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Abstract 

In this paper, a well-known equation used in astrophysics and mathematical physics called 

the Lane-Emden equation is to be solved by a variational iteration method. The main 

purpose of this approach is to solve the singular initial value problems and also boundary 

value problem of Lane-Emden type equations. This technique overcomes its singularity at 

origin rapidly. It gives the approximate and exact solution with easily computable terms. 

The approach is illustrated with some examples to show its reliability and compactness. 

1. Introduction  

Lane-Emden type equations have been the focal point of various publications 

because of their frequent appearance in astrophysics, mathematical physics, engineering, 

mathematical biology and other fields. Recently, many mathematicians and physicists 

have been greatly attracted towards the study of singular initial value problems (IVPs) in 

second order ordinary differential equations of Lane-Emden type problems.  

One of these type equations is formulated as 



Muhammad Nadeem and Hijaz Ahmad  

http://www.earthlinepublishers.com 

128 

 ( ) ,10,0,0
2 ≤<>=+′+′′ xxyfy
x

y   (1)  

under the initial conditions 

 ( ) ( ) ,0,0 ByAy =′=   (2)  

where A and B are constants and ( )yf  is a real-valued continuous function. This 

equation was used to model various phenomena such as the theory of stellar structure, 

the thermal behavior of a spherical cloud of gas, isothermal gas spheres and the theory of 

thermionic currents [1, 2, 3, 4].  

While, another class of singular initial value problems of Lane-Emden type can also 

be given in the form  

 ( ) ( ) ,10,0,, ≤<>=+′β+′′ xxxgyxfy
x

y   (3)  

under the initial conditions (2), where ( )yxf ,  is a real-valued continuous function and 

( ) [ ].1,0Cxg ∈  For ,2=β  ( ) ,1=xf  ( ) ,0=xg  (3) shows the standard Lane-Emden 

type equation. The numerical solution of the Lane-Emden equation (3) as well as other 

types of linear and nonlinear singular IVPs in quantum mechanics and astrophysics [5, 

6], is numerically challenging because of the singularity behavior at the origin. Hasan 

and Zhu [7, 8] have solved such a singular initial value problem by the Taylor series and 

modified Adomian decomposition methods. Gupta and Sharma [9] have also used the 

Taylor series method to solve Lane-Emden and Emden-Fowler equations. The 

approximate analytical solutions to the Lane-Emden equations were presented by 

Shawagfeh [10] and Wazwaz [11, 12, 13] using the Adomian decomposition method 

(ADM) [14]. He [15] obtained an approximate analytical solution of the Lane-Emden 

equation by applying a variational approach which uses a semi inverse method. Laio [16] 

solved Lane-Emden type equations by applying a homotopy analysis method. 

Chowdhury and Hashim [17] gave the solutions of class of singular second-order IVPs of 

Lane-Emden type by using He’s homotopy perturbation method. Ramos [18] presented a 

series approach to the Lane-Emden equation and gave the comparison with He’s 

homotopy perturbation method. Recently, Dehghan and Shakeri [19] first applied an 

exponential transformation to the Lane-Emden equation to overcome the difficulty of a 

singular point at 0=x  and solved the resulting nonsingular problem by the variational 
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iteration method. Exact solutions of generalized Lane-Emden solutions of the first kind 

are investigated by Goenner and Havas [20]. But analytical solutions are more needed to 

understand physical better.  

Recently, a lot of attention has been devoted to the study of VIM such as study about 

the variational iteration method to find out the numerical solution of Sine-Gordon [21], 

Fokker-Plank equation [28]. [22] use the variational iteration method for solving 

biharmonic equation, [23, 24, 25, 19, 26] investigate various models, singular and 

nonsingular, linear and nonlinear, and ODEs and PDEs as well.  

Our aim in this work to apply the VIM for these two types of Emden-Fowler 

equations with initial values and boundary values. In particular, we will first examine the 

Lane-Emden initial value problem given by [27]  

 ( ) ,10,0,0, ≤<>=+′β+′′ xxyxfy
x

y   (4)  

under the initial conditions  

 ( ) ( ) .0,0 ByAy =′=   (5)  

Next, we will discuss the Lane-Emden boundary value problem  

 ( ) ,10,0,0, ≤<>=+′β+′′ xxyxfy
x

y   (6)  

under the initial conditions  

 ( ) ( ) .0,0 byay ==   (7)  

It is seen that for 1=β  and ,2=β  both (4) and (6) shows cylindrical and spherical 

models [27].  

 2. VIM and Lagrange Multipliers  

In this section, we will discuss about the variational iteration method (VIM) and find 

out the distinct Lagrange multipliers ( )ηλ  for different values of .β  Consider the 

following nonlinear differential equation  

 ( )[ ] ( )[ ] ( ),xgxyNxyL =+   (8)  

where L is a linear operator, N being a non-linear operator and ( )xg  is known as 
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analytical function. According to VIM, we can construct the following correction 

functional.  

 ( ) ( ) ( ) [ ( ) ( ) ( )]∫ ηη−η+ηηλ+=+

x

nnnn dgyNLyxyxy

0

1 ,~   (9)  

where ( )ηλ  is general Lagrange multiplier which can be identified optimally via 

variational theory. ( )xy0  is an initial approximation with possible unknowns. ny~  is 

considered as restricted variation i.e., .0~ =δ ny  Since the Lagrange multiplier ( )ηλ  is a 

crucial and critical in method as it may be a constant or a function. It can be seen that or 

first priority is to find the value of Langrage multiplier ( )ηλ  initially, which can be 

identified via optimally.  

Taking the variation δ  on both sides, we get as,  

( ) ( ) ( ) ( )






 λβ+λ′−δ=δ + x
x

xxyxy nn 11 ( ) ( )xyx n′δλ+  

( ) ( ) ( ) ( )
∫ η











η
ηλ−ηλ′ηβ−ηλ ′′ηδ+

x

n dy

0

2
.  (10) 

This in turn gives the stationary conditions    

 ( ) ,0==ηλ x  (11) 

 ,1=|λ′ =η x  (12) 

 .0
2

=λ−λ′ηβ−λ′
x

  (13) 

Here we will discuss the following three cases to find out the value of ( ),ηλ   

Case I. If ,1=β  (13) becomes as, 

 ( ) 






 ηη=ηλ
x

ln   (14)  

which shows for cylindrical problems.  
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Case II. If ,2=β  (13) becomes as,  

 ( ) ( )
x

x−ηη=ηλ  (15)  

which shows for spherical problems.  

Case III. If ,2>β  (13) becomes as,  

 ( ) ( )
( ) 1

11

1 −β

−β−β

−β
−ηη=ηλ
x

x
  (16) 

which shows for general problems. 

Furthermore, by the successive approximation upon ( ) 0,1 ≥+ nxyn  for the solution 

of ( ),xyn  will be readily obtained by using the obtained values of Lagrange multiplier 

and by using selective function .0y  Consequently, the exact solution can be obtained by 

using .lim n
n

yy
∞→

=  

3. Lane-Emden IVPs  

In this section, initial value model of Lane-Emden with singular behavior ( )0=x  

for 2,1=β  and 2>  will be presented. Three initial value problems are discussed here.  

3.1. Example 1  

Consider the Lane-Emden type problem (4) with ,1=β   

 ,084
1 32 =−+′+′′ yyy
x

y   (17)  

with initial conditions  

 ( ) ( ) 00,10 =′= yy   (18)  

the correctional functional for (17) is,  

 ( ) ( ) ( ) ( ) ( ) ( ) ( )∫ η






 η−η+η′
η

+η′′ηλ+=+

x

nnnnnn dyyyyxyxy

0

32
1 ,84

1
  (19) 
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where ( ) 






 ηη=ηλ
x

ln  as defined in above (14), considering the given initial value, we 

can select ( ) .10 =xy  

Using this selection in (19), we obtain the following successive approximation. 

( ) 10 =xy  

( ) 2
1 1 xxy +=  

( )
89

5
1

84
42

2
xx

xxxy ++++=  

( ) ⋯++++++=
450

307

9

8
1

108
642

3
xx

xxxxy  

( ) ⋯+++++++=
2025

1891

225

221
1

1210
8642

4
xx

xxxxxy  

( ) ⋯
14175

14047

2025

2021
1

1412
108642

5
xx

xxxxxxy +++++++=  

⋮  

Since noise term vanish in limit which gives the exact solution of (17),  

 ( ) .
1

1

2
x

xy
−

=   (20) 

3.2. Example 2  

Consider the Lane-Emden type problem (4) with ,2=β   

 35
30

2
xxyy

x
y +=+′+′′   (21)  

with initial conditions  

 ( ) ( ) ,00,00 =′= yy   (22)  

the correctional functional for (21) is,  

 ( ) ( ) ( ) ( ) ( ) ( )∫ η






 η−η−η+η′
η

+η′′ηλ+=+

x

nnnnn dyyyxyxy

0

35
1 ,30

2
  (23) 
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where ( ) ( )
x

x−ηη=ηλ  as defined in above (15), considering the given initial value, we 

can select ( ) .00 =xy   

Using this selection in (23), we obtain the following successive approximation. 

( ) 00 =xy  

( )
56

7
5

1
x

xxy +=  

( )
5040

9
5

2
x

xxy −=  

( )
665280

11
5

3
x

xxy +=  

( )
121080960

13
5

4
x

xxy −=  

( )
02905943040

15
5

5
x

xxy +=  

⋮  

Since noise term vanish in limit which gives the exact solution of (21) 

 ( ) .
5

xxy =   (24)  

3.3. Example 3  

Consider the Lane-Emden type problem (4) with ,2>β   

 0
2

18
3 2

=









−+′+′′ y

x
y

x
y   (25)  

with initial conditions  

 ( ) ( ) ,00,10 =′= yy   (26)  

the correctional functional for (25) is,  

 ( ) ( ) ( ) ( ) ( ) ( )∫ η









η









 η−+η′
η

+η′′ηλ+=+

x

nnnn dyyyxyxy

0

2

1 ,
2

18
3

  (27) 
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where ( ) ( )
( ) 1

11

1 −β

−β−β

−β
−ηη=ηλ
x

x
 as defined in above (16), considering the given initial 

value, we can select ( ) .10 =xy   

Using this selection in (27), we obtain the following successive approximation. 

( ) 10 =xy  

( )
6

1
4

2
1

x
xxy +−=  

( )
12092

1
864

2
2

xxx
xxy +−+−=  

( ) ⋯+−+−+−=
5400

23

360

13

62
1

10864
2

3
xxxx

xxy  

( ) ⋯++−+−+−=
226800

241

5400

43

2462
1

1210864
2

4
xxxxx

xxy  

( ) ⋯
793800

143

226800

311

1202462
1

141210864
2

5
xxxxxx

xxy −+−+−+−=  

⋮  

Since noise term vanish in limit which gives the exact solution of (25),  

 ( ) .
2

x
exy

−=  (28)  

4. Lane-Emden BVPs  

In this section, boundary value model of Lane-Emden with singular behavior 

( )0=x  for 2,1=β  and 2>  will be presented. Three boundary value problems are 

discussed here.  

4.1. Example 4  

Consider the Lane-Emden type problem (6) with ,1=β   

 32
94

1
xxxyy

x
y −−+=−′+′′   (29)  
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with conditions  

 ( ) ( ) ,21,00 == yy  (30)  

the correctional functional for (29) is,  

 ( ) ( ) ( ) ( ) ( ) ( )∫ η






 η+η+η−−η−η′
η

+η′′ηλ+=+

x

nnnn dyyyxyxy

0

32
1 ,94

1
  (31) 

where ( ) 






 ηη=ηλ
x

ln  as defined in above (14), considering the given initial value, we 

can select ( ) ,0 fxxy =  where f being any arbitrary constant.  

Using this selection in (31), we obtain the following successive approximation.  

( ) fxxy =0  

( )
25169

543
32

1
xxfx

xxxy −−++=  

( )
1225576225

765
32

2
xxfx

xxxy −−++=  

( )
992253686411025

987
32

3
xxfx

xxxy −−++=  

( )
120062253686400893025

11109
32

4
xxfx

xxxy −−++=  

( )
2029052025530841600108056025

131211
32

5
xxfx

xxxy −−++=  

⋮  (32) 

Imposing the boundary condition ( ) 21 =y  in all approximations ,,,, 3210 yyyy  

...,, 54 yy  and solving for every value of f, we obtain the following sequences for values 

of  f. 

....,25681.0,316629.0,41083.0,574298.0,9225.0,2  

Sequence shows that it converges to zero. Substituting 0=f  in (32),  
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( ) 00 =xy  

( )
2516

54
32

1
xx

xxxy −−+=  

( )
1225576

76
32

2
xx

xxxy −−+=  

( )
9922536864

98
32

3
xx

xxxy −−+=  

( )
120062253686400

1110
32

4
xx

xxxy −−+=  

( )
2029052025530841600

1312
32

5
xx

xxxy −−+=  

⋮  

Since noise term vanish in limit which gives the exact solution of (29)  

 ( ) .
32

xxxy +=   (33)  

4.2. Example 5  

Consider the Lane-Emden type problem (6) with ,2=β   

 ( ) yxy
x

y 322
2 2 +=+′′   (34)  

with conditions  

 ( ) ( ) eyy == 1,10   (35)  

 the correctional functional for (34) is,  

 ( ) ( ) ( ) ( ) ( ) ( ) ( )( )∫ η






 η+η−η′
η

+η′′ηλ+=+

x

nnnnn dyyyxyxy

0

2
1 ,64

2
  (36) 

where ( ) ( )
x

x−ηη=ηλ  as defined in above (15), considering the given initial value, we 

can select ( ) ,10 gxxy +=  where g being any arbitrary constant.  
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Using this selection in (36), we obtain the following successive approximation.  

( ) gxxy += 10  

( )
15

2

52
1

543
2

1
gxxgx

xxy ++++=  

( ) ⋯++++++=
20105

13

102
1

7654
2

2
gxxgxx

xxy  

( ) ⋯+++++++=
900

7

105

4

280

3

62
1

98764
2

3
gxxgxxx

xxy  

( ) ⋯++++++++=
69300

47

5775

47

14002462
1

11109864
2

4
gxxgxxxx

xxy  

( ) ⋯+++++++++=
105105

4

1801800

2489

308001202462
1

13121110864
2

5
gxxgxxxxx

xxy  

( )
63063000

12499

2802800

3

7201202462
1

14131210864
2

6
xgxxxxxx

xxy ++++++++=  

⋯++
168168000

251 15
gx

 

( )
112112000

3

50407201202462
1

15141210864
2

7
gxxxxxxx

xxy ++++++++=  

⋯
1225224000

53

134008875

3323 1716
gxx ++  

⋮   (37)  

Imposing the boundary condition ( ) ey =1  in all approximations ,,,, 3210 yyyy  

...,, 54 yy  and solving for every value of g, we obtain the following sequences for values 

of g. 

....,199529.0,227647.0,26522.0,318091.0,398239.0,53462.0,81834.0,71828.1  

Sequence shows that it converges to zero. Substituting 0=g  in (37),  

 ( ) 10 =xy  

( )
5

1
4

2
1

x
xxy ++=  
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( ) ⋯++++=
105

13

2
1

64
2

2
xx

xxy  

( ) ⋯+++++=
105

4

62
1

864
2

3
xxx

xxy  

( ) ⋯++++++=
5775

47

2462
1

10864
2

4
xxxx

xxy  

( ) ⋯+++++++=
1801800

2489

1202462
1

1210864
2

5
xxxxx

xxy  

( ) ⋯++++++++=
63063000

12499

7201202462
1

141210864
2

6
xxxxxx

xxy  

( ) ⋯+++++++++=
134008875

3323

50407201202462
1

16141210864
2

7
xxxxxxx

xxy  

⋮  

Since noise term vanish in limit which gives the exact solution of (33)  

 ( ) .
2

x
exy =   (38)  

4.3. Example 6  

Consider the Lane-Emden type problem (6) with ,2>β   

 xxxxxyy
x

y 3044
8 245 −+−=++′′   (39)  

with conditions  

 ( ) ( ) ,82,00 == yy  (40)  

the correctional functional for (39) is,  

( ) ( ) ( ) ( ) ( ) ( )∫ η






 η+η−η+η−ηη−η′
η

+η′′ηλ+=+

x

nnnnn dyyyxyxy

0

245
1 ,3044

8
(41)  

where ( ) ( )
( ) 1

11

1 −α

−α−α

−α
−ηη=ηλ
x

x
 as defined in above (16), considering the given initial 

value, we can select ( ) ,0 hxxy =  where h being any arbitrary constant.  
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Using this selection in (41), we obtain the following successive approximation.  

( ) hxxy =0  

( )
987844

764
43

1
xxhx

xxxy +−−+−=  

( )
16660112324312

1097
43

2
xxhx

xxxy −+++−=  

( )
43316002560890733040

131210
43

3
xxhx

xxxy +−−+−=  

( )
1594028800845095680190590400

161513
43

4
xxhx

xxxy −−−+−=  

( )
00787450227200380293056007013726720

191816
43

5
xxhx

xxxy −−−+−=  

⋮  

Imposing the boundary condition ( ) 82 =y  in all approximations ,,,, 3210 yyyy  

...,, 54 yy  and solving for every value of h, we obtain the following sequences for values 

of h. 

....,025167.0,0544208.0,208072.0,534976.0,33543.1,4 −  

Sequence shows that it converges to zero. Substituting 0=h  in (42),  

( ) 00 =xy   

( )
9878

76
43

1
xx

xxxy +−+−=  

( )
1666011232

109
43

2
xx

xxxy −++−=  

( )
43316002560890

1312
43

3
xx

xxxy +−+−=  

( )
1594028800845095680

1615
43

4
xx

xxxy −−+−=  
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( )
007874502272003802930560

1918
43

5
xx

xxxy −−+−=  

⋮  

Since noise term vanish in limit which gives the exact solution of (37) 

 ( ) .43
xxxy +−=   (43)  

5. Conclusion  

In this paper, we applied He’s VIM to attain an approximate-exact solution of the 

singular Lane-Emden type equations. This method is applied to both initial value 

problems and boundary value problems. As this technique is more efficient and reliable 

but the difficulty of these type problem is due to the existence of singularity at .0=x  

Our major work is to examine the singular point of Lane-Emden type problems with 

initial value problems as well as boundary value problems with different Lagrange 

multipliers. These Lagrange multipliers for each case are different. We demonstrate six 

distinct examples some of them are linear, nonlinear, homogenous and non-homogenous. 

Finally, we conclude that the proposed technique is well suit for numerical and analytic 

solutions.  
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