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Abstract

In this paper, we define some new matrices similar to the classical matrices introduced by Gould in [9].
We calculate the nth powers of the new matrices by diagonalizing them with the help of eigenvalues
and eigenvectors. Thus, by making use of Binomial expansions, we obtain new identities containing
generalized Fibonacci and Lucas numbers. These new results inform us about the relationships between
matrix algebra and sequence theory, especially in the context of generalized Fibonacci and Lucas

sequences.

1 Introduction

Let k and ¢ be distinct integers such that k% 4+ 4t # 0. For n > 2, the generalized Fibonacci sequence
(OEIS A015441), denoted by (U, (k,t)), is defined as

Up(k,t) =0,Ur(k,t) = 1,Up(k,t) = kUp—1(k,t) + tUp—2(k, t)
and the generalized Lucas sequence (OEIS A075117), denoted by (V,,(k,t)), is defined as
Volk,t) =2, Vi(k,t) = P, Vi (k,t) = kV,—1(k,t) + tV,—a(k, t).

The characteristic equation for these sequences is 2 — kx — t = 0, with roots given by

k+VEZ2 + 4t k—Vk2+ 4t
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Un(k,t) and V,,(k,t) are called nth generalized Fibonacci and Lucas numbers, respectively. Furthermore,

for n € N, the negative-indexed generalized Fibonacci and Lucas numbers are defined as
U_n(k,t) = —(—=t) "Up(k,t) and V_, (k,t) = (—t) " Vp(k,1). (1)

These sequences are defined firstly by Lucas in [2]. When k& = ¢t = 1, these sequences reduce to the
Fibonacci sequence (OEIS A000045) (F),) and the Lucas sequence (OEIS A000032) (L), respectively.
From now on, for simplicity we will write U,, = Uy, (k,t) and V,, = V,,(k,t).

The Binet’s formulas for the generalized Fibonacci and Lucas numbers are given by

n _ Aan
U, = =0 nd v, = am 4+ g7,
a—p
For any integer n, the identity
Vi =Upq1 +tUp—1 = kU, + 2tU,_1 (2)

is well known and can be proved by the Binet’s formulas.

There exist numerous identities related to generalized Fibonacci and Lucas sequences in the literature.
Matrices, mathematical induction, and Binet’s formulas are frequently utilized to prove these identities.

One of the most well-known matrices used to derive these identities is the Fibonacci @) matrix:
11
Q= -
1 0

n__ Fn+1 Fn
Q" = < P Fnl) (see [3]).

The nth power of the @) matrix is

The Cassini identity stated by Robert Simson in 1753,
Foi1Fn-1— sz = (_1)n

is obtained using the equation |Q|" = |Q"| associated with the matrix ). The same identity is also derived

1
RZO ,
11

R" — Fn—l Fn
Fn Fn+1
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from the nth power of the matrix

whose power is
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kE t
In [5,06], the authors considered the matrix M = (1 0) and demonstrated that

M — Upt1  tU, ‘
Un tUn—l
Here, using the equality |M|" = |M"|, the most general form of the Cassini identity
Uny1Up—1 — Ug = (7t)n71

is obtained. For more information and applications of these sequences one can consult [7] and [8],

respectively.

In [9], taking a # b, Gould showed that nth power of the matrix
a—b —ab
1 0

antl_pntl —ab(a™—b")
a—b a—b
a”—b" —ab(a®1—pn—1) | -

a—b a—b

is

Inspired of this matrix, we give some other matrices whose powers consist of the generalized Fibonacci
numbers and then we will give some identities by using those matrices. We think many of our identities

are new in the literature.

2 Main Theorems

Theorem 1. Let a and b be real numbers different from zero and each other. Then the following are true:

Earthline J. Math. Sci. Vol. 15 No. 4 (2025), 541-557
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0 —b B
a a+b a=b a(a™ —b") antt — pntl
a+b b . [a™Tt =Tt b(a™ —b™)
—a 0 a—b _a(an _ bn) _ab(an—l bn—l)
. . . a+b —a\ ., ., :
Proof. The characteristic equation of matrix M = ; 0 is \* — (a+b)A + ab =0, and it can be

easily seen that its roots are a and b. Since a and b are distinct eigenvalues of M, the matrix M can be

diagonalized. Firstly, the eigenvectors corresponding to the eigenvalue a for the matrix M are obtained

b= C)

Thus, we find that <x1> = <28> where s # 0. When s = 1, we obtain (Z) as an eigenvector. Similarly,

from the equation

T2 S

1 1
for the eigenvector related to b, we find the eigenvector 1). Therefore, we can take P = <Z 1> and

0 b a—b
M" = PQ"P~'. Consequently, we find that

Mn_ 1 a 1 a 0 " 1 -1 B an+;:2n+l ,a(gi;bn)
T a—-b\p 1 0 b b al b(a:_—bb") _ab(an;b_bnfl) )

http://www. earthlinepublishers.com

0 1 -1
Q= (a ) Then, we have P! = L ( b ) since a —b # 0. Since M = PQP~', it follows that
a
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The proof are similar for the other matrices. O

If a is replaced by « and b is replaced by 3, where a +b=a + =k, —ab = —aff = t, then we get

a —b"

a—>b

=U, and a" +b" =V,,.

Therefore, the following theorem can be given easily.

Corollary 2. Let k and t be non-zero and distinct integers. Then the following identities are true.

M M™
k — Un+1 _aUn
B 0 ,BUn 7f(]nfl
0 « tU,—1 «aU,
_B k _BUn Un+1
0 —«o tUn_l _aUn
B k ﬁUn Un+l
k « Upy1  aU,
_5 0 _ﬁUn tUn—l
Theorem 3. Let n be a natural number. Then
n (k? + 4t)%l, n is an even natural number
k2« L9
= n—1
—28 —k (k2 +4t) = ( 25 i) , M s an odd natural number

Proof. Since aff = —t, we get

k2« 2_ k2« k2«
—28 —k) \-28 —k)\-28 -k

[k —4ap 0
B 0 k2 — 4ap

= (k* +4t)I.

Then the proof follows. ]
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The proof of the following theorem is omitted because it is similar to the previous proof.

Theorem 4. Let n be a natural number. Then

n
2

1, n is an even natural number

9 n (]{32 + 4t)
= n—1 -2 .
(25 —k ) (k2 + 4t) T (2]; :) , n is an odd natural number

Theorem 5. Ifn is an even natural number, then it follows that
n n\
0= Z ( )tJUn 2,
J
(K2 +4t)? = ( >t1+ i1,
(kQ —|—4t - < >t n—2j+1,
2k +4t)? = ( )

and if n is an odd natural number, then it follows that

5=0
1 n
R a0 = -3 (?)WUH“,
=0

Proof. Let N = 0 —a and M = koo . Then, we find that
gk -5 0

ko2
MN:NM:tI,N+M:kI,MN:< O‘).

_28 —k
Also,
M — Uns1 al, 7
_ﬁUn tUn—l

http://www. earthlinepublishers.com
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047

and

k 2

= (k®> + 4)"/?I for even n,
%_%> (k2 + )

(M—NW=<_

20\ 2
(M —N)" = i Y = (k2 + 4t)(n=1)/2 i ) for odd n,
-26 -k -26 -k

by Corollary 2 and Theorem 3. Moreover,

n

(M—N)”:Z( " ,)M”—j(_N)j: 3 ( " .)M"—%tﬂ'.

n —
=0 N

Therefore, if n is odd, then we obtain

(K +41)° 7 Beo2a _( Xieo (U2 aXjg (50 Unz
—28 —k B3 =0 ()P Un—2; 5o () Un—2j11

by using (4) and (5) and if n is even, then we obtain

(k2 + ) (1 3) - (Z?o ()Unzor @Sy ()6, )

A\ B (D Unzy S () Ui

by using (3) and (5). Additionally, by using (2), we get the results easily.

Theorem 6. If n is an odd natural number, then

n—1
0= Z ' Un—2j-1,
=0

n—1 n—1
Vi=kY /Uy 9=k > /71U, 5 ».
j=0 j=0

k _
Proof. Let N = ( Oﬁ Z) and M — <5 O“) . Then, MN = NM = —tI, N + M = kI. Also,

and

MM = Upy1 —alU, ’
BU% tUﬁ—l

NT — tUﬁ_l a[hl .
_BL%/ Uﬁ+1
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Here,
MP 4 NP — Upy1 —alUy, n tUp—1 aU,
/BUTL tUn—l _6U'I’L Un+1
Vo O VoI
0 Vv,

n—1
Vol =M™+ N" = (M +N)> M1=)(—NYy
j=0

by (2) and Corollary 2. We have

n—1
=k MY
=0

since n is odd. Therefore, it can be seen that
Vi 0\ _ [ kX150 0Uns;  —ak Y[ Un i
0 Vi BEY It Un 951 KtY g U, g 2

This proof is completed. O
Theorem 7. For natural numbers m and n, the following are true:

UmUmn+mk+m = mn+mUmk+m + (_t)mUanmk;a
UmUmn+mk = Umn+mUmk - (_t)mUanmk—ma

UmUanrmkfm = _Uanmk - (_t)mUmn—mUmkfm'

a+b —a

Proof. Let M =
b 0

). If we substitute o™ for a and 5™ for b, then we obtain the matrix

Vin —a™ . )
M = . By using Theorem 1, we obtain

gm0
k U7nn+'mk+m 7OlmUmn+7nk &
n+k __ Unm U _ n
M - _5mUmn+mk _(_t)mUmn+mk—m - M M
Un Unm
Umn+m —a""Umn U’mk+7n —a™ mk
_ Unn Urn Un Unn
*ﬁmUmn 7(7t)mUmn—m —B" Ui _(_t)m mk—m '
Um Um Um Unm
The proof is completed from this equality. ]

http://www. earthlinepublishers.com
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Theorem 8. For any natural number n, the following hold true:

2n+1 2n+1
n o+ 1\ . om+1\ .
E(k* +4t)" = Z < n+ >tJU2n—2j+2 = - Z < n+ >t]+1U2n—2j7 (6)
j=0 J Jj=0 J
2n+1
2n + 1Y\
0= Z < . >t‘7V2n—2j7 (7)
=0~ 7
2n+1
n 2n + 1\ .
2(k* +4t)" = Z ( nj >t]U2n—2j+1- (8)
j=0

LR

k 2
(5 ) .
MN = NM = —tI,

pr = Ut o) (10)
_ﬁUn tUn—l

Proof Let N= [° ") anaar= [ * @), Then
Bk 0

and

From Theorem 3, we get

(M = NY?™ ' = (M = N (M = N) = (k + 4)"(M — N)

ol kK 2«
= (k? + 4t) (_% _k) : (11)
Also _—
n
(M — NY2 1 = Z (2” + 1>M2n+1—j(_N)j
=0 N/
and so _—
E 2 < /on+1 o
(K 4 4t)" (_25 _‘Z) =3 ( ”j+ >M2"+123t7. (12)
§=0

Therefore, by using (10), (11), and (12), we obtain

E(k244t)"  2a(k? + 4t)"
—2B(k? +4t)"  —k(k? +4t)"
_ ( Z?iél (Qn;rl)tjUanszrz OZZEZBA (anl)tjUzn%H)

_B Z?Z‘(’)’l (2njj'_1)tjU2”—2j+1 Z?Z)ﬂ (2nj_1)tj+1U2n—2j

Hence (6) and (8) are obtained from the matrix equality. By using (6) and (2), the equation (7) can be

shown easily. 0

Earthline J. Math. Sci. Vol. 15 No. 4 (2025), 541-557
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Theorem 9. Let m and n be natural numbers. The following holds:

P
2, Z:(j) () - Vo (14)
0= ]EZ% (?) (=)™ Upin—mj. (15)

k 0 —
Proof. Let M = ( 5 (();) and N = (5 ;) .As MN = NM = —tI, then, from Corollary 2, it is

clear that

and therefore

Since

we have
(v,;z 0 ) _ ( S0 (DUmntr—ami ()™ a3 () U2y ()™ > |
0 Vi —B Z?:o (7;) Urnn—2m;(—t)"™ 752?:0 (?) Unnn—1-2m;j(—t)"™

Then (13) and (15) can be easily derived. By using the identities (13) and (2), the identity (14) can be
obtained. O

Theorem 10. Let m and n be natural numbers. Then the following hold true:

http://www. earthlinepublishers.com
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If n is an even natural number, then
Un (K2 + 4t)5 =t (n> Unin—1-2mj(—t)™ (1)’ (16)
=0 N
" /n
— .>Umn+1—2mj<_t)mj( 1)]7 (17)
=0\
202+ 1) = 3 (1) (0" Vi (18)
=0 N
0= n) Umn72m](_t)m]( 1)]7 (19)
i=0 M
If n is an odd natural number, then
kU:rLz(k‘2 + 4t)nT_1 - Z <n> (7t)mj(*1)ijn+172mj (20)
=0 N
=—t (n) (_t)mj(_l)ijn—l—Qmjv (21)
i=o N
2U771(]€2 + 4t)nT71 = Z (n> (_t)mj(_l)ijn—Qmj7 (22)
=0 N
0= (M) M 1 Voo (2

Proof. Leth(k a) ansz(O _a).As
-5 0 g8k

k 2c
MN=NM=—tI, M— N = ,
(‘2/” —’f>

from Corollary 2 and Theorem 3, we have
M™_ N™ — Um+1 alUp, . tUn—1 —aUp _ kUm
_/BUm tUm—l /BUm Um+1 _QﬁUm

:Um< g 20‘) = Un(M — N)
28 —k

2aU,,
—kUpn,

)

Earthline J. Math. Sci. Vol. 15 No. 4 (2025), 541-557
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and
n

Un (M = N)" = (Un(M = N))* = (M™ = N™)" = @
=0

> () iy

_ ZO <’;> Mmn=2ma (_gymi(_1)J

J

If n is an even natural number, from Theorem 3, then we get

Un (M — N = (U;g(k? +4t)E 0 ) |

0 Un (k% + 4t)2
Therefore,

T e oesecr)
_/B Z?:() Umn—?mjwj t Z?:() Umn—l—?mjwj

where w; = (?)(—t)mj(—l)j. The identities (16), (17), and (19) follow easily. By using (16) and (17), the

equation (18) can be shown. If n is an odd natural number, then from Theorem 3, we get

n—1
2

(M — )n_< l;(k2;_4t) » 2a(k22+4t)nzl>_
—28(k* +4t) = —k(k*+4t) 2

Therefore, we have

Ugl(kQ + 4t)anl k 20 _ Z?:OnUmn+l—2mjwj (0} Zn?:() Umn_Qmjwj
_25 —k _B ijO Umn_?mjwj t Zj:o Umn—l—Qmjwj

where w; = (?)(—t)mj(—l)j. Therefore, the identities (20), (21), and (22) are obtained. By using (2),
(20) and (21), the equation (23) can be shown easily. O

Theorem 11. For natural numbers m and n, the following are true:

Umn - - <n> (_l)n_ijn—mer%n (24)
=0
n n . .
Umn+1 - ( > (_1)n ]tUmnflfmjVT%a (25)
0 ]
J
tUmnfl = Z <n> (*]—)n_ijnJrlfmjV%) (26)
=0 N
n n o
=0 N

http://www. earthlinepublishers.com
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k 0 —
Proof. Let M = ( 5 3) and N = (ﬁ ka) . From Corollary 2, we obtain

pm e ym = [(Umir aUn |, (Una —aUn
_5Um tUm—l 5Um Um+1

= Vm 0 = VmI7
0 Vi

M — Umn+1 aUmn
_BUmn tUmn—l ’

and

(%) -y

I
NE

0

<.
3 |l

[e=]

.

By using (28), we find that

Umn—H aUmn _ Z?:() ZL/Umn—l—mj'wj —« Zyzo Umn—mjwj
~BUnmn  tUmn—1 B Z;L:() Umn—mjwj Z?:() Umn+1—mjwj

where w; = (?)(—1)”*3' Vi,. The identities (24), (25), and (26) are obtained easily. The equation (27) can
be shown by using the identities (2), (25), and (26). O

Theorem 12. The following hold true:

If n is even natural number, then

n n

n n . n ;

(k* +4t)2 = Z ( .)t]Un—Qj-i-l = Z < .)t]—HUn—Qj—l,

j=o =0 N

0= ()tjUnzj,
=0

2(k* 4 4t)2 = ( .)than

" J
7=0

Earthline J. Math. Sci. Vol. 15 No. 4 (2025), 541-557
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and if n is odd natural number, then

n—1 n—1
Vn = k Zt]UN—Qj :]{7 thJrlUn_Qj_Q,
§=0 §=0
9 n—1 " /n\ . “~ (n i+1
k(k” +4t) 2 ZZ . t]Un—Qj—‘rl:_Z NPT U251,
=0 \J =0 M

n—1 n )
2k +4at) T =Y C) U, s,
j=0

-1
0=> tUp 951 = < ,>tJVn2j.
=0 J

D

n
J=0

Proof. Let N = 0 o and M = ko . Then
-8k g0

ko -2
MN=NM=—tI,N+M=kI[,M— N = <2ﬁ l:‘)

On the other hand, using Corollary 2, Theorem 4, and the identity (2), we get :

Eo—2a\"
(M — N)" = (25 l:‘) = (k? + 4)"/?I for even n, (29)
k20 k-2
(M — N)" = YY) = (824402 “) for odd n, (30)
28 —k 28 —k
n _ tUn_l OzUn
_ﬂUn UnJrl ’
Mn _ Un+1 —aUn
/BUn tUn—l ’
and
Nn +Mn _ tUnfl OéUn 4 Un+1 —OéUn _ Vn 0 (31)
—BU, Ungr BU, tUp_1 0 V,
Moreover, we have
N™+M"=(N+M)> (1)) MIN"'7 =k " N""'"%4t for odd n (32)
j=0 j=0

and
n

(M — N)" = Zn: <n " j) MY I(-NY =3 (n " j) M2, (33)

J=0

http://www. earthlinepublishers.com
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Thus, if n is odd natural number, then we obtain
Va _ k‘Z w12 _ [ R St Un-zj-2 ok St Un-1-2j
0V —Bk Z?;ol tPUp-1-25 k Z?;ol ' Up—2;

by using (31) and (32) and

2 2zl ko —2a\ Z?O()tUn 2j+1 O‘ZJ 0()tUn 2j
(k? +4t) (25 —k‘) (52] 0( )t Up—2; Z;L 0( )tJ—HUn 2j1

by using (30) and (33). Moreover, if n is even natural number, then we obtain

n (1 0 . n i
(K* + 4t)2 (0 1) —Z<n_j)M 2

J=0

<Z;L 0( )t Un—2j+1 QZ] 0( )t Un- 23)
B0 (N Un—2; 30y () Un2j1

by using (29) and (33). The above identities follows easily from the matrix equality and the identity
(2). O

Theorem 13. For any natural numbers m and n, the following hold true:

= n Umn—2mj
A J
I

0

0

.
3 |l

n ; " n
Umvnrmb < > (*t)mJUmanijrm = - Z ( )( t)mj+mUmn 2mj—m-
0

=0 N =0 N

b b
Proof. Let M = ( e ) and N = (CH— 0). Here, substituting a with o and b with 8™, we
a a
and N

—a
have M = 0 -5 Vi . Clearly,
am™ Vo —a™ 0

Man= (O ) Vm P (Ve O =Vl
o™ Vi —a™ 0 0 Vi

and
MN = MN = (—t)"1. (34)
In this case,
Vil = (V)" = (M +N)" =Y C‘) M"INI, (35)
=0

Earthline J. Math. Sci. Vol. 15 No. 4 (2025), 541-557
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Furthermore, by using (34), we have
M"INT = M2 (=)™, (36)

Thus, by using (35) and (36), we get

By using Theorem 1, we obtain

Upnn— U
Y Bl e e A s
- amUmn Umn+m .
m Um

Then, it follows that

(v,:z o):<Z?=o(?)<—<—t>m><—t)mj%[;:;>—m S (1) ()t U= )

i Un(n—2j i Un(n—25)+m
0 Vn Yo (j)am(—tymd == o () ()T =i

m
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