and suppose .HGx ∩∈  Then there exist U and KV ∈  

such that [ ] GxU ⊆  and [ ] .HxV ⊆  Let .VUW ∩=  Then .KW ∈  Also 

[ ] [ ] [ ]xVxUxW ∩⊆  and so [ ] .HGxW ∩⊆  Therefore, .THG ∈∩  Thus, T is a 

topology on D. 

Notion 3.5. For any x in D, [ ]xU  is a neighborhood of x. 
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Definition 3.6. Let Λ  be an arbitrary family of ∗
d -ideals of a d-algebra D which is 

closed under intersection. Then the topology T comes from Theorem 3.4 is called a 

uniform topology on D induced by .Λ  

Notation 3.7. Let Λ  be a family of ∗
d -ideals of a d-algebra D, where Λ  is closed 

under intersection, we denote by ΛT  the uniform topology by .Λ  Especially if { },I=Λ  

we denote it by .IT  

Example 3.8. Let { }3,2,1,0=D  be a d-algebra which is not a BCK-algebra with 

the following table: 

03333

10122

10011

00000

3210∗

 

Then it is easy to show that { } { } { }2,1,0,3,0,0 == IF  and D are the only ∗
d -ideals 

of D. We can see that { } ,0 ∆=U  {( ) ( )},0,3,3,0∪∆=F
U  ( ) ( ){ ,0,1,1,0∪∆=I

U   

( ) ( ) ( ) ( )}1,2,2,1,0,2,2,0  and .DDU
D ×=  Therefore, { { } }DIF

UUUUK ,,,
0=∗  

and { }.somefor 
∗∈⊆×⊆= KUUUDDUK

II  If we take ,F
UU =  then 

[ ] [ ] { },3,030 == UU  [ ] { }22 =U  and [ ] { }.11 =U  Therefore, { ,GxDGT ∈∀⊆=  

[ ] } =⊆∈∃ GxUKU , { } { } { } { } { } { }{ }.3,2,0,3,1,0,2,1,0,3,0,, ∅D  If we take 

,I
UU =  then [ ] [ ] [ ] { }2,1,0210 === UUU  and [ ] { }.33 =U  Therefore, =T  

{ } { }{ }.2,1,0,3,, ∅D  If we take 
{ }

,0
UU =  then [ ] { } DxxxU ∈∀= ,  and we obtain 

,2D
T =  the discrete topology. Moreover, if we take D as a ∗

d -ideal of D, then 

[ ] DxDxU ∈∀= ,  and obtain { },, DT ∅=  the indiscrete topology. 

4. Topological Property of Space ( )ΛTD,  

Note that from Theorem 3.4 giving the Λ  family of ∗
d -ideals of a d-algebra D 

which is closed under intersection. We can induce a uniform topology ΛT  on D. In this 
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section we study topological properties on ( )., ΛTD  Let D be a d-algebra and HF ,  be 

subsets of D. We define a set HF ∗  as follows: 

{ }., HyFxyxHF ∈∈∗=∗  

Definition 4.1. Let D be a d-algebra and T be a topology on the set D. Then we say 

that the pair ( )TD,  is a topological d-algebra if the operation “ ∗” is continuous with 

respect to T. (i.e.) If O is an open set and Dba ∈,  such that ,Oba ∈∗  then there exist 

open sets 1O  and 2O  such that 21, ObOa ∈∈  and .21 OOO ⊆∗  

Theorem 4.2. The pair ( )ΛTD,  is a topological d-algebra.  

Proof. Let Dyx ∈,  and G be an open subset of D such that .Gyx ∈∗  Then there 

exist [ ] GyxUKU ⊆∗∈ ,  and a ∗
d -ideal I of D such that .UU

I ⊆  We claim that the 

following relation holds: 

[ ] [ ] [ ].yxUyUxU
II ∗⊆∗  

Indeed, for any [ ]xUh
I∈  and [ ]yUk

I∈  we have that hx I~  and .~ ky I  Since I~  

is a congruence relation, it follows that .~ khyx I ∗∗  From that fact we have 

( ) ., UUkhyx
I ⊆∈∗∗  Hence [ ] [ ].yxUyxUkh

I ∗⊆∗∈∗  Then .Gkh ∈∗  

Theorem 4.3 [3]. Let X be a set and ( )XXPS ×⊆  be a family such that for every 

SU ∈  the following conditions hold: 

(a) ,U⊆∆  

(b) 1−
U  contains a member of S, 

(c) there exists a SV ∈  such that .UVoV ⊆  Then there exists a unique uniformity 

U, for which S is a sub base. 

Theorem 4.4. If we set { },-- Dalgebradideal of adis aIUS
I ∗=  then S is a sub 

base for a uniformity of D. We denote its associated topology by .ST  

Proof. Since I~  is an equivalence relation, it is clear that S satisfies the axioms of 

Theorem 4.3. 
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Example 4.5. In Example 3.7, we can see that { ,
0 ∆== US  ∪∆=FU  

( ) ( ){ },0,3,3,0  ( ) ( ) ( ) ( ) ( ) ( ){ },1,2,2,1,0,2,2,0,0,1,1,0∪∆=I
U  }.DDU

D ×=  

Theorem 4.6. Let Λ  be a family of ∗
d -ideals of D which is closed under 

intersection. Any ∗d -ideal in the collection Λ  is a clopen subset of D for the topology 

.ΛT  

Proof. Let I be a ∗d -ideal of D in Λ  and .
c

Iy ∈  Then [ ]yUy
I∈  and we obtain 

that { [ ] }.
cIc

IyyUI ∈⊆ ∪  We claim that [ ] cI
IyU ⊆  for all .

c
Iy ∈  Let 

[ ],yUz
I∈  then .~ zy I  Hence .Izy ∈∗  If ,Iz ∈  then ,Iy ∈  since I is a ∗d -ideal 

of D, which is a contradiction. So c
Iz ∈  and we obtain 

{ [ ] } .
ccI

IIyyU ⊆∈∪  

Hence { [ ] }.
cIc

IyyUI ∈= ∪  Since [ ]yU
I  is open for any ,Dy ∈  I is a closed subset 

of D. We show that { [ ] }.IyyUI
I ∈= ∪  If ,Iy ∈  then [ ]yUy

I∈  and hence 

{ [ ] }.IyyUI
I ∈⊆ ∪  Given ,Iy ∈  if [ ],yUz

I∈  then zy I~  and so .Iyz ∈∗  

Since Iy ∈  and I is a ∗d -ideal of D, we have .Iz ∈  Hence, we get that 

{ [ ] } ,IIyyU
I ⊆∈∪  i.e., I is also an open subset of D. 

In Example 3.8, the ∗d -ideals { }0,, FI  and D are clopen subsets of D, where 

{ }{ }.,0,, DFI=Λ  

Theorem 4.7. ,JTT =Λ  where { }.Λ∈= IIJ ∩  

Proof. Let K and ∗
K  be as Theorems 3.2 and 3.3, respectively. Now consider 

{ }.0 J=Λ  Define ( ) { }J
UK =∗

:0  and { }.0 UUUK
J ⊆=  Let .Λ∈ TG  Given an 

,Gx ∈   there exists KU ∈  such that [ ] .GxU ⊆  From ,IJ ⊆  we obtain that 

,IJ UU ⊆  for any ∗
d -ideal I of D. Since ,KU ∈  there exists Λ∈I  such that 

.UU I ⊆  Hence [ ] [ ] .GxUxU
IJ ⊆⊆  Since .,0 J

J
TGKU ∈∈  Hence .JTT ⊆Λ  

Conversely, if ,JTH ∈  then for any ,Hx ∈  there exists 0KU ∈  such that [ ] .HxU ⊆  
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So [ ] HxU
J ⊆  and hence Λ  is closed under intersection, .Λ∈J  Then we get 

KU J ∈  and so .Λ∈ TH  Thus .Λ⊆ TTJ  

Corollary 4.8. Let I and J be ∗
d -ideals of a d-algebra D and .JI ⊆  Then J is 

clopen in the topological space ( )., ITD  

Proof. Consider { }., JI=Λ  Then by Theorem 4.7, ITT =Λ  and therefore J is 

clopen in the topological space ( )., ITD  

Theorem 4.9. Let I and J be ∗d -ideals of a d-algebra D. Then JI TT ⊆  if .IJ ⊆  

Proof. Let .IJ ⊆  Consider { },1 I=Λ  { },1
I

UK =∗  { }UUUK
I ⊆=1  and 

{ },2 J=Λ  { },2
J

UK =∗  { }.2 UUUK
J ⊆=  Let ,ITG ∈  then for any ,Gx ∈  there 

exists 1KU ∈  such that [ ] .GxU ⊆  Since ,IJ ⊆  we have .IJ UU ⊆  [ ] Gx ⊆  implies 

[ ] .GxU
J ⊆  This proves that 2KU

J ∈  and so .JTG ∈  Thus .JI TT ⊆  

Remark 4.10. Let Λ  be a family of ∗d -ideals of D which is closed under 

intersection and { }.: Λ∈= IIJ ∩  We have the following statements: 

(i) By Theorem 4.9, we know that .JTT =Λ  For any ,, DxKU ∈∈  we can get that 

[ ] [ ].xUxU
J ⊆  Hence ΛT  is equivalent to { [ ] }.,: AxUAxDA

J ⊆∈∀⊆  So DA ⊆  

is open set if and only if for all [ ] AxUAx
J ⊆∈ ,  if and only if [ ].xUA

J
Ax∈= ∪  

(ii) For all ,Dx ∈  by (i), we know that [ ]xU
J  is the smallest neighborhood of x. 

(iii) Let { [ ] }.: DxxB
J

J ∈= ∪  By (i) and (ii), it is easy to check that JB  is a base 

of .JT   

(iv) For all { [ ]}xUDx
J,∈  is a fundamental system of neighborhoods of x. 

Theorem 4.11. If I is a ∗d -ideal of D, then for all ,Dx ∈  

 (i) [ ]xU
I  is a clopen subset in the topological space ( )., ITD  

(ii) [ ]xU
I  is a compact set in a topological space ( )., ITD  
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Proof. (i) We show that ( [ ])cI
xU  is open. If ( [ ]) ,

cI
xUy ∈  then c

Iyx ∈∗  or 

.c
Ixy ∈∗  We assume that .c

Ixy ∈∗  By applying Theorems 4.2 and 4.3, we obtain 

( [ ] [ ]) [ ] .cIII
IxyUxUyU ⊆∗⊆∗  We claim that [ ] ( [ ]) .

cII
xUyU ⊆  If [ ],yUz

I∈  

then ( [ ] [ ]).xUzUxz
II ∗∈∗  Hence ,cIxz ∈∗  then we get ( [ ]) ;

cI
xUz ∈  proving that 

( [ ])cI
xU  is open. Hence [ ]xU

I  is closed. It is clear that [ ]xU
I  is open. So [ ]xU

I  is a 

clopen subset of D. 

(ii) Let [ ] ( ) ,αΩ∈α⊆ OxU
I

∪  where each αO  is an open set of D. Since [ ],xUx
I∈  

there exists Ω∈α  such that .α∈ Ox  Hence [ ] ,α∈ OxU
I  proving that [ ]xU

I  is 

compact. 

Proposition 4.12 [3]. Let ( )TX ,  be uniform structure. Then uniform space ( )TX ,  

is completely regular. 

Corollary 4.13. Let Λ  be a family of ∗d -ideals of D which is closed under 

intersection. Then topological space ( )ΛTD,  is completely regular. 

Theorem 4.14. Let Λ  be a family of ∗
d -ideals of D which is closed under 

intersection. Then ( )ΛTD,  is a discrete space if and only if there exists Λ∈I  such that 

[ ] { }xxU
I =  for all .Dx ∈  

Proof. Let ΛT  be a discrete topology on D. If for any ,Λ∈I  there exists Λ∈x  

such that [ ] { }.xxU
I ≠  Let .Λ= ∩J  Then Λ∈J  and there exists Dx ∈0  such that 

[ ] { }.00 xxU
J ≠  It follows that there exists [ ]00 xUy

I∈  and .00 yx ≠  By Remark 

4.10(ii), [ ]0xU
J  is the smallest neighborhood of .0x  Hence, { }0x  is not an open subset 

of D, which is a contradiction. Conversely, for any ,Dx ∈  there exists Λ∈I  such that 

[ ] { }.xxU
I =  Hence { }x  is an open set of D. Therefore, ( )ΛTD,  is a discrete space. 

Theorem 4.15. Let Λ  be a family of ∗d -ideals of D which is closed under 

intersection. Then Λ= ∩J  and D be a d-algebra with right identity 0. Then the 

following conditions are equivalent: 
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 (i) ( )JTD,  is a discrete space; 

(ii) { }.0=J  

Proof. (i) ⇒ (ii) By Theorem 4.14, we have { } { }.00 =J
U  We show that 

[ ].0
J

UJ ⊆  Let .Jx ∈  Since ( ) 00 =∗∗ xx  and J is ∗
d -ideal, then 0∗x  and 

Jx ∈∗0  we get that [ ].0
J

Ux ∈  It follows that [ ].0
J

UJ ⊆  Since [ ] { }00 =J
U  and 

.0 J∈  Therefore, { }.0=J  

(ii) ⇒ (i) Let { }.0=J  Since D is d-algebra with right identity 0, we can get that 

[ ] { }.xxU
J =  It follows that ( )ΛTD,  is discrete. 

Corollary 4.16. Let Λ  be a family of ∗
d -ideal of D which is closed under 

intersection, Λ= ∩J  and D be a d-algebra with right identity 0. Then ( )JTD,  is a 

Hausdorff space if and only if { }.0=J  

Proof. Let ( )JTD,  be a Hausdorff space.  First we show that for any ,Dx ∈  

[ ] { }.xxU
J =  If there exists [ ],xUyx

J∈≠  then [ ] [ ].xUxUy
JJ

∩∈  By Remark 

4.10(ii), [ ]xU
J  and [ ]yU

J  are the smallest neighborhoods of x and y, respectively. 

Hence, for any neighborhood U of x and neighborhood V of y, we have that 

[ ] [ ] ,∅≠⊆∈ VUyUxUy
JJ

∩∩  which is a contradiction. Hence by Theorems 4.14 

and 4.15, { }.0=J  The other side of the proof directly follows from Theorem 4.15. 

Definition 4.17 [3]. Recall that a uniform space ( )KX ,  is said to be totally 

bounded if for each ,KU ∈  there exist Xxx n ∈...,,1  such that [ ].1 i
n
i xUX == ∪  

Theorem 4.18. Let I be a ∗d -ideal of a d-algebra D. Then the following conditions 

are equivalent: 

(1) the topological space ( )ITD,  is compact, 

(2) the topological space ( )ITD,  is totally bounded, 

(3) there exists DxxP n ⊆= ...,,1  such that for all Da ∈  there exist Pxi ∈  

( )ni ...,,1=  with Ixa i ∈∗  and .Iaxi ∈∗  
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Proof. (1) ⇒ (2): It is clear by [3].  

(2) ⇒ (3): Let .KU
I ∈  Since ( )ITD,  is totally bounded, there exist Ixx n ∈,,1 …  

such that [ ].1 i
n
i xUD == ∪  If ,Da ∈  then there exists ix  such that [ ],iI xUa ∈  therefore 

Ixa i ∈∗  and .Iaxi ∈∗   

(3) ⇒ (1): For any ,Da ∈  by hypothesis, there exists Pxi ∈  with Ixa i ∈∗  and 

.Iaxi ∈∗  Hence [ ].i
I

xUa ∈  Thus [ ].1 i
n
i xUD == ∪  Now let αΩ∈α= OD ∪  where 

each αO  is an open set of D. Then for any Dxi ∈  there exists Ω∈αi  such that 

,
i

Oxi α∈  since 
i

Oα  is an open set. Hence [ ] .
i

OxU i
I

α⊆  Hence [ ] ⊆= = i
n
i xUD 1∪  

,1 i
O

n
i α=∪  i.e., ,1 i

OD
n
i α== ∪  which means that ( )ITD,  is compact. 

Theorem 4.19. If I is a d-ideal of D such that c
I  is a finite set, then the topological 

space ( )ITD,  is compact. 

Proof. Let ,α∈α= OD F∪  where each αO  is an open subset of D. Let 

{ }....,,1 n
c

xxI =  Then there exist Fn ∈ααα ...,,, 1  such that ,0 α∈ O  ...,,11 α∈ Ox  

.nn Ox α∈  Then [ ] ,0 α⊆ OU
I

 but [ ] .0 IU
I =  Hence .1 αα== OOD

i

n
i ∪∪  

Theorem 4.20. If I is a d-ideal of D, then I is a compact set in the topological space 

( )., ITD  

Proof. Let ,α∈α⊆ OI F∪  where each αO  is open set of D. Since ,0 I∈  there is 

F∈α  such that .0 α∈ O  Then [ ] .0 α⊆= OUI
I  Hence, I is a compact set in the 

topological space ( )., ITD  

Definition  4.21 [8]. Let 1D  and 2D  be d-algebras. A mapping 21: DDf →  is 

called a d-morphism from 1D  to 2D  if 

( ) ( ) ( )yfxfyxf ∗=∗  

for any ., 1Dyx ∈  If the mapping f is bijective, then we call f a d-isomorphism and note 

that ( ) 21 00 =f  when f is a d-morphism. 
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Proposition 4.22. Let 21: DDf →  be a d-morphism. Then the following properties 

hold: 

 (i) If J is a ∗
d -ideal of ,2D  then the set ( )Jf

1−  is a ∗
d -ideal of .1D  

(ii) If f is bijective and I is a ∗
d -ideal of ,1D  then ( )If  is a ∗

d -ideal of .2D  

Proof.  

(i) (1) Since J∈20  and ( ) ,00 21 =f  then ( ) .0
1

1 ∅≠∈ −
Jf  

(2) Let ( )Jfx
1−∈  and ,1Dy ∈  then ( ) Jxf ∈  and ( ) .2Dyf ∈  Since J is ∗

d -

ideal. So ( ) ( ) ( ) .JyxfJyfxf ∈∗⇒∈∗  Thus ( ).1
Jfyx

−∈∗  

(3) Let 1,, Dzyx ∈  such that ( ).,
1

Jfzyyx
−∈∗∗  Then ( ) ( )zyfyxf ∗∗ ,  

( ) ( ),yfxfJ ∗⇒∈ ( ) ( ) .Jzfyf ∈∗  Since J is ∗
d -ideal, ( ) ( ) ( )zxfJzfxf ∗⇒∈∗  

( ).1
JfzxJ

−∈∗⇒∈  From (1), (2) and (3) we get that ( )Jf
1−

 is ∗
d -ideal. 

(ii) (1) Since I∈10  and ( ) ,00 21 =f  ( ) .02 ∅≠∈ If  

(2) Let ( )Jfx ∈  and .2Dy ∈  Since f is surjective, there exist Ia ∈  and IDb ∈  

such that ( ) ( ) ybfxaf == ,  and since I is ∗
d -ideal. So ( ) ( )⇒∈∗⇒∈∗ IfbafIba  

( ) ( ) ( ).Ifbfaf ∈∗  Thus ( ).Ifyx ∈∗  

(3) Let 2,, Dzyx ∈  such that ( )., Ifzyyx ∈∗∗  Then there exist 1,, Dcba ∈  

such that ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).,,, Ifcfbfbfafzcfybfxaf ∈∗∗⇒===  Since f is 

injective, ( )( ) ( )( ) ,
11

IIffbaffba =⊆∗=∗ −−  ( )( ) ( )( )Iffcbffcb
11 −− ⊆∗=∗  

I=  and I is a ∗
d -ideal, then ( ) ( ) ( ).IfzxIfcafIca ∈∗⇒∈∗⇒∈∗  Thus, from 

(1), (2) and (3) we get that ( )If  is ∗
d -ideal. 

Lemma 4.23. Let 1D  and 2D  be d-algebras and J be a ∗
d -ideal of .2D  If 

21: DDf →  is a d-isomorphism, then ( ) ( ) ( ) ( )( ) JJf
UyfxfUyx ∈⇔∈

−
,,

1
 for 

every ., 1Dyx ∈  
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Proof. For any ( ) ( ) ( )JfJf
UyxUyx

11
~,

−−
∈⇔∈ ( ) ( ) ⇔∈⇔ Jyfxf ~  

( ) ( )( ) ., J
Uyfxf ∈  

Theorem 4.24. Let 1D  and 2D  be d-algebras and J be a ∗
d -ideal of .2D  If 

21: DDf →  is a d-isomorphism, then the following properties hold: 

 (i) for any ( ( )[ ]) ( )[ ],,
1

1 xfUxUfDx
JJf =∈

−
 

(ii) for any ( [ ]) ( )[ ( )]., 11
2

1
yfUyUfDy

JfJ −− −
=∈  

Proof. (i) Let ( ( )[ ]).
1

yUfy
Jf

−
∈  Then there exists ( )[ ]xUxo

Jf
1−

∈  such that 

( ).xofy =  It follows that ( ) ( ) ( ) ( ) ⇒∈⇒⇒∈ −
JyxfxofxfJfxox ~~~

1  

( )[ ].xfUb
J∈  

Conversely, let ( )[ ] ( ) ( )( ) ( ) ⇒∈⇒∈⇒∈ −−
JfyxffJyxfxfUy

J 11 ~~  

( ) ( ) ( ) ( )[ ] ( ( )[ ]).~
11111

xUfbxUyfyfyfx
JfJf

−−
∈⇒∈⇒∈ −−−

  

(ii) ( [ ]) ( ) [ ] ( ) ( )( ) ( )JfyxffJyxfyUxfyUfx
JJ 111

~~
−−− ∈⇔∈⇔∈⇔∈  

( ) ( ) ( )[ ( )].~ 111
1

yfUxJfyfx
Jf −−− −

∈⇔∈⇔  

Theorem 4.25. Let 1D  and 2D  be d-algebras and J be a ∗
d -ideal of .2D  If 

21: DDf →  is an d-isomorphism, then f is a homeomorphism map from ( ( ) )
Jf

D 1,1 −τ  

to ( ).,2 JD τ  

Proof. First we prove that f is continuous. Let .τ∈A  By Remark 4.10, we can get 

that [ ].aUA
J

A∈α= ∪  It follows that ( ) ( [ ]) ( [ ]).111
aUfaUfAf

J
A

J
A

−
∈α∈α

−− == ∪∪   

We claim that if ( [ ]),
1

aUfb
J−∈  then ( )[ ] ( [ ]).11

aUfbU
JJf −⊆

−
 Indeed, let 

( )[ ],
1

bUc
Jf

−
∈  we get that ( ),~

1
Jfbc

−∈  so ( ) ( ) Jbfcf ∈~  by Lemma 4.23. 

Since ( ) [ ],aUbf
J∈  we get that ( ) .~ Jabf ∈  It follows that ( ) .~ Jacf ∈  Thus, we 

have that ( ) [ ].aUcf
J∈  So ( [ ]).1

aUfc
J−∈  Hence ( [ ]) =−

aUf
J1  
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( [ ])
( )[ ] ( ).1

1

1 Jf

Jf

aUfb
bUJ −

−
− τ∈

∈
∪  Therefore, ( ) ( [ ]) ( ).1

11

Jf

J
A aUfAf −τ∈= −

∈α
−

∪  

So f is a continuous map. Finally we show that f is an open map. Let A be an open set of 

( ( ) )., 11 Jf
D −τ  We claim that ( )Af  is an open set of ( ).,2 JD τ  Let ( ).Afa ∈  We shall 

show that [ ] ( ).AfaU
J ⊆  Indeed, for any [ ],aUb

J∈  we get that .~ Jab ∈  By 

Lemma 4.23, we have ( ) ( ) ( ).~ 111
Jfbfaf

−−− ∈  Hence ( ) ( )[ ( )].11 1
afUbf

Jf −− −
∈  

Since ( )Afa ∈  and f is injective we get that ( ) .1
Aaf ∈−  By Remark 4.10(i), it follows 

that ( )[ ( )] .11
AafU

Jf ⊆−−
 So ( ) ,

1
Abf ∈−  we get that ( ).Afb ∈  Therefore 

[ ] ( ).AfaU
J ⊆  So f is open map. 
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