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Abstract

In this paper, by making use of the principle of strong subordination, we establish some
interesting properties of multivalent analytic functions defined in the open unit disk and

closed unit disk of the complex plane associated with Dziok-Srivastava operator.

1. Introduction and Preliminaries

Denote by H(U xU) the family of all analytic functions in U xU. Let
U={z:0C:|z|<1} and U ={z0C:|z| <1} indicate the open unit disk and the
closed unit disk of the complex plane, respectively. For n ON ={1, 2, ..} and a OC,

let Ha, n, J={f OHU xU): f(z. ) =a+a,Q)z" +a,,,Q)"" +--, z0U,

¢ OU}, where a; () are holomorphic functions in U for k > n.

Also, let Apz ={f OHU xU): f(2.0) = 2 + @y (Q)"™ ++, 20U, LD U},

with .AIDZ = A%', where a; () are holomorphic functions in U for k = n +1.
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A function f 0Ha, n, {] is said to be starlike in U x U if

REHCEININ 7
R{f(z,z)} 0, (zOU,T0OU).

Denote the class of all starlike functions in U XU by S ZD.

Similar, £ 0 HJa, n, ] is said to be convexin U x U if

{Zf”z (z. Q)
Re _z -

0 au).
N9 ”}>°’ (z00.200)

Denote the class of all convex functions in U xU by K ZD.

Definition 1.1 [9]. Let f(z, ), g(z,{) be analytic in U xU. The function
f(z, Q) is said to be strongly subordinate to g(z, {), written f(z, {) << g(z, ),
z0U, TOU, if there exists an analytic function w in U with w(0) =0 and
|w(z)| <1, zOU suchthat f(z, 7) = g(w(z), {) forall ZOU.

Remark 1.1 [9].

(1) Since f(z, ¢) is analytic in U x U, for all { OU and univalent in U, for all
{ OU, Definition 1.1 is equivalent to f(0, ) = (0, ¢) forall OU and f(U xU)
0gUxU).

() If f(z,0) = f(z) and g(z, ) = g(z), then the strong subordination becomes

the usual notion of subordination.

Let AZD( p) denote the subclass of the functions f(z, {) 0 H(U xU) of the form:

[e)

Fe Q=27+ a,uq (@™, pON={2,.},:00.200 (.1
k=1

which are analytic and multivalentin U x U .
For complex parameters «; 0C,B; 0 C\Zqy, where Zy ={0,-1,-2,.};

I<i<l, 1<jsm [<Sm+1; [,mONy =NU{0} and fOAZ(p). The Dziok-
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Srivastava operator H (0, ..., 03 By, ..., Byy) : AZD(p) - AZD(p) (see for details [3,
6]) is defined by

[e)

(Gl)k "'(Gl)k

2B, (B k!

where (x), is the Pochhammer symbol defined by

H (0, oy g5 Brs ooy B) f(2,0) = 27 + ap (027, (12)

SELETE o)
ke = rx) e+ (x+k-1) (kON).

In order to make the notation simple, we write Hf,,’m(al) = H (0, oo 055 Bys oo Bry)-

It is easily verified from (1.2) that
Z(Hé’m(al)f(z’ Z)); = GlHﬁy’m(OH +1) f(z, Q) - (a; - P)an’m(al)f(z, ). (1.3)

We note that special cases of the Dziok-Srivastava operator H ﬁ,m (a;) include the

Hohlov linear operator [4], the Carlson-Shafer operator [1], the Ruscheweyh derivative

operator [11], the Srivastava-Owa fractional operator [10], and many others.

In recent years, many authors obtained various interesting results associated with
strong differential subordination and superordination, for example, (see [2, 5, 12, 13, 14,
15]).

We will require the following lemmas in proving our main results:
Lemma 1.1 [8]. Ler h(z, {) be a convex function with h(0, Q) = a, for every
20U andlet yOC” = C\0} with Re(y) = 0. If p O HYa, n, ] and

p(z. Q) +§zp;(z, )<< h(z 7)., (z0U,200), (1.4)
then

Pz, 1) << q(z, Q) =< h(z. ), (zDU,20V),

Y
Yo
where ¢(z, {) = Ly Iozt" h(t, Q)dt is convex and it is the best dominant of (1.4).

nz"
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Lemma 1.2 [7]. Let ¢(z, {) be a convex function in U xU for all { QU and let

h(z, C) = q(z, {) + ndzq,(z, ¢), zOU, L O U, where &> 0 and n is a positive integer.

If
(2. Q) = (0. Q) + p,u(Q)2" + P (@Q)" +---,
is analyticin U xU and
p(z, Q) + 3 (z, 0) =< h(z, 1), (20U, L0OU),
then
p(z.0) << 4(z ¢), (00U, 200),

and this result is sharp.

2. Main Results

Theorem 2.1. Let h(z,{) be a convex function such that h(0, () =

0AY p) satisfies the strong differential subordination:
¢

(" () 1= Q)

p-1

< h(z, Q),
pz

then

Hy"(01) f (2 Q)

p <= q¢(z, ¢) =< h(z, C),
Z

where q(z, ) = %Igtp_lh(t, Q)dt is convex and it is the best dominant.
z

Proof. Suppose that

I,m
F(Z, Z) - HP (azlzf(z’ Z) , z DU, Z Dﬁ

Then the function F(z, {) is analyticin U xU and F(0, {) = 1.

1. If

(2.1)

(2.2)

http://www.earthlinepublishers.com
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Simple computations from (2.2), we get

1

l,m
Flz, Q) + L 2Fl(z, Q) = U (al){fz’ e 2.3)
p pz?

Using (2.3), (2.1) becomes

|-
F(z, Q) +—zF(z, {) =< h(z, Q).
p
An application of Lemma 1.1 with n =1, y = p yields

Hy"(01) f (2 Q)

zP

_ P [%p
<=<q(z, Q) = Z_l’-[otp h(t, Q)dt << h(z, 0).

By taking p =1 and h(z, {) = “(21—_1)2

N ,0< A <1 in Theorem 2.1, we obtain
Z

the following corollary:

Corollary 2.1. If f U AZD (1) satisfies the strong differential subordination:

(B (o) (. Q). << SH A0z

Z 1 + z
then

H"@)f(0) R& (2A - Q)1

dt=2)\—Z+Mln(l+z).
Z 790 1+1¢

<
Theorem 2.2. Let h(z, {) be a convex function such that h(0, {) =1. If 0 < ¢ < p,
NUC and fUO AZD (p) satisfies the strong differential subordination:

L Hém(al)f(z’ Z)—o + N (Hém(al)f(z’ Z))IZ -0 =< h(z,0), 24
-0 zP -0 pzP! z,6), (2.
then
Hl,m ’
1_10{ : (azlzf(z Z)_GJ« D)
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P P
-2
where q(z, () = %Z n joztn h(¢, Q)dt is convex and it is the best dominant.

Proof. Suppose that

gy ! (Hﬁ;mml)f(z,z)

—0} 00U, TOU. (2.5)
1-0 p

Z

Then the function F(z, ) is analyticin U xU and F(0, ) = 1.

Differentiating both sides of (2.5) with respect to z, we have

[Hﬁ;m(al)f(z, ) “’J

n_ _1-n
F(z, 0) +—LzF' (2, 0) =
(z. Q) P 2(2.0) o o

+

n {(Hﬁ;m(al)f(z, 2)),

1_0 pzp_l

- 0}. (2.6)
From (2.4) and (2.6), we get
F(z, Q)+ 2F(z, T) << h(z Q).
p

An application of Lemma 1.1 with n =1, y = b yields

o P
_ 0} << q(z,0) = ﬁz n -[O[r] h(t, Q)dt <= h(z, Q).

1-0 p

1 (HE™a) f(z.0)
<
Theorem 2.3. Let ¢(z, {) be a convex function such that q(0, {) =1 and let h be

the function h(z, {) = q(z, {) + 2q-(z, 0). If f O AZD(p) satisfies the strong differential

subordination:

I

J <= h(z, 0), 2.7)

{zHﬁ;’"(al +1) (2. Q)
H ™ (04) f(z. Q)

http://www.earthlinepublishers.com
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then
H:Em (o +1 ,
pl,fn 1 +1)f(z, Q) <42, 0).
Hp"(ay) f (2. )
Proof. Suppose that
TR Vi CR 08

F(z, () = ,
) Hy™ (o) f(z. Q)

Then the function F(z, {) is analyticin U xU and F(0, {) = 1.
Differentiating both sides of (2.8) with respect to z and using (2.7), we have
F(z, Q)+ zF.(z, Q)

_Hp" (0 +1) /(2. Q)
" (00) £ (2. Q)

L HE" (@) (& QWG (o +1) £ (2 Q). = Hi" (@1 +1) £ Q" (00) £ ).
[ (@) £ (2. QP

(@) £ (2 O EH ™ @y +1) (), — B o +1) £ Q) (o) £ 2).
(15" (o) £ 2. Q)P

_[ZHﬁsm(alﬂ)f(z,z)}’ D)

T E ) £ 0)

Z
An application of Lemma 1.2, we obtain

H" (o +1) f(2.0)
=<

Ha ey e

Theorem 2.4. Let ¢(z, {) be a convex function such that q(0, {) =1 and let h be

the function h(z, {) = q(z, {) + 1+ zq%(z, {), where oy >0. Suppose that
q ,

1
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G&J)=g%%£L?mﬂf@ZML 00U, TOU. (2.9)
Z

If f0O A(D (p) satisfies the strong differential subordination

(HS"(a)) £ (2, ).

pzP™!

<< h(z, 0), (2.10)

then

(H5"(a))6(z, Q).

pzP!
Proof. Suppose that
I,m !
H>"(a;)G(z, C _
F(z, Q) = (7 ()6 Lz Q) , zOU, TOU. (2.11)
pzP!

Then the function F(z, {) is analyticin U xU and F(0, Z) = 1.

From (2.9), we have
2M6(z,0) = (a; + p)joZ 017 e (e, Q) ar. (2.12)

Differentiating both sides of (2.12) with respect to z, we get
(o) + p) f(z, Q) = 01G(z, {) + 2G(z, Q)

and

(oy + P)H ™ (@) (2 Q) = o4 H " (@) G(z, 0) + 2(H ;" (0,)G(z, Q).

So

1

(pr’m(al)f(z, Q). _ (o +1) (Hﬁ;’m(o‘l)G(Z, ).
pzP! play + p) P!

1 (HS™(0)6(z )2
p(oy + p) P72

(2.13)
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From (2.11) and (2.13), we obtain

- OO

F(z, () +
(=) o +p pr_l

(2.14)

Using (2.14), (2.10) becomes

1

F(z, Q) + > 2F(z, {) << q(z. Q) + 245 (z. Q).

a+2p

An application of Lemma 1.2 yields F(z, {) << ¢(z, {). By using (2.10), we obtain.

1

(H5™(0)) Gz, Q).
p-1

<< ¢(z, C).
Pz
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