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Abstract

The aim of this paper is to prove a coincidence point theorem for a class of self mappings
satisfying nonexpansive type condition under various conditions and a fixed point
theorem is also obtained. Our results extend and generalize the corresponding result of
Singh and Chandrashekhar [7].

1. Introduction and Preliminaries

The concept of 2-metric space was introduced by Gihler [2, 3, 4] whose abstract
properties were suggested by the area function in Euclidean space. Employing various
contractive conditions Iséki [5] setout the tradition of proving fixed point theorems in
2-metric spaces. Later on, Naidu and Prasad [6] contributed few fixed point theorems in
2-metric spaces introducing the concept of weak commutativity. Recently, Singh and

Chandrashekhar [7] proved a fixed point theorem in 2-metric space for nonexpansive
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type mappings. They obtained the following result:

Theorem 1.1. Let (X, d) be a 2-metric space and T : X — X be a self mapping

satisfying the following nonexpansive type condition:

d(Tx, Ty, u)

< amax{d(x, y, u), d(x, Tx, u), d(y, Ty, u), %[d(x, Ty, u) +d(y, Tx, u)]}

+bmax{d(x, Tx, u), d(y, Ty, u)} + c[d(x, Ty, u) + d(y, Tx, u)], (1)

for all x, y,ul X, where a, b, ¢ are real numbers such that a +b+2c =1 and
az20,b>0,c>0. Then T has a unique fixed point and T is continuous at the fixed

point.

Our condition is an extension of that of Ciri¢ [1] (see also [8]). Also, we will show
that our condition (2) includes the above condition (1).

Now we give some definitions which are used frequently to prove our main results.
Definition 1.1. Gihler defined 2-metric space as follows:

A 2-metric on a set X with at least three points is a non-negative real-valued mapping
d: X xXxX - R satisfying the following properties:

(1) To each pair of points a, b with a # b in X there is a point ¢ 0 X such that
d(a, b, c) 2 0.

(2) d(a, b, ¢) = 0, if at least two of the points are equal,

(3) d(a, b, ¢c) =d(b, c, a) = d(a, c, b),

@) d(a, b, c)<d(a, b, u) +d(a, u, c)+d(u, b, c) forall a, b, c,u ] X.
(

The pair (X, d) is called a 2-metric space.

Definition 1.2. The sequence {x,} is convergent to x 0 X and x is the limit of this

sequence if lim,, o, d(x,, x, u) = 0 foreach u 0 X.

Definition 1.3. A sequence {x,} is called Cauchy sequence if
lim, e d(x,, X, u) =0 for all w0 X. A 2-metric space in which every Cauchy

sequence is convergent is called complete.
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Definition 1.4. Let f and g be two self mappings of a 2-metric space (X, d). Then f
and g are said to be compatible if lim, _ . d(fgx,, gfx,, u) =0 for each u 0 X,

whenever {x,} is a sequence such that lim,, o, fx, =lim, o gx, =t 0 X.

Let W be a set of all continuous functions Y : R, — R, satisfying the following

conditions:

(Y1) Y is continuous and strictly increasing.
(W) Y(r) = 0 if and only of ¢ = 0.

Let ®, be a set of all continuous functions ¢ : R, — R, satisfying the following

conditions:

(¢7) ¢ is continuous.
(0,) &(r) >0 if 7 >0 and ¢(0) = 0.

Let ® be set of all lower continuous functions @: R, — R, such ¢t) =0 if and

only if =0 and @t) <t forall ¢ > 0.

In 2014, Ansari [10] introduced the concept of C-class functions which cover a large

class of contractive conditions.

Definition 1.5 [10]. Let F : ]R% - R be a continuous mapping. Then it is called a

C-class function if it satisfies the following conditions:
(F) F(s, 1) < s, forall (s, r) DRZ.
(F,) F(s, )= s implies that s = 0, or 7 = 0, forall (s, r) O R2.
Note for some F we have that F(0, 0) = 0.
We denote C-class functions as C.

Example 1.1 [10]. The following functions F : [0, 00)2 - R are elements of C, for
all s, ¢+ 0]0, ):

(1) F(s,t)=s—t, F(s,t)=s =1t =0

Earthline J. Math. Sci. Vol. 2 No. 1 (2019), 191-206
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@) F(s,t)=ms,0<m<1, F(s,t) =5 = s =0

(1+2)

(3) F(s, 1) = ;7 0(0, ®), F(s,t)=s=s=0o0rt=0;

@) F(s,t)=log(t+a’)/(1+1),a>1, F(s,t)=s=s=0ort =0
(5) F(s,t)=In(1+d’)/2,a>e F(s,1)=5s = s =0;

©) F(s. 1) = (s + )My 151, 0(0, ), F(s.£) =5 = 1 = 0;

(7) F(s, t) =slog,4,a,a>1, F(s,t)=s = s =0 or t =0,

) F(s, 1) :s—(l”)(L), Fls,)=s=1=0;

2+s5)\1+¢

9) F(s, 1) = sB(s), B:[0, o) — [0, 1), and is continuous, F(s, 1) =s = s = 0;

(10) F(s, 1) =s - ,F(s,t)=s =1t =0;

k+t
(1) F(s,t)=s-¢(s), F(s,t)=s=s5=0, here ¢:[0, ©) - [0, ) is a

continuous function such that ¢(t) =0 = ¢ =0;

(12) F(s, t) = sh(s, t), F(s,t) =s = s = 0; here h:[0, ©)x[0, ©) - [0, ) is a

continuous function such that h(t, s) <1 forall ¢, s > 0;

_ 2+t _ —
(13) F(s, 1) =s (—I-I_IJZ,F(S,I) s=>1t=0.

(14) F(s, t) =NIn(1 + s"), F(s, ) =5 = s = 0;

(15) F(s,t)=¢qs), F(s,t)=s=5s=0, here @:[0, o) - [0, ) is a upper

semicontinuous function such that @0) = 0, and @) <t for ¢ > 0,

N

(1+5)

(16) F(s, t) = ;r0(0, ), F(s, 1) =5 = s = 0;
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(17) F(s, 1) = 9(s); 9 : R xR* _ R is a generalized Mizoguchi-Takahashi type
function, F(s, 1) =s = s = 0;

X

(18) F(s, 1) = r(f/z)I:Je}+t

dx, where [ is the Euler Gamma function.

Let W be a set of all non-decreasing continuous functions g : R, - R,, such
w(0) =0.

Let @ be a set of all continuous functions @: R, — R, such ¢(0) = 0.

Let @, denote the class of the functions ¢ : [0, ®) — [0, ®) which satisfy the
following conditions:

(a) ¢ continuous;
(b) ¢(¢) > 0,7 >0 and $(0) = 0.

Let W be a set of all continuous functions g : R, — R, satisfying the following

conditions:

() Y is continuous and strictly increasing.
(y5) W(t) =0 if and only of z = 0.

In this paper, we introduce a new class of self mappings satisfying the following

nonexpansive type condition:

W(d(Tx. Ty, u))

~<

+

[

{ | { a(x, y)max{d(fx, fy, u), d(fy, Tx, u)} D
v + +c(x, y) + h(x +b(x, y)max{d(fx, Tx, u), d(fy, Ty, u), d(y, Tx, u)}t ||,
aln )bl ) el sy M )| a1y, )+ W 30, T, )

(

[ 1 { a(x, y)max{d(fx, fy, u), d(fy, Tx, u)} D
¢ " T olx T + b(x, y) max{d(fx, Tx, u), d(fy, Ty, u), d(y, Tx, u)}
a(x, y) +b(x, y) +c(x, y) + h(x, y) +c(x, y)d(fx, Ty, u) + h(x, y)d(fy, Tx, u)

(2)
for all x, y,u0X, where ¢ 0®,, yOW, FOC and a(x, y) +b(x, y) + c(x, y)
+h(x, y) >0 and h(x, y) = c(x, y).

Earthline J. Math. Sci. Vol. 2 No. 1 (2019), 191-206



196 H. A. Hammad, A. H. Ansari and R. A. Rashwan

2. Main Results

Theorem 2.1. Let (X, d) be a 2-metric space. Let T, f be self mappings of X
satisfying nonexpansive type condition (2). Let T(X) O f(X) and either

(a) X is complete and f is surjective, or,

(b) X is complete, f is continuous and the pair (T, f) is compatible.

() Either f(X) is complete, or T(X).
Then f and T have a coincidence point in X. Further, the coincidence point is unique,

that is, fp = fq, whenever fp =T, and fq =T, p,qUOX.

Proof. Let x = x; be an arbitrary point in X. Since T(X) O f(X), choose x; so
that y; = fx; =Txy. In general, choose x,.; such that y,,.; = fx,4; =Tx, for all
n=0,1,2,...

On applying inequality (2) and taking a(x,, x,+1)=a, b(x,, x,+1) =b,

c(x,, x,41) = c and h(x,, x,,+1) = h, we get
W(d(fy2s fipats frn))
= Lp(d(Txn+1’ Txn’ fxn ))

amax{d(fan, Sxns fx, )’ d(fxnﬂ’ Tx,415 Sy )}
+ bmax{d(fxnﬂ > Txn+1 > fxn )v d(fxn s Txn > fxn )’ d(fxn > Txn+1 > fxn )} >
+ cd(fxn+1 ,Tx,,, fxn) + hd(fxn ,Tx 4, fxn)

amax{d(fxrﬁl’ fxn’ fxn )’ d(fxnﬂ’ Txn+1’ fxn )}
+ bmax{d(fxnﬂ s Txpa1s S )’ d(fxn s Txy, fxp )’ d(fxn s Txya1s S )}
+ cd(fxn+1, Tx,, fxn) + hd(fxn, Tx,41 fxn)

1
atb+c+h

1
atb+c+h

= F(w(a—wd(fxnﬂ’ Txn+l’ fxn))’ ¢'(a—+bd(fxn+l’ Txn+1’ fxn)))

a+b+c+h at+tb+c+h

F(w(a—wd(fxn+2’ fxn+1a fxn )), q)(a—-'-l)d(fxn+2, fxn+1, fxn )))

atb+c+h atb+c+h

IN

w(&d(ﬁcmz, Fnars Sy )) < W(d(fipeas fipers fx))-

atb+c+h
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So,
a+b
Lp(md(fxwz, fpats fx, )) =0,
or
a+b
¢(m d(fpe2s fonets fXn )) =
thus

d(fxn+29 fxn+19 fxn) =0. (3)
On applying inequality (2) again and using triangular inequality and (3), we get
lI’J(d(Txn’ Txn+1’ u))

amax{d(fxn, Sxa+1s u), d(fan, Tx,, u)}
+ bmax{d(fxn, Tx,, u), d(fxn+1, Tx, 41, u), d(fxn+1, Tx,, u)}
+ Cd(fxn’ Txn+1’ I/t) + hd(fxn+1’ Txn’ M)

1
at+tb+c+h

< F )
| amax{d(fx,, fry+1, u), d(fe,41, Txy,, )}
—_— |t bmax{d(fxn’ Txn’ ) d(fxn+l’ Txn+l’ ) d(fxn+l’ Txn’ M)}
atb+c+h
+ Cd(f Txn+l u) + hd fxn+l Tx
amax{d(fx,, Tx,, u), d(fr,e1, Txper, u
1 +bmax{d(fx,, Tx,, u), d(fep+1s Txn+1’
a+b+c+h| +cd(fx,, Txyep, Tx,) + cd(fxn, Tx,, u
+ cd(Tx, 41, Tx,, u

=F

amax{d(fx,, Tx,, u), (fxn+1’ Txp+1, u
+ bmax{d(fx,, Tx,, u), d(fx,+1, Txn+1’
a+b+c+h| +cd(fx, Tx,e. Tx,) + cd( fxn, Tx,, u
+cd(Tx, 41, Tx,,, u
amax{d(fx,, Tx,, u), d(fr,e1, Txper, u
W atbtcth +bmax{d(fx,, Tx,, u), d(fip+1s Txn+1’ }
+ cld(fins Ty, u) + d(fryars Txyars u

amax{d(fx,, Tx,, u), d(f,+1> Tx,+1,
o ———— atbtcth + b max{d(fx,, Tx,, u), d(fr,41, Txn+1’ }
+ C[d(fxn’ Txn’ ) + d(fxnﬂ’ Txn+l’

Earthline J. Math. Sci. Vol. 2 No. 1 (2019), 191-206
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. amax{d(fx,, Tx,, u), d(fc,+1, Tx,4+1, )}
S| ———— | +bmax{d(fx,, Tx,, u), d(fr 41> Txpe1> )} | |- 4)
atb+ct+h
+ C[d(fxn’ Txy, ”) + d(fxnﬂ’ Txp4y u)]

Suppose that, for some n, d(fx,+1, Tx,+1, 1) > d(fx,, Tx,, u), then from (3), we have
W(d(feps1s Txpar, u))
= "I"(d(Txn’ Txn+1’ u))

[ 1 { ad( fxn+1, Tpa1s u) + bd(frper, Txpey, ) D

atb+c+h|+ C[d(fxn+l’ Txp 41 u) + d(fxn+l’ Txy+1 ”)]

( 1 [ ad(fp 1. Trpars ) + bd(fipar, Trpar, u) D

atb+c+h|+ C[d(fxnﬂ’ Txn+l’ u) + d(fxn+l’ Txn+1’ u)]

<F

IA

( |: ad(fxnﬂ’ Txp4p, u ) + bd(fxnﬂ’ Tx) 415 u) :D
atb+c+h|+ C[d(fxn+1’ Txn+19 ) + d(fxn+1’ Txn+1’ u)]

a+b+2€
a+b+c+h

1
-E

(fxn+1 s Txn+l’ ”))

lp(d(fxn+1’ Txn+1 4 ))

So,
atb+c+h

w[“—”’d(fxn+z, fnets u)) =0,

or

¢(“—”’d(fxn+2, Fon. u)j =0,

atb+c+h

thus d(fx,+2, fx,+1,4) =0, a contradiction. Hence we must have, d(fx,+1, Tx,+1, i)

< d(fx,, Tx,, u), or equivalently,
d(Tx,, Tx, 41, u) < d(Tx,—y, Tx,,, u). (5)
On applying inequality (2) again and evaluating a, b, ¢ at (x,_;, x,), we have
W(d (Vs Yae1s 1))

= w(d(Txn—l’ Txn’ u))
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1 amax{d(fx,-1, fr,, u), d(fxy, Tx,-1, u)}
————— | +bmax{d(fx,—1. Tx,-1, u), d(fr,, Txy, u), d(fxy, Tpog, u} | |
atb+c+h
+cd( fp—1, Ty, u) + hd(fx,, Ty, 1)
<F
amax{d(fx,_;, fx,,u), d(fx,, Tx,, u)}
o ———— | +bmax{d(fx,_1, Tx,—1, u), d(fx,, Tx,, u), d(fx,, Tx,—1, u)}
atb+c+h
+ Cd(fxn—l’ TIxy, u) + hd(fxn’ Txy-y, u)
amax{d(Tx,—>, Tx,_1, u), d(Tx,_q, Tx,, u)}
Y| — prT— + bmax{d(Tx,_,, Tx,_1, u), d(Tx,_1, Tx,, u)} ||,
+cd(Tx,—o, Tx,,, u)
=F
amax{d(Tx,_, Tx,_;, u), d(Tx,_;, Tx,, u)} |
o ———— P +bmax{d(Tx,_5, Tx,_, u), d(Tx,_;, Tx,, u)}
+cd(Tx, -, Tx,,, u) |
of— L ad(Tx,—, Tx,—y, u) + bd(Tx, -5, Tx,—1, )
a+b+c+h +cd(Tx, -, Tx,,, u) ’
=F
d(Tx,—p, Tx, -1, u) + bd(Tx,—5, Tx,—1, )
a+b+c+h +cd(Tx,—y, Tx,, u)

On applying inequality (2) again and using (3), (5) and by triangular inequality, we get
qJ(d(Txn—29 Txn’ u))

G amaldUes fo. ) dU T, )
il ecel +b max{d(fr,_s, Tx,_o, 1), d(fxﬁ, Tx,, u), d(fx,, Tx,_n, u)} ||,
=F + E[d(fxn—Z’ Txn’ u) + hd(fxn’ Txn—2’ u)]

a max{d(Tx, 3, Tx, -1, u), d(Tx,_y, Tx,, u)}
+ I;max{d(Txn_3, Tx, o, u), d(Tx,_y, Tx,, u), d(Tx,_, Tx,—2, u)} | |,
+ E[d(Txn—3’ Txy, u) + d(Txn—l’ Txp-2, ”)]
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i d(Txn—3’ Txn—Z’ Txn—l) ]
amax{+d(Tx,—3, Tx,—, u) + d(Tx, -5, Tx 1, u),
1 d(Tx,—;, Tx,, u)
v a+b+c+h|t l;max{d(Txn_3, Tx,—n, u), d(Tx,—1, Tx,, u), d(Tx,—, Tx,—p, u)} |
+ E[d(Txn—37 Txn—27 Txn) + d(Txn—37 Txn—27 “)
L + d(Txn—Z’ Txy, ”) + d(Txn—l’ Txp—2, ”)] J
<F
i d(Txn—S" Txp-2, Txn—l) 1
amax{+d(Tx,—3, Tx,—, u) + d(Tx, -5, Tx,—1, u),
1 d(Tx,—;, Tx,, u)
¢ a+b+c+h|+bmax{d(Tx,_s, Tx,_y, u), d(Tx,_1, Tx,, u), d(Tx,_1, Tx, 5, u)}
+ E[d(Txn—3’ Txn—27 Txn) + d(Txn—3’ Txn—27 “)
L + d(Txn—Z’ Txy, u) + d(Txn—l’ Txp—2, ”)] J

— d(Txn—3’ Tx;—2, Txn—l) + d(Txn—3’ Tx; -2, “)
a max
7 +d(Tx,_o, Tx,_y, u), d(Tx,_y, Tx,, u)
+ b max{d(Tx,_3, Tx,—n, u), d(Tx,_y, Tx,, u), d(Tx,—1, Tx,—p, u)} ||,
+ E[d(Txn—3’ Tx; -2, Txn—l) + d(Txn—3’ Txyy Txn)
+ d(Txn—Z’ Txp-1, Txn) + d(Txn—B7 Txp—, u)]

o)

a max{d(Tx,_3, Tx,—p, u) + d(Tx,—o, Tx,_1, u), d(Tx,—;, Tx,, u)}

i

1
<F|l |a+b+c+h

" _ 1 _ + I;max{d(Txn_3, Tx,—n, u), d(Tx,—y, Tx,, u), d(Tx,—1, Tx,—, u)}
=fF| |a+tb+c+h +cld(Tx,—3, Tx,—y, Tx,, ) + d(Tx,,_3, Tx,,_», t) ’
+ d(Txn’ Txn—l’ u) + d(Txn—2’ Txn—l’ ”)]
o)
a max{2d(Tx,—3, Tx,—5, u), d(Tx,—3, Tx,—, u)}
" _ 1 _ + Emax{d(Txn_3, Txy—n, u), d(Tx,—3, Txp—r, u), d(Tx,—3, Tx,—, u)}
<F a+b+c+h +E[d(Txn_3, Txn_2, I/t)+d(T)Cn_3, T)Cn_2, M) ’
+ d(Txn—S’ Txp—2, u) + d(Txn—S’ Txp—, M) + d(Txn—f‘}’ Txp—y, Txy )]
o)
20@+b+c)-b 1
<F = —d(Tx, 2, Tx,_»,u) |, )| ——=—=d(Tx, 2, Tx,_», u
(UJ( ot (T, 3. Ty )j ¢(E+b+E+h (T, 3. Ty )D

2-b 1
SF ?T _,T - 9 ?dT _,T - .
(w(5+b+6+h(x"3 xnzu)]¢(5+b+6+h (Tx,-3 anM))]
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This implies that

(T . T, ) < F[w[ d{Ty. Ty, u)}

1
¢(m d(Tx,—3, Txy 5, U)D

2-b
< ?d’]‘ _,T -, N
lIJ(_ h+c+h (xn3 Xn-2 u)]

where @, b, ¢ are evaluated at (x,_, x,,).
At the bottom line of the above inequality, d(Tx,,_3, Tx,_, Tx, ) = 0.
Because, let d(Tx,-3, Tx,—1, Tx,) # 0, then applying (4), we get
d(Tx, -3, Tx, -1, Tx,) = d(Tx,—1, Tx,,, Tx,-3)
< ama{d{foy 1, Tp1, Ty 3), d{fy, Ty T3}
b mas{d(f 1, Tyt Ty 3), d(fys T T3}
+ld(fry-1, Txp-1, Tp—3) + d (., Ty, Tx,-3)]
< amax{d(Tx,—y, Tx, -1, Tx,—3), d(Tx,,—1, Tx,, Tx,-3 )}
+bmax{d(Tx,—o, Tx,-1, Tx,—3), d(Tx,—1, Tx,, Tx,—3)}
+ld(Txy—p, Ty, Txy—3) + d(Tx,,-, Ty, T -3)]
=(a+b+c)d(Tx,-y, Tx,, Tx,-3)
<d(Tx,-y, Tx,, Tx,—3).
A contradiction. Thus, d(Tx,_3, Tx,—, Tx,) = 0.
Using (5), (5) and (6), we get
d(Tx,—, Tx,, u)
=d(yp> yn+1> u)

< ad(Tx,_y, Tx,—1, u) + bd(Tx, 5, Tx,_y, u) + c[(2 = b)d(Tx, 3, Tx,—5, u)]

Earthline J. Math. Sci. Vol. 2 No. 1 (2019), 191-206
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< ad(Tx,—3, Txy—n, u) + bd(Tx,—3, Tx,—o, u) + (2 —l;)d(Txn_3, Tx,_,u)
=(a+b+2c)d(Tx,—3, Tx,—», u) = bcd(Tx,_3, Tx, 5, 1)
<(1- l;c)d(Txn_3, Tx, o, u)

s (1 - By)d(Txn—39 Txp-2, Lt)

n
< (1-By)2d(yo, y1, u).
Hence {y,} is a Cauchy sequence.

For case (a) and (b), suppose that X is complete. Then Cauchy sequence {y,} will

converge to a point p in X.
Case (a): Since fis surjective, there exists a point z in X such that p = fz.
Now applying inequality (2), we get
d(fz, Tz, u)
= d(ny Yn+1» u) + d(fz, Iz, yn+l) + d(TZ’ Yn+1» ”)
< d(fz, Y10 1) + d(fz, T2, Y1) + d(Tx,,, Tz, u)
<d(fz. yper. u) +d(fz. Tz, yp) + alx, y)max{d(fr,. fz, u). d(fz. Tz u)}
+b(x, y)max{d(fx,, Ty, u), d(fz, Tz, u), d(fz, Tx,, u)}
+c(x, y)d(fy, Tz, u) +d(fz. Txy, u)]

< sup {a(x, y)+c(x, y)} Cmax{max{d(fx,, fz, u), d(fze, Tz, u)}, d(fz, fipsr, ul}
x, yOX

{max{d(fxn, frpers u), d(fz, Tz, u), d(fz, frp+1s u)},}

+ sup {b(x, y)+c(x, y)} Gnax d(fxn, To )+ d(f. o 0)

x, yOOX
Taking the limit as n — oo, we have
d(fz, Tz,u)<supx, yOX(b+c)d(fz, Tz, u) <d(fz, Tz, u),

implies that fz =Tz.
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Case (b): Since fis continuous and f, T are compatible, we have
lim fy, = fp, lim fx, = lim Tx,, = lim y,+; = p,
n— o n — 00 n — 00 n — oo

and hence

lim d(fon,fon,u) =0. (7)

n— oo
By above results, we have

d(fp, Tp, u)
< d(fo, fpe1s Ip) + d(fo. frners ) + d(fypa, u, Tp)
<d(fp, fp+1- Tp) *+ d(fo, fpers u) +d(Ip, Tfx,., u)
<d(fp, fp+1: Tp) + d(fo, fp+1s u)
+amax{d(ffx,. fp, u), d(fp, Tp, u}}
+bmax{d(ffx,, Ifx,, u), d(fp, Tp, u), d(fp. Tfx,, u)}
+cld(ffxy, Tp, u) + d(fo, Tfx,, u)]
<d(fp. fin+1: Tp) +d(fp. fyn+r. u)

d(ffxy, fo.u), d(fp, Tp, u),
+ sup [a(x, y) +b(x, y)+c(x, y)]|(maxsd(f,. Tfx,. u), d(fp. Tp, u),
xyox d(fp, Tfx,, u)

+d(ffey. Tfey, u), d(fp. Tp, u), d(fp, Tfx,, u)).
Now we have

d(ffxn, Tey, u) < d(f,, fTx,, u)+d(fTx,, Tfx,, u) +d(ffx,, Tfx,, Tfx,).
Using the continuity of f and the compatibility of f and T, it follows that

lim d(ﬁ”xn,fon, u) =0, lim d(ﬁ”xn, fx,, u) =0. (8)

n-— oo n—o

lim ffx, = fp, implies that lim Tfx, = fp.
1 — 00

n— o
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Taking limit as n — o and using the inequality (6) and (7), we get

d(fp.Tp,u)< sup [a(x, y) +b(x, y)+c(x, y)|d(fp, Tp, u), implies that fp =Tp.
x, yOX

Case (c): In this case, pO f(X). Let zOf 'p, then p = fz, and the proof is
completed by Case (a).

To establish uniqueness, suppose that g is another coincidence point of f and 7. Then

from (2) with a, b, c evaluated at (p, g), we have
d(Tp, Tq, u) < amax{d(fp, fq, u). d(fp. Tq, u}}
+bmax{d(fp, Ip, u), d(fq. Tq, u), d(fq. Tp, u)}
+cld(fp, Tq. u) +d(fq. Tp, u)]
<(a+b+2c)d(Tp, Tq, u).
Hence Tp =Tg.

Corollary 2.1. Let (X, d) be a complete 2-metric space and T be a self map of X
satisfying (2) with f =1, the identity mapping on X. Then T has a unique fixed point

and at this fixed point T is continuous.

Proof. The existence and uniqueness of the fixed point comes from Theorem 2.1 by

setting f = 1. To prove continuity at the unique fixed point p, we apply inequality (2),

where a, b, c are evaluated at (y,,, p).
d(Ty,, p,u)=d(Ty,. Tp, u)
< amax{d(y,. p.u). d(p, Ip, u}
+bmax{d(y,. Ty, u). d(p. Tp, u). d(p. Ty,. u}
+cld(yy. Tp, u) + d(p, Ty,, u)].
Taking limit as n — oo yields

lim a’(Tyn, 22 u)s (b+c) lim a’(p, Ty,. u) < lim d(p, Ty,. u)

n— o n— o n— o

a contradiction. Therefore, lim, Ty, = p =1p.
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Remark 2.1. Our condition (2) includes condition (1) of [7] if we define, with
f =1 the identity mapping,

. v, ) = man{ d (s v, (s 7 (o Ty ) LA Ty, 0) + (. 7 )l

For each x, yJ X such that
m(x, y, u) = max{d(x, Tx, u), d(y, Ty, u)},
define a(x, y) =0, b(x, y)=a+b, c(x, y)=c.

For each x, yJ X such that

m(x, v, u) = =[d(x, Ty, u) + d(y, Tx, u)),

N | =

define a(x, y) =0, b(x, y) = b, c(x, y) =a +2c.
Hence our Theorem 2.1 is a proper generalization of [7].
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