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Abstract

In [1], the authors introduced the interpolative Ciric-Reich-Rus operator in Branciari metric space
and obtained some fixed point theorems. In [2], an alternate characterization of the interpolative
Ciric-Reich-Rus operator was given, and some fixed point theorems were obtained. In the present
paper, we consider the alternate interpolative Ciric-Reich-Rus operator is an F -contraction [3], and
obtain a fixed point theorem.

1 Introduction and Preliminaries

Notation 1.1. [3] Ξ will denote the class of all mappings F : R+ 7→ R satisfying

(a) F is strictly increasing, that is, for all α, β ∈ R+ such that α < β, F (α) < F (β).

(b) For each sequence {αn}n∈N of positive numbers limn→∞ αn = 0 if and only if limn→∞ F (αn) = −∞.

(c) There exists k ∈ (0, 1) such that limα→0+ αkF (α) = 0.

Example 1.2. [3] The following are elements of Ξ

(a) F (α) = ln(α).

(b) F (α) = ln(α) + α.

(c) F (α) = −1√
α
, where α > 0.

(d) F (α) = ln(α2 + α), where α > 0.

Received: April 2, 2025; Accepted: May 30, 2025; Published: June 16, 2025
2020 Mathematics Subject Classification: 47H10, 54H25.
Keywords and phrases: F -contraction, alternate interpolative Ciric-Reich-Rus contraction, fixed point theorems.
*Corresponding author Copyright © 2025 the Author



750 Clement Boateng Ampadu

Definition 1.3. [3] Let (X, d) be a metric space. A mapping T : X 7→ X is said to be an F -contraction
if there exists τ > 0 and F ∈ Ξ such that

d(Tx, Ty) > 0 =⇒ τ + F (d(Tx, Ty)) ≤ F (d(x, y)).

Theorem 1.4. [3] Let (X, d) be a complete metric space, and let T : X 7→ X be an F -contraction. Then
T has a unique fixed point x∗ ∈ X, and for every x0 ∈ X the sequence {Tnx0}n∈N is convergent to x∗.

Definition 1.5. [1] Let (X, d) be a Branciari distance space. A self-mapping T on X is called an
interpolative Ciric-Reich-Rus type contraction, if there are λ ∈ [0, 1) and positive reals α, β with α+β < 1

such that
d(Tx, Ty) ≤ λd(x, y)βd(x, Tx)αd(y, Ty)1−α−β

for all x, y ∈ X\Fix(T ).

Theorem 1.6. [1] Let T : X 7→ X be an interpolative Ciric-Reich-Rus type contraction on a complete
Branciari distance space (X, d). Then T has a fixed point in X.

Definition 1.7. [2] Let (X, d) be a metric space. A map T : X 7→ X is called an alternate Ciric-Reich-Rus
operator if there exists λ ∈ (0, 1) such that

d(Tx, Ty) ≤ λd(x, y)
1
3d(x, Tx)

1
3d(y, Ty)

1
3

for all x, y ∈ X\Fix(T ).

Theorem 1.8. [2] Let (X, d) be a metric space. Suppose T : X 7→ X is an alternate interpolative
Ciric-Reich-Rus operator, that is, there exits λ ∈ (0, 1) such that

d(Tx, Ty) ≤ λd(x, y)
1
3d(x, Tx)

1
3d(y, Ty)

1
3

for all x, y ∈ X\Fix(T ). If X is complete, then the fixed point exists.

Definition 1.9. [4] Let (X, d) be a metric space. We say T : X 7→ X is an interpolative Berinde weak
operator if it satisfies

d(Tx, Ty) ≤ λd(x, y)αd(x, Tx)1−α

where λ ∈ [0, 1) and α ∈ (0, 1), for all x, y ∈ X, x, y /∈ Fix(T ).

Alternatively, the interpolative Berinde weak operator is given as follows

Definition 1.10. [4] Let (X, d) be a metric space. We say T : X 7→ X is an interpolative Berinde weak
operator if it satisfies

d(Tx, Ty) ≤ λd(x, y)
1
2d(x, Tx)

1
2

where λ ∈ [0, 1), for all x, y ∈ X, x, y /∈ Fix(T ).
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Theorem 1.11. [4] Let (X, d) be a metric space. Suppose T : X 7→ X is an interpolative Berinde weak
operator. If (X, d) is complete, then the fixed point of T exists.

Definition 1.12. [5] Let (X, d) be a metric space. A mapping T : X 7→ X is called an F -interpolative
Berinde weak contraction if there exists τ > 0 and F ∈ Ξ such that

d(Tx, Ty) > 0 =⇒ τ + F (d(Tx, Ty)) ≤ F (d(x, y)
1
2d(x, Tx)

1
2 ).

Theorem 1.13. [5] Let (X, d) be a complete metric space, and let T : X 7→ X be a continuous
F -interpolative Berinde weak contraction. Then T has a fixed point x∗ ∈ X, and for every x0 ∈ X,
the sequence {Tnx0}n∈N is convergent to x∗.

2 Main Result

Definition 2.1. Let (X, d) be a metric space. A mapping T : X 7→ X will be called an F -alternate
interpolative Ciric-Reich-Rus contraction if there exists τ > 0 and F ∈ Ξ such that

d(Tx, Ty) > 0 =⇒ τ + F (d(Tx, Ty)) ≤ F

(
1

2
1
3

d(x, y)
1
3d(x, Tx)

1
3d(y, Ty)

1
3

)
.

Example 2.2. Let F : R+ 7→ R be given by the formula F (α) = ln(α). Observe that F satisfies (a), (b),
and (c) of Notation 1.1. for any λ ∈ (0, 1). Each mapping T : X 7→ X satisfying the implication in the
previous definition is an F -alternate interpolative Ciric-Reich-Rus contraction such that

d(Tx, Ty) ≤ e−τ

2
1
3

d(x, y)
1
3d(x, Tx)

1
3d(y, Ty)

1
3

for all x, y ∈ X\Fix(T ), Tx ̸= Ty. Note that for all x, y ∈ X\Fix(T ), such that Tx = Ty, the inequality

d(Tx, Ty) ≤ e−τ

2
1
3

d(x, y)
1
3d(x, Tx)

1
3d(y, Ty)

1
3

still holds, that is, T is an alternate interpolative Ciric-Reich-Rus contraction [2].

Theorem 2.3. Let (X, d) be a complete metric space, and let T : X 7→ X be a continuous F -alternate
interpolative Ciric-Reich-Rus contraction. Then T has a fixed point x∗ ∈ X, and for every x0 ∈ X, the
sequence {Tnx0}n∈N is convergent to x∗.

Proof. Let x0 ∈ X be arbitrary and fixed. Define a sequence {xn}n∈N ⊂ X by xn+1 = Txn, n = 0, 1, 2, · · · .
Denote γn = d(xn, xn+1) for n = 0, 1, 2, · · · . If there exists n0 ∈ N for which xn0+1 = xn0 , then xn0 is a
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fixed point of T , and the proof is finished. So we assume xn ̸= xn+1 for all n ∈ N. Then γn > 0 for all
n ∈ N. Since T is an F -alternate interpolative Ciric-Reich-Rus contraction, we deduce the following

τ + F (γn) = τ + F (d(Txn−1, Txn))

≤ F

(
1

2
1
3

d(xn−1, xn)
1
3d(xn−1, Txn−1)

1
3d(xn, Txn)

1
3

)
≤ F

(
1

2
1
3

d(xn−1, xn)
1
3d(xn−1, xn)

1
3d(xn, xn+1)

1
3

)
≤ F

(
1

2
1
3

d(xn−1, xn)
2
3 (d(xn, xn−1) + d(xn−1, xn+1))

1
3

)
≤ F

(
1

2
1
3

d(xn−1, xn)
2
3 (2d(xn, xn−1))

1
3

)
≤ F (d(xn−1, xn))

≤ F (γn−1)

which implies
F (γn) ≤ F (γn−1)− τ ≤ F (γn−2)− 2τ ≤ · · · ≤ F (γ0)− nτ.

The above implies that limn→∞ F (γn) = −∞. It now follows from (b) of Notation 1.1, that limn→∞ γn = 0.
From (c) of Notation 1.1, there exists λ ∈ (0, 1) such that limn→∞ γλnF (γn) = 0. Since

F (γn) ≤ F (γn−1)− τ ≤ F (γn−2)− 2τ ≤ · · · ≤ F (γ0)− nτ

we deduce the following

γλnF (γn)− γλnF (γ0) ≤ γλn(F (γ0)− nτ)− γλnF (γ0)

= −γλnnτ

≤ 0.

Since limn→∞ γn = 0 and limn→∞ γλnF (γn) = 0. If we take limits in the above inequality, we deduce that
limn→∞ nγλn = 0. This suggests that there exists n1 ∈ N such that nγλn ≤ 1 for all n ≥ n1. Consequently,
we have

γn ≤ 1

n
1
λ

for all n ≥ n1. Now we show that {xn} is Cauchy. Consider, m,n ∈ N such that m > n ≥ n1. From the
definition of the metric and the above inequality we get

d(xm, xn) ≤ γm−1 + γm−2 + · · ·+ γn

≤
∞∑
i=n

γi

≤
∞∑
i=n

1

i
1
λ

.
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Since
∑∞

i=n
1

i
1
λ

is convergent, it follows from the above inequality that {xn} is a Cauchy sequence. From
the completeness of X, there exists x∗ ∈ X such that limn→∞ xn = x∗. Finally, since T is continuous, we
deduce the following

d(Tx∗, x∗) = lim
n→∞

d(Txn, xn) = lim
n→∞

d(xn+1, xn) = 0

which implies that x∗ is a fixed point of T , and the proof is finished.
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