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Abstract 

In this paper we introduce the multiplicative version of cone-C class functions [1], and 

obtain some contraction mapping theorems of the Hardy and Rogers kind in 

multiplicative cone metric space endowed with such functions. Further, we propose some 

open problems that are publishable in nature. 

1. Introduction and Preliminaries 

Definition 1.1 [2]. Let E be a real Banach space. A subset P of E is called a 

multiplicative cone iff 

(a) P is closed, nonempty and ∅≠P  

(b) Pyx
ba ∈⋅  for all Pyx ∈,  and nonnegative real numbers ba,  

(c) { }.1
1 =








P
P ∩  

Definition 1.2 [2]. Given a multiplicative cone ,EP ⊂  we define a partial ordering 

≤  with respect to P by yx ≤  iff .P
x

y ∈  
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Notation 1.3 [2]. We write yx <  to indicate yx ≤  but ,yx ≠  while yx <<  will 

stand for ( ),int P
x

y ∈  where ( )Pint  denotes the interior of P. 

Definition 1.4 [2]. We say the multiplicative cone P is multiplicative normal, if there 

exists a constant 0>K  such that for all yxEyx ≤≤∈ 1,,  implies 

.
K

yx ≤  

The least positive number satisfying the above is called the multiplicative constant of P. 

Here ⋅  denotes a multiplicative norm. 

Definition 1.5 [2]. If { }nx  is a sequence such that 

yxxx n ≤≤≤≤≤ ⋯⋯21  

for some ,Ey ∈  implies there is Ex ∈  such that 

( ),1 ∞→→− nxxn  

then the multiplicative cone P is called multiplicative regular. Again ⋅  denotes a 

multiplicative norm. 

Remark 1.6 [2]. In this paper, we assume E is a Banach space, P is a multiplicative 

cone in E with ( ) ∅≠Pint  and ≤  is a partial ordering with respect to P. 

Definition 1.7 [2]. Let X be a nonempty set. Suppose the mapping EXXm ֏×:  

satisfies 

(a) ( )yxm ,1 <  for all Xyx ∈,  and ( ) 1, =yxm  iff ,yx =  

(b) ( ) ( )xymyxm ,, =  for all ,, Xyx ∈  

(c) ( ) ( ) ( )yzmzxmyxm ,,, ⋅≤  for all .,, Xzyx ∈  

Then we say m is a multiplicative cone metric on X, and call ( )mX ,  a multiplicative 

cone metric space. 

Example 1.8. Let ,2
R=E  ( ){ } ,1,,

2
R⊂≥|∈= yxEyxP  ,R=X  and 

EXXm ֏×:  be such that ( ) ( ),,,
yxyx

aayxm
−α−=  where 0≥α  is a 

constant, and 1>a  is a constant. Then ( )mX ,  is a multiplicative cone metric space. 
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Definition 1.9 [2]. Let ( )mX ,  be a multiplicative cone metric space. Let { }nx  be a 

sequence in X and .Xx ∈  If for every Ec ∈  with ,1 c<<  there is N such that for all 

,Nn >  ( ) ,, cxxm n <<  then we say { }nx  is multiplicative convergent, and 

multiplicative converges to x, and x is the limit of { }.nx  In particular, we write 

xxn
n

=
∞→

lim  or ( ).∞→→ nxxn  

Definition 1.10 [2]. Let ( )mX ,  be a multiplicative cone metric space, { }nx  be a 

sequence in X. If for any Ec ∈  with ,1 c<<  there is N such that for all ,, Nkn >  

( ) ,, cxxm kn <<  then we say { }nx  is a multiplicative Cauchy sequence in X. 

Definition 1.11 [2]. Let ( )mX ,  be a multiplicative cone metric space. If every 

multiplicative Cauchy sequence is multiplicative convergent in X, then we say X is a 

complete multiplicative cone metric space. 

2. Main Results 

In the sequel we will need the following new ideas. The first concept is inspired by 

the idea of altering distance function, and for example see [1]. 

Definition 2.1. A function PP ֏:ψ  is called a modified altering distance 

function if the following properties hold: 

(a) ψ  is nonincreasing and continuous, 

(b) ( ) 1=ψ t  iff .1=t  

Inspired by the concept of ultra ultering distance function, and for example see [1], 

we introduce the following 

Definition 2.2. A function PP ֏:ϕ  is called a modified ultra ultering distance 

function if the following properties are satisfied 

(a) ( ) 1>ϕ t  for all ,1>t  

(b) ( ) .11 ≥ϕ  

Inspired by the concept of multiplicative C-class functions [3], we introduce its 

version in multiplicative cone metric space as follows 
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Definition 2.3. A mapping PPF ֏
2

:
∗  is called a multiplicative cone C-class 

function if it is continuous and satisfies the following axioms 

(a) ( ) ,, stsF ≤∗  

(b) ( ) stsF =∗
,  implies either 1=s  or ,1=t  for all ., Pts ∈  

Notation 2.4. The set of all multiplicative cone C-class functions will be denoted by 

.∗
C  

Example 2.5. The following are elements of .∗
C  

(a) ( ) ,,
t

s
tsF =∗  

(b) ( ) ,,
k

stsF =∗  where ,10 << k  

(c) ( ) ( ) ,,
s

stsF β=∗  where for some [ ) [ ),,1,1:,1 aa ֏∞β>  

(d) ( ) ( ),, stsF Ψ=∗  where ,: PP ֏Ψ  ( ) ,11 =Ψ  ( ) 1>Ψ s  for all Ps ∈  with 

,1≠s  and ( ) ss ≤Ψ  for all ,Ps ∈  

(e) ( )
( )

,,
s

s
tsF

ϕ
=∗  where [ ) [ )∞∞ϕ ,1,1: ֏  is a continuous function such that 

( ) 1=ϕ t  iff ,1=t  

(f) ( )
( )

,
,

,
tsh

s
tsF =∗  where [ ) [ )∞∞ ,1,1:

2
֏h  is a continuous function such that 

( ) 1, =tsh  iff 1=t  for all ,1, >st  

(g) ( ) ( ),, stsF ϕ=∗  ( ) stsF =∗
,  implies ,1=s  where [ ) [ )∞∞ϕ ,1,1: ֏  is an 

upper semi-continuous function such that ( ) 11 =ϕ  and ( ) tt <ϕ  for all .1>t  

Inspired by the inequality in the Hardy and Rogers mapping theorem [4], we 

introduce the following 

Definition 2.6. Let ( )mX ,  be a multiplicative cone metric space, ψ  be a modified 

altering distance function, ϕ  be a modified ultra ultering distance function, and 



A Fixed Point Theorem of the Hardy and Rogers Kind …  

Earthline J. Math. Sci. Vol. 2 No. 1 (2019), 169-179 

173 

.
∗∗ ∈ CF  We say a self map T of ( )mX ,  is a ∗−ϕ−ψ C  multiplicative operator of 

the Hardy and Rogers type if it satisfies the following inequality for all ,, Xyx ∈  where 

,
5

1
0 <≤ k  

( )( ) ( ((( ( ) ( ) ( ) ( ) ( )) ),,,,,,,
k

TxymTyxmTyymTxxmyxmFTyTxm ⋅⋅⋅⋅ψ≤ψ ∗  

((( ( ) ( ) ( ) ( ) ( )) )).,,,,,
k

TxymTyxmTyymTxxmyxm ⋅⋅⋅⋅ϕ  

Inspired by the inequality in the Reich mapping theorem [5], we introduce the 

following 

Definition 2.7. Let ( )mX ,  be a multiplicative cone metric space, ψ  be a modified 

altering distance function, ϕ  be a modified ultra ultering distance function, and 

.∗∗ ∈ CF  We say a self map T of ( )mX ,  is a ∗−ϕ−ψ C  multiplicative operator of 

the Reich type if it satisfies the following inequality for all ,, Xyx ∈  where ,
3

1
0 <≤ k  

( )( ) ( ((( ( ) ( ) ( )) ),,,,,
k

TyymTxxmyxmFTyTxm ⋅⋅ψ≤ψ ∗  

((( ( ) ( ) ( )) )).,,,
k

TyymTxxmyxm ⋅⋅ϕ  

Inspired by the inequality in the Kannan mapping theorem [6], we introduce the 

following 

Definition 2.8. Let ( )mX ,  be a multiplicative cone metric space, ψ  be a modified 

altering distance function, ϕ  be a modified ultra ultering distance function, and 

.∗∗ ∈ CF  We say a self map T of ( )mX ,  is a ∗−ϕ−ψ C  multiplicative operator of 

the Kannan type if it satisfies the following inequality for all ,, Xyx ∈  where 

,
2

1
0 <≤ k  

( )( ) ( ((( ( ) ( )) ) ((( ( ) ( )) )).,,,,,,
kk

TyymTxxmTyymTxxmFTyTxm ⋅ϕ⋅ψ≤ψ ∗  

Inspired by the inequality in the Chatterjee mapping theorem [7], we introduce the 

following 
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Definition 2.9. Let ( )mX ,  be a multiplicative cone metric space, ψ  be a modified 

altering distance function, ϕ  be a modified ultra ultering distance function, and 

.∗∗ ∈ CF  We say a self map T of ( )mX ,  is a ∗−ϕ−ψ C  multiplicative operator of 

the Chatterjee type if it satisfies the following inequality for all ,, Xyx ∈  where 

,
2

1
0 <≤ k  

( )( ) ( ((( ( ) ( )) ) ((( ( ) ( )) )).,,,,,,
kk

TxymTyxmTxymTyxmFTyTxm ⋅ϕ⋅ψ≤ψ ∗  

Inspired by the inequality in the Banach mapping theorem [8], we introduce the 

following 

Definition 2.10. Let ( )mX ,  be a multiplicative cone metric space, ψ  be a modified 

altering distance function, ϕ  be a modified ultra ultering distance function, and 

.
∗∗ ∈ CF  We say a self map T of ( )mX ,  is a ∗−ϕ−ψ C  multiplicative operator of 

the Banach type if it satisfies the following inequality for all ,, Xyx ∈  where 

,10 <≤ k  

( )( ) ( ((( ( )) ) ((( ( )) )).,,,,
kk

yxmyxmFTyTxm ϕψ≤ψ ∗  

2.1. A fixed point theorem of the Hardy and Rogers kind 

Theorem 2.11. Let ( )mX ,  be a multiplicative cone metric space, and the self map T 

of ( )mX ,  be a ∗−ϕ−ψ C  multiplicative operator of the Hardy and Rogers type. The 

fixed point of T is unique, provided that ( )mX ,  is a complete multiplicative cone metric 

space. 

Proof. Define the sequence { }ny  by nn Tyy =+1  and observe we have the following 

( )( )21, ++ψ nn yym  

( )( )1, +ψ= nn TyTym  

{ (( ( ) ( ) ( ) ( ) ( )) ),,,,,, 11111
k

nnnnnnnnnn TyymTyymTyymTyymyymF +++++
∗ ⋅⋅⋅⋅ψ≤  

(( ( ) ( ) ( ) ( ) ( )) )}k
nnnnnnnnnn TyymTyymTyymTyymyym ,,,,, 11111 +++++ ⋅⋅⋅⋅ϕ  
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{ (( ( ) ( ) ( ) ( ) ( )) ),,,,,, 1122111
k

nnnnnnnnnn yymyymyymyymyymF +++++++
∗ ⋅⋅⋅⋅ψ=  

(( ( ) ( ) ( ) ( ) ( )) )}k
nnnnnnnnnn yymyymyymyymyym 1122111 ,,,,, +++++++ ⋅⋅⋅⋅ϕ  

{ (( ( ) ( ) ( )) ),,,, 221
2

1
k

nnnnnn yymyymyymF ++++
∗ ⋅⋅ψ=  

(( ( ) ( ) ( )) )}k
nnnnnn yymyymyym 221

2
1 ,,, ++++ ⋅⋅ϕ  

{ (( ( ) ( ) ( ) ( )) ),,,,, 21121
2

1
k

nnnnnnnn yymyymyymyymF ++++++
∗ ⋅⋅⋅ψ≤  

(( ( ) ( ) ( ) ( )) )}k
nnnnnnnn yymyymyymyym 21121

2
1 ,,,, ++++++ ⋅⋅⋅ϕ  

{ (( ( ) ( ) ) ) (( ( ) ( ) ) )}k
nnnn

k
nnnn yymyymyymyymF

2
21

3
1

2
21

3
1 ,,,,, ++++++

∗ ⋅ϕ⋅ψ=  

(( ( ) ( ) ) ).,,
2

21
3

1
k

nnnn yymyym +++ ⋅ψ≤  

The above inequality implies that 

( ) ( ) ( ) .,,,
2

21
3

121
k

nn
k

nnnn yymyymyym +++++ ⋅≤  

From the above we deduce that 

( ) ( ) .,, 21

3

121 k

k

nnnn yymyym −+++ ≤  

Let 
k

k
h

21

3
:

−
= , then the above implies 

( ) ( )h
nnnn yymyym 121 ,, +++ ≤  

and by induction for all { }0∪N∈n  we have ( ) ( ) .,, 101

n
h

nn yymyym ≤+  Now we 

show that { }ny  is a multiplicative Cauchy sequence. For this, let, 0, ∪N∈kn  with 

kn <  and observe that we have the following 

 ( ) ( ) ( )kknnkn yymyymyym ,,, 11 −+≤ ⋯  

( ) ( )
1

1010 ,,
−

≤
kn

hh
yymyym ⋯  

( )
1

10 ,
−++=

kn
hh

yym
⋯  
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( ) ⋯++ +
≤

1

10 ,
nn

hh
yym  

( ) ., 110 h

hh

yym −≤  

From the above, we deduce that 

( ) ( ) .,, 110 h

h
K

kn

n

yymyym −≤  

Since ,1<h  it now follows that ( ) ,1,lim , =∞→ knkn yym  and hence { }ny  is a 

multiplicative Cauchy sequence. Since X is multiplicative complete, there is Xy ∈∗  

such that .lim
∗

∞→ = yynn  Now we show existence of the fixed point. Observe we have 

the following 

( ( ))∗
+ψ Tyym n ,1  

( ( ))∗ψ= TyTym n ,  

( ((( ( ) ( ) ( ) ( ) ( )) ),,,,,,
k

nnnnn TyymTyymTyymTyymyymF
∗∗∗∗∗∗ ⋅⋅⋅⋅ψ≤  

((( ( ) ( ) ( ) ( ) ( )) ))k
nnnnn TyymTyymTyymTyymyym ,,,,, ∗∗∗∗∗ ⋅⋅⋅⋅ϕ  

( ((( ( ) ( ) ( ) ( ) ( )) ),,,,,, 11
k

nnnnn yymTyymTyymyymyymF +
∗∗∗∗

+
∗∗ ⋅⋅⋅⋅ψ=  

((( ( ) ( ) ( ) ( ) ( )) )).,,,,, 11
k

nnnnn yymTyymTyymyymyym +
∗∗∗∗

+
∗ ⋅⋅⋅⋅ϕ  

Taking limits in the above inequality as ∞→n  we deduce the following 

( ( )) ( ( ( ) ( ( ) )))kk
TyymTyymFTyym

22
,,,,

∗∗∗∗∗∗∗ ϕψ≤ψ  

( ( ) ).,
2k

Tyym
∗∗ψ≤  

From the above we deduce the following 

( ) ( ) k
TyymTyym

2
,,

∗∗∗∗ ≤  

which implies that 

( ) .1,
21 ≤−∗∗ k

Tyym  
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Since 021 ≠− k  for any ,
5

1
,0 






∈k  we get that ( ) 1, =∗∗
Tyym  and hence .∗∗ = Tyy  

Finally, we show the fixed point is unique. Suppose ,∗∗ = Txx  but .
∗∗ ≠ yx  Now 

observe we have the following 

( ( )) ( ( ))∗∗∗∗ ψ=ψ TyTxmyxm ,,  

( ( ( ) ( ( ) )))kk
yxmyxmF

33
,,,

∗∗∗∗∗ ϕψ≤  

( ( ) )k
yxm

3
,

∗∗ψ≤  

which implies that 

( ) .1,
31 ≤−∗∗ k

yxm  

Since 031 ≠− k  for any ,
5

1
,0 






∈k  we get that ( ) ,1, =∗∗
yxm and hence .

∗∗ = yx  So 

the fixed point is unique, and the proof is completed. � 

2.2. A consequence 

Corollary 2.12. Let ( )mX ,  be a multiplicative cone metric space, and the self map 

T of ( )mX ,  satisfy 

( )( ) ((( ( ) ( ) ( ) ( ) ( )) )
((( ( ) ( ) ( ) ( ) ( )) )k

k

TxymTyxmTyymTxxmyxm

TxymTyxmTyymTxxmyxm
TyTxm

,,,,,

,,,,,
,

⋅⋅⋅⋅ϕ
⋅⋅⋅⋅ψ≤ψ  

 for all ,, Xyx ∈  where ψ  is a modified altering distance function, ϕ  is a modified 

ultra ultering distance function. The fixed point of T is unique, provided that ( )mX ,  is a 

complete multiplicative cone metric space. 

Proof. Let ∗
F  be given by Example 2.5(a) in Theorem 2.11. � 

2.3. Open problems 

These are inspired by Definitions 2.7, 2.8, 2.9, and 2.10, and we ask the reader to 

prove or disprove the following 
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Exercise 2.13. Let ( )mX ,  be a multiplicative cone metric space, and the self map T 

of ( )mX ,  be a ∗−ϕ−ψ C  multiplicative operator of the Reich type. The fixed point of 

T is unique, provided that ( )mX ,  is a complete multiplicative cone metric space. 

Exercise 2.14. Let ( )mX ,  be a multiplicative cone metric space, and the self map T 

of ( )mX ,  be a ∗−ϕ−ψ C  multiplicative operator of the Kannan type. The fixed point 

of T is unique, provided that ( )mX ,  is a complete multiplicative cone metric space. 

Exercise 2.15. Let ( )mX ,  be a multiplicative cone metric space, and the self map T 

of ( )mX ,  be a ∗−ϕ−ψ C  multiplicative operator of the Chatterjee type. The fixed 

point of T is unique, provided that ( )mX ,  is a complete multiplicative cone metric 

space. 

Exercise 2.16. Let ( )mX ,  be a multiplicative cone metric space, and the self map T 

of ( )mX ,  be a ∗−ϕ−ψ C  multiplicative operator of the Banach type. The fixed point 

of T is unique, provided that ( )mX ,  is a complete multiplicative cone metric space. 
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