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Abstract

Via Lowner theories, by Becker’s and Betker’s conditions on Herglotz function which give sufficient
conditions for univalent functions admitting k-quasiconformal extension to the complex plane, we
define two subclasses denoted by SP and SPT. Then we solve the Fekete-Szegd problem on these

two subclasses.

1 Introduction

Given a real number A € R, the Fekete-Szego problem for analytic function class F is to find the maximum
of maxyc laz—Aa3|, where ay and ag are Taylor coefficients of f. Fekete-Szegd problem plays an important

role in characterizing the geometric quantities of functions f, for example, a3 — a3 = %Sf (0), where

Se(z)=(f"/1) -3 (f"/f)? is Schwarzian derivative.

In this paper, we let S be the class of all univalent functions on D = {z € C : |z| < 1} with Taylor

expansion

f(z) =2+ Zanz”.
n=2

A classical theorem of Fekete and Szegd states:

Theorem A. ([7]) If f € S and X € R, then

3 — 4\, A <0
max |ag — \a3| = < 1+ 2e~2M(1=X 0 <A< 1;
fes

4\ — 3, A>1.
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Since the importance of the Fekete-Szego problem, the studies of this problem on various subclasses

of S were widely concerned by many mathematicians, such as strongly starlike function of order «,

close-to-convex function and so on [3,12,13]. Furthermore, Xu et al. [17] consider the Fekete-Szeg6 problem
on C", Elin et al. [5, 6] consider the “inverse Fekete-Szegd problem” which is related to infinitesimal
generators.

For 0 < k < 1, the subclass Sy formed by all f € S admitting k-quasiconformal extension to the
complex plane C. As we know S has attracted widely attention, since it is a classical topic in Geometric
Function Theory and closely related to Teichmiiller theory [14]. In my knowledge background, it is difficult
to study the Fekete-Szego problem on Sy because of the lack of equivalent characterization of functions in
Sk. In 1972 and 1992, by Lowner chain theories, Becker [3,4] and Betker [2] discovered remarkable facts,
which give sufficient conditions for f € Si. Here, we introduce some basic concepts about Lowner chain

theories, for more details, we refer to [10].

Definition 1.1. A function f(z,t) = e’z + > 7, a,(t)z" defined on D x [0, 00) is called a Lowner chain
if fi(z) = f(z,t) is holomorphic and univalent in D for each t € [0,00) and satisfy fs (D) € f; (D), for
0<s<t<oo.

By Lowner theory, a Lowner chain f(z,t) satisfies a equation

Of(z,t) z@f(z,t)

ot 0z

p(z,t), z€D, t €[0,00), (1.1)

where p(z,t) is Herglotz function i.e., p(z, ) is measurable for each ¢ € [0, 00), p(-,t) is holomorphic in D,
satisfies Rep(-,t) > 0 for a.e. ¢ > 0 and p(0,t) = 1. Moreover, given f € S, there exist a Lowner chain
f(z,t) such that f(z,0) = f(z). Conversely, given a Herglotz function from Léwner-Kufarev equation, we

can obtain a Lowner chain.

Theorem B. ( [16]) For any Herglotz function p(z,t), the Lowner-Kufarev equation

%’:—wp(w,t), t>s>0;

w(s) = z, z €D,
has a unique solution w(t) = ¢(z, s,t), the function ¢(z, s,t) are univalent in z € D, and

f(z,8) = lim €'y (z,s,t)

t—o00

exists locally uniformly in z € D and is a Lowner chain satisfying (1.1).

With the above preparations, we will now introduce the results of Becker and Betker.
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Theorem C. ( [3] [1]) Suppose that f(z,t) is a Lowner chain with Herglotz function p(z,t) satisfy
’p(za t) -1

<k, z€D, a.e. tel0,00).
p(z,t) + 1’ B 9,0)
Then f(z) = f(z,0) admitting k-quasiconformal extension on C.

Theorem D. ( [2]) Suppose that f(z,t) is a Lowner chain with Herglotz function p(z,t) satisfy
’p(Z, t) — Q(Z, t)
p(z,t) +q(z,1)
where ¢(z,t) is analytic z € D and measurable in ¢ > 0 with Req(z,t) > 0. Then f(2) = f(z,0) admitting

| <k, zeD, a.e. tel0,00),

k-quasiconformal extension to C.

Remark 1.1. When ¢(z,¢) = 1, Theorem D is just Theorem C. When ¢ (z,t) = p(z,t), then condition

becomes |argp (z,t)| < arcsin k.

Using Theorem C and Theorem D, we define two subclasses. We say f € S,’? , if f € S admitting a

Lowner chain with Herglotz function p(z,t) satisfy

p(D,t) CU (k) := {wE(C: |w—|—

1
© 1|§k}, ae. t>0, (1.2)

and f € SPT if f € S admitting a Léwner chain with Herglotz function p(z,t) satisfy
p(D,t) C A(k) :={w e C: |arg w| < arcsin k}, a.e. t > 0. (1.3)

From Theorem C and Theorem D, we have S,? C Sk and S,?T C Sg. In this article, we consider the
Fekete-Szegt problem on S ,f and SET and obtain the following results.

Theorem 1. For 0 <k <1, let f(2) = 2z +as2? +azz® +... € S}?. Then, for A € R,

k2(3 — 4)), A< L
_1—k+2kX
) k+k(l+k)e ®=n | LX<
max |ag — \aj| = _14k-2kA
fesp k+k(l—k)e *=D 1< \< B
k+1
k2 (4)\ - 3), A > AL

Theorem 2. For 0 <k <1, let f(2) = z 4+ as2® +azz3 +... € SET. Then, for A € R,

(
2 —1.
_1—at2a) _1

5 ata(l+a)e 0N =2 <A<
max lag — Aaz| = _lta—2ax adl
fesy a+a(1—a)e a(A-1) s 1S)\<W7

2 +1

where o = Zarcsin k.

™
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Remark 1.2. In Theorem 1, let A = 0 then we obtain the third coefficient estimate

max |az| =k +k(k+1) el w.

fesk
Which is exactly Theorem 3.1 of Gumenyuk and Hotta [9]. Theorem A is just the case of Theorem 1 and
Theorem 2 when k£ — 1.

2 Properties of Herglotz Functions

From introduction, we know Herglotz function plays a significance role in Lowner theories. In this section,

we will give some properties of Herglotz functions which will be used in the proofs of Theorems 1 and 2.

The following lemma characterizes the relationship between the modulus of derivatives and the

modulus of functions, we refer to [1, p.136] for the proof.
Lemma 2.1. If f is holomorphic in D and satisfies the condition |f(z)| <1, then

-1 ()2

1—|[z[?

f'(2)] <

Lemma 2.2. Let f(z,t) be a Léowner chain with Herglotz function p(z,t) = 1+ c1 (t)z + c2 () 2% + ...
satisfy (1.2). Then

le1(t)] < 2k, (2.1)

1+ k
2% + Reca(t) > ;_T(Recl )2, (2.2)
-

W(Imcl(t))z (2.3)

2k 4+ Reca(t) >

Proof. We let (1—k)— (14 k)
Lo == —asn

it is easily to know that L(z): U(k) - H = {w : Re w > 0} and L(1) = 1. Furthermore, we let

ol 1) = i% _ icl(t) + (;kjc?(t) _ i(a (t))2> it

then ¢(-, ) is holomorphic in D and |¢(z,t)| <1 for a.e. ¢ > 0. Then (2.1) follows by

1
— - <1
|2k61 ()] =1lp(0,t)| <
Furthermore, using Lemma 2.1 for ¢(z,t) at z = 0, we obtain
L) = () = ¢ (0,5 <1 [p (0,52 =1 —|es (1) (2.4)
2% Ak = ’ 452
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Taking the negative real part on the left-hand side of (2.4), we obtain

1~ g [Reer (0] — 15 [Tmer (0] =1~ ger ()
>|eat) — g (er ()
> — Reicz () + iRe [e1 ()]
__ Rei@ ) + i [Reey (0] — i Tmer (0]
It follows that
2% + Recs (£) > % [Reer (£)]2 + % o
which implies (2.2) and (2.3). O

Lemma 2.3. Let f(z,t) be a Léowner chain with Herglotz function p(z,t) = 1+ c1 (t)z + c2 () 2% + ...
satisfy (1.3). Then

le1(t)] < 20, (2.5)
%0 + Reca(t) > 2 (Reer (1), (2.6)
%0+ Rees(t) > © Y Imer (1)) (2.7)

where o = %arcsin k.

Proof. In fact, the proof of Lemma 2.3 can be deduced step by step as the proof of Lemma 2.2 by define

C(plz,t))a -1
o(z,t) = - i1 %cl(t) + (2(102(15) - @(cl (t))Q) zZ4....

Z(p(z,1))

Here, we omit the details. O
By using (1.2), we obtain the relationships between the Taylor coefficients of f € S and the Taylor
coefficients of Herglotz function p(z,t). For details, we refer to [16, p.165] for the proof.

Lemma 2.4. ( [16]) Let f(z,t) be a Léwner chain with Herglotz function p(z,t) = 1+c1(t)z+ca(t)2? + ...
and f(2,0) = f(2) = z+ a2 + a3z’ +...€ S. Then

ag = — [y e ey (t) di;
a3 =— [;T e ey () dt + ([T e ter (t) dt)2 :

Earthline J. Math. Sci. Vol. 15 No. 8 (2025), 367-380
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3 Proofs of Theorems 1 and 2

In fact, to prove Theorems 1 and 2, we only need to consider f € S,? and f € S,]fT such that az — Aa3 > 0

by the following lemmas.
Lemma 3.1. Given f(z) € SP, then e™® f(¢2) € SE, for any 0 € [0, 2r).

Proof. By the definition of SZ, for f(z) € SP, there is a Léwner chain f(z,t) with Herglotz function
p(z,t) satisty (1.2) and f(z,0) = f(2).

f(z,t) —e 0y (ewz,t> ,

it is easily to know f(z, t) is a Lowner chain and f(z, 0)=ef (eiez), then we denote its corresponding

Herglotz function by p(z,t). By using (1.1), we obtain

ﬁ(z,t) _ af('zvt)/ (Zaf(zvt)> _ e—iGaf (ewz’t)/ (Zaf (eiez,t)> —» (ewz’t)’

ot 0z ot 0z
which implies p(z, t) satisfy (1.2). It follows that e~ f(e?z) = 2 + a2 22 + aze®?2® + ... € SP. O
Lemma 3.2. Given f(z) € SPT, then e~ f(e2) € SBT, for any 0 € [0, 27).
Proof. The proof of Lemma 3.2 can be deduced step by step as the proof of Lemma 3.1, thus we omit

the proof. 0

Following Lemmas 3.1 and 3.2, for simplicity, we can assume az — Aa3 > 0 for f € S,f or f e S,?T.

From Lemma 2.4, we obtain

az— a3 = — /Ooo e 2 Recy (t) dt+ (1 — \) </OOO e "Rec (t) dt>2 —(1-2X) (/OOO e 'Imey (t) dt>2, (3.1)

we denote Recy (t) = u(t) and Imey (t) = v(t).

In the following, we will give the proof of Theorems 1 and 2. By using the properties of the Herglotz
function in Section 2, we will obtain the upper bound for the Fekete-Szego problem, and by taking
the appropriate Herglotz functions and using Theorem B, we can find the extreme functions for the

Fekete-Szego problem.

Proof of Theorem 1. Given f(z) € S, we divide A € R into four cases and prove the Fekete-Szegd

problem in these cases respectively.

Case I: For A < 21;;1, we prove |az —Aa2| < k2 (3 — 4)\) and then we find a function f(z) € sB
such that equality holds.
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By using (2.1), (2.2) and (3.1), we get the following estimate
oo o0 2
ag — a3 < — / e ?Re ¢y (t)dt + (1 —N) </ e tu(t) dt)
0 0
oo 1 o0
< / 2ok — ML 2y (= 0 < / e~tu(t)dt
0 0

2k
k41 o0 t 2
=k _/ ie—%ﬂ(t)dw (1-X) (/ e_tu(t)e_édt>
o 2k 0 e 2
o0 1 o0
<k — / RELoon2yae (- 2 / e~t? (£) di
o 2k 0
o0 k41
=k +/ e 2 (t) {(1 —Aef - +} dt
0 2k
o0 k+1
<k + 4k2/ (1-Net— R oy
0 2k

=k+4k*(1—)\) —k(k+1)
=k? (3 —4)).
The first inequality can be obtained directly from (3.1), the second inequality can be obtained from (2.2),
the third inequality holds since Schwarz’s inequality and the last inequality holds since |u(t)| < 2k and
A< L
Next, we show for every A the equality is possible. We Let

1—kz

=1—-2kz+2k*2+ ..., t>0.
1+ kz

p(z,t) =

It is easily know p(z, t) satisfy (1.2). By using Theorem B, we can find a Léwner chain f(z,t), furthermore

f(z) = f(2,0) € SB. We denote f(z) = z + a22% + a32® + ... and use (3.1), then it follows that
00 00 2
a3 — \ap” = —/ e 2202dt + (1 — \) (/ e‘tdet> =k*(3—4)).
0 0

Which implies f(z) is the extreme function for the Fekete-Szegd problem on SZ, for A < %

_ 1—k42kX
Case II: For 2’;;1 <A <1, we prove |[az — Aa2| < k+k(1+k)e *G-* and then we find a
function f (2) € SE such that equality holds.

By using (2.2) and(3.1), we obtain

2 o k+1 o - ’
ag — Aaz < / e 2k — 5 U (t)]dt + (1 — X) </ e u(t)dt) .
0 0

We estimate the second integral by Schwarz’s inequality. For every positive continuous function H(t) we

obtain

o 14k (1=\b
ag—Aa§§k+/ e 2t (t) [— + +( ) }dt, (3.2)

0 2k H (1)
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where b = fooo H (t) dt, then the best estimate is obtained if the integral vanish on some initial rang [0, 7],

and we choose

2k
1—X)b, 0<t<sm
H(t) = 1;;5( ) .
E (L= A)be™™", 7 <t < oo.

;k
By the definition of b, we can obtain b = ;2£5.(1 — A)b(7 + 1) and therefore 7 = 21k_j\r)‘ > 0. By using

k+1
(2.1), we conclude from (3.2)

1—k+4+2kA

a3—>\a§§k+2k(1+k)/ e (T —1)dt=k+ (k+1)e Mk,

1—k

Next we show for every A the equality is possible. Let 7 = T’“_J)t)\ and consider function
1—kz2+(1-k)et ™"z _ t— 2t—2 2 .
Do 1) = J TRTHITRTS = 1—2ke' Tz 4 {2k(k+1)e* ™2 =2k} 224+ ..., 0<t<T;
1122:1—2kz—|—2k2z2—|—..., T <t < o0
For 0 <t < 7, since
p(z,t)—1 224 e T2
| = |k <k,

p(z,t)+1 1+et72
then p(z,t) satisfy (1.2). By using Theorem B, we can find a Lowner chain f(z,t), then f(z) = f(z,0) €
SB. Denoting f(2) = 24 @222 + d32® + ... and using (3.1), we immediately obtain

a3 — Adp® = —/ e {2k (k+1)e* ™" — 2k} dt — / e 2k2dt
0 T

T 00 2
+(1-X) ( / —2ke!"Te tdt + / —2ketdt>
0 T

=k4+{-2k(k+1)7—k—k> 4+ (1= N4> (1 +1)*}e >
K2 —1-2k(k+1)X  (1+k)? 51 oy
k—i—{ T + -\ —k—k%;e
2k (1 —2k(1
:k—i—{ k(1+Fk)—2k( ‘Hf)/\_k_k,z}e—zf

1—A
_1-E42k)
—k4k(k+1) e =k+k(k+1)e FI-N |

Which shows f(z) is the extreme function for the Fekete-Szegd problem, for kQ—;l <A<l

k1 _ 14k—2kX
Case III: For 1 < A < % , we prove |az — Aa2| < k+k(1—k)e *>-1 and then we find a
function f(z) € SP such that equality holds.

By using (2.3) and (3.1) and get the following estimate

a5 — Na2 < /OOO o2t [Qk _ %qﬂ (t)] dt—(1— ) </O°O et (1) dt>2 .
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We estimate the second integral by Schwarz’s inequality, for every positive continuous function H (t) we

obtain
ag—)\a2<k+/ooe_2t02(t) —1_k—|—(/\_1)b dt (3.3)
2= 0 2k H(t) 17
where b = [° H (t) dt. Then we choose
2k
= (A—=1)b, 0<t<T;
H(ty=¢ 'k (=)
%(A Dbe™t, 1<t < oo,

14k
by the definition of b we can obtain b = %(/\ — 1)b(7+ 1) and therefore 7 = 2/{13 > 0. Since

[v(t)| = |Imei(t)| < 2k, we conclude from (3.3)

1+k—2kX

ag—)\aggk+2k(1—k)/ e (T =) dt=k+k(1—k)e D .

14k y
Next we show for every A the equality is possible. Let 7 = 4~ and consider function

1—k‘z2+(l+k)et77'iz _ t—7 - 2%—9 9 '
p(z t) _ ) Trk2r(I-k)et—Tiz 14+ 2ke* " Tiz + {2]{(1 — ]{Z)e T _ 2]{:} ¢+ ..., 0Zt< g
Lbikz — 1 4 2kiz — 2222 + ..., r<t< oo

For 0 <t < 7, since
p(z,t) — 1| B |—z2 + et*Tiz|k _ |(zz)2 + e Tiz
p(z,t) +1 ' 14e"Tiz D 14etTiz

| [k <k,

it follows that p(z,t) satisfy (1.2). By using Theorem B, we can find a extreme function f(z) € SB for
the Fekete-Szegd problem. We denote f(z) = z + a2z + a32® + ... and use (3.1), then we obtain

a3 — \az® = —/ e 2 {2k (1 — k) e* 2" — 2k} dt +/ e *P2k>dt
0 T

T 00 2
+(A—-1) </ 2ke!"Te tdt +/ letdt>
0 T

—k+{2k(Q—k)7—k+k+AN-1)4E> (1 +1)*}e 2"
E2—142k(1—k)X  (1—Fk)? 2] o

_k+{ 1 + 5 —k+k*se

:k+{—2k(1—k))\+ik(1—k))\_k+k2}6_QT

1+k—2kX\

—k+k(l—Fk)e D

Case IV: For A > 2’;1'1, we prove |as — Aa2| < k2 (4)\ —3) and then we find a function
f(z) e SB such that equality holds.
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By using (2.1), (2.3) and (3.1), we obtain the following estimate
o0 ) 2
a3 — Aa3 < — / e Re ¢y (t)dt — (1 —N) </ et (t) dt)
0 0
X o L—F , < ’
< e 2k — ve(t)]dt — (1 —N) e ‘u(t)dt
0 2k 0
*1—-k o t ¢ 2
=k — / ——e 22 (t)dt — (1 — N) (/ etv(t)e2dt>
0 2k 0 ok
© 1 _k 9]
<k — / —— e M2 (t)dt — (1 — A)/ et (t)dt
o 2k 0

s +/0 22 (1) {()\ 1)t - 12_]6’“} dt

o0
1—
<k + 4k2/ e t(A—1) - 1ok gy
0 2k
=k+4k>(A—1)— k(1 —k)
=k? (4) - 3).

The first inequality holds since 1 — A < 0, the second inequality can be obtained from (2.3), the third
inequality holds since Schwarz’s inequality and the last inequality holds since |v(t)| < 2k and A < % :

Next we show for every A the equality is possible. We let

1—1ikz
1+ ikz

p(z,t) = =1—2ikz —2k*22+ ..., t > 0.

It is easily to check p(z,t) satisfy (1.6). Then, by using Theorem B, we can find a function f(z) e Sp.

Then directly calculate from (3.1) we obtain

0o 0o 2
a3 — \ay? = / e 202k2dt — (1 — \) (/ et2kdt> =+ (A —1)4k* =Kk* (4N - 3).
0 0

where a3, ag are Taylor coefficients of f(z). O

In fact, using Lemma 2.3 and (3.1), the upper bound of the Fekete-Szegé problem on S,?T can be
deduced step by step as the proof of Theorem 1, thus we omit the details. Here, we only show when

equality holds.

Proof of Theorem 2. Given f € SET, we divide A € R into four cases and prove the Fekete-Szego

problem in these cases respectively.

Case I: For A < 2‘;‘;1, we find a extreme function f(z) € SBT such that |az — AaZ| =
a? (3 —4)).
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Let Herglotz function be

1—2z
1+ 2

pien = (

o
) :1—2az+2a222+..., t>0.

It is easily know that p(z,t) satisfy (1.3). Using Theorem B, we can find a extreme function f(z) € SB7
Then by (3.1) we obtain

00 oS 2
a3 — \az? = —/ e 22a%dt 4+ (1 — \) </ et2adt> =a?(3-4)).
0 0

Case II: For -1 < X < 1, we find a extreme function f(z) € SPT such that |az — a3
l—at2ad

=ata(ld+a)e «0-X,
We let Herglotz function be

(03
(Hz;;%) =1-20e" T2+ {20(a+1) e —2a} 22+ .., 0<t<T;

p(z1) = 1-2\“ 2,2
(Hz) =1-2az+ 202 + ..., t>T,
ooy .
where 7 = 22—~ For 0 <t < 7, since

R

14224272 {1+22
e = Re

iy 7
—— + 2¢ T}zo,

1—22 1— 22

it follows that Re#ﬁ_,z > 0 and p(z,t) satisfy (1.3).

By using Theorem B, we can find a extreme function f(z) € SET, let ag, az be the Taylor coefficients

of f(z). Then directly calculate from (3.1) we obtain

T o0
a3 — \ap? = —/ e {2a(a+1)e* " —2a} dt — / e 2202 dt
0 T

T 0 2
+(1=X) </ —20e! " Tetdt +/ —2ae_tdt>
0 T

:a+{—2a(a+1)7—a—a2+(l—)\)4042(7'—1—1)2}6*27
2 1 2
:a+{a 1 204(04+1))\+(1—|—a) —a—aQ}e_QT

1—A 1-A

:a+{2a(l—|—a)1—2;(l—l—a))\ _OZ_OZQ}GQT

_l1—at2aX

:a‘i'Oé(Oé—Fl)e_?T:a—}—oz(a—{—l)e a(l-n) |

Case III: For 1 < A < %1 | we find a extreme function f(z) € SPT such that |as — Aa3|

_l14a—2ai
=at+a(l—a)e «G-D
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We let Herglotz function be

e\
(w) =1+ 20" Tiz+ {20(1 —a) e —2a} 22+ .., 0<t<T;

1422
b (Z7 t) = 14iz\ @
(%ﬁ;i) =1+ 2aiz —2a%2% + ..., t>7
1ta
where 7 = 2——. For 0 < { < 7, since
1— 22+ 2et iz 1— 22 1z
Re i 5 = Re 5+ 2€t_TR672 >0,
1+2 1+ 2 1—(iz)

which implies p(z, t) satisfies (1.3). By using Theorem B, we can find a extreme function f(z) € SPT, let

az, a3 be the Taylor coefficients of f(z). Then

T o0
a3 — \az? = —/ e 2t {20(1 - a) e 2a} dt + / e 2202 dt
0 T

T S 2
+(A=1) </ 20! Te tdt —I—/ 2ae_tdt>
0 T

—a+{-2a(1-a)T—a+a®+(A—1)4a? (1 + 1)’}
2 o _ 2
:a+{a 14+ 2a(1 oz))\+(1 Q) —a+a2}e_2T

A—1 A—1
:a+{—2a(l—a)+2a(1—a))\_a+a2}e2T
A—1
_14a—2a

=a+ta(l-—a)e OG-0,

Case IV: For A > 2‘;:1, we find a extreme function f(z) € SBT such that |az — Aa3| =
a? (4 — 3)

Let Herglotz function be

1—1z
141z

p(z,t)=<

o
) :1—2iaz—2a222+...,t20,

It is obviously that p(z,t) satisfies (1.3). Then we can find a extreme function f(z) € SPT, by using

Theorem B. Let ay, a3 be the Taylor coefficients of f(z). Then

00 ) 2
a3 — Nag® = / e 22a%dt + (A — 1) (/ e_t2adt> =a?(4X - 3).
0 0
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