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Abstract

Cyclic codes are a cornerstone of coding theory. Many studies have extensively explored specific
finite prime fields, GF(p). However, a generalized framework for GF(p) remains unexplored. Previous
research has enumerated cyclic codes over GF(13),GF(17), GF(19), GF(23), GF(31),and GF(37),
deriving significant findings for special cases where n assumes specific forms like n = p™ or n = a™ - p™.
Despite these advances, existing studies are often restricted to individual prime fields and lack a unified
framework applicable across all GF(p). This research develops a mathematical framework for counting
cyclic codes over any prime field GF(p). The methodology involves the use of rigorous mathematical
derivations and proofs to establish the relationship between number of cyclic codes, cyclotomic cosets
and the factorization of ™ — 1 into irreducible polynomials over GF(p). This framework provides a
comprehensive understanding of how the structures of n and p influence the number of cyclic codes.
The study concludes that the number of cyclic codes, A/, over the prime fields can be expressed as
N = (p¥ + 1), where C is derived from the number of cyclotomic cosets modulo k ¥V n = k - p¥. This
work contributes to the efficient design of error-correcting codes, strengthens the theoretical foundation

for secure communication systems, and bridges theoretical concepts of pure mathematics.

1 Introduction

Cyclic codes, a fundamental class of linear codes, are extensively studied for their applications in error
correction, data transmission, and cryptography [6] [10] [1] [4] [16]. They have attracted significant

attention due to their efficiency in detecting and correcting errors, as well as their structural simplicity [2]
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[5]. Much of the literature has focused on specific prime finite fields GF(p), where p is a prime, providing
valuable insights into the enumeration and construction of cyclic codes. Studies on GF(13), GF(17) and
GF(19) explored enumeration techniques for cases where the code length n takes specific forms, such as

n=pTorn=a" p"

[7] [3] [9]. These works utilized cyclotomic cosets to determine irreducible factors of
a2 —1, directly linking them to the generator polynomials of cyclic codes. Similarly, research on GF(23)and
GF(31) advanced these techniques by highlighting the role of cyclotomic cosets in defining the number of
irreducible polynomial factors of ™ — 1. This provided a foundational framework for deriving the number
of cyclic codes for specific cases like n = 23™, n = a™ - 23" ,n = 31™, and n = o™ - 31" with the results
showing strong dependence on the structure of n and the underlying field [14] [I1]. A further study on
GF(37) generalized these findings for this specific field, proposing a formula Ngp(s7) = (37Y + 1)%=m [12].
This emphasized the deep connection between cyclotomic cosets, irreducible polynomials, and cyclic code
enumeration focusing solely on GF(37). While these studies have significantly advanced the understanding
of cyclic code enumeration for individual prime fields, they remain limited in scope, addressing only specific
cases without offering a generalized framework applicable to all GF(p). This gap leaves an opportunity
to unify these results into a broader mathematical context, enabling enumeration of cyclic codes over
any prime field. This research aims to bridge this gap by developing a comprehensive framework for
counting cyclic codes over GF(p), where p is any prime. Building on the methods of cyclotomic cosets
and the factorization of ™ — 1 into irreducible polynomials [19] [15] [17] [1&8] [13] [20] [3], this work
derives a generalized formula for the cyclic code enumeration index N. By connecting the structure of
n and p to the number of cyclic codes, this study unifies existing findings while advancing mathematical
understanding through methods of proof. The results contribute to the efficient design of error-correcting

codes and offer new insights for secure communication systems and mathematical coding theory.

1.1 Definitions

1. Cyclic Code Counting: The process of determining the total number of distinct cyclic codes
of a given length n over a finite field GF(p). This involves counting the number of unique linear
subspaces of the n-dimensional vector space over GF(p) that are invariant under cyclic shifts of their

elements.

2. Prime Fields GF(p): The simplest type of finite field, consisting of exactly p elements, where p is

a prime number with operations defined modulo p.

3. Cyclic Code Enumeration Index (N'): This represents the total number of cyclic codes for a
given length n over GF(p). It is computed based on the number of irreducible polynomial factors

of 2 — 1 over GF(p), which corresponds to the number of cyclotomic cosets modulo n.

4. Cyclotomic Cosets over GF(p): The equivalence classes of integers modulo n under the relation
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defined by powers of p. Each coset is represented as:
C;={i-p modn|j>0},

where ¢ is a representative integer, and p and n are relatively prime. Cyclotomic cosets play a

critical role in determining the irreducible factors of " — 1 over GF(p).

5. Irreducible Polynomial: A non-constant polynomial that cannot be factored into the product
of two or more non-constant polynomials with coefficients in GF(p). In cyclic codes over prime
fields, the irreducible polynomial factors of ™ — 1 over GF(p) correspond to the distinct generator
polynomials for the cyclic codes. These factors are determined using cyclotomic cosets modulo n,

and each irreducible polynomial plays a key role in the overall enumeration.

2 Results and Discussions

This section presents a comprehensive analysis of the cyclic code enumeration index A over prime fields
GF(p) using mathematical proofs. The results derive the general formula for N based on cyclotomic
cosets and irreducible polynomial factorization, building on the foundational concepts established in the
literature. Methods of mathematical proofs are applied to establish the validity of the derived formula.
These techniques ensure clarity, precision, and general applicability of the results across all prime fields
GF(p). The findings highlight the relationship between the structure of n and p, as well as the number
of cyclotomic cosets, in determining N. Additionally, numerical examples are provided to validate the

theoretical results and illustrate their implications in the context of cyclic code enumeration.

2.1 The Cyclotomic Cosets for GF(p) as p — oo

Proposition 1: Enumeration of cyclotomic cosets over prime fields extend to modulo n over
GF(p) V p.

Proof.
Base Case:

Forn=1,z2"-1=2—1.

Ci={i-p mod1]j>0}.

= (Cp= {0}
Regardless of p, C; trivially holds for n = 1.
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Inductive Step:
By induction, assume that it is true for some n = kV p and let n = k£ 4 1, we show that it also holds for
k+1.

A cyclotomic coset modulo k + 1 is defined as:
Ci={i-p» mod (k+1)]|j>0}.

Since i - p/ mod (k + 1) depends on the periodic behavior of p/ mod (k + 1), it suffices to show:

1. The residues p/ mod (k + 1) are periodic.
2. The cosets C; are finite and distinct.

3. The union of all cosets covers all residues modulo k£ + 1.

(a) Periodicity of Residues: By properties of modular arithmetic, p mod (k + 1) repeats with a
period determined by the order of p modulo k + 1. Let m be the smallest integer such that:

p" =1 mod (k+1).

Then, for any i, i - p mod (k + 1) also repeats with period m.
(b) Finiteness of Cosets:
The size of each coset C; is m, the order of p modulo k£ + 1. Since m is finite, each coset is finite.

(c) Distinctness and Completeness:
e Distinctness: If C; N C; # (), then i - p® = j - p* mod (k + 1). By the properties of modular
arithmetic, this implies 7 = j, so cosets are disjoint.

e Completeness: The union of all cosets,

U Ci = Zjy1.

1€LK+1

Clearly, this union forms the complete residue set modulo k£ + 1, as every integer modulo k + 1 is

covered by some coset.

Therefore, since cyclotomic coset enumeration holds for n = 1, n = k, and n = k + 1, then, by induction,
the cyclotomic coset formula holds for all cosets modulo n for any n and any prime p. Hence, it is valid

as p — oo. ]

http://www. earthlinepublishers.com



On Counting the Number of Cyclic Codes of Length n Over Prime Fields 423

2.2 The Cyclic Code Enumeration Index Formula, N = (p? + 1)¢

Cyclic codes of length n over GF(p) correspond to the ideals of the ring:
R = GF(p)[z]/(z" = 1).

These ideals of R are determined by the divisors of 2 — 1 in GF(p)[z], which are monic irreducible
polynomials over GF(p)|x].
Over GF(p), ™ — 1 can be factored uniquely as:

" —1= H fi(z),

fies

where:

e S is the set of all irreducible monic polynomials dividing ™ — 1
e Each f;(x) corresponds to a unique cyclotomic coset modulo k,

e |S| = C, the number of cyclotomic cosets modulo k.

Proposition 2: Any positive integer n is expressible in the form: n = k-pY, where k is coprime

top and y > 0.

Proof.
Given that n is the length of a cyclic code, and GF(p) is a finite field of order p, we show that any integer

n can be expressed as:

n:k'pya

where: k is an integer coprime to p, y > 0, and p is a prime.

By the fundamental theorem of arithmetic, any positive integer n can be uniquely expressed as:

_ (651 a2 (07
n=p; "Dy - Dy
where:
® p1,po,...,pm are distinct prime factors,
® (a1,q9,...,0, are non-negative integers (exponents of the prime factors).
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To validate this assumption, we isolate the prime p and show that k is a product of prime factors. Let p
be one of the prime factors of n, specifically the characteristic prime of the field GF(p). Separate p¥ = p*
(where y = «;) from the rest of the factorization.

The remaining factors of n, excluding p, are combined to form k. Similarly, by mathematical fundamental

|

i#index of p

theorem of arithmetic:

where p; are the other primes in the factorization of n,
Hence, k is the product of all prime factors of n except p, ensuring k is coprime to p ( ged(k,p) = 1).

Therefore, since this decomposition is unique due to the uniqueness of prime factorization, it follows that:
n==k-p¥ Vn.

O]

Proposition 3: The number of irreducible monic polynomaials |S| dividing =™ — 1 over GF(p)

is equal to C, the number of cyclotomic cosets modulo k.
Proof.

C;={i-p” modk|j>0}.
Let S be the set of irreducible monic polynomials f;(x) dividing 2™ — 1 over GF(p), each cyclotomic coset
C; modulo k corresponds to a unique irreducible monic polynomial f;(z) in S such that:

e The roots of f;(z) are associated with the elements of C;.

o The degree of f;(z) is equal to the order of Cj, |C;|, which is the smallest m such that:

m

p™-i=1i mod k.

Thus, there is a bijective mapping between S and the set of cyclotomic cosets modulo k.

Also, the cyclotomic cosets modulo k partition the set of integers {0,1,...,k — 1} so that:

e Every integer i € {0,1,...,k — 1} belongs to exactly one coset C;.

e The total number of cosets, C, satisfies:
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Since each coset C; corresponds uniquely to an irreducible monic polynomial f;(x), the total number of
irreducible monic polynomials in S is therefore is equal to the number of cyclotomic cosets modulo k.
Hence, |S| = C. O

It follows from the proof above that the degree, deg f;(x) = |C;|. Hence,

Cc-1
Z |C;| = deg(z" — 1) =n.
=0

It follows from proposition 2, let n = k - p¥, the total degree becomes:

Cc-1

> ICi =k -p.

1=0

In GF(pY), there are p¥ elements, represented as linear combinations of powers of a primitive element «:
GF(pY) = {co+cra+ - +c,_10Y7 | ¢; € GF(p)}.
An irreducible polynomial f;(z) of degree, say d over GF(p), defines an ideal in GF(p¥)[z] such that,

(fi(z)) = {g(x) - fi(z) | g(x) € GF(p”)[x]}.

So, the number of distinct polynomials g(z) in GF(p¥)[z] that can multiply f;(z) is determined by the
coefficients of g(z), which are chosen from GF(pY).
Thus, including f;(x) itself and its multiples in GF(pY)|x], the total number of divisors generated by f;(x)
is:

Number of divisors of f;(z) = p¥ + 1.

Therefore then, each irreducible polynomial f;(x) has p¥ 4 1 divisors, corresponding to its multiples. The

total number of divisors of 2™ — 1 is:

N = H(py+1).

fi€es
Since there are C' irreducible polynomials, the formula simplifies to:

N = (p¥ +1)%,

where C' is the number of cyclotomic cosets modulo k. This is the cyclic code enumeration index N .
2.2.1 Proof by Induction:
Lemma

Cyclic Codes over prime fields can be enumerated by the formula N' = (p¥ + 1)C for all n = k - p¥, where

k is coprime to p.
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Proof.

Base Case: (n=1)

Whenn=1,k=1and p¥ =1.

The polynomial 2! — 1 = x — 1 has one irreducible monic polynomial, f(x) = x — 1, and one cyclotomic
coset, Cy = {0}.

Substituting into the formula:

N=@p'+1)°=01+1) =2

This agrees with the cyclic code enumeration index, verifying the base case.

Inductive Hypothesis: Assume the formula holds for n = k- pY, so that
N =@’ +1)°,

where C' is the number of cyclotomic cosets modulo k.
Inductive Step: (n=(k+1)-pY) Let n = (k+1)-pY.
The polynomial 2" — 1 can be factored as:
" —1= H fi(z),
fi€S
where S is the set of irreducible monic polynomials dividing ™ — 1.
Each polynomial f;(x) corresponds to a unique cyclotomic coset modulo &k + 1,

Ci={i-p» mod (k+1)|j >0}

Thus, the total number of distinct cosets modulo & + 1 is Cy41.
Also, each coset C; corresponds to an irreducible monic polynomial f;(z) of degree equal to the size of
the coset |Cj).

The number of divisors of each irreducible polynomial is p¥ + 1. Thus, the total number of divisors is:

N = (p¥ + 1)%.

This agrees with the cyclic code index enumeration formula, and therefore, it is sufficient to conclude

that by induction, the formula:

N =@ +1)¢

holds for all n = k - pY. O
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2.3 The Application of Cyclic Enumeration Index Formula
Problem 1: From GF(2)

Problem: Determine the number of cyclic codes of length 6 over Zo, where n = 6 is the degree of the
cyclotomic polynomial 25 — 1.

Solution:

Step 1: Identify Parameters:

Field: Zs (p = 2),

Polynomial degree: n = 6,

Decompose n: n =k - pY, where k =3 and y = 1.

Step 2: Compute Cyclotomic Cosets Modulo k = 3:

Residues modulo 3: {0, 1, 2}.

Cosets:

Co=1{0}, C1={1,2).

Number of cosets: C' = 2.
Step 3: Apply the Formula:

Using the cyclic code enumeration index formula:
N =@’ +1)°.

Substituting values:
N=02"+1)?=3=09.

Answer: There are N = 9 cyclic codes of length 6 over Z,.

Problem 2: From GF(3)

Problem: Count the number of cyclic codes of length 9 over Zs for the cyclotomic polynomial z° — 1.
Solution:

Step 1: Identify Parameters:

Field: Zs (p = 3),

Polynomial degree: n =9,

Decompose n: n =k -p¥Y, where k =1 and y = 2.

Step 2: Compute Cyclotomic Cosets Modulo k = 1:

Since k = 1, all residues modulo 1 collapse into a single coset:

Co = {0}.
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Number of cosets: C' = 1.
Step 3: Apply the Formula:

Using the cyclic code enumeration index formula:
N =¥ +1)°.

Substituting values:
N=32+1)=9+1=10.

Answer: There are N' = 10 cyclic codes of length 9 over Zs.

Problem 3: From GF(5)

Problem: Given the cyclotomic polynomial z'° — 1, determine the number of cyclic codes of length 10
over Zs.

Solution:

Step 1: Identify Parameters:

Field: Zs (p =5),

Polynomial degree: n = 10,

Decompose n: n =k -pY, where k =2 and y = 1.

Step 2: Compute Cyclotomic Cosets Modulo k = 2:

Residues modulo 2: {0,1}.

Cosets:

Co= {0}7 Cr = {1}

Number of cosets: C' = 2.
Step 3: Apply the Formula:

Using the cyclic code enumeration index formula:
N =@’ +1)°.

Substituting values:
N = (5" +1)? = 6% = 36.

Answer: There are N' = 36 cyclic codes of length 10 over Zs.

Problem 4: From GF(7)

Problem: Determine the number of cyclic codes of length 14 over Z7, where n = 14 is the degree of the

cyclotomic polynomial ' — 1.
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Solution:

Step 1: Identify Parameters:

Field: Z7 (p=17),

Polynomial degree: n = 14,

Decompose n: n =k - pY, where k =2 and y = 1.
Step 2: Compute Cyclotomic Cosets Modulo k = 2:
Residues modulo 2: {0,1}.

Cosets:

Co={0}, Cr=A{1}.

Number of cosets: C = 2.
Step 3: Apply the Formula:

Using the cyclic code enumeration index formula:
N =@’ +1)°.

Substituting values:
N =(T"+1)2 =82 =64

Answer: There are N' = 64 cyclic codes of length 14 over Z7.

Problem 5: From GF(11)

Problem: Determine the number of cyclic codes of length 22 over Zq1, where n = 22 is the degree of the
cyclotomic polynomial 2> — 1.

Solution:

Step 1: Identify Parameters:

Field: Z11 (p=11),

Polynomial degree: n = 22,

Decompose n: n =k -pY, where k =2 and y = 1.

Step 2: Compute Cyclotomic Cosets Modulo k = 2:

Residues modulo 2: {0,1}.

Cosets:

Co={0}, Cy={1}.

Number of cosets: C' = 2.
Step 3: Apply the Formula:

Using the cyclic code enumeration index formula:

N =@’ +1)°.
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Substituting values:
N=11'+1)2 =122 = 144.

Answer: There are N' = 144 cyclic codes of length 22 over Z1; }.

Problem 6: From GF(17)

Problem: How many cyclic codes exist for the cyclotomic polynomial x5 — 1 over GF(17)?
Solution:

Step 1: Identify Parameters:

Field: GF(17) (p = 17),

Polynomial degree: n = 68,

Decompose n: n =k -p¥Y, where k =4 and y = 1.

Step 2: Compute Cyclotomic Cosets Modulo k = 4:

Residues modulo 4: {0,1,2,3}.

Cosets:

Co=1{0}, Cr={1}, Cy={2}, C3={3}.

Number of cosets: C = 4.
Step 3: Apply the Formula:

Using the cyclic code enumeration index formula:
N = (@' +1)°.

Substituting values:
N =17 +1)* = 18" = 104976.

Answer: There are N' = 104976 cyclic codes of length 68 over GF(17)}.

Problem 7: From GF(19)

Problem: Verify the number of cyclic codes generated by the irreducible factors of 3% — 1 over GF(19).
Solution:

Step 1: Identify Parameters:

Field: GF(19) (p = 19),

Polynomial degree: n = 361,

Decompose n: n =k -pY, where k =1 and y = 2.

Step 2: Compute Cyclotomic Cosets Modulo k = 1:
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Since k = 1, all residues modulo 1 collapse into a single coset:
Co = {0}.

Number of cosets: C = 1.
Step 3: Apply the Formula:

Using the cyclic code enumeration index formula:
N = (pV +1)°.

Substituting values:

N = (192 + 1) =361+ 1 = 362.

Answer: There are N' = 362 cyclic codes of length 361 over GF(19).

Problem 8: From GF(23)

Problem: Determine the total number of cyclic codes of length n = 69 over GF(23).
Solution:

Step 1: Identify Parameters:

Field: GF(23) (p = 23),

Polynomial degree: n = 69,

Decompose n: n =k - pY, where £k =3 and y = 1.

Step 2: Compute Cyclotomic Cosets Modulo k = 3:

Residues modulo 3: {0,1,2}.

Cosets:

Co={0}, C1={1,2}).

Number of cosets: C = 2.
Step 3: Apply the Formula:

Using the cyclic code enumeration index formula:
N = (p¥ +1)°.

Substituting values:

N = (231 +1)% = 242 = 576.

Answer: There are N' = 576 cyclic codes of length 69 over GF(23).
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Problem 9: From GF(31)

Problem: Determine the number of cyclic codes of length 62 over GF(31), where n = 62 is the degree of
the cyclotomic polynomial 52 — 1.

Solution:

Step 1: Identify Parameters:

Field: GF(31) (p = 31),

Polynomial degree: n = 62,

Decompose n: n =k -pY, where k =2 and y = 1.
Step 2: Compute Cyclotomic Cosets Modulo k = 2:
Residues modulo 2: {0,1}.

Cosets:
Co={0}, C;={1}.

Number of cosets: C' = 2.
Step 3: Apply the Formula:

Using the cyclic code enumeration index formula:
N =@’ +1)°.

Substituting values:
N = (311 +1)% = 322 = 1024.

Answer: There are N' = 1024 cyclic codes of length 62 over GF(31).

Problem 10: From GF(37)

Problem: A satellite communication system requires error-correcting codes to ensure data integrity during
transmission. The system operates over GF(37) and uses cyclic codes of length 74. Determine the total
number of distinct cyclic codes that can be generated for this system, ensuring robust error correction and
redundancy.

Solution:

Step 1: Identify Parameters:

Field: GF(37) (p = 37),

Polynomial degree: n = 74,

Decompose n: n =k - pY, where k =2 and y = 1.

Step 2: Compute Cyclotomic Cosets Modulo k = 2:

Residues modulo 2: {0,1}.
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Cosets:

Co={0}, C1=A{1}.
Number of cosets: C = 2.
Step 3: Apply the Formula:

Using the cyclic code enumeration index formula:
N = (pY+1)°.
Substituting values:
N = (371 4+1)% = 38% = 1444.
Answer: There are N = 1444 distinct cyclic codes that can be generated for the satellite communication

System.

Conclusion

This publication presents a comprehensive exploration of the cyclic code enumeration index formula
N =@ +1)°,

providing both theoretical derivation and practical verification. The derivation demonstrates how the
number of cyclic codes is intricately tied to the cyclotomic cosets modulo k and the properties of the
finite field GF(p). The examples of problems that can be solved by this formula highlight the practical
applicability in enumerating cyclic codes efficiently and accurately, regardless of the complexity of the
finite field or the decomposition of n. The implications of this study are significant for coding theory
and its applications in secure communication systems and error correction. The formula provides a
universal framework for counting cyclic codes, laying the groundwork for the reinforcement of the
mathematical foundations of cyclic code enumeration, bridging theoretical concepts with practical utility,

and solidifying the role of cyclotomic cosets in coding theory.
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