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Abstract

In this paper we introduce the multiplicative version of cone-C class functions [1], and
obtain some contraction mapping theorems of the Hardy and Rogers kind in
multiplicative cone metric space endowed with such functions. Further, we propose some

open problems that are publishable in nature.

1. Introduction and Preliminaries

Definition 1.1 [2]. Let E be a real Banach space. A subset P of E is called a

multiplicative cone iff

(a) P is closed, nonempty and P # [

(b) x¢ Dyb O P forall x, y P and nonnegative real numbers a, b

1
c) PN —j ={1}.
© ( ) =1t
Definition 1.2 [2]. Given a multiplicative cone P [ E, we define a partial ordering

< with respect to P by x < y iff Yorp
X
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Notation 1.3 [2]. We write x < y to indicate x < y but x # y, while x << y will

stand for 2 [J int(P), where int(P) denotes the interior of P.
x

Definition 1.4 [2]. We say the multiplicative cone P is multiplicative normal, if there
exists a constant K > 0 such thatforall x, y D E, 1< x < y implies

K
EIE B

The least positive number satisfying the above is called the multiplicative constant of P.

Here | 0| denotes a multiplicative norm.

Definition 1.5 [2]. If {x,,} is a sequence such that

XS X S-S X, <

<<y
for some y U E, implies there is x [J E such that

[ —x] -1 (n - ),
then the multiplicative cone P is called multiplicative regular. Again | [] denotes a

multiplicative norm.

Remark 1.6 [2]. In this paper, we assume E is a Banach space, P is a multiplicative

cone in E with int(P) # O and < is a partial ordering with respect to P.

Definition 1.7 [2]. Let X be a nonempty set. Suppose the mapping m : X X X +— E

satisfies
(@) 1 <m(x, y) forall x, yO X and m(x, y) =1 iff x =y,
(b) m(x, y) = m(y, x) forall x, y 0 X,
(c) m(x, y) < m(x, z) On(z, y) forall x, y, z O X.

Then we say m is a multiplicative cone metric on X, and call (X, m) a multiplicative

cone metric space.
Example 1.8. Let E=R? P={(x, yOE|x, y2l}0R? X =R, and

m:XxX > E be such that m(x, y)=(a‘x_y‘,aa‘x_y‘), where a =0 is a

constant, and a > 1 is a constant. Then (X, m) is a multiplicative cone metric space.
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Definition 1.9 [2]. Let (X, m) be a multiplicative cone metric space. Let {x,} be a
sequence in X and x [0 X. If for every ¢ J E with 1 <<, there is N such that for all
n>N, m(x,, x)<<c, then we say {x,} is multiplicative convergent, and

multiplicative converges to x, and x is the limit of {x,}. In particular, we write

lim x, =x or x, - x(n - o).

n—oo

Definition 1.10 [2]. Let (X, m) be a multiplicative cone metric space, {x,} be a
sequence in X. If for any ¢ 0 E with 1<<c, there is N such that for all n, k > N,

m(x,, x; ) << ¢, then we say {x,} is a multiplicative Cauchy sequence in X.

Definition 1.11 [2]. Let (X, m) be a multiplicative cone metric space. If every

multiplicative Cauchy sequence is multiplicative convergent in X, then we say X is a

complete multiplicative cone metric space.
2. Main Results
In the sequel we will need the following new ideas. The first concept is inspired by

the idea of altering distance function, and for example see [1].

Definition 2.1. A function Y : P+ P is called a modified altering distance

Sfunction if the following properties hold:

(a) Y is nonincreasing and continuous,
(b) Y(r) =1 iff r =1.

Inspired by the concept of ultra ultering distance function, and for example see [1],

we introduce the following

Definition 2.2. A function ¢ : P — P is called a modified ultra ultering distance

function if the following properties are satisfied

(@ ¢() >1 forall £ > 1,

(b) ¢(1) 2 1.

Inspired by the concept of multiplicative C-class functions [3], we introduce its

version in multiplicative cone metric space as follows

Earthline J. Math. Sci. Vol. 2 No. 1 (2019), 169-179
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Definition 2.3. A mapping F 5. P? 5 P s called a multiplicative cone C-class

function if it is continuous and satisfies the following axioms
(a) FD(S, t) < s,
(b) FD(s, t) = s implies either s =1 or ¢ =1, forall s, r O P.
Notation 2.4. The set of all multiplicative cone C-class functions will be denoted by
ct
Example 2.5. The following are elements of C 5

(a) FD(S, t) = ;,

(b) FY(s, 1) = s*, where 0 <k <1,
(c) FY(s, 1) = B(s)*, where for some a > 1, B: [1, ©) — [L, a),

d) FHs, 1) =W(s), where W: P> P, W) =1, W(s)>1 forall sOP with
s #1, and W(s) < s forall s 0P,

(€) FYs, 1) =——, where ¢ :[I, ©) >[I, ) is a continuous function such that

(s)
() =1iff r =1,
s
h(s, t)
h(s,t) =1iff t =1 forall ¢, s > 1,

, where 7 : [1, ©)? > [1, «) is a continuous function such that

(f) FY(s, 1) =

(@ FYs,t)=¢(s), FYs,7)=s implies s =1, where ¢ :[L, o) >[I, o) is an
upper semi-continuous function such that ¢(1) =1 and ¢(¢) < ¢ forall ¢ > 1.

Inspired by the inequality in the Hardy and Rogers mapping theorem [4], we

introduce the following

Definition 2.6. Let (X, m) be a multiplicative cone metric space, ) be a modified

altering distance function, ¢ be a modified ultra ultering distance function, and
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FPOcY We say a self map T of (X, m) is a @ — ¢ — CV multiplicative operator of
the Hardy and Rogers type if it satisfies the following inequality for all x, y [0 X, where

0<k<i,
5

W(m(Tx. 7y)) < FAW(((m(x. y) Cinlx, 7x) On(y, Ty) Gn(x, Ty) Gn(y, 7x))°),

¢(((m(x, ¥) Onx, Tx) Gin(y, Ty) Gin(x, Ty) On(y, Tx)))).

Inspired by the inequality in the Reich mapping theorem [5], we introduce the
following

Definition 2.7. Let (X, m) be a multiplicative cone metric space, | be a modified

altering distance function, ¢ be a modified ultra ultering distance function, and

FPO Y We say a self map T of (X, m) is a @y — & — C” multiplicative operator of

the Reich type if it satisfies the following inequality for all x, y O X, where 0 < k < %

Wn(Tx, 7v)) < FHW(((m(x, ¥) On(x, Tx) On(y, 7)),

O(((m(x, v) On(x, Tx) On(y, Tv))"):

Inspired by the inequality in the Kannan mapping theorem [6], we introduce the

following

Definition 2.8. Let (X, m) be a multiplicative cone metric space, P be a modified

altering distance function, ¢ be a modified ultra ultering distance function, and
FPoOcP we say a self map T of (X, m) isa Y —¢ - ct multiplicative operator of

the Kannan type if it satisfies the following inequality for all x, y [0 X, where

0Sk<l,
2

Y(m(Tx, ) < FAW((m(x, Tx) On(y, 79))°), 6(((m(x, Tx) Gy, 79))°)).

Inspired by the inequality in the Chatterjee mapping theorem [7], we introduce the
following

Earthline J. Math. Sci. Vol. 2 No. 1 (2019), 169-179
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Definition 2.9. Let (X, m) be a multiplicative cone metric space, | be a modified

altering distance function, ¢ be a modified ultra ultering distance function, and
FYOcY We say a self map T of (X, m) is a - — C” multiplicative operator of

the Chatterjee type if it satisfies the following inequality for all x, y J X, where

0Sk<l,
2

W(m(Tx, 79)) < FHW(On(x, Ty) Gnly, 7)), o(((m(x, Ty) On(y, Tx))")).

Inspired by the inequality in the Banach mapping theorem [8], we introduce the

following

Definition 2.10. Let (X, m) be a multiplicative cone metric space, { be a modified

altering distance function, ¢ be a modified ultra ultering distance function, and

FP0OcY We say a self map T of (X, m) is a @y — & — C” multiplicative operator of
the Banach type if it satisfies the following inequality for all x, y 0 X, where
0<k <],

Wn(Tx, 7)) < FHW(((m(x, ))°), o(((m(x, ))).
2.1. A fixed point theorem of the Hardy and Rogers kind

Theorem 2.11. Let (X, m) be a multiplicative cone metric space, and the self map T

of (X, m) bea Y —-¢ - ct multiplicative operator of the Hardy and Rogers type. The
fixed point of T is unique, provided that (X, m) is a complete multiplicative cone metric

space.

Proof. Define the sequence {y,} by y,+; = Ty,, and observe we have the following
Wm(ype1s Yps2))
= W(m(Tyy,. Ty,+1))

< FHW(n(ns Yus1) Dy, T9) Gn(ysts Tasr) Gn(vs Ter) D(ymsrs ),

O((m(Vs yoe1) Dn(ys Tv,) On(yats Typar) On(yps Tvyat) On(ypers 7)) )}

http://www.earthlinepublishers.com
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= FHW(n(n> yar1) B3 Yir1) Bysts ¥ne2) On(vs ¥ue2) Gn(ymsrs vae1))),
O(n(y> yur1) B(3ns Ys1) D(ysts Yuw2) O3 Yis2) B(ymsrs yue1)) B
= FHW(0n(yns yue1)” Dn(vnsts Yas2) O yas2))),
O((n(yn> yus1)? D(ysts ¥ne2) Tn(ys ¥02)))}
< FHW(m(ns yu1)” D(sts Yur2) Dy Yr) Bn(vasts yas2)))s
O((m(vas Yus1)? Tn(ynats ¥us2) Onys yuer) Oty ys2)))
= FRW(n(ns vl On(ners v092)2)) 0(0n(ns vus1)’ On(vasrs yus2)*) )

< W((m(yps yos1) On(yyers yaa2)?)).

The above inequality implies that

3k 2k
M(Yp+1> Yn+2) S m(yys Ypa1)™ On(yye15 Ype2)
From the above we deduce that

3k
m()’nﬂ’ )’n+2) = m()’n, yn+1)1—2k-

Let h:=

, then the above implies

h
m(yn+l’ yn+2) < m(yn’ yn+1)

and by induction for all n ONU{0} we have m(y,, y,+1) < m(y, yl)hn. Now we
show that {y,} is a multiplicative Cauchy sequence. For this, let, n, k DN U0 with

n < k and observe that we have the following

m(y,, i) < m(yys Yua1) - m(ye-1, yi)

A hk—l
< m(yg. y1)" --m(yp. »)

hn+-~+hk_1

=m(yp, )
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' hn+1
<m(yp. y)* "7

hh
< m(yo> y1)1-n-

From the above, we deduce that

n

|y v < I mCyor )1 1=
Since h <1, it now follows that lim, ; e m(y,, yx) =1, and hence {y,} is a

multiplicative Cauchy sequence. Since X is multiplicative complete, there is yD ux

such that lim,, o y, = yD. Now we show existence of the fixed point. Observe we have

the following
Wn(ynser, Ty5)
= W(m(Ty,, Ty7))
< FHW((m(yns ¥7) On(yys Tyy) On(y"S T5) On(yys T5) Gn(y" Tv,))),
O(((m(yn> Y7 Oy, Tyy) (3", 79°) Gy, T°) On(y", 7y,))°))
= FHW(((n(ns ¥7) On(vs Yt Tn(3" 50) Gy, 50) Gy, 300))),

O((m(yns ¥O) Tn(yps Y1) On(y" 75 Gy T5) TOn(y", y,a0))0))-

Taking limits in the above inequality as n — o we deduce the following
] 0 g g 2k g 2k
Wim(y", T5) < FAWm(G" 159, o(m(y", 795)%)))

2k
< @(m(y", Ty9)*).
From the above we deduce the following
2k
m(y", Ty") < m(y", 1y7)

which implies that

m(y", 7y <1,
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Since 1 -2k # 0 for any k UJ [0, é), we get that m(yD, TyD) =1 and hence yD = TyD.

Finally, we show the fixed point is unique. Suppose X = TxD, but x"# yD. Now

observe we have the following

m(x", y5) = w(m(1x", 1¥1))
< FIW(m(x", 9, o(m(x", y7)*)))
< Y(m(x", y7*)

which implies that

m(xl:J, yl])l—Sk <1.

Since 1 =3k # 0 for any k [J [0, %), we get that m(xD, yD) =1, and hence XM= yD. So
the fixed point is unique, and the proof is completed. [
2.2. A consequence

Corollary 2.12. Let (X, m) be a multiplicative cone metric space, and the self map

T of (X, m) satisfy

W(((m(x, ) On(x, Tx) On(y, Ty) Gin(x, Ty) On(y, Tx))")

W(m(Tx, Ty)) <

for all x, y X, where U is a modified altering distance function, ¢ is a modified
ultra ultering distance function. The fixed point of T is unique, provided that (X, m) is a

complete multiplicative cone metric space.
Proof. Let F"be given by Example 2.5(a) in Theorem 2.11. [
2.3. Open problems

These are inspired by Definitions 2.7, 2.8, 2.9, and 2.10, and we ask the reader to

prove or disprove the following

Earthline J. Math. Sci. Vol. 2 No. 1 (2019), 169-179
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Exercise 2.13. Let (X, m) be a multiplicative cone metric space, and the self map T
of (X,m)beaPp—-¢-C H multiplicative operator of the Reich type. The fixed point of
T is unique, provided that (X, m) is a complete multiplicative cone metric space.

Exercise 2.14. Let (X, m) be a multiplicative cone metric space, and the self map T
of (X,m)beap—-¢-C H multiplicative operator of the Kannan type. The fixed point
of T is unique, provided that (X, m) is a complete multiplicative cone metric space.

Exercise 2.15. Let (X, m) be a multiplicative cone metric space, and the self map T

of (X, m) be a Y —¢ —C" multiplicative operator of the Chatterjee type. The fixed
point of T is unique, provided that (X, m) is a complete multiplicative cone metric

space.
Exercise 2.16. Let (X, m) be a multiplicative cone metric space, and the self map T

of (X,m)bea@-¢-C - multiplicative operator of the Banach type. The fixed point

of T is unique, provided that (X, m) is a complete multiplicative cone metric space.
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