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Abstract

Herein, we investigate the uncertainty and sensitivity analysis of the effective reproduction number

belonging to a tuberculosis-schistosomiasis co-infection model which harbours both vaccination and

treatment as espoused by Ako and Omoregie [3]. The results gleaned from some of the contour plots

showed that the impact of the treatment levels for individuals with infectious TB on the burden of

tuberculosis in a population, is largely determined by the efficacy of the BCG vaccine on vaccinated

individuals. Furthermore, just as obtained in Ako [1], the impact of the fraction of individuals

who progress to infectious TB via the fast route is also determined by the proportion of individuals

unvaccinated with the BCG vaccine. Furthermore, contour plots suggest that the effect of the cercarial

production, cercarial penetration, the number of schistosome eggs secreted and the successful conversion

of the eggs to miracidia, on the hardship of tuberculosis in a populace, is predominantly determined

by the medical care levels for individuals with active schistosomiasis. Hence, public health policy

should take into account the level of medical care facilities available. With increasing (and sustained)

treatment rates for schistosomiasis infections, having a large proportion of active schistosomiasis

patients expeditiously receiving medical care will result in a reduction in the disease hardship in the

populace.

1 Introduction

Tuberculosis (TB), engendered by bacteria known as Mycobacterium tuberculosis mostly affects the

pulmonary apparatus, is an airborne disease spread when people with pulmonary TB spit, sneeze or

cough. It is estimated that 10 million persons take ill with TB yearly [44, 46]. Even though TB is both

preventable and curable, about 1.5 million people suffer mortality as a result of contracting the disease
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granting it a status of the world’s number one infectious killer [46]. Specifically, in 2023, 1.25 million

persons died from TB inclusive of 161,000 individuals living with HIV; it was also estimated that 10.8

million took ill with TB globally that same year [44, 46]. TB, obviously, is the leading cause of death

of individuals with HIV/AIDS and is a major purveyor of antimicrobial resistance [46]. TB is found

globally with half of cases found in eight nations: China, Bangladesh, India, Pakistan, Indonesia, Nigeria,

Philippines and South Africa [46]. People infected with the disease have a 5% - 10% lifetime risk of getting

sick with TB [46]. The common symptoms of TB are: chest pain, prolonged cough, weakness or fatigue,

weight loss, fever and night sweats [46].

Schistosomiasis is described as an acute and chronic parasite disease propagated by blood flukes

of the genus Schistosoma and with human infections precipitated by several identified activities that

provide the opportunity for contact with infested water bodies [45]. It was estimated, in 2021, that about

251 million plus persons needed preventive therapy [45, 46]. About 78 nations have reported cases of

schistosomiasis so far [46]. Co-infection/co-endemicity of TB and schistosomiasis have been established

in the literature [1, 2, 23].

Many authors have enriched the literature via mathematical modeling of TB [6, 7, 9, 16, 28, 30–34, 43]

and schistosomiasis [10, 12, 13, 15, 17, 18, 21, 22, 24, 27, 35–37, 39, 40, 49], respectively. However, Ako and

Olowu pioneered the mathematical modeling and analysis of TB-schistosomiasis co-infectionm [2]. Ako

and Omoregie [3] further introduced and investigated the impact of vaccination and treatment to the work

of [2]. Currently, in this study, we seek to carry out uncertainty and sensitivity analysis of some significant

parameters viz-á-vis the effective reproductive ratio computed for the work of Ako and Omoregie [3] [8,11].

This article is organized as follows: we review the model formulation in [3] in Section 2. Section 3

has to do with both the qualitative and quantitative mathematical analysis of the effective reproduction

number. Uncertainty and sensitivity analysis of some significant parameters of the effective reproduction

number are treated in Section 4. Section 5 gives the conclusion.

2 Model Formulation [3]

At this juncture, we consider the tuberculosis-schistosomiasis co-infection model with imperfect TB (BCG)

vaccine and treatment developed by [3]. The complete human population at time t, given by NH(t), is

split into sixteen mutually exclusive categories comprising of individuals susceptible to infections (SH(t)),

vaccinated with BCG (VT (t)) , humans vaccinated with BCG and exposed to schistosomiasis (VTS(t)), with

latent TB but not infectious (EHT (t)), infectious TB (IHT (t)), exogenously re-infected with TB (IRT (t)),

treated for TB (THT (t)), exposed to schistosomiasis (EHS(t)), infected with schistosomiasis (IHS(t)),

treated for schistosomiasis (THS(t)), exposed to TB, exposed to schistosomiasis (ETS(t)), with active
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TB, exposed to schistosomiasis (IST (t)), exogenously re-infected with TB, exposed to schistosomiasis

(IRS1(t)), exposed to TB, with active schistosomiasis (EST (t)), exogenously re-infected with TB and

active schistosomiasis (IRS2), and with infectious TB, active schistosomiasis (ITS(t)) humans remain the

same, such that the total human population is represented by

NH(t) = SH(t) + VT (t) + VTS(t) + EHT (t) + IHT (t) + IRT (t) + THT (t)

+ EHS(t) + IHS(t) + THS(t) + ETS(t) + IST (t) + IRS1(t)

+ EST (t) + IRS2(t) + ITS(t).

(2.1)

Incorporating the pathogen responsible for schistosomiasis into the co-infection dynamics, we assume

that the miracidia and cercariae population at the different stages in the life-cycle of the Schistosoma spp

are depicted by L(t) and J(t) compartments respectively. Next, we incorporate the intermediary hosts,

freshwater snails, for the pathogen responsible for schistosomiasis in the model formulation. We presume

that the entire snail populace in the freshwater environment at time t, given by NS(t), is broken down

into the jointly exclusive classes of susceptible snails (SS(t)) and snails penetrated with miracidia (IS(t)),

where

NS(t) = SS(t) + IS(t). (2.2)

The parameters unique to vaccination model are assembled in Table 2, whereas the numerical sizes and

ranges of the parameters used for the simulation on the model (2.3) are showcased in Tables 4 and 5,

respectively.
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S′
H = ωΛH + θV VT − λTSH − λJSH − µHSH ,

V ′
T = (1− ω)ΛH − λJVT − (1− ϵ1)λTVT − (θV + µH)VT ,

V ′
TS = λJVT − ζTSλTVTS − µHVTS ,

E′
HT = (1− p)λT (SH + ξTHT + THS) + (1− ϵ1)λTVT + ζS1EST

− (1− π1)λTEHT − λJEHT − (κ1 + µH)EHT ,

I ′HT = pλT (SH + ξTHT + THS) + κ1EHT + ζS3ITS − λJIHT

− (ζT + δT + µH)IHT ,

I ′RT = (1− π1)λTEHT + ζS2IRS2 − λJIRT − (ζR + δR + µH)IRT ,

T ′
HT = ζT IHT + ζRIRT − ξλTTHT − λJTHT − µHTHT ,

E′
HS = λJ(SH + THT + ψTHS) + ζT1IST + ζR1IRS1 − η1λTEHS

− (α1 + µH)EHS ,

I ′HS = α1EHS + ζT2IRS2 + ζT3ITS − η2λT IHS − (ζS + δS + µH)IHS ,

T ′
HS = ζSIHS − λTTHS − ψλJTHS − µHTHS ,

E′
TS = (1−m)η1λTEHS + λJEHT + ζTSVTSλT − (1− π2)λTETS

− (α2 + κ2 + µH)ETS ,

I ′ST = mη1λTEHS + λJIHT + λJIRT + κ2ETS − (ζT1 + σ + χ1δT + µH)IST ,

I ′RS1 = (1− π2)λTETS − (α3 + ζR1 + τ1δR + µH)IRS1,

E′
ST = (1− f)η2λT IHS + α2ETS − (1− π3)λTEST − (ζS1 + κ3 + v1δS + µH)EST ,

I ′RS2 = (1− π3)λTEST + α3IRS1 − (ζT2 + ζS2 + τ2δR + v2δS + µH)IRS2,

I ′TS = fη2λT IHS + κ3EST + σIST − (ζT3 + ζS3 + χ2δT + v3δS + µH)ITS ,

L′ = Neγ(IHS + EST + IRS2 + ITS)− µLL,

S′
S = ΛS − λLSS − µSSS ,

I ′S = λLSS − µSIS ,

J ′ = ϕIS − µJJ.

(2.3)

where

λT =
βT (IHT +ΘRT IRT +ΘRS1IRS1 +ΘRS2IRS2 +Π1IST +Π2ITS)

NH
,

λJ =
βJJ

J0 + ϵJ
, λL =

βLL

L0 + ϵL
.

(2.4)
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Table 1: Description of state variables of the model (2.3) [3].

State Variables Description

SH(t) Susceptible human population

VT Human population vaccinated with BCG

VTS Human population vaccinated with BCG and exposed to schistos-

omiasis

EHT (t) Human population with dormant TB

IHT (t) Human population with virulent TB

IRT (t) Human population exogenously infected with TB

THT (t) Human population treated for TB

EHS(t) Human population unprotected against schistosomiasis

IHS(t) Human population contaminated with schistosomiasis

THS(t) Human population cured of schistosomiasis

ETS(t) Human population unprotected against both TB and schistosomiasis

IST (t) Human population with active TB and unprotected against schistosomiasis

IRS1(t) Human population externally infected with TB and unprotected against

schistosomiasis

EST (t) Human population unprotected against TB and virulent schistosomiasis

IRS2(t) Human population externally infected with TB and active

schistosomiasis

ITS(t) Human population with contagious TB and active schistosomiasis

L(t) Miracidia (parasite larvae immediately after hatching from the eggs)

population

SS(t) Susceptible snail populace

IS(t) Snail populace contaminated with miracidia in the marine environment

J(t) Cercariae (larvae in the water that pierces the human skin) populace

3 Local Asymptotic Stability of Disease-Free Equilibrium (DFE) [3]

The model system (2.3) in [3] has a DFE given by

Eo = (S∗
H , V

∗
T , V

∗
TS , E

∗
HT , I

∗
HT , I

∗
RT , T

∗
HT , E

∗
HS , I

∗
HS , T

∗
HS , E

∗
TS , I

∗
ST , I

∗
RS1, E

∗
ST ,

I∗RS2, I
∗
TS , L

∗, S∗
S , I

∗
S , J

∗)

= (
(θV + ωµH)ΛH

(θV + µH)µH
,
(1− ω)ΛH

(θV + µH)
, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,

ΛS

µS
, 0, 0).
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Table 2: Description of state variables of the model (2.3) [3]

Parameters Description

ΛH Human recruitment rate

µH Human natural mortality rate

βT TB transmission rate

ξ Reduced rate of infection with TB, ξ ≤ 1

f,m, p Proportion of fast progressors to TB

π1, π2, π3 Exogenous re-infection rates, where 0 ≤ π1, π2, π3 ≤ 1

κ1, κ2, κ3 Endogenous reactivation rates

ζT , ζT1, ζT2, ζT3, ζR, ζR1 Therapeutic rates for TB

δT , δR TB-influenced human death rates

ψ Lowered rate of contagion with schistosomiasis

α1 Advancement rate from dormant to virulently tainted with

schistosomiasis

α2 Advancement rate from unprotected against both TB/schistosomiasis

to unprotected against TB/virulent schistosomiasis

α3 Advancement rate from externally re-tainted with TB-

/unprotected against schistosomiasis to externally re-tainted with TB-

/virulent schistosomiasis

ζS , ζS1, ζS2, ζS3 Therapeutic rates for schistosomiasis

δS Schistosomiasis-influenced human mortality rate

σ Advancement rate from virulent TB/unprotected against schistosomiasis

to virulent TB/virulent schistosomiasis

χ1, χ2 Modification parameters for elevated TB mortality as a consequence

of co-infection

η1, η2 Adjustment parameters for the rate at which humans with

dormant and virulent schistosomiasis are infected with TB

ΘRT ,ΘRS1,ΘRS2 Adjustment parameters for comparative infectiousness of re-infected

humans

Π1,Π2 Adjustment parameters for comparative contagiousness of humans

with virulent TB and dormant/virulent schistosomiasis

τ1, τ2 Modification parameters for elevated TB deaths to external re-tainting

as a result of co-infection

v1, v2, v3 Adjustment parameters for schistosomiasis-induced deaths

ΛS Enrollment rate for snail population

µS Snail mortality rate

ϵ Growth velocity limitation

L0 Saturation constant for the miracidia

βL Miracidial contagion rate

Ne Statistic of eggs excreted by people
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Table 3: Description of state variables of the model (2.3) [3].

Parameters Description

ω Proportion unvaccinated with BCG against TB

1− ϵ1 Reduction in BCG vaccine efficacy

θV Vaccine waning

ζTS Impact of schistosomiasis on the BCG protection against TB, ζTS ≥ 1

It can be shown, employing the next-generation operator method (van den Driessche and Watmough,

2002), that the associated effective reproduction number of the model (2.3), RV
TS , is given by

RV
TS = max

{
RV

HT ,RHS

}
, (3.1)

where

RV
HT =

βT (θV (κ1 + pµH) + µH((1− (1− ω)ϵ1)κ1 + pωµH))

(κ1 + µH)(ζT + δT + µH)(θV + µH)
,

RHS =

√
α1βJβLΛHΛSNeγϕ

J0L0µHµJµLµ2S(α1 + µH)(ζS + δS + µH)

are the effective reproduction number for TB and schistosomiasis, respectively.

Utilising Theorem 2 in van den Driessche and Watmough (2002), we establish the following conclusion:

Lemma 3.1. The DFE E0 is locally asymptotically stable (LAS) in D if RV
TS < 1 and unstable if RV

TS > 1.

The threshold quantity, RV
TS , is a measure of the average number of secondary infections engendered

by a single infected person in a wholly susceptible population, where a fraction of the susceptible human

population is vaccinated using an imperfect TB (BCG) vaccine.

3.1 Analysis of RV
TS

Analysis of the threshold quantity, RV
TS , with respect to some key parameters (ω, ζT , ζS , Ne, γ, ϕ, J0 and

L0) is investigated by considering the partial derivatives of RV
TS corresponding to these parameters.

Earthline J. Math. Sci. Vol. 15 No. 5 (2025), 849-872
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3.1.1 Analysis of RV
HT

Calculating the partial derivatives of RV
HT with respect to some of the parameters under scrutiny (ω and

ζT ) exposes the consequence of these parameters on TB regulation in the populace. This gives

∂RV
HT

∂ω
=

βT ϵ1κ1µH
(θV + µH)(κ1 + µH)(ζT + δT + µH)

> 0. (3.2)

Apparently, it ensues from (3.2) that the partial derivative is greater than zero, unconditionally. Hence,

the proportion of unvaccinated susceptible individuals will have a negative impact in decreasing the

burden of TB in the community, regardless of the values of the other parameters in the expression on the

right-hand side of (3.2) .

∂RV
HT

∂ζT
= −

RV
HT

(ζT + δT + µH)
< 0. (3.3)

Certainly, it follows from (3.3) that the partial derivative is negative, unconditionally. Thus, effective

treatment rate of TB at the phase of infection will exert a positive impact in decreasing the burden of TB

in the community, irrespective of the values of the other parameters in the expression on the right-hand

side of (3.3).

Further analysis of RV
HT yields

lim
ω→0

ζT→∞

RV
HT = 0 (3.4)

The limit in (3.4) demonstrates the impact of a TB regulation plan that concentrates on adequate

vaccination of a very sizeable proportion of the susceptible individuals with BCG with very high efficacy,

prompt treatment of humans with active TB.

From the analysis of RV
HT as seen in (3.2) - (3.3) and (3.4), respectively, we obtain the following

results:

Lemma 3.2. The effective treatment rate (ζT ) for the infectious stage of infection, as a result of fast

progression, will exert a positive impact in decreasing the TB burden in a populace, regardless of the values

of the other parameters in the effective reproduction number; whereas, the proportion of unvaccinated

susceptible individuals with BCG vaccination rate (ω) will exert a negative impact in reducing the TB

burden in a populace. Hence, any intervention strategy which concentrates on vaccination a larger fraction
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of the susceptible population and prompt and effective treatment of infectious TB cases will exert a positive

effect on decreasing the overall TB burden in the populace.

Further analysis of the threshold quantity, RV
HT , is carried out by investigating its sensitivity to

certain key parameters, namely: the treatment rate (ζT ), the proportion of unvaccinated individuals (ω),

the BCG vaccine efficacy (ϵ1), as well as the fraction or proportion of fast progressors to TB (p). Hence ,

we examine the contour plots (Figures 1 - 2) of RV
HT as functions of ζT , βT , κ1 and p. The values of the

parameters used for generating the contour plots are obtained from Tables 4 and 5.

The plot in Figure 1 indicates that a very high treatment level (ζT = 0.75) and high efficacy of the

BCG vaccine (ϵ1 = 0.9) given that the disease transmission rate is βT = 1.5, is required to eradicate TB

from the population. Effective treatment of about 85% of actively-infected individuals and BCG vaccine

efficacy of about 80% is required to annihilate TB from the population. Any regulatory policy hinged on

the measures presented in Figure 1 will compel RV
HT to acquire a value below unity.

Figure 1: Contour plot of RV
HT as a function of ζT and ϵ1, when ζT = 0.75 and ϵ1 = 0.9 and βT = 1.5.

Figure 2 suggests that it will be extremely difficult to abolish TB from the populace due to the

presence of unvaccinated individuals in the human population (ω = 0.2) and the fraction of individuals

who progress to infectious TB via the fast route (p = 0.1), regardless of intervention via treatment for

cases with active TB and the vaccination of susceptible individuals with the BCG vaccine.

In summary, the results from these contour plots above suggest that the impact of the treatment levels

Earthline J. Math. Sci. Vol. 15 No. 5 (2025), 849-872
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Figure 2: Contour plot of RV
HT as a function of ω and p, when ω = 0.2 and p = 0.1 and βT = 1.5.

for individuals with infectious TB on the burden of tuberculosis in a population, is largely determined

by the efficacy of the BCG vaccine on vaccinated individuals. Furthermore, the impact of the fraction

of individuals who progress to infectious TB via the fast route is also determined by the proportion of

individuals unvaccinated with the BCG vaccine. Hence, public health policy should take into cognisance

the level of treatment facilities for the treatment of infectious TB cases in the population and the

effectiveness of the BCG vaccination programme. With increasing (and sustained) treatment rates for TB

infections, having a large proportion of infectious TB cases expeditiously getting treatment and increasing

(and sustained) vaccination with the BCG vaccine with very high efficacy and very low waning ability

induces a cut-back in the disease load in the population.

3.1.2 Analysis of RHS [1]

Calculating the partial derivatives of RHS as regards the parameters under analysis (ζS , Ne, γ, ϕ, J0 and

L0) reveals, further, the impact of these parameters on schistosomiasis regulation in the populace. This

gives
∂RHS

∂ζS
= − α1βJβLΛHΛSϕNeγ

2J0L0µHµJµLµ2S(α+ µH)(ζS + δS + µH)2RHS
< 0. (3.5)

Certainly, it is obvious from (3.5) that the partial derivative is unconditionally less than zero. Hence,

effective treatment rate of schistosomiasis at the stage of infection will exert a positive effect in decreasing

http://www.earthlinepublishers.com
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the load of schistosomiasis in the populace, regardless of the values of the other parameters in the

expression on the right-hand side of (3.5).

∂RHS

∂Ne
=

α1βJβLΛHΛSϕγ

2J0L0µJµLµ2S(α1 + µH)(ζS + δS + µH)RHS
> 0. (3.6)

However, we observe, from (3.6), that the number of schistososome eggs secreted by infectious human

sub-population will exert a negative effect in decreasing the load of schistosomiasis in the populace,

regardless of the values of the other parameters in the expression on the right-hand side of (3.6).

∂RHS

∂γ
=

α1βJβLΛHΛSϕNe

2J0L0µJµLµ2S(α1 + µH)(ζS + δS + µH)RHS
> 0. (3.7)

We also observe, from (3.7), that the rate at which schistososome eggs (secreted by infectious human

sub-population) favourably develop into miracidia will exert a negative effect in decreasing the load of

schistosomiasis in the populace, regardless of the values of the other parameters in the expression on the

right-hand side of (3.7).

∂RHS

∂ϕ
=

α1βJβLΛHΛSNeγ

2J0L0µJµLµ2S(α1 + µH)(ζS + δS + µH)RHS
> 0. (3.8)

We further observe, from (3.8), that the cercarial production rate (by the infectious snail

sub-population) will exert a negative effect in decreasing the load of schistosomiasis in the populace,

regardless of the values of the other parameters in the expression on the right-hand side of (3.8).

∂RHS

∂J0
= − α1βJβLΛHΛSϕNe

2J0L0µJµLµ2S(α1 + µH)(ζS + δS + µH)RHS
< 0. (3.9)

We also observe, from (3.9), that the saturation constant for the cercariae will exert a positive effect

in decreasing the load of schistosomiasis in the populace, regardless of the values of the other parameters

in the expression on the right-hand side of (3.9).

∂RHS

∂L0
= − α1βJβLΛHΛSϕNe

2J0L0µJµLµ2S(α1 + µH)2(ζS + δS + µH)RHS
< 0. (3.10)

We also observe, from (3.10), that the saturation constant for the miracidia will exert a positive effect

in decreasing the burden of schistosomiasis in the community, irrespective of the values of the other

parameters in the expression on the right-hand side of (3.10).

Earthline J. Math. Sci. Vol. 15 No. 5 (2025), 849-872
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Further analysis of RHS yields

lim
ζS→∞
Ne→0
γ→0

RHS = 0. (3.11)

The limit in (3.11) demonstrates the impact of a schistosomiasis control programme that concentrates

on prompt and effective treatment of individuals with active schistosomiasis, reduction of the volume of

schistosome eggs excreted by infectious individuals and reduction of the rate at which eggs secreted by

infectious humans successfully become miracidia.

lim
ζS→∞
J0→∞
L0→∞

RHS = 0. (3.12)

The limit in (3.12) demonstrates the impact of a schistosomiasis control programme that concentrates

on prompt and effective treatment of individuals with active schistosomiasis and the elimination of both

cercariae and miracidia from the aquatic reservoir that hosts them in the environment.

From the analysis of RHS as seen in (3.5) - (3.10) and (3.11) - (3.12), respectively, we obtain the

following result:

Lemma 3.3. [1] The effective treatment rate (ζS) for the infectious stage of infection of the human

sub-population, reduction of both the number of schistosome eggs secreted and the rate at which the

excreted eggs favourably develop into miracidia, and the elimination of both cercariae and miracidia from

the aquatic reservoir that hosts them in the environment will exert a positive effect in decreasing the

schistosomiasis load among the populace populace, regardless of the values of the other parameters in the

effective reproduction number.

Further analysis of the threshold quantity, RHS , is carried out by investigating its sensitivity to certain

key parameters, namely: the schistosomiasis treatment rate (ζS), the cercarial penetration rate (βJ), the

number schistosome eggs secreted (Ne), the rate at which the eggs become miracidia (γ) well as the

cercarial production rate (ϕ). Hence, we examine the contour plots (Figures 3 - 6) of RHS as functions

of ζS , βJ , Ne, γ and ϕ.

Figure 3 suggests that a low rate of cercarial penetration (ϕ = 28%) and an average rate at which

the schistosome eggs become miracidia (γ = 50%) (in the presence of treatment, with ϕ = 500 and

γ = 0.8468) is needed to abolish schistosomiasis in the populace. All regulatory policies hinged on the

measures presented in Figure 3 will compel RHS < 1.

Figure 4 shows that an average level of the number of schistosome eggs secreted by humans (Ne = 40%)

coupled with an average cercarial production rate (ϕ = 40%), in the presence of treatment (with Ne = 300
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Figure 3: Contour plot of RHS as a function of ϕ and γ [1].

and ϕ = 500), is required to annihilate schistosomiasis in the populace. All regulatory policies hinged on

the measures presented in Figure 4 will compel RHS < 1 .

Figure 4: Contour plot of RHS as a function of Ne and ϕ [3].
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Figure 5 suggests that a moderate treatment level of humans with active schistosomiasis (60%) coupled

with a low schistosomiasis transmission rate (βJ = 1.70) is needed to annihilate schistosomiasis from the

populace. All regulatory policies hinged on the measures presented Figure 5 will compel RHS < 1.

Figure 5: Contour plot of RHS as a function of βJ and ζS [1].

Figure 6 suggests that a high treatment level (ζS = 60−80%) of actively-infected schistosomiasis cases

and a low level of cercarial production rate (ϕ = 19− 22%) are needed to annihilate schistosomiasis from

the populace. All regulatory policies hinged on the measures presented in Figure 6 will compel RHS < 1.

In summary, the results from these contour plots suggest that the impact of the cercarial production,

cercarial penetration, the number of schistosome eggs secreted and the successful conversion of the eggs

to miracidia, on the burden of tuberculosis among the populace, is widely determined by the treatment

levels for humans with active schistosomiasis. Hence, public health policy should take into account the

level of treatment facilities available. With increasing (and sustained) treatment rates for schistosomiasis

infections, having a large proportion of infectious schistosomiasis patients expeditiously getting treatment

will result in a contraction of the disease load among the populace [1].
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Figure 6: Contour plot of RHS as a function of ϕ and ζS [3].

4 Simulations

We investigate, herein, the uncertainty and sensitivity of the parameters of the model system (2.3) [3]

dependent on the effective reproduction number as output function. We also present numerical simulation

results which demonstrates the effect of changing certain key parameters on the total disease incidence in

a population. The work done in this section is based on values of the parameters given in Tables 7 and

8.

4.1 Uncertainty and Sensitivity Analysis

The model system (2.3) has 61 parameters, and it is expected that uncertainties will arise in estimating

parameter values deployed to simulate the model system. To evaluate the extent of these uncertainties

and to locate those parameters that exert the strongest influence on the population dynamics of

tuberculosis-schistosomiasis co-infection in the presence of vaccination with an imperfect BCG vaccine as

a measure of prevention of TB infection.

To achieve this purpose, we carry out local sensitivity evaluation by calculating the sensitivity index,

which is a partial derivative of the output function dependent on the input parameters [20]. Taking the

effective reproduction number, RV
T S as the output function and gi, an input parameter, the sensitivity

Earthline J. Math. Sci. Vol. 15 No. 5 (2025), 849-872
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Table 4: Parameter values (along with ranges) of the system (2.3) [3]

Parameters Values Sample ranges References

µH 0.02041 year−1 [0.0143, 0.03] [41]

ΛH 3 868 900 year−1 [3,000,000, 4,000,000] [14]

βT Variable year−1 [0, 2] Assumed

ζTS 2.5 year−1 [1, 3] Assumed

ξ 0.075 year−1 [0, 1] [16]

p 0.1 year−1 [0.05, 0.3] [38]

f 0.1 year−1 [0, 0.005] [38]

m 0.1 year−1 [0, 3] [38]

π1 0.4 year−1 [0, 1] [16]

π2 0.45 year−1 [0, 1] [16]

π3 0.5 year−1 [0, 1] [16]

k1 0.005 year−1 [0.005, 0.05] [7]

k2 0.005 year−1 [0.005, 0.05] [7]

k3 0.005 year−1 [0.005, 0.05] [7]

ζT 0.75 year−1 [0, 1] Assumed

ζT1 0.75 year−1 [0.5, 1] [30]

ζT2 0.75 year−1 [0.5, 1] [30]

ζT3 0.75 year−1 [0.5, 1] [30]

ζR 0.75 year−1 [0.5, 1] [30]

ζR1 0.75 year−1 [0.5, 1] [30]

ζS 0.23 year−1 [0.2, 0.5] [19]

ζS1 0.23 year−1 [0.2, 0.5] [19]

ζS2 0.23 year−1 [0.2, 0.5] [19]

ζS3 0.23 year−1 [0.2, 0.5] [19]

index can be computed as ∂RV
T S/∂gi. The normalized sensitivity index, Ω

RV
T S

gi , of RV
T S , with respect to

parameter gi at a fixed rate, g0 [?] is

Ω
RV

T S
gi =

∂RV
T S

∂gi
× gi

RV
T S

∣∣∣
gi=g0

. (4.1)

Employing the parameter values in Tables 4 and 5, we proceed to compute the sensitivity indices

employing (4.1). We observe that there are twenty-two (25) parameters in the effective reproduction
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Table 5: Parameter values (along with ranges) of the system (2.3) [3] (cont’d)

Parameters Values Sample ranges References

ω 0.2 year−1 [0, 1] Assumed

θV 0.08 year−1 [0.067, 0.1] [4, 26]

ϵ1 0.9 year−1 [0, 1] Assumed

δT 0.1 year−1 [0, 0.5] [6]

δR 0.1 year−1 [0, 0.5] [6]

δS 1.4 year−1 [0.365, 2.19] [25]

α1 6.5 year−1 [0, 10] [25]

α2 6.5 year−1 [0, 10] [25]

α3 6.5 year−1 [0, 10] [25]

ψ 0.85 year−1 [0.05, 0.85] Assumed

σ 0.5 year−1 [0, 1] Assumed

χ1 0.65 year−1 [0, 1] Assumed

χ2 0.85 year−1 [0, 1] Assumed

η1 2.0 year−1 [0, 3] Assumed

η2 4.0 year−1 ([0, 5] Assumed

ΘRT 0.5 year−1 [0, 1] Assumed

ΘRS1 1.5 year−1 [0, 3] Assumed

ΘRS2 1.5 year−1 [0, 3] Assumed

Π1 1.8 year−1 [0, 3] Assumed

Π2 2.0 year−1 [0, 3] Assumed

v1 0.001 year−1 [0, 1] Assumed

v2 0.002 year−1 [0, 1] Assumed

v3 0.003 year−1 [0, 1] Assumed

µS 0.5 year−1 [0, 1] [19]

ΛS 73,000 year−1 [73,000, 109,500] [12]

ϵ 182.5 year−1 [0, 182.5] [12]

βL 1.475 year−1 [0, 2] Assumed

L0 108 year−1 [9×107, 1×108] [12]

Ne 300 year−1 [0, 800] [12]

γ 0.8468 year−1 [0, 1] [12]

µL 328.5 year−1 [100, 400] [12]

βJ 4.19 year−1 [0, 5] Assumed

J0 9×107 year−1 [8×107, 9×107] [12]

µJ 3.0 year−1 [0, 3] [12]

τ1 0.1 year−1 [0, 1] Assumed

τ2 0.2 year−1 [0, 1] Assumed

ϕ 500 year−1 [0, 1,000] [12]
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number, RV
T S = max{RV

HT ,RHS}, of the TB-schistosomiasis co-infection model (2.3). We shall

investigate the sensitivity of these 25 parameters to RV
HT and RHS , respectively.

When we set RV
HT to be our output function in (4.1), the two parameters with the highest sensitivity

indices were: the rate of TB transmission (βT ) and the rate of TB treatment (ζT ). See Table 6 and Figure

7 for details.

Table 6: Sensitivity indices for the parameters of the model (2.3) using the effective reproductive number

(RV
HT ) as response function.

Parameters RV
HT

βT +1.0000

θV +0.1373

κ1 +0.2514

ω +0.0431

p +0.0385

ϵ1 –0.1648

µH –0.4121

ζT –0.8617

δT –0.1149
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Figure 7: Local sensitivity analysis of RV
HT .

When we adopt RHS as our output function in (4.1), the thirteen parameters with the highest
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sensitivity indices were: the snail mortality rate (µS), the rate of cercarial infection (βJ), the miracidial

infection rate (βL), the human recruitment rate (ΛH), the snail recruitment rate (ΛS), the number of

eggs secreted by humans with active schistosomiasis (Ne), the rate at which secreted eggs successfully

become miracidia (γ), the rate of cercarial production (ϕ), the saturation constant for cercariae (J0), the

saturation constant for the miracidia (L0), the natural death rate of humans (µH), the cercarial death

rate (µJ), and the miracidial death rate (µL). See Table 7 and Figure 8 for details.

Table 7: Sensitivity indices for the parameters of the model (2.3) using the effective reproductive number

(RHS) as response function [3].

Parameters RHS Parameters RHS

α1 +0.0016 J0 –0.5000

βJ +0.5000 L0 –0.5000

βL +0.5000 µH –0.5000

ΛH +0.5000 µJ –0.5000

ΛS +0.5000 µL –0.5000

Ne +0.5000 µS –1.0000

γ +0.5000 ζS –0.0697

ϕ +0.5000 δS –0.4241
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Figure 8: Local sensitivity analysis of RHS .
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5 Conclusion

Local sensitivity analysis was carried out on key parameters using the effective reproduction number as a

response function in [3]. Fifteen (15) parameters that had the highest indices were: the TB transmission

rate (βT ), the snail mortality rate (µS), the TB treatment rate (ζT ), the cercarial infection rate (βJ),

the miracidial infection rate (βL), the human recruitment rate (ΛH), the nail recruitment rate (ΛS), the

number of eggs secreted by humans with active schistosomiasis (Ne), the rate at which secreted eggs

successfully become miracidia (γ), the cercarial production rate (ϕ), the saturation constant for cercariae

(J0), the saturation constant for the miracidia (L0), the natural death rate of humans (µH), the cercarial

death rate (µJ), and the miracidial death rate (µL).

This study has shown that TB and schistosomiasis control programmes that support the respective

treatment of active cases of both diseases, vaccination of susceptible humans with the BCG vaccine

(with high vaccine efficacy and low vaccine waning) against TB infection and the deliberate reduction of

unvaccinated human individuals who are susceptible to TB should be tenaciously pursued, since it has

been shown that such programmes could result in significant decrease in the burden of TB-schistosomiasis

co-infection in the population.
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