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Abstract

Some classes of inverse quasi variational inequalities, which can be viewed as a novel important special
case of quasi variational equalities, introduced in Noor [417] in 1988, are investigated. Using various
techniques such as Wiener-Hopf equations, auxiliary principle, dynamical systems coupled with finite
difference approach we suggest and analyzed a number of new and known numerical techniques for
solving inverse quasi variational inequalities. Convergence analysis of these methods is investigated
under suitable conditions. Sensitivity analysis is also investigated. One can obtain a number of new
classes of inverse variational inequalities by interchanging the role of operators. Various special cases are

discussed as applications of the main results. Several open problems are suggested for future research.

1 Introduction

Variational inequality theory contains a wealth of new ideas and techniques. Variational inequality
theory was introduced and considered in early sixties by Lions and Stampacchia [35], can be viewed
as a novel extension and generalization of the variational principles. By variational principles, we mean
maximum and minimum problems arising in game theory, mechanics, geometrical optics, general relativity
theory, economics, transportation, differential geometry and related areas It is amazing that a wide class
of unrelated problems can be studied in the general and unified framework of variational inequalities.
Variational inequalities have been generalized and extended in several directions using novel and innovative
ideas to handle complicated and complex problems. Noor [16,417] considered two new classes of variational

inequalities involving two arbitrary operators in 1988, which are known as general variational inequalities
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and have applications in oceanography, non-positive and non symmetric differential equations theory. An

important special case of these general variational inequalities is known as inverse variational inequalities.

It has been established that the variational inequalities are equivalent to the fixed point problems
This equivalent formulations have played an important role to study the existence of the solution and to
develop efficient numerical methods for solving variational inequalities and related optimization problems.
Noor [51,54] has proposed and suggested three step forward-backward iterative methods, known as Noor
iterations, for finding the approximate solution of general variational inequalities using the technique
of updating the solution and auxiliary principle. These forward-backward splitting algorithms are
similar to those of the schemes of Glowinski and Le Tallec [21], which they suggested by using the
Lagrangian technique. Suantai et al. [33] have also considered some novel forward-backward algorithms
for optimization and their applications to compressive sensing and image inpainting. Ashish et al. [1—(],
Cho et al. [12] and Kwuni et al. [34] explored the Julia set and Mandelbrot set in Noor orbit using the
Noor (three step) iterations. It is worth mentioning that Noor iterations have influenced the research
in the fixed point theory and will continue to inspire further research in fractal geometry, chaos theory,
coding, number theory, spectral geometry, dynamical systems, complex analysis, nonlinear programming,
graphics and computer aided design. These three-step schemes are a natural generalization of the splitting
methods of Ames [3] for solving partial differential equations. Noor (three-step) iterations contain Mann
(one-step) iteration and Ishikawa (two-step) iterations as special cases. Inspired and motivated by the
usefulness and applications of the splitting three-step methods, several classes of three-step approximation
schemes for solving variational inequalities, fixed points and related problems are being investigated. It
has been established [51,79] that Noor (Three step) iterations, perform better than the Ishikawa (two

step) iterations and one step method Mann (one step) iteration.

In various cases, the underlying set may depends upon the solution explicitly or implicity, then the
variational inequality is called the quasi-variational inequality. Bensoussan and Lions [9] studied such

type of problems in the field of impulse control.

To be more precise, for given nonlinear operators 7, g : H < H and convex valued closed convex set
Q(p), find p € Q(pu) € H, such that

(Tw,v—g(p)) =0, Vv e Q) (1.1)
which is called the general quasi variational inequality considered by Noor [17] in 1988.
For T = I, identity operator, the problem (1.1) reduces to finding p € Q(u) such that

(hsv —g(n)) 20, Vv e Q(u), (1.2)

is called the inverse quasi variational inequality, which have been used to consider a road pricing problem

in which the environment impact problem due to traffic flow is taken into account to fix the road taxes
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and a bipartite market equilibrium problems. Also, a number of problems such as flow control problems,
transportation, telecommunication networks, dynamic power price problem and least distance problem [10]
can be studied in the unified framework of inverse variational inequalities. Ironically, all the authors and
researchers in [0, 22-27, 84, 86] have not cited the original paper on quasi variational inequalities by
Noor [17], which is unethical. They have copied and pasted all the results from various research articles

of Noor and his coauthors with minor modifications.

Noor [43,47] proved that the quasi variational inequalities are equivalent to the implicit fixed point
problem. This equivalent formulation played an important role in developing numerical methods,
sensitivity analysis, dynamical systems and other aspects of quasi-variational inequalities. For the
applications, motivations, generalizations, extensions, dynamical systems, sensitivity analysis, numerical
methods, error bounds and related optimization programming problems, see [1,2,9, 11,13, 17-21,28-31,

, 34, 37,38, 4143, 4575, 77,83,85,90] and the references therein.

The Wiener-Hopf equations were introduced and studied by Shi [20] and Robinson [78]. This technique
has been used to study the existence of a solution as well as to develop various iterative methods for solving
the variational inequalities. Noor [50] have proved that quasi variational inequalities are equivalent to
the Wiener-Hopf equations. This equivalence has been used to study the existence and stability of the

solution of quasi variational inequalities.

The projected dynamical systems associated with variational inequalities were considered by Dupuis
and Nagurney [19]. The novel feature of the projected dynamical system is that the its set of stationary
points corresponds to the set of the corresponding set of the solutions of the variational inequality problem.
This dynamical system is a first order initial value problem. Consequently, equilibrium and nonlinear
problems arising in various branches in pure and applied sciences can now be studied in the setting of
dynamical systems. It has been shown [17,19,31,38 54,641,069, 87, 88] that the dynamical systems are
useful in developing some efficient numerical techniques for solving variational inequalities and related

optimization problems.

We would like to mention that the sensitivity analysis provides useful information for designing or
planning various equilibrium systems. Sensitivity analysis can provide new insight and stimulate new
ideas and techniques for problem solving. Dafermos [17] studied the sensitivity analysis of the variational
inequalities using the fixed point technique. This approach has strong geometrical flavour and has been
investigated for various classes of quasi variational inequalities. Also see, [50,54,62,63,73,84,86] and the

references therein.

Motivated and inspired by ongoing recent research in variational inequalities, we revisit the inverse
quasi variational inequalities, which is a special case of quasi variational inequalities involving two arbitrary

operators, introduced and studied by Noor [17] in 1988. Noor [13] established the equivalence between
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the quasi variational inequalities and fixed point problem, which has been used to consider an iterative
method for solving quasi variational inequalities. We prove that the nonlinear programming problems and
implicit second order obstacle boundary value problems can be studied via the inverse quasi variational
inequalities. Several special cases are discussed as applications of the inverse quasi variational inequalities,
discussed in Section 2. In section 3, we discuss the unique existence of the solution as well as to suggest
several inertial iterative method along with the convergence analysis. The inverse Wiener-Hopf equation
technique is used to suggest some iterative methods in Section 4. We also apply the auxiliary principle
technique involving an arbitrary operator is used to discuss some iterative schemes for solving the inverse
quasi variational inequalities in Section 5. Dynamical system approach is applied to study the stability
of the solution and to suggest some iterative methods for solving the inverse quasi variational inequalities
exploring the finite difference idea. Our results in this section can be viewed as significant refinement of

the results in [7, 18,84, 80] and the references therein.

Sensitivity analysis for variational inequalities has been studied by many authors using quite different
techniques. The techniques suggested so far vary with the problem being studied. Dafermos [17] used
the equivalence between the variational inequalities and the fixed-point problem to study the sensitivity
analysis of the classical variational inequalities. This technique has been modified and extended by
many authors for studying the sensitivity analysis of various classes of quasi variational inequalities
in [50,62,63,73,75]. In Section 7, we obtain some new results for the sensitivity analysis of the inverse

quasi variational inequalities.

One of the main purposes of this paper is to demonstrate the close connection among various classes
of algorithms for the solution of the inverse quasi variational inequalities and to point out that researchers
in different field of variational inequalities and optimization have been considering parallel paths. We
would like to emphasize that the results obtained and discussed in this paper may motivate and bring a
large number of novel, innovate potential applications, extensions and interesting topics in these areas.
We have given only a brief introduction of this fast growing field. The interested reader is advised
to explore this field further and discover novel and fascinating applications of inverse quasi variational
inequalities in other areas of sciences such as machine learning, artificial intelligence, data analysis, fuzzy
systems, random stochastic, financial analysis and related other optimization problems. It is expected

the techniques and ideas of this paper may be starting point for further research.

2 Formulations and Basic Facts

Let Q be a nonempty closed set in a real Hilbert space H. We denote by (-,-) and | - || be the inner
product and norm, respectively. First of all, we recall some concepts from convex analysis [14, 15, 40],

which are needed in the derivation of the main results.
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Definition 2.1. A set Q in H is said to be a conver set, if
w+ ANy —p) €9, Vu,v e QN e€|0,1].
Definition 2.2. A function ® is said to be a convex function, if

(1= Np+ ) < (1= ND(p) +A0(v), YureQ, Melo,1l.

Convex functions are closely related to the integral inequalities and variational inequalities. These type
of inequalities have played crucial part in developing fields such as: numerical analysis, operations research,
transportation, financial mathematics, structural analysis, dynamical systems, sensitivity analysis and

machine learning.

If the convex function ® is differentiable, then p € € is the minimum of the function @, if and only if,

€ () satisfies the inequality
(@ (u),v—p) >0, VYve. (2.1)

The inequalities of the type (2.1) are called the variational inequalities, which were introduced and studied
by Lions and Stampacchia [35]. It is known that the problem (2.1) occurs, which may not be derivative
of the differentiable functions. These facts and observations motivated Lions and Stampacchia [35] to
consider more general variational inequalities of which (2.1) is a special case. To be more precise, for a

given nonlinear operator 7 : H — H, we consider the problem of finding p € {2 such that
(Tu,v—p) >0, Yve (2.2)

which is called the variational inequality. Note that, for ®'(u) = T u, problem (2.2) is exactly the problem
(2.1).

For the applications, formulation, sensitivity, dynamical systems, generalizations, and other aspects
of the variational inequalities, see [1,9, 13, 17=21,28=31,33, 34,37, 38, 4143, 45-506,58-60, 68=75, 77,83, 85]

and the references therein.

In many cases, the set and function may not be a convex set and convex functions. To overcome these
drawbacks, Noor [57, 58] introduced the concept of general new convex set and general convex function
with respect to an arbitrary function g. For the sake of completeness and to convey an idea of this result,

we include some details.

Definition 2.3. [07,58] A set Qg C H is said to be a general convex set, if there exists an arbitrary
function g : H — H such that

g(p) +tlv—g(p) € Qq, Yu,v ey, tel0,1].
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Note that every convex set is general convex set, but the converse is not true, see Noor [57,58]. It is
worth mentioning that the general convex (g-convex) set is different than the E-convex set of Youness [39]
and various general convex set. For the applications of the general convex sets in information technology,
railway systems, computer aided design, digital vector optimization and comparison with other concepts,

see [14-16,57]. If g = I, then the general convex set €, is exactly the convex set €.

Definition 2.4. The function ® : Q, — H is said to be general convez, if there ewists an arbitrary

function g, such that

(g(p) +t(v — g(w))) < 2(g(p) + H{2(v — (g(p)},  Yu,v €€y, t€0,1].

Clearly every convex function is a general convex, but the converse is not true. For the differentiable

general convex function, we have

Theorem 2.1. [57,55] Let ® be a differentiable general convex function on the general convex set Q.

Then the minimum p € g of the function ®, if and only if, p € 1y satisfies the inequality

(®'(g(p),v —g(n)) =0, Vv eQy, (2.3)

where ®'(.) is the differential of ® at p € Qg in the direction v — g(p).

Theorem 2.1 implies that general convex programming problems can be studied via the general

variational inequality(2.3).

It is known that the inequality of the type (2.3) may not arise as the optimality condition of the

differentiable functions.
Noor [58] introduced and investigated the problem of finding p € Q C H, such that
<T/'L7V - g(:“’)) > 07 Vv € Qa (24)

which is called the general variational inequalities. For the applications, motivations, numerical results,
dynamical systems and related optimizations, see [60,75]. It is worth mentioning that the problem (2.3

is a special case of the of the problem (2.4).

In many applications, the convex set {2 depends upon the solution explicitly or implicitly. In such
cases, variational inequality is called the quasi variational inequality. Let € : H — H be a set-valued
mapping which, for any element p € H, associates a convex-valued and closed set Q(u) € H. We now
consider some new classes of general quasi variational inequalities, which include several new and known

classes of variational inequalities as special cases.

For given nonlinear operators 7T, g, we consider the problem of finding p € Q(u), such that

(T, v—g(p) =20, VveQp), (2.5)
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which is called the quasi variational inequality, introduced and studied by Noor [17] in 1988. Also by
interchanging the role of the operators 7 and g, the problem (2.5) is equivalent to finding p € Q(u), such
that

{g(p),v =T(p) =20, Vv e Qp), (2.6)

Note the symmetry role played by the mappings 7 and g. It is clear all the results, which hold for the

problem (2.5), continue to hold for the problem (2.6) and vice versa.
If 7 = I, the identity operator, then the problem (2.6) reduces to finding p € Q(p), such that
(v —g(p) 20, Vv eQu), (2.7)
is called the inverse quasi variational inequality, see [7, 10,2227, 841 86] and the references therein.
For g = I, the problem (2.6) reduces to finding v € Q(u), such that
(v —T() 20, ¥ €Qp), 2.5)

which is also called the inverse quasi variational inequality. Consequently, it is evident that all the
known results for quasi variational inequalities are also valid for both types of inverse quasi variational

inequalities. This is a surprising fascinating fact.

Special Cases

We now point out some very important and interesting problems, which can be obtained as special cases
of the problem (2.7).

(I). This problem (2.5) can be viewed as a problem of finding the minimum of general convex
function [57]. Such type of problems have applications in optimization theory and imaging process in

medical sciences and earthquake.

In. If O*(pw) = {p € H : (pvy >0, Yv € Qu)} is a polar (dual) cone of a convex-valued
cone Q(u) in H, then problem (2.7) is equivalent to finding p € H, such that

9(p) € Qp), peQ(n) and (u,g(n) =0, (2.9)
which is known as the inverse quasi complementarity problems and appears to be a new one.

For Q(u) = 2, the convex set, the problem (2.9) is equivalent to finding 1 € H such that

g(p) €Q, peQ and (u,g(p) =0, (2.10)

Earthline J. Math. Sci. Vol. 15 No. 4 (2025), 495-539



502 Muhammad Aslam Noor and Khalida Inayat Noor

is called the inverse nonlinear complementarity problem [16]. Obviously inverse quasi complementarity
problems include the inverse complementarity problems and linear complementarity problems. The
complementarity problems were introduced and studied by Cottle et al. [13], Lemke [36], Noor [16,18, 5]
and Noor et al. [61,66,73,70] in game theory, management sciences and quadratic programming as special
cases. This inter relations among these problems have played a major role in developing numerical results

for these problems and their applications.

(IIT). If Q(p) = €2, where Q is a convex set in H, then problem (2.7) reduces to finding p € €2 such that

<H’V - g(lu’)> > 07 Vv € Q7 (211)
is known as the inverse variational inequality, which is mainly due to Noor [17] by taking T = I, the
identity operator. Noor et al. [(7] have considered some multi step iterative methods for solving inverse

variational inequalities (2.11).

Remark 2.1. [t is worth mentioning that for appropriate and suitable choices of the operators T, g,
set-valued convex set Q(u) and the spaces, one can obtain several classes of inverse variational inequalities,
inverse complementarity problems and optimization problems as special cases of the inverse quasi
variational inequalities (2.7). This shows that the problem (2.5) is quite general and unifying one. It
is interesting problem to develop efficient and implementable numerical methods for solving the general

quasi-variational inequalities and their variants.

We also need the following result, known as the projection Lemma(best approximation), which plays
a crucial part in establishing the equivalence between the inverse quasi variational inequalities and the
fixed point problems. This result is used in the analyzing the convergence analysis of the implicit and

explicit methods for solving the variational inequalities and related optimization problems.

Lemma 2.1. [/7] Let Q(u) be a closed and convex-valued set in H. Then, for a given z € H, p € Q(u)
satisfies the inequality

(W—z,v—pn)y>0, YveQp), (2.12)
if and only if,
= o) (2),

where Tlg,) is implicit projection of H onto the closed conver-valued set Q(p).

It is well known that the implicit projection operator Ilg(,) is not nonexpansive, but it is required to
satisfy the following assumption, which plays an important part in the derivation of the results..
Assumption 2.1.

”HQ(M)L‘J_HQ(V)CU” < n“ﬂ_y“vvﬂa v,w € H, (213)

where n > 0 is a constant.
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Assumption 2.1 has been used to prove the existence of a solution of general quasi variational

inequalities as well as in analyzing convergence of the iterative methods.

In many important applications, the convex-valued set Q(u) can be written as
Qp) =m(n) +Q,

is known as the moving convex set,where m(u) is a point-point mapping and {2 is a convex set. In this

case, we have
Hoyw = o = m(p) + Holw —m(p)],  Vu,w € Q.
We note that, if m(u) is a Lipschitz continuous mapping with constant v > 0, then

Mogyw = Howywl = [lm(p) = m) + Hafw —m(p)] - Holw —m(v)|

N

< 2m(p) —m@)|| < 29[lp—vl, Vu,v,weQ

which shows that Assumption 2.1 holds with n = 2~.

Definition 2.5. An operator T : H — H is said to be:

1. Strongly monotone, if there exist a constant o > 0, such that

(Tu—=Tr,p—v)>alp—v|?, YuveH,

2. Lipschitz continuous, if there exist a constant 8 > 0, such that

[ Trw—Tv| <Bllp—vl, VuveH

3. Monotone, if
(Tp—Tv,p—v) >0, VYu,veH.

4. Pseudo monotone, if

<T/L,I/—,U,>ZO = <TV7V_:U'>207 VM7V€H-

Remark 2.2. Every strongly monotone operator is a monotone operator and monotone operator is a

pseudo monotone operator, but the converse is not true.
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3 Projection Method

In this section, we use the fixed point formulation to suggest and analyze some new implicit methods for

solving the inverse quasi variational inequalities.

Using Lemma 2.1, one can show that the inverse quasi variational inequalities are equivalent to the

fixed point problems.

Lemma 3.1. The function p € Q(u) is a solution of the inverse quasi variational inequality (2.7), if and

only if, p € Q(u) satisfies the relation

g(p) = o lg(p) — pul, (3.1)

where Tlg,, is the implicit projection operator and p > 0 is a constant.

Proof.  Let u € Q(u) be a solution of the problem (2.7). Then

(o +g(p) — g(p),v —g(p)) >0, Vv e Qu).

Using Lemma 2.1, we have

g(p) = Mo g(p) — pul,

the required result. O

Lemma 3.1 implies that the inverse quasi variational inequality (2.7) is equivalent to the fixed point
problem (3.1). This equivalent fixed point formulation (3.1) will play an important role in deriving the

main results.
From the equation (3.1), we have

p=p—g(p) + oy lg(n) — pu.

We define the function F' associated with (3.1) as

F(u) = p—g(p) + o [9(n) — ppl, (3.2)

To prove the unique existence of the solution of the problem (2.7), it is enough to show that the map F'
defined by (3.2) has a fixed point.

Theorem 3.1.  Let the operator g be strongly monotone with constant o > 0 and Lipschitz continuous
with constant ¢ > 0, respectively. If the Assumption 2.1 holds and there exists a parameter p > 0, such
that

p<l—k, k<l, (3.3)
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where
0 = p+k (3.4)
k= V1-20+C+n+¢ (3.5)
then there exists a unique solution of the problem (2.5).
Proof.  From Lemma 3.1, it follows that problems (3.1) and (2.7) are equivalent. Thus it is enough to
show that the map F'(u), defined by (3.2) has a fixed point.

For all v # pu € Q(u), we have

[F(u) = F@) = lluw—v—"(9(r) = gW)Il + oy lllgn) — pr] — How)[g(v) — pv]]|
= |lv—p—=(9(v) — gl + Mo lg(v) — pr] — Hou[g(v) — pv]||
+ Haw)lg(v) — pv] = Haw)lg(n) — pulll
< p—v—=(9(u) =gl +nllv — pll +llg() — g(k) — p(v — p|
< p—=v=(9(p) =gl +nllv = pll + ¢llv = pll + pllv = pl|- (3.6)

Since the operator g is strongly monotone with constants o > 0 and Lipschitz continuous with constant
¢ > 0, it follows that

I

IN

= v = 2(g(p) — gv), u — v) + Cllg(p) — g)|1?
(1=204¢)|p—v|> (3.7)

[ —v—(g(n) —g(v))

IN

From (4.5) and (3.7), we have
1P~ F)Il < 2{V/ =20+ ) +n+C+p}llu-vl
= Ol —vl,
where

0 = p+k
k= 21 -20+C+n+C

From (3.3), it follows that # < 1, which implies that the map F'(u) defined by (3.2) has a fixed point,
which is the unique solution of (2.7). O

The fixed point formulation (3.1) is applied to propose and suggest the iterative methods for solving
the problem (2.7).

This alternative equivalent formulation (3.1) is used to suggest the following iterative methods for

solving the problem (2.7).
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Algorithm 3.1. For a given ug, compute the approximate solutions {un}, {wn} and {y,} by the iterative

schemes

9(yn) = ag,)l9(en) — prn]
g(wn) = Ho,)9Yn) — pynl
g(ﬂn-‘rl) = Hﬂ(wn)[g(wn) _pwn]'

Algorithm 3.1 is a three step forward-backward splitting algorithm for solving inverse quasi variational
inequality (2.7). This method is very much similar to that of Glowinski et al. [21] for variational

inequalities, which they suggested by using the Lagrangian technique.

We now suggested and analyzed the three step iterative methods for solving the inverse quasi

variational inequality (2.7).

Algorithm 3.2. For a given ug, compute the approxzimate solution {jn+1} by the iterative schemes

Yn = (1 - 'Yn)ﬂn + 'YTL{:UTL - g(ﬂn) + HQ(,un)[g(Mn) - IO,Un]} (3'8)
wy, = (1= Bn)pn + Ba{yn — g(yn) + Hﬂ(yn)[g(yn) — pynl} (3.9)
Hn+1 = (1 - an)ﬂn + an{wn - g(wn) + HQ(wn)[wn - pwn]}. (310)

which are known as Noor iterations.

For ~, = 0, Algorithm 3.2 reduces to:

Algorithm 3.3. For a given ug, compute {pn+1} by the iterative schemes

Wn = (1 - Bn)#n + /Bn{,un - Q(Mn) + HQ(MR)[g(,un) - pun}}
fng1 = (1= on)pn + an{wy — glwn) + o, [g(wn) — pwn},

which is known as the Ishikawa iterative scheme for the problem (2.7).

Note that for v, =0 and S, =0, Algorithm 3.1 is called the Mann iterative method, that is.

Algorithm 3.4. For a given ug, compute {pn+1} by the iterative schemes

pin1 = (1 = Bn)pn + Bndbn — 9(pn) + o, [9(kn) — prn]}-

We suggest new perturbed iterative schemes for solving the inverse quasi variational inequality (2.7).
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Algorithm 3.5. For a given ug, compute the approximate solution {u,} by the iterative schemes

Yo = (1 =yn)tn +vndttn — 9(kn) + o) [9(kn) — ppnl} + Ynha
w, = (11— ﬁn)ﬂn + Bn{yn - g(yn) + HQ(yn)[g(yn) - pyn]} + Bnfn
pnsr = (1= an)pn + anfwn — g(wn) + g, [9(wn) — pwn} + anen,

where {en}, {fn}, and {hy,} are the sequences of the elements of H introduced to take into account possible

inexact computations and Ilg,,) is the corresponding perturbed projection operator and the sequences

{an}, {Bn} and {y,} satisfy

oo
0 <an,Bn,m <1; VYn>0, Zan = 00.
n=0

For v, = 0, we obtain the perturbed Ishikawa iterative method and for v, = 0 and 3, = 0, we obtain

the perturbed Mann iterative schemes for solving inverse quasi variational inequality (2.7).

We now study the convergence analysis of Algorithm 3.2, which is the main motivation of our next

result.

Theorem 3.2.  Let the operator g satisfy all the assumptions of Theorem 3.1. If the condition (3.3)
holds, then the approzimate solution {un} obtained from Algorithm 3.2 converges to the exact solution

w € Q(u) of the inverse quasi variational inequality (2.7) strongly in H.

Proof.  From Theorem 3.1, we see that there exists a unique solution p € Q(u) of the inverse quasi
variational inequalities (2.7). Let p € Q(u) be the unique solution of (2.7). Then, using Lemma 3.1, we

have

o= (1—=an)p+on{n—g(p) + Hoglg(n) — pul}t (3.11)
= (1 =B+ Bu{p —g(p) + o g(n) — pul} (3.12)
= (I =m)p+ymin —g(pw) + oy lg(n) — pul}. (3.13)
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From (3.10), (3.11) and Assumption (2.1), we have

|1 — pll =

N+ IN + + IN +

where 6 is defined by (3.4).

11 = an)(pn — 1) + an(wn = 1 = (g(wn) = g(p)))
anllo((w,) [9(wn) — pwn] — Ty [g(p) — pud]|

(1 = an)llpn = pl| + amllwn — = (g(wn) — g(w))||
anllo(w,) [9(wn) = pwn] — Mo, [9(1n) — pul]
an{ I, [9(1n) — pul — o [g(n) — put

(1= an)llptn = pll + amllwn — = (g(wn) — g(w))|l
anllg(wn) — g(k) — p(wn — )| + annllwn — pl|

(1 —an)llpn — pl| + an(k + p)[Jwn — p

(1 = o)l |un — pil| + anBlfwn — plf,

In a similar way, from (3.8) and (3.12), we have

lwn —pll <

IN +

IN

where 6 is defined by (3.3).

(L= Bu)llpn = pll + 2Bn0lyn — 1 — (9(yn) — g(w))|
Ballg(yn) — g(1) — p(yn — Wl + Banllyn — pll

(L= Ba)llpn — pll + Bu(k + p)llyn — pll;

(L= Bn)lln = pll + Brbllyn — pll;

From (3.8) and (3.13), we obtain

Hyn -

From (3.15) and (3.16), we obtain

l|wn —

pll < (1 =)llen = pll + bl — pll
< (=1 =0)w)lpn —ul
< lpn = pl]-

pll < (1= Bu)llwn — pll + Brbllpn — pl]
= (1= (1 =0)Bu)llpn — pll
< lpn = pl]-

Form the above equations, we have

[ — ol < (L= an)llpn — pll + anbllpm — p

= [1 - (1 - a)an]H,U/n - MH

n

< [l - @ —=0)aillo — ull.

=0

(3.14)

(3.15)

(3.16)

(3.17)
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Since > 2, oy, diverges and 1 — 6 > 0, we have []!"_[1 — (1 — 0)a;] = 0. Consequently the sequence {u,}
convergence strongly to p. From (3.16), and (3.17), it follows that the sequences {y,} and {w,} also
converge to u strongly in H. This completes the proof. O

Also, we can suggest the following iterative methods for solving the inverse quasi variational

inequalities.

Algorithm 3.6. For a given pg, compute pn+1 by the iterative scheme

Pnt1 = pn — g(fin) + HQ(M)[Q(M) — ppnl, n=0,1,2,.. (3.18)
which is known as the projection method.

Algorithm 3.7. For a given g, compute pn+1 by the iterative scheme

fnt1 = pn = 9(pn) + Mo, ) 9(kn) — ppin1], n=0,1,2,... (3.19)
which is known as the implicit projection method and is equivalent to the following two-step method.

Algorithm 3.8. For a given pg, compute pun+1 by the iterative scheme

Wn = Mp — g(lufn) + HQ(,un)[g(:un) - pMTJ
Hn+1 = HMn — g(:un) + HQ(wn)[g(:un) - pwn]? n=0,1,2,..

Algorithm 3.9. For a given pg, compute pun+1 by the iterative scheme

fnt1 = pn — 9(ptn) + Mogu, ) [9(1nt1) — ppint], n=0,1,2,... (3.20)
which is known as the modified projection method and is equivalent to the iterative method.
Algorithm 3.10. For a given pg, compute ppy1 by the iterative scheme
wo = o= g(pn) + Mo, [9(kn) = pun]
Pt = p — 9(pn) + o, [g(wn) — pwn], n=0,1,2, ...

which is two-step predictor-corrector method for solving the problem (2.7).

We can rewrite the equation (3.1) as:

Bt p

! (3.21)

i= = g(p) + oy g(

This fixed point formulation is used to suggest the following implicit method.
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Algorithm 3.11. [/6]. For a given pg, compute pn11 by the iterative scheme

I S V|

5 )~ Pni1l. (3.22)

pnt1 = i = 9(kn) + o, ) [
Applying the predictor-corrector technique, we suggest the following inertial iterative method for

solving the problem (2.7) .

Algorithm 3.12. For a given pg, compute pny1 by the iterative scheme

wn = pin — 9(tn) + o) [9(kn) — phin)
Wn + Un

9 ) — pwn).

Hn+1 = HMn — g(un) + HQ(wn)[g(

One can rewrite (3.1) as

(R (),

2
5 PT(—, (3.23)

p=p—g(p) + o,

This equivalent fixed point formulation enables us to suggest the following implicit method for solving
the problem (2.5).

Algorithm 3.13.  For a given ug, compute pin11 by the iterative scheme

Hn + Hnil Hn + Hnil
() = p(—))

5 5 (3.24)

Png1 = pn — 9(fn) + HQ(un+1)[9

To implement the implicit method, one uses the predictor-corrector technique. We use Algorithm 3.9
as the predictor and Algorithm 3.13 as corrector. Thus, we obtain a new two-step method for solving the
problem (2.7).

Algorithm 3.14. For a given ug, compute pn,+1 by the iterative scheme

wn = pin — 9(ptn) + o) [9(n) — piin]
Wn + Un Wn + Un
Hn+1 = Hn — g(”n) + HQ(wn) |:g(<2'u> - p(2u>:| )

which is a new predictor-corrector two-step method.

For a parameter &, one can rewrite the (3.1) as

p=p—g(p) +Toylg((1 = Ep+Ep) — p((1 = Eu+ Eu)].

This equivalent fixed point formulation enables to suggest the following inertial method for solving the
problem (2.5).
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Algorithm 3.15.  For a given g, p1 € Q(p), compute pn+1 by the iterative scheme

fint1 = fin — g(pn) + o) [9((1 = Opn + Epn—1) — p((1 = E)pn + Epn—1)], n=0,1,2,....

It is noted that Algorithm 3.15 is equivalent to the following two-step method.
Algorithm 3.16. For given ug, 1, compute pn+1 by the iterative scheme

Wn = (1 - E)un + fup—1
Pnt1 = fpin — g(kn) + HQ(MH)[Q<CU”) — pwp).

Algorithm 3.16 is known as the inertial projection method.

We now suggest multi-step inertial methods for solving the inverse quasi variational inequalities (2.7).

Algorithm 3.17. For given pg, 1, compute pny1 by the recurrence relation

Wnp = Mn_(an(ﬂn_ﬂn—l)

Yn = (1—PBplwn+ 5n{wn — g(wn) + U, [g(wn;’un) - P(wn_;un)} }7

Wn + Yn n + Wn
tnt1 = (1 —an)yn + an{yn = 9(yn) + oy, [Q( 5 y ) — P(YQ)} },

where ©,, € [0, 1],¥n > 1.
Algorithm 3.17 is a three-step modified inertial method for solving inverse quasi variational inequalities
(2.7).

Similarly a four-step inertial method for solving the inverse quasi variational inequalities (2.7) is

suggested.

Algorithm 3.18. For given ug, 1, compute pny1 by the recurrence relation

Wn = fpin—On (ﬂn - Nn—l) )
Wn + pn Wy + n
Yn = (1_7n)wn+7n{wn_g(wn) +H(wn) |:g(2u) _p(2:lj’):| }7
n + Wn + Wn n + Wn + Un
Zn = (1_/Bn)yn+6n{yn_g(yn)+HQ(yn) [g(y 3 & )_p(y 3 a )] }7
Zn + Yn + Wp Yn + 2Zn + Wn
Hn+1 = (1 - an)Zn + Oén{zn - g(Zn) + HQ(zn) |:g(3) - p(3):| }7

where o, Bn, Yn, On € [0,1], Vn > 1.
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Using the technique of Noor et al. [71] and Jabeen et al. [28-30], one can investigate the convergence
analysis of these inertial projection methods. We would like to mention that Algorithm 3.17 and Algorithm
3.18 can be viewed as the generalizations of Noor (three-step) iterations [51,54,03] for solving the inverse
quasi variational inequalities. Similar multi-step hybrid iterative methods can be proposed and analyzed

for solving system of inverse quasi variational inequalities, which is an interesting problem.

4 Wiener-Hopf Equations Technique

In this section, we discuss the Wiener-Hopf equations associated with the quasi variational inequalities.
It is worth mentioning that the Wiener-Hopf equations associated with variational inequalities were
introduced and studied by Shi [30] and Ronbinson [78] independently using different techniques. Noor [50]

proved that the quasi variational inequalities are equivalent to the implicit Wiener-Hopf equations.

We now consider the problem of solving the inverse Wiener-Hopf equations related to the inverse quasi

variational inequalities. Let Ro,) = Z — Ilg(,), and llg(,) be the projection operator.

We consider the problem of finding z € H such that
HQ(M)Z + p_IRQ(M)Z = 0. (4.1)

The equations of the type (4.1) are called the inverse Wiener-Hopf equations. We apply the inverse
Wiener-Hopf equations to consider some iterative methods, sensitivity analysis and other aspects of the

inverse quasi variational inequalities.

Lemma 4.1. The element p € Q(u) is a solution of the inverse quasi variational inequality (2.7), if and

only if, z € H satisfies the resolvent equation (4.1), where

g(p) = gz, (4.2)
z = g(p) = pu, (4.3)

where p > 0 is a constant.

From Lemma 4.1, it follows that the inverse quasi variational inequalities (2.7) and the inverse
Wiener-Hopf equations (4.1) are equivalent. This alternative equivalent formulation has been used to
suggest and analyze a wide class of efficient and robust iterative methods for solving the inverse quasi

variational inequalities and related optimization problems.

We use the inverse Wiener-Hopf equations (4.1) to suggest some new iterative methods for solving the
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inverse quasi variational inequalities. From (4.2) and (4.3),

2 = Touz = pg o)
= g 'Mogylg(p) — pr] — pg~ Mo [g() — pul.

Thus, we have

g(u) = g [glﬂmm lg(1) — ppl — pg~ g lg(k) — pu]}

implies that

p=(1—an)p+ay (g(u) - [Hn(#) [g‘lﬂa(m [9(1) = pp] — pg ™~ Mglg(p) — pﬂ]D

Consequently, for a constant «,, > 0, we can suggest the following new predictor-corrector method for

solving the inverse quasi variational inequalities (2.7).

Algorithm 4.1. For given ug, compute un4+1 by the iterative scheme

i = (1= )+ ) = g ) = | (4.4

where

g(wn) = HQ(,un)[g(:un) - p,UJn]a (4'5)

which appears to be a new one.

In a similar way, we can suggest and analyse the predictor-corrector method for solving the inverse

quasi variational inequalities (2.7), which only involve only one projection.

Algorithm 4.2. For given ug,u1, compute un41 by the iterative scheme

Wn = Hn — g(ﬂn - ,un—l)
fnt1 = Hog,)lpwn — ppin]-

Remark 4.1. We have only given some glimpse of the technique of the inverse Wiener-Hopf equations
for solving the inverse quasi variational inequalities. One can explore the applications of the inverse
Wiener-Hopf equations in developing efficient numerical methods for variational inequalities and related

nonlinear optimization problems.
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5 Auxiliary Principle Technique

There are several techniques such as projection, resolvent, descent methods for solving the variational
inequalities and their variant forms. None of these techniques can be applied for suggesting the iterative
methods for solving the several nonlinear variational inequalities and equilibrium problems. To overcome
these drawbacks, one usually applies the auxiliary principle technique, which is mainly due to Glowinski
et al [20] as developed in [19,54,73,74,77], to suggest and analyze some proximal point methods for solving

general quasi variational inequalities (2.5).

We apply the auxiliary principle technique involving an arbitrary operator, which is mainly due to

Noor [19], for finding the approximate solution of the inverse quasi variational inequalities (2.7).
For a given p € Q(p) satisfying (2.7), find w € Q(u) such that
(p(w +n(p —w)),v —g(w)) + (M(w) = M(p),v —w) 20, Vv eQ(p), (5.1)

where p > 0,n € [0,1] are constants and M is an arbitrary operator. The inequality (8.4) is called the

auxiliary inverse quasi variational inequality.

If w = p, then w is a solution of (2.7). This simple observation enables us to suggest the following

iterative method for solving (2.7).

Algorithm 5.1.  For a given ug € Q(u), compute the approximate solution pn4+1 by the iterative scheme

(p(ttn+1 +n(pin — pint1)), v — g(Hn+1))
(M (pn1) = M(pn), v — ping1) 20, Vv € Q(p). (5.2)

Algorithm 5.1 is called the hybrid proximal point algorithm for solving the inverse quasi variational
inequalities (2.7).

Special Cases: We now discuss some special cases.

(I). For n =0, Algorithm 5.1 reduces to

Algorithm 5.2. For a given pg, compute the approximate solution pny1 by the iterative scheme

(print1,v = g(pmg1)) + (M (pins1) = M(pn), v = ping1) =20, Vv € Q(p), (5.3)

is called the implicit iterative methods for solving the problem (2.7).

(IT). If p =1, then Algorithm 5.1 collapses to

http://www. earthlinepublishers.com



New Iterative Methods and Sensitivity Analysis for Inverse Quasi Variational Inequalities 515

Algorithm 5.3. For a given pg, compute the approximate solution pny1 by the iterative scheme

(Pt v = g(pins1)) + (M (pn1) — M(pn), v — ping1) 20, Vv € Q(p),

1s called the explicit iterative method.

(III). ~ For n = %, Algorithm 5.1 becomes:

Algorithm 5.4. For a given g, compute the approximate solution puny1 by the iterative scheme

<p(ﬂn+1 + Mn)

5 1V = 9(na1)) + (Mpni1) = M(pn), v = pns1) 2 0, Vv € Q(p),

is known as the mid-point proximal method for solving the problem (2.7).

For the convergence analysis of Algorithm 5.2, we need the following concepts.

Definition 5.1. An operator g is said to be pseudomontone, if
(v —g(p)) 20, Vv eQp),
implies that
—(v,g(p) —v) 20, VveQu).

Theorem 5.1.  Let the operator g be a pseudo-monotone. Let the approximate solution pn,+1 obtained
in Algorithm 5.2 converges to the exact solution p € Q(u) of the problem (2.7). If the operator M is

strongly monotone with constant & > 0 and Lipschitz continuous with constant ( > 0, then
f”:u'n—i-l _MnH < CHM_Mn”' (5'4)

Proof. Let € Q(u) be a solution of the problem (2.7). Then
—(pv,g(p) —v) 20, Vv e Qu), (5.5)
since the operator g is a pseudo-monotone.
Taking v = pn41 in (5.5), we obtain
—{ptint1,9(1) = pnt1) = 0. (5.6)
Setting v = p in (8.6), we have

(Prnt1,9(1) — png1) + (M (pnt1) — M(ptn), o — ping1) > 0. (5.7)
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Combining (5.7), (5.6) and (5.5), we have

(M (pny1) = M(pn), o= ping1) = —{phn+1,9(1) — tnt1) > 0. (5.8)

From the equation (5.8), we have

0 < (M(pns1) — M(pn), = png1)
= (M(Mn—&-l) - M(Mn)alu — p + fp — Un+1>
= (M (pnt1) = M(pn), o= pin) + (M (g1 — M (pn), pin = ping1),

S

which implies that

(M(pins1 = M(pin); i1 = pin) < (M (png1) — M (pn), po = pin)-

Now using the strongly monotonicity with constant £ > 0 and Lipschitz continuity with constant ¢ of the

operator M, we obtain

&l 1 — pnl® < Cllptnsr — pnlllltn — pl)-

Thus

Elln = pnprll < Cllpn — pell,
the required result (5.4). O
Theorem 5.2. Let H be a finite dimensional space and all the assumptions of Theorem 5.1 hold. Then

the sequence {,un};o given by Algorithm 5.2 converges to the exact solution p € Q(u) of (2.7).

Proof. Let p € Q(u) be a solution of (2.7). From (5.4), it follows that the sequence {||u — x|} is

nonincreasing and consequently {u,} is bounded. Furthermore, we have

oo
E Nttmsr = pnll < Cllpm = ],
n=0
which implies that

lim [|ttn1 — fin | = 0. (5.9)
n—oo

¢S]

1

Let i be the limit point of {4}, ; whose subsequence {yy, },” of {4}, converges to i € Q(u). Replacing

wp, by pin; in (7.2), taking the limit n; — oo and using (5.9), we have

(pf,v —g()) 20, Vv € Qn),
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which implies that @ solves the problem (2.7) and

ltnt1 = pll < llpm = pl]

Thus, it follows from the above inequality that {un}fo has exactly one limit point % and

lim (pn) = fi.

n—oo

the required result. O

In recent years inertial type iterative methods have been applied to find the approximate solutions
of variational inequalities and related optimizations. We again apply the modified auxiliary principle
approach involving an arbitrary nonlinear operator to suggest some hybrid inertial proximal point schemes

for solving the inverse quasi variational inequalities.
For a given p € Q(p) satisfying (2.5), find w € Q(u) such that
(p(w +n(p — w)),v — g(w))
HM(w) = M(p) + a(p — p),v —w) 20, Vv e Q(n), (5.10)

where p > 0,71, « € [0, 1] are constants and M is a nonlinear operator.

Clearly w = p, implies that w is a solution of (2.5). This simple observation enables us to suggest the
following iterative method for solving (2.5).
Algorithm 5.5.  For given ug, u1, compute the approrimate solution p,y1 by the iterative scheme
(p(tn1 + 0 — pnt1)), v — g(knt1))
(M (1) = M(ptn) + alttn — fin-1)sv — 1) >0, ¥ € Qu).

Algorithm 5.5 is called the hybrid proximal point algorithm for solving the inverse quasi variational
inequalities (2.7). For a = 0, Algorithm 5.5 is exactly Algorithm 5.1.

For M = I, Algorithm 5.5 reduces to the following method:
Algorithm 5.6.  For given ug, i1, compute the approximate solution pun+1 by the iterative scheme
(p(pnt1 +n(pn — pn+1))s v — g(pin+1))
(1 = pn + (i — pin—1),V — pnt1) 2 0, Vv € Q(p).

Remark 5.1. For different and suitable choice of the parameters p,n, a, operators g, M and convex-valued
sets, one can recover new and known iterative methods for solving inverse quasi variational inequalities,
inverse complementarity problems and related optimization problems. Using the technique and ideas of

Theorem 5.1 and Theorem 5.2, one can analyze the convergence of Algorithm 5.5 and its special cases.

Earthline J. Math. Sci. Vol. 15 No. 4 (2025), 495-539



518 Muhammad Aslam Noor and Khalida Inayat Noor

6 Dynamical Systems Technique

In this section, we consider the dynamical systems technique for solving the inverse quasi variational
inequalities. The projected dynamical systems associated with variational inequalities were considered
by Dupuis and Nagurney [19]. It is worth mentioning that the dynamical system is a first order initial
value problem. Consequently, variational inequalities and nonlinear problems arising in various branches
in pure and applied sciences can now be studied via the differential equations. It has been shown that
the dynamical systems are useful in developing some efficient numerical techniques for solving variational
inequalities and related optimization problems. For more details, see [7,18,19,31,53-55,63,64,69,73,87,88].
We consider some new iterative methods for solving the quasi variational inequalities. We investigate the

convergence analysis of these new methods involving only the monotonicity of the operators.

We now define the residue vector R(u) by the relation

R(p) = Halg(w) — pul — g(u)} (6.1)

Invoking Lemma 3.1, one can easily conclude that 1 € H is a solution of the problem(2.7), if and only if,
u € H is a zero of the equation
R(p) = 0. (6.2)

We now consider a dynamical system associated with the inverse quasi variational inequalities. Using the

equivalent formulation (3.1), we suggest a class of projection dynamical systems as

W Mlagplo(n) — o] — g}, nlto) = o (63

where \ is a parameter. The system of type (6.3) is called the projection dynamical system associated
with the problem (2.7). Here the right hand is related to the projection and is discontinuous on the
boundary. From the definition, it is clear that the solution of the dynamical system always stays in H.
This implies that the qualitative results such as the existence, uniqueness and continuous dependence of
the solution of (2.7) can be studied.

The equilibrium point of the dynamical system (6.13) is defined as follows.

Definition 6.1. An element p € H, is an equilibrium point of the dynamical system (6.13), if,

i _

e 0.

Thus it is clear that u € H is a solution of the inverse quasi variational inequality (2.7), if and only if,
u € H is an equilibrium point.

This implies that p € Q(u) is a solution of the inverse quasi variational inequality (2.7), if and only

if, u € Q(p) is an equilibrium point.
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Definition 6.2. [/19] The dynamical system is said to converge to the solution set S* of (6.3), if,
irrespective of the initial point, the trajectory of the dynamical system satisfies

tlim dist(pu(t), S™) =0, (6.4)

—00

where

dist(p, S*) = nfyes [ =

It is easy to see, if the set S* has a unique point p*, then (6.4) implies that

lim p(t) = p*.

t—o00

If the dynamical system is still stable at p* in the Lyapunov sense, then the dynamical system is globally

asymptotically stable at p*.

Definition 6.3.  The dynamical system is said to be globally exponentially stable with degree n at u*,

if, irrespective of the initial point, the trajectory of the system satisfies

l1(t) = ¥l < wllulto) — pllexp(=n(t — to)), Vit > to,

where uy and n are positive constants independent of the initial point.

It is clear that the globally exponentially stability is necessarily globally asymptotically stable and the

dynamical system converges arbitrarily fast.

Lemma 6.1. (Gronwall Lemma) [19] Let [i and © be real-valued nonnegative continuous functions with

domain {t : t < to} and let a(t) = ap(|t —to|), where ag is a monotone increasing function. If, for t > to,

i< alt) + / ()0 (s)ds,

0

then

t

ji(s) < alt)eap( | i(s)ds).

We now establish that the trajectory of the solution of the projection dynamical system (6.3) converges

to the unique solution of the inverse quasi variational inequality (2.7). The analysis is in the spirit of
Noor [54,55] and Xia and Wang [37,35].

Theorem 6.1. Let the operator g : H — H be Lipschitz continuous with constant ¢ > 0. If \(n+2¢+p) <
1 and Assumption 2.1 then, for each po € Qu, there exists a unique continuous solution u(t) of the

dynamical system (6.3) with u(ty) = po over [ty, 00).
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Proof. Let

G(p) = o lg(n) — pu] —g(p)}, Vue H,

where A > 0 is a constant and G(u) = %.

Yu,v € H, we have

1G(n) =G < MHgulg(r) — pul — Tauylg(v) — pv]l| + llg(e) — g}
Mllg(w) — gl + Mo lg(e) — ppul — Mo g(v) — pv]|l
+ Mo [9(v) — pv] = ey [g(v) — pv]|}

< Mlg(w) =gl +nllp — vl + llg(p) —9(v) — ppp — v)}
< Mlg(w) =gl +nllw = vl + {llg() — g@)Il + pllp — v}
< MO+20+ p)Hiu—v.

This implies that the operator G(y) is a Lipschitz continuous with constant \M{(n 4+ 2¢ + p)} < 1 and for
each p € Q(u), there exists a unique and continuous solution p(t) of the dynamical system (6.3), defined
on an interval ¢y < ¢ < 77 with the initial condition u(tp) = po. Let [to, 1) be its maximal interval of

existence. Then we have to show that 77 = co. Consider , for any p € Q(u),

G ()| = H H = )\||[9(M)—P#]—9(M)||
< MIMa () = ppl — [0]H+HHQ<M[] ()lI}
< Mdl{g(w) - puHJrHHw)[g(ﬂ)] []||+HHQ )[0] = g(u)1}
< Mp+2+20)|ull + [[Ta, (O]}

Then

A

t
@l < ol + / l1a(s)llds

t

(ol + k1 (t = to)) + k2 | [[u(s)ds,
to

IN

where k1 = A||[Tlg(,,)[0]]] and k2 = 6A(p + 2 + 2¢). Hence by the Gronwall Lemma 6.1, we have
() < {lluoll + ka(t —to)}e"2710) ¢ € [to, T).
This shows that the solution is bounded on [tg,T1). So 11 = cc. O

Theorem 6.2.  If the operator g : H — H is strongly monotone with constant ¢ > 0 and { > 0, then
the dynamical system (6.3) converges globally exponentially to the unique solution of the general quasi

variational inequality (2.7).

http://www. earthlinepublishers.com



New Iterative Methods and Sensitivity Analysis for Inverse Quasi Variational Inequalities 521

Proof. Since the operator g is Lipschitz continuous, it follows from Theorem 6.1 that the dynamical system
(6.3) has unique solution pu(t) over [tg,T1) for any fixed pp € H. Let p(t) be a solution of the initial value
problem (6.3). For a given pu* € H satisfying (2.7), consider the Lyapunov function

L(p) = Mlu(t) — p*[I?,  u(t) € Qu). (6.5)
From (6.3) and (6.5), we have
= oty -,
= 2Mpu(t) — 1" Mo lg(p®) — pu)] — g(u(t)))
= 2Mu(t) — p* o lg(u(t) — pu®)] — g(p*) + g(1*) — g(u(t)))
= =2XNpu(t) —p", g(pu(t)) — g(u*))
F2M(p(t) — 1" g [9(p(t) — pp(t)] — g(p*))
< =2XMp(u(t) — 1*), g(u(t)) — g(1*))
F2XMpu(t) — 1" Mo [9(p(t)) — pp(t)] — Moy [g(” (t) — pp* (1)),
< =2xollp(t) — wFIIP + Mlg(u() — g(u*)]?
F Mg [1(t) — pu(t)] — T lg (" (8)) — pu* ()] (6.6)

Using the Lipschitz continuity of the operator g, we have

IN

Sllg(u) — g(u™) — p(p — )|
5(C+p)llpw— . (6.7)

Moy [9() — pr] — Ta lg(e) — pr]|l

IN

From (6.6) and (6.7), we have

Clitt) — | < 2N ) — 7],
where
E=(0(1+p) —20).
Thus, for A = —A1, where )\ is a positive constant, we have
li(t) = 1l < Nlu(to) — p*[lem =),

which shows that the trajectory of the solution of the dynamical system (6.3) converges globally

exponentially to the unique solution of the inverse quasi variational inequality (2.7). O

We use the dynamical system (6.3) to suggest some iterative for solving the inverse quasi variational

inequalities (2.7). These methods can be viewed in the sense of Korpelevich [33] and Noor [51, 5]
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involving the double projection.

For simplicity, we take A = 1. Thus the dynamical system (6.3) becomes

%‘Z +9() = oy [9(w) — pr],  nlto) = . (6:8)

The forward difference scheme is used to construct the implicit iterative method. Discretizing (6.8),

we have

FL— B8 4 9(pn) = Mo [9(tn) = prinsa], (6.9)

where h is the step size.

Now, we can suggest the following implicit iterative method for solving the inverse quasi variational

inequality (2.7).
Algorithm 6.1. For a given pg, compute pn+1 by the iterative scheme

Hnt1 — B
Pn+1 = pn — g(ftn) + HQ(Nn+l) g(kn) = phn+1 — % .

This is an implicit method. Algorithm 6.1 is equivalent to the following two-step method.

Algorithm 6.2. For a given pg, compute pn+1 by the iterative scheme

Wp = HUnp — g(;un) + HQ(un)[g(Mn) - p,U/n]

Wn — Un
Hn+1 = Hn — g(,ufn) + HQ(wn) [g(,ufn) — PWn — TM] .

Discretizing (6.8), we now suggest an other implicit iterative method for solving the inverse quasi

variational inequality (2.7).

M‘Lh_“" + 9(kn) = Mo, 1) [9(kn+1) — pltnt1], (6.10)

where h is the step size.

This formulation enables us to suggest the two-step iterative method.

Algorithm 6.3. For a given pg, compute pun11 by the iterative scheme

Wn = o — g(ttn) + o) [9(n) — piin)

Wp — f
fnt1 = pn — g(pn) + How,) g(wn) — pwn — %
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Discretizing (6.8), we have

Hn+1 — Un

= Hn = 9(kn) + Magu, ) [9(nt1) = ppnsal, (6.11)
where h is the step size.

This helps us to suggest the following implicit iterative method for solving the problem (2.7).

Algorithm 6.4. For a given pg, compute pn+1 by the iterative scheme

W, pin — 9(kn) + oy [9(kn) — ppin]

Hnt1 tn = 9(tn) + aw,) [g(wn) - pwn} -

Discretizing (6.8), we propose another implicit iterative method.
Hn+1l — B
=+ 9(kn) = Mo, )19 (n) = prnsl;
where h is the step size.

For h = 1, we can suggest an implicit iterative method for solving the problem (2.7).

Algorithm 6.5. For a given pg, compute pn+1 by the iterative scheme

1 = fin = g(tn) + o, 1) [9(kn) — piin+1]-

From (6.8), we have

B 9008) = Ty [9((1 — )+ ) = p((1 — )+ ap)],

(6.12)
where a € [0,1] is a constant.

Discretization (6.12) and taking h = 1, we have

Hn41 = Hn — g(Un> + HQ((l—a)pn-i-aun_l) [g((l - Q)Mn + O‘:“Jn—l) - p(<1 - a)ﬂn + aﬂn—l)]7

which is an inertial type iterative method for solving the inverse quasi variational inequality (2.7). Using
the predictor-corrector techniques, we have

Algorithm 6.6. For a given po, pu1, compute pny1 by the iterative schemes

Wn = (1 - Oé),LLn + apin—1
fng1 = fin = g(pn) + Iy, [g(wn) - Pwn],

which s known as the inertial two-step iterative method.
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We now introduce the second order dynamical system associated with the inverse quasi variational

inequality (2.7). To be more precise, we consider the problem of finding p € H such that

P dp
Vo2 T gy = MUawlo(w) —pul —g(w)}, pla) =a, ub) =5, (6.13)
where v > 0,A > 0 and p > 0 are constants. We would like to emphasize that the problem (6.13) is
indeed a second order boundary vale problem. In a similar way, we can define the second order initial

value problem associated with the dynamical system.

The equilibrium point of the dynamical system (6.13) is defined as follows.

Definition 6.4. An element p € H, is an equilibrium point of the dynamical system (6.13), if,

P dp
— + —=0.
Va2 + dx
Thus it is clear that u € H is a solution of the inverse quasi variational inequality (2.7), if and only if,

1 € H is an equilibrium point.
From (6.13), we have

g(w) = o [g(p) — pul.

Thus, we can rewrite (6.13) as follows:

. dp
9(p) = Tag [9(k) = pr+ 75 + =~ (6.14)

For A = 1, the problem (6.13) is equivalent to finding p € € such that

Vit + i+ g(p) = oy [9(w) — pu],  pla) =a,  ub) = 6. (6.15)

The problem (6.15) is called the second dynamical system, which is in fact a second order boundary
value problem. This interlink among various fields of mathematical and engineering sciences is fruitful
in developing implementable numerical methods for finding the approximate solutions of the inverse
quasi variational inequalities. Consequently, one can explore the ideas and techniques of the differential
equations to suggest and propose hybrid proximal point methods for solving the inverse quasi variational

inequalities and related optimization problems.

We discretize the second-order dynamical systems (6.15) using central finite difference and backward

difference schemes to have

nt1 = 2fn + Pn—1 | P = Hn—1
alas h2” n—l M ! 4+ g(pn) = Pogu n — pT pns1], (6.16)

where h is the step size.

If v =1,h =1, then, from equation( 6.16) we have

http://www. earthlinepublishers.com



New Iterative Methods and Sensitivity Analysis for Inverse Quasi Variational Inequalities 525

Algorithm 6.7. For a given pg, compute pun+1 by the iterative scheme

Pnt1 = pin + 9(pn) + Hagu,)[9(n) — ppint1],
which is the extragradient method for solving the inverse quasi variational inequalities (2.7).
Algorithm 6.7 is an implicit method. To implement the implicit method, we use the predictor-corrector
technique to suggest the method.

Algorithm 6.8. For given po, pt1, compute fin+1 by the iterative scheme

Yn = (1 - en)/ﬁn + en,unfl
Un+1 = pn — g(ﬂn) =+ HQ(un)[g(/’Ln) - py”]?

is called the two-step inertial iterative method, where 0,, € [0, 1] is a constant.

In a similar way, we have the following two-step method.
Algorithm 6.9. For given g, j11, compute 41 by the iterative scheme
Yn = (1 - en)/J/n + Onpin—1
b1 = pn — g(pn) + Moy, [9(Yn) — pynl,

which is also called the double projection method for solving the inverse quasi variational inequalities (2.7).

We discretize the second-order dynamical systems (6.3) using central finite difference and backward

difference schemes to have

Pntl — 2ln + fn—1 | fln — fln—1
Y ias hgn e hn +9(Mn+1):Hg(un+1)[9(un)—ﬂlin+1],

where h is the step size.

Using this discrete form, we can suggest the following an iterative method for solving the inverse quasi

variational inequalities (2.7).

Algorithm 6.10. For given pg, pt1, compute pn+1 by the iterative scheme

Pnt1 — 2fin + fin—1 Hn — HUn—1
png1 = pin — 9(pnt1) + Mo, [9(knr1) = phint1 — 7= hzn — h —

Algorithm 6.10 is called the hybrid inertial proximal method for solving the inverse quasi variational

inequalities and related optimization problems. This is a new proposed method.

Note that, for v = 0, Algorithm 6.10 reduces to the following iterative method.
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Algorithm 6.11. For given ug, (1, compute pun+1 by the iterative scheme

Hn — Hn—1
Hn+1 = Un — g(,UnJrl) + HQ(Mn+1) [g('unJrl) — plint1 + %]’

which is called the inertial double projection method.

We now consider the third order dynamical systems associated with the general quasi variational

inequalities of the type (2.7). To be more precise, we consider the problem of finding p € H, such that

d3u e
Y T

where v > 0, (, £ and p > 0 are constants. Problem (6.17) is called third order dynamical system associated

FEB 4 () = Talo(n) — pul,  ula) = s jla) = 5,6) = 0 (617)

with inverse quasi variational inequalities (2.7).
The equilibrium point of the dynamical system (6.17) is defined as follows.

Definition 6.5. An element p € H, is an equilibrium point of the dynamical system (6.13), if,

d3u Em

dp
S S
T Tl oy

Thus it is clear that u € #H is a solution of the general quasi variational inequality (2.5), if and only

if, 4 € ‘H is an equilibrium point.
Consequently, the problem (6.3) can be equivalent written as

d3pu d’u

dp
=11 - =L el 1
9(n) =Tag |9(u) = pu+7y 5 +C g +Eo (6.18)

We discretize the third-order dynamical systems (6.17) using central finite difference and backward

difference schemes to have

Un+1 — 2un + Up—1
h2

+ g(kn) = Mo, lg(kn) — p(kn+1)], (6.19)

Unt2 — 2Upt1 + 2Up—1 — Up—2
2h3
3pin — Ap—1 + pin—2
2h

+¢

+£
where h is the step size.
Ify=1,h=1,{ =1,§ =1, then, from equation (6.19) after adjustment, we have

Algorithm 6.12. For a given g, 11, compute uny1 by the iterative scheme

7“”*1_3“"] n=0,1,2

2

which is an inertial type hybrid iterative methods for solving the inverse quasi variational inequalities

(2.7).

Upt1 = o — g(pn) + U, [Q(Nn) — PHn+1 +
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Remark 6.1. For appropriate and suitable choice of the operator g, convex-valued set, parameters and
the spaces, one can suggest a wide class of implicit, explicit and inertial type methods for solving inverse
quast variational inequalities and related optimization problems. Using the techniques and ideas of Noor

et al. [03,0/], one can discuss the convergence analysis of the proposed methods.

7 Sensitivity Analysis

In recent years variational inequalities are being used as mathematical programming models to study a
large number of equilibrium problems arising in finance, economics, transportation, operations research
and engineering sciences. The behaviour of such problems as a result of changes in the problem data is
always of concern. We like to mention that sensitivity analysis is important for several reasons. First,
estimating problem data often introduces measurement errors, sensitivity analysis helps in identifying
sensitive parameters that should be obtained with relatively high accuracy. Second, sensitivity analysis
may help to predict the future changes of the equilibrium as a result of changes in the governing system.
Third, sensitivity analysis provides useful information for designing or planning various equilibrium
systems. Furthermore, from mathematical and engineering point of view, sensitivity analysis can provide
new insight regarding problems being studied can stimulate new ideas and techniques for problem solving
the problems due to these and other reasons. In this section, we study the sensitivity analysis of the
inverse quasi variational inequalities, that is, examining how solutions of such problems change when the

data of the problems are changed.

We now consider the parametric versions of the problem (2.7). To formulate the problem, let M be
an open subset of # in which the parameter A takes values. Let g(u, A) be given identity operator defined
on H x H x M and take value in H x H. From now onward, we denote gx(.) = ¢(., A) unless otherwise

specified.

The parametric inverse variational inequality problem is to find (i, A) € H x M such that

P+ ga(1) — ga(p), v — ga(p)) =20, Vv € Q(p). (7.1)

We also assume that, for some A\ € M, problem (7.1) has a unique solution 7z. From Lemma 3.1, we see

that the parametric inverse quasi variational inequalities are equivalent to the fixed point problem:

ga(1) = o [gr () — pul,

or equivalently

p= = galp) + gy lor () — pul-
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We now define the mapping F)\ associated with the problem (7.1) as

Ex(n) = p—ga(p) + o o (p) — pul, V(s A) € X x M. (7.2)

We use this equivalence to study the sensitivity analysis of the inverse quasi variational inequalities. We
assume that for some A\ € M, problem (7.1) has a solution 7z and X is a closure of a ball in H centered
at 7i. We want to investigate those conditions under which, for each A in a neighborhood of A, problem

(7.1) has a unique solution z(\) near w and the function u(\) is (Lipschitz) continuous and differentiable.
Definition 7.1. Let I)(.) be an operator on X x M. Then, the operator g(.) is said to :
(a) Locally strongly monotone with constant o > 0, if

(or(1) = ga(w),p—v) > ollp—v|? Vre M, pveX.

(b) Locally Lipschitz continuous with constant ¢ > 0, if

lgx() =)l < Cllp =vll, YAe M, p,ve X

We consider the case, when the solutions of the parametric inverse quasi variational inequality (7.1)
lie in the interior of X. Following the ideas of Dafermos [17] and Noor [50,51], we consider the map F)(u)
as defined by (7.2). We have to show that the map F)\(u) has a fixed point, which is a solution of the
parametric inverse quasi variational inequality (7.1). First of all, we prove that the map F)(u), defined

by (7.2), is a contraction map with respect to p uniformly in A\ € M.

Lemma 7.1. Let g)(.) be a locally strongly monotone with constants o > 0 and locally Lipschitz continuous

with constants ¢ > 0 respectively. If Assumption 2.1 holds and V1,0 € X, A€ M, we have

1A (1) = Fa(ua)ll < 0lpn — ez,

for
p<l—Fk, k<1, (7.3)
where
0={V1=20+C+n+C+p}={k+p} (7.4)
and

k=+v1-204+C4+n+(. (7.5)

http://www. earthlinepublishers.com



New Iterative Methods and Sensitivity Analysis for Inverse Quasi Variational Inequalities 529

Proof. In order to prove the existence of a solution of (7.1), it is enough to show that the mapping F)(u),
defined by (7.2), is a contraction mapping.

For p1 # po € H, and using Assumption 2.1, we have

[Ex(p1) = Fa(p)ll < llpa — p2 = (galpa) — ga(p2))ll
ey [9a (1) = pra] — Moy lgr(p2) — ppa]|l
o) [gr (1) = ppa] = Mouy) [ga (1) — pral||

<l = p2 = (galpn) — gx(p2))ll
Fnllpr — p2ll 4 lgx(my — ga(p2) — ppr — p2)||
<l = p2 = (ga(pa) — ga(p)ll + 0l — pal|

Hlga(p1) — galp2) |l + pllpa — p2)|l- (7.6)

Since the operator ¢ is a locally strongly monotone with constant ¢ > 0 and locally Lipschitz continuous
with constant ¢ > 0, it follows that

i1 = p2 = (ga(un) — ga(2)l® < Jlua — wall® = 2(ga(p1) — ga(pa), 1 — p2) + lga(pa) — ga(ua)|

< (1—20+ )| - pall® (7.7)

From (7.5), (7.6), (7.7) and using the locally Lipschitz continuity of the operator gy, we have

[Es(m) = Ea(u)ll < {n+C+ V=204 +p} llm — pal

Ol — pall,

where
0==Fk+p.

From (7.3), it follows that # < 1. Thus it follows that the mapping F)(p), defined by (7.2), is a contraction
mapping and consequently it has a fixed point, which belongs to (u) satisfying the inverse quasi

variational inequality (7.1), the required result. O

Remark 7.1. From Lemma 3.1, we see that the map Fx(u) defined by (7.2) has a unique fized point
(N, that is, (X)) = Fx(p). Also, by assumption, the function Ti, for A = X is a solution of the parametric
general quasi variational inequality (7.1). Again using Lemma 3.1, we see that i, for X = X, is a fived

point of Fx(u) and it is also a fized point of Fx(u). Consequently, we conclude that
u(%) = i = Fy(u(h).

Using Lemma 3.1, we can prove the continuity of the solution p(A) of the parametric inverse quasi

variational inequality (7.1) using the technique of Noor [13,14].
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Lemma 7.2. Assume that the operator gx(.) is locally Lipschitz continuous with respect to the parameter
A. If the operator gx(.) is locally Lipschitz continuous and the map X — Pg, u is continuous (or Lipschitz
continuous), then the function u(\) satisfying (7.2) is (Lipschitz) continuous at A = \.

We now state and prove the main result of this paper and is the motivation our next result.

Theorem 7.1. Let 1 be the solution of the parametric inverse quasi variational inequality (7.1) for
A=\ Let gx(p) be the locally strongly monotone Lipschitz continuous operator for all u,v € X. If the
map A\ — g, is (Lipschitz) continuous at A\ = A, then there exists a neighborhood N C M of X such
that for A\ € N, the parametric inverse quasi variational inequality (7.2) has a unique solution () in the

interior of X,u(\) =u and u(\) is (Lipschitz) continuous at X = \.

Proof. Its proof follows from Lemma 7.1, Lemma 7.2 and Remark 7.1. O

8 Generalizations and Applications

In this section, we show that the quasi variational inequalities are equivalent to the strongly nonlinear

inverse variational inequalities, see Noor [30].
In many applications, the convex-valued set 2(u) is of the form:
) = m(p) + O, (8.1)
where (2 is a convex set and m is a point-to-point mapping.

Let u € Q(p) be a solution of the problem (2.5). Then from Lemma 3.1, it follows that p € Q(u) such
that

g(p) = o [9(m) — pu. (8:2)

Combining (8.1) and (8.2), we obtain

9(k) = Top+o)[9L) — pu]
= m(p) + o [g(p) — m(u) — pu).

This implies that
G(p) =To [G(u) — pp],
with G(u) = g(p) — m(p), which is equivalent to finding p € g(p) € Q such that

(pu, G(v) — G(n)) >0, YveqQ. (8.3)
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The inequality of the type (8.3) is called the inverse general variational inequality, which is special case
of the general variational inequalities, introduced and investigated by Noor [16] in 1988. It have been
shown that odd-order and nonsymmetric obstacle boundary value problems can be studied in the general
variational inequalities. For more details, see [16,54,73,74]. Thus all the results proved for inverse quasi
variational inequalities continue to hold for inverse general variational inequalities (8.3) with suitable

modifications and adjustment. Despite the research activates, very few results are available.

We would like to mention that some of the results obtained and presented in this paper can be extended
for more multivalued general quasi variational inequalities. To be more precise, let C'(H) be a family of
nonempty compact subsets of H. Let 7,V : H — C(H) be the multivalued operators. For a given
nonlinear bifunction N(.,.) : H x H — H and operators g, h : H — H, consider the problem of finding
pe Qu),we T(un),y € V(n) such that

(N (w, ), h(v) — g()) =0, ¥ € Q(n), (3.4)
where p is a constant, is called the multivalued general quasi variational inequality.
For N(w,y) = (w,y), the problem (8.4) reduces to finding € Q(u),w € T(u),y € V(1) such that

(p(w, ), h(v) —g(p)) =0, Vv e Qn), (8.5)

is called the multivalued inverse quasi variational inequality. We would like to mention that one can
obtain various classes of inverse quasi variational inequalities for appropriate and suitable choices of the

operators g, h, and convex-valued set Q(pu).
Note that, if N(w,y) = u, h =1, then the problem (8.5) is equivalent to find u € Q(u), such that
(ppsv—g(p) =0 Vv e Qp),
which is exactly the inverse quasi variational inequality (2.7).
Using Lemma 3.1, one can prove that the problem (8.5) is equivalent to finding p € Q(u) such that
9(u) = Ho(lg(n) — p(w,y)] (8.6)
which can be written as
= p—g(p) + o, g(n) — p(w,y)].
Thus one can consider the mapping ® associated with the problem (8.5) as

(p) = p— g(p) + oy lg(p) — p(w,y)],

which can be used to discuss the uniqueness of the solution and to propose iterative methods for the
problem (8.5).
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From (8.4) and (8.6), it follows that the multivalued inverse quasi variational inequalities are equivalent
to the fixed problems. Consequently, all results obtained for the problem (2.7) continue to hold for the
problem (8.5) with suitable modifications and adjustments. Applying the technique and idea of this paper,
similar results can be established for solving system of inverse quasi variational inequalities considered with
appropriate modifications. The development of efficient implementable numerical methods for solving the

multivalued general quasi variational inequalities and non optimization problems requires further efforts.

Conclusion

In this paper, we have used the equivalence between the inverse quasi variational inequalities and
fixed point problems to suggest some new multi step multi-step iterative methods for solving the quasi
variational inequalities. These new methods include extragradient methods, modified double projection
methods and inertial type are suggested using the techniques of projection method, Wiener-Hopf
equations, auxiliary techniques and dynamical systems. Convergence analysis of the proposed method
is discussed for monotone operators. It is an open problem to compare these proposed methods with
other methods. Sensitivity analysis is also investigated for inverse quasi variational inequalities using the
equivalent fixed point approach. Applying the technique and ideas of Ashish et al. [1,5], Cho et al. [12]
and Kwuni et al. [34], can one explore the Julia set and Mandelbrot set in Noor orbit using the Noor
(three step) iterations in the fixed point theory and will continue to inspire further research in fractal
geometry, chaos theory, coding, number theory, spectral geometry, dynamical systems, complex analysis,
nonlinear programming, graphics and computer aided design. This is an open problem, which deserves
further research efforts. We have shown that the inverse quasi variational inequalities are equivalent to the
strongly general variational inequalities under suitable conditions of the convex-valued set. Applications
of the fuzzy set theory [52], stochastic [(], quantum calculus, fractal, logistic map [90], fractional and
random traffic equilibrium [6] can be found in many branches of mathematical and engineering sciences
including artificial intelligence, computer science, control engineering, management science, operations
research, green energy [39] and variational inequalities. One may explore these aspects of the inverse

quasi variational inequality and its variant forms.
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