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Abstract

Soft sets provide a strong mathematical foundation for managing uncertainty and give creative answers to
parametric data challenges. In soft set theory, soft set operations are essential components. The “soft gamma-
product,” a novel product operation for soft sets, is presented in this study along with a detailed analysis of its
algebraic features with respect to different kinds of soft equalities and subsets. We further explore the soft
gamma-product’s relation with other soft set operations by examining its distributions over other soft set
activities. Using the uni-int operator and uni-int decision function within the soft gamma-product for the uni-int
decision-making approach, which finds an ideal collection of components from accessible possibilities, we end
with an example showing the method's efficacy of many applications. Since the theoretical underpinnings of soft
computing techniques are based on sound mathematical concepts, this study makes a substantial contribution to

the literature on soft sets.

1. Introduction

Modern set theory, the foundation of all mathematics, was created by George Cantor. One problem with the
concept of a set is ambiguity, as mathematics requires correctness in all conceptions, including sets. This
ambiguity or depiction of partial information has long been a source of difficulty for mathematicians, logicians,
and philosophers. It has also been a greater worry for computer scientists in recent years, particularly in the area
of artificial intelligence. For modeling complex systems, a variety of mathematical approaches are available,
such as interval mathematics, fuzzy set theory [1], and probability theory; nevertheless, each has a unique set of
limitations. Probability theory only works with stochastically stable systems, interval mathematics suffers from
fluctuating uncertainty, and fuzzy set theory is known to have issues with setting membership values.
Furthermore, these techniques' lack of parameterization limits their effectiveness, especially in complex
domains like the social sciences, environmental science, and economics. Soft set theory was introduced by
Russian researcher Molodtsov [2] in 1999 as a fully generic mathematical method for characterizing
uncertainty. Researchers can change parameters as needed because item descriptions are not strictly restricted.
This greatly simplifies and enhances decision-making, especially when information is scarce. By overcoming

the obstacles and offering a greater variety of applications in various areas, soft set theory sets itself apart.

A soft set gives a rough description of an object and is composed of a predicate and an estimated value set.
Approximation techniques are used for complex models without accurate solutions, even if models in traditional
mathematics demand precise answers. Conversely, since the initial description of an item is inherently
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imprecise, soft set theory does not necessitate a precise solution notion. By successfully applying soft set theory
to a number of domains, including Riemann integration, operations research, game theory, and function
smoothness, Molodtsov [2] showed the theory’s adaptability. Several scholars [4-10] developed early soft set-
based decision-making strategies after Maji et al. [3] introduced soft set theory to a decision-making problem
for the first time. The well-known soft set-based strategy known as the “uni-int decision-making” method was
initially published by Cagman and Enginoglu [11]. For the OR, AND, AND-NOT, and OR-NOT operations,
soft matrix-based decision-making methods were later introduced [12]. Since these methods have been proven
to be effective in handling uncertainty and other real-world problems, soft set theory has been widely applied in

decision-making [13-24].

Over the past few years, there has been a substantial advancement in the foundations of soft set theory. Maji
et al. [25] offered a comprehensive theoretical framework that included soft subsets, soft set equality, and soft
set operations such as union, intersection, and AND/OR products. Pei and Miao [26] expanded on these
concepts by redefining intersection and subset relations and examining connections to information systems. Ali
et al. [27] provided additional operations, including restricted union, restricted intersection, restricted
difference, and extended intersection. Subsequent publications [28-41] explored the algebraic structure of soft
sets, proposed improvements, and addressed conceptual inconsistencies in previous soft set research. Eren and
Calisict [42] developed a new type of difference operation for soft sets, while Stojanovic [43] studied the
extended symmetric difference of soft sets. Other new soft set techniques have already been developed and
studied [44-49]. Subsets and soft equality relations are fundamental concepts in soft set theory. Maji et al. [25]
introduced the idea of soft subsets, which Pei and Miao [26] and Feng et al. [29] further developed. Qin and
Hong [50] introduced two new types of congruence relations and soft equal relations on soft sets. By employing
a greater range of soft subsets, Jun and Yang [51] expanded soft equal relations and amended Maji's soft
distributive laws. This work created J-soft equal relations for consistency. These developments led Liu, Feng,
and Jun [52] to propose soft L-subsets and soft L-equal relations, pointing out that not all soft equalities follow

distributive norms.

Building on earlier research, Feng et al. [53] investigated the algebraic features of soft product operations,
including laws of distribution, commutativity, and association, among other characteristics, and expanded on
the categories of soft subsets. They examined soft products such as AND and OR products using soft L-subsets,
examining these operations under J-equality and L-equality. Additionally, they demonstrated that soft L-equal
relations may coexist with commutative semigroup structures. For further details on soft equal relations, see
[54-58]. Cagman and Enginoglu [11] refined Molodtsov’s original concept of soft sets and introduced several
products in soft set theory, including uni-int decision functions, AND-products, OR-products, AND-NOT-
products, and OR-NOT-products. They provided a practical example of how this approach may handle
ambiguity by using these things to develop a methodical decision-making process for selecting the best options
among alternatives. Sezgin et al. [S9] conducted a comprehensive analysis of the AND-product, examining its
algebraic properties (idempotent, commutative, and associative laws) and contrasting them with those of several
soft equalities, including soft F, M, L, and J equalities. They demonstrated that the collection of all soft sets
over the universe forms a commutative hemiring with identity under soft L-equality when paired with the
restricted/extended union and the AND-product. Furthermore, they showed that this structure also holds when
combining the restricted/extended symmetric difference with the AND-product, establishing another
commutative hemiring with identity in the context of soft L-equality.

A new product operation in soft set theory is introduced in this paper, which we call the “soft gamma-

product.” Concerning different types of equality and soft subsets, including M-subset/equality, F-
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subset/equality, L-subset/equality, and J-subset/equality, we evaluate the algebraic properties of this operation
and provide an example. We also examine the distributional properties of this product in various soft set
operations. Finally, we demonstrate the effectiveness of the soft decision-making approach in using it to select
the best options in a decision-making scenario. This paper contributes to the corpus of literature on soft sets by
creating the theoretical foundations required for applications in soft computing. The paper is organized as
follows: Section 2 provides a summary of the key concepts in soft set theory. We introduce the soft gamma-
product and discuss its algebraic properties concerning several soft equalities and subsets in the third part.
Section 4 looks at the application of soft gamma-product and uni-int decision operators in decision-making.

Concluding remarks are included in the final section.

2. Preliminaries

Definition 2.1. [1] Let U be the universal set, E be the parameter, and P(U) be the power set of U and
K € E. A pair (3, X) is called a soft set over U, where J is a set-valued function such that J: X — P(U).

Although Cagman and Enginoglu [11] modified Molodstov’s concept of soft sets, we continue to use the
original definition of soft set in our work. Throughout this paper, the collection of all the soft sets defined over
U is designated as Sg(U). Let K be a fixed subset of E and S (U) be the collection of all those soft sets over U
with the fixed parameter set K. That is, while in the set S¢ (U), there are only soft sets whose parameter sets are
K; in the set Sg(U), there are soft sets whose parameter sets may be any set. From now on, while soft set will
be designated by SS and parameter set by PS; soft sets will be designated by SSs and parameter sets by PSs for
the sake of ease.

Definition 2.2. [27] Let (5, ) be an SS over U. (J, K) is called a relative null SS (with respect to the PS
K), denoted by @4, if J(£) = @ for all £ € K and (T, K) is called a relative whole SS (with respect to the PS
), denoted by Uy if J(#£) = U for all £ € K. The relative whole SS Ug with respect to the universe set of

parameters E is called the absolute SS over U.

The empty SS over U is the unique SS over U with an empty PS, represented by @4. Note @y and @, are
different [31]. In the following, we always consider SSs with non-empty PSs in the universe U, unless otherwise
stated.

The concept of soft subset, which we refer to here as soft M-subset to prevent confusion, was initially
defined by Maji et al. [25] in the following extremely strict way:

Definition 2.3. [25] Let (3, %K) and (S, 2Z) be two SSs over U. (J,K) is called a soft M-subset of (S, 2)
denoted by (3,K) Sy (6,2) if X € Z and J(£) = S(4) for all LEK. Two SSs (F,X) and (S, 2) are said
to be soft M-equal, denoted by (3, K) =y (S, 2) if (J,K) Sy (S,2) and (G,2) Sy (3, X).

Definition 2.4. [26] Let (J,K) and (S, 2) be two SSs over U. (J, K) is called a soft F-subset of (S, 2)
denoted by (3, %) Sk (S,2) if X € Z and J(£) S S(4) for all LEFK. Two SSs (F, K) and (S, Z) are said to
be soft F-equal, denoted by (5, K) = (S, 2) if (3, %K) Ef (S,2) and (S, 2) S (3, K).

It is important to note that the definitions of soft F-subset and soft F-equal were originally introduced by Pei
and Miao in [26]. However, some papers on soft subsets and soft equalities mistakenly attribute these
definitions to Feng et al. [29]. Consequently, the letter “F” is used to reference this connection.

In [52], it was shown that the soft equality relations =M and =F are equivalent. In other words,
(O,M) =y (&,D) if and only if (O,M) =5 (&, D). Since they have the same set of parameters and
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approximation function, two SSs that satisfy this equivalence are actually identical [52], meaning that

Jun and Yang [51] expanded the concepts of F-soft subsets and soft F-equal relations by relaxing the
restrictions on parameter sets (PSs). Although they referred to these as the generalized soft subset and
generalized soft equal relation in [51], we refer to them as soft J-subsets and soft J-equal relations, taking the
initial letter of Jun.

Definition 2.5. [51] Let (J,K) and (S, Z) be two SSs over U. (J, K) is called a soft J-subset of (S, Z)
denoted by (J, X) §] (&, 2) if for all £€XK, there exists z € Z such that J(£) S S(z). Two SSs (J, K) and
(S, 2) are said to be soft J-equal, denoted by (3, K) =; (&, 2) if (3, %) §; (&,2) and (&,2) §; (3, K).

In [52] and [53], it was demonstrated that (0, M) Ey (§,D) = (0, M) & (F,D) = (0, M) §; (&, D).

but the converse may not be true.

Liu, Feng, and Jun [52] introduced a new type of soft subset, referred to as soft L-subsets and soft L-
equality, which generalizes both soft M-subsets and ontology-based soft subsets. This new concept was inspired
by the ideas of soft J-subsets [51] and ontology-based soft subsets [30].

Definition 2.6. [52] Let (3, X) and (&, Z) be two SSs over U. (J, K) is called a soft L-subset of (S, Z)
denoted by (5, K) €, (S, 2) if for all ZEXK, there exists z € Z such that J(£) = S(z). Two SSs (3, X) and
(S, 2) are said to be soft J-equal, denoted by (3, X) =, (&, 2)if (3,K) €. (S,2) and (G,2) &, (§,X).

Concerning the relationships among various types of soft subsets and soft equalities, (3, K) Sy (&,2) =
(3.5) Er (6,2) = (3,K) § (6,2) and (3,X) =y (6,2) = (3 K) =L (6,2) = (3, X) = (6,2) [52].
However, the converses may not be true. Also, it is well-known that (5, K) =y (&,2) if and only if
S K) = (6,2).

We can thus conclude that soft M-equality (and therefore soft F-equality) represents the strictest form of
soft equality, while soft J-equality is the weakest. Positioned between these two is the concept of soft L-equality
[52].

For further information on soft F-equality, soft M-equality, soft J-equality, soft L-equality, and other

definitions of soft subsets and soft equal relations in the literature, please refer to [50-58].

Definition 2.7. [27] Let (5, K) be an SS over U. The relative complement of (J, K), denoted by (5, K)', is
defined by (5, K)" = (§", K), where J": X — P(U) is a mapping given by J"(£) = U\J(#£) for all £ € XK.
From now on, U\J(£)=[J(#£)]’ is designated by J’'(#£) for the sake of designation.

Definition 2.8. [25] Let (5, X) and (S, Z) be two SSs over U. The AND-product (A-product) of (5, X) and
(6, 2), denoted by (J,K)A(S, Z), is defined by (F, K)A(S,Z) = ( KxZ), where for all (£,3) € KxZ,
Ak, z) = J(k) N S(2).

Definition 2.9. [25] Let (3, X) and (S, Z) be two SSs over U. The OR-product (V-product) of (5, K) and
(6, 2), denoted by (3, %) V (&,2Z), and is defined by (F,K) V (&, 2Z) = ( KxZ), where for all (#£,z) €
KxZ,9(#,z) = J(£) UCS(2).

Cagman [60] introduced the concepts of inclusive complement and exclusive complement as novel ideas in
set theory, examining the relationships between them through comparison. These new concepts were also
applied to group theory in [60]. Sezgin et al. [61] introduced some new complements and investigated the
relations between them and applied them to group theory as well.
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Definition 2.10. [61] Let A and B be two subsets of the universe. Then, A gamma B is defined by AyB: =
A'NnB.

Subsequently, the gamma operation was applied to SS theory to introduce new SS operations [62-65]. Let
“©” represent set operations such as N, U, \, A. The following definitions are provided for restricted,

extended, and soft binary piecewise operations.

Definition 2.11. [27] Let (J,K) and (S, Z) be SSs over U. The restricted O operation of (J, %) and
(6, 2), denoted by (J, K) O (&, 2) is defined by (F,K) Or (6,2) = (K N2Z), where C =K N Z and if
C # @, thenforall c € C, (c) = J(c) © S(c); if C = @, then (F,K) Or (G,2) = Dp.

Definition 2.12. [27,43,62] Let (5, KX) and (S, Z) be SSs over U. The extended (© operation of (5, X) and
(&,2), denoted by (J,K) O (&,2) is defined by (F,K) O (&,2) = (LK UZ), where C =K UZ and
forall c € C,

3(), cCEX\Z
) = S(e), cE€Z\X
I OG(), ceXn Z.

Definition 2.13. [44,65] Let (3, ) and (&, 2) be SSs over U. The soft binary piecewise © operation of
(3, %) and (S, 2), denoted by (3, %) O (S, 2) is defined by (3, %) O (S,2) = (9, X), where forall ¢ € K,

3(0), CEX\Z

e) = {S(c) O6(), ceXn Z.

For more about soft algebraic structures of SSs and picture fuzzy soft sets, we refer to [66-94].

3. Soft Gamma-Product and its Algebraic Properties

We proposed the soft gamma-product, a novel product for SSs, in this part. We provide an example and
analyze its algebraic characteristics in depth with respect to specific kinds of soft equalities and soft subsets.

Definition 3.1. Let (J,X) and (S,2) be SSs over U. The soft gamma-product of (J,K) and (S, 2),
denoted by (3, K)A, (&, Z), is defined by (T, K)A, (S, 2)= (Q, KxZ), where for all (£,5 )€ KxZ,

Ak.z) = J(£)yS(2).
Here, 3 (£)AG(2) = J' (£)N S(z).

Example 3.2. Let E = {¢£,,¢,,f5,¢,} be the PS, K = {£,,¢3}, and Z = {£,,£,} be the subsets of E,
U = {f;,%,, 13,14, I} be the universal set, (3, K) and (S, 2) be SSs over U such that

X)) = {(1«02'{f1'f2»f3»f4; t}), (f3,{f3;f5})},
©2) = {(f)Zr{fpfz'fs})(€4,{f2rf3'f4})}-
Let (3, 5)A, (S, 2) = (R, KxZ). Thus,
(R Kx2) = {((€2,2).0), ((£2,£4),9), ((££2), (11, 123), (£3.£0), (F2. 1a3) }

Since it is more practical than writing in the list method style, the table method can be applied here:
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S KA, (S, 2) P s
t; ) 1)
3 {t,, 12} {tz, 14}

Proposition 3.3. A, -product is closed in Sg(U).

Proof: It is clear that A, -product in a binary operation in Sg(U). In fact, let (3, ¥) and (&, Z) be SSs over
U. Then,

A,:Sg(U) x Sg(U) - Sg(U)
((3.7),(8,2)) - (3,K)A,(6,2) = (L KxZ) = (,0).

That is, (2, C) is an SS over U, since the set Sg(U) contains all the SS over U. Here, note that the set Sy (U) is
not closed under A, -product, since if (J, X), (S, X) are the elements of Sy (U), (J, K)A, (S, K) is an element

of Syexac (U), not Sy (U).
Proposition 3.4. Let (3, K),(S,2) and (2, C) be SSs over U. Then,
(3,300, [(8,2)A,(2,0)] #u [(3, KA, (6,2)]A,(2,0).
That is, Ay-product is not associative in Sg(U).

Proof: We provided an example to show that Vj-product is not associative in Sg(U). Let
E={#,,0,¢5 ¢4} be PS, K = {£,,¢3}, Z = {£1}, and C = {£,} be the subsets of E, U = {f;,1,,13,14,I5} be
the universal set, (3,%),(6,2) and (2,C) be SSs over U such that (J,K) = {(£,,{f3,14}), (€5, {1 D},
(6,2) ={(#1,0)}and (2,C) = {(£4, {1,135, T5})}. We show that

(3,500, [(8,2)A,(2,0)] #u [(3, KA, (6,2)]A,(2,0).
Let (S,2)A,(2,C) = (4,2 x C). Thus,
@2 xC) ={((¢1,24), {t1, 13, 5:})}-
Assume that (3, K)A, (¢, Z x C) = (€, K x (Z x C)). Thereby,
(€3¢ x (2 x ) = {((£2, (41, €2)), (11, 13), (3, (61, £0)), (1,15}
Let (3, K)A,(S,2) = (6% x Z). Hence,
6K x 2) ={((¢2,41),9),((¢£3,£1),0)}.

Suppose that (8§, K X Z)A,(R,C) = (G, (¥ x Z) X C). Therefore,

(% x 2)x€) = {(((Cor ), 44), (15,15, (B, 40), €0), {11, B3, 53}
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Thus, (€KX X (ZxC))#m (K X 2)x€). Similarly, (€K X (Z%xC)) #, (K x Z)XC) and
(€K x(Z2x0)# (K x Z)x0).

Proposition 3.5. Let (3,K) and (S,Z) be SSs over U. Then, (3J,H)A,(G,2) #u (S, 2)A, (3T, K).
Namely, Ay -product is not commutative in Sg(U).

Proof: Let (3, K)A,(6,2) = (K X Z) and (G, 2)A,(J,K) = (6,2 X K). Since X X Z # Z X K, the
rest of the proof is obvious.

Proposition 3.6. Let (3, K) and (S, Z) be SSs over U. Then, (3, K)A, (S, 2) #; (6, 2)A, (I, XK). That is,

Ay-product is not commutative in Sg(U) under J-equality.

Proof: We provided an example to show that A, -product is not commutative under J-equality in Sg(U). Let
E= {£;,¢,,¢5,¢,} be the PS, KX = {£,,€5} and Z = {£,} be the subsets of E, U= {f;,,,%5,1,, s} be the
universal set and (J,X) and(S,Z) be SSs over U such that (J,K) = {(£,, {I5,1.}), (I3, {ti D}, (&,2) =
{(¢1,9)}. We show that

Let (3, %)A,(6,2) = (W, X X Z), where

(3,50, (8,2) = W, I x Z) = {((£2,41),0), (£3,41),0)}.
Assume that (&, 2)A, (3, K) = (H,Z x X), where

(8, 2)A)(3,50) = (3,2 x 1) = (€1, £2), {F3,14}) (01, £2), {1.}) ).
Hence, (3, K)A, (S, 2) #; (S, 2)A, (3, K). Moreover, (3, K)A,(S,2) #, (S,2)A, (T, X).

Proposition 3.7. Let (3, K) be an SS over U. Then, (3, K)A, By =m Doy (3, K) =m Bg. Namely, Dg-the
empty SS-is the absorbing element of A, -product in Sg(U).

Proof: Let @y = (), 0) and (J, K)A,Dp = (3, K)A,(Q,0) = (S, K X @) = (&,0). Since @y is the only
SS whose PS is @, (&, ®) = @y is obtained. Similarly, ¢¢Ay(3, ) =M Dg.

Proposition 3.8. Let (0,%) be an SS over U. Then, (O, JC)A],Q)x =1 O . That is, Qg is the right
absorbing element of Ay,-product in Sy (U) under L-equality.

Proof: Let @5 = (V°,X) and (0, K)A, (W, X) = (8, KxK). Then, for all £ € K, V°(£) = @ and for all
(#,2) EKxK, 2(£,2) =0'(L)NO=0. Since, for all (#,z) € KxK, there exists £ € K such that
2(#,3) = 0 =N"(£), (0,5)A, Dy €|, B4 . Moreover, for all £ € X, there exists (#,z) € KxX such that
(k) = @ = 2(#,3), implying that @5 S, (0, M)A, @y Thereby, B A, (0, K) =, By .

Proposition 3.9. Let (0, K) be an SS over U. Then, @3 A, (0,X) =\, (0,K). That is, Dy is the left identity
element of A, -product in Sgc(U) under L-equality.

Proof: Let @5 = (W2, K) and (V°, K)A, (0, X) = (2, KxK). Then, for all £ € K, V(&) = @ and for all
(#,3) € KxK, 2(#,z) =) N0O(z)=UN0T(z) = 0(z). Since, for all (£,z) € MxXK there exists 3 € K
such that 2(%,3) = 0(z), implying that @5A, (0,%) €, (0,K). Moreover, for all z € X, there exists
(#,3) € KxK such that 0(z) = 2(#,2z), implying that (0,K) & @A, (0,K) Thereby, BsA,(0,X)
=L (0,%).
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Proposition 3.10. Let (3,K) be an SS over U. Then, (J,¥)IN,@x =m Dxexzc and Dy, (T, ¥)
=u (I, K X X).

Proof: Let @y = (R, K), where for all £ € K, Q(#£) = @. Assume that (3, K)A, By = (3, K)A,(QK) =
(6, K X XK), where for all (£,z) E K XK, S(%#,2) =F (£)NAWA3) =JF'(#)NO =@. Thus, (S, K xK) =
(@, K x K). Let @5cA,(3,K) =y MK x X), where for all (£,2) € K X KN (%, 2) = (£)NJF(z) =
U N 3(z) = J(z), implying that (N, K X K) = (F, K X K).

Proposition 3.11. Let (J,5) be an SS over U. Then, (J,K)A, Uy =y (3, K)" and Usch, (T, ¥)
=M Dacxx-

Proof: Let Uy = (R, K), where for all £ € K, (%) = U. Assume that (3, K)A, Uy = (I, K)A,(K) =
(S, KX xX), where for all (£,2) EKX XK, S(%#,2) =J'(#£)NAAZ) =F' (£)NU=3J' (#£). Thus, (S, K X
K) = (3 KxK)". Let Ugph,(3,K) =u (B, KxK), where for all (£,z) €K XK, B(£,2z) =9 (#)N
3(z) = 0 N J(z) = @ implying that (P, KxK) = Dyxsc.

Proposition 3.12. Let (3, K) be an SS over U. Then, (3, KA, (T, ) §] (3,50). That is, A,-product is not
idempotent in Sg(U) under J-equality.

Proof: Let (J,K)A,(3,K) = (6,K xXK), where for all (%£,3) € KxK, S(&,z) = F' (£) N J(2).
Since for all (#,z) € KxX, there exists z € K such that G(%,2) = J'(£) N J(3) € J(2). (I, KA, (T, K)
€ (3, X) is obtained.

Proposition 3.13. Let (3,K) and (S,Z) be SSs over U. Then, (J,¥)A, (S, 2) §] (§,K)" and

Proof: Let (3, 5)A,(S,2) = (R, K x Z), where for all (£,2) € K X Z,9(#,3) = J'(£) N S(z). Since
for all (%,z) € K x Z, there exists £ € K such that J'(£) N S(z) € J'(£), (I, K)A,(S,2) S (3, K)" is
obtained. Similarly, since for all (#£,z) € KX X Z, there exists z €2Z such that J'(£) N G(z)
€ 6(2)(3,K)A,(S,2) € (6, 2) is obtained.

Proposition 3.14. Let (3, K) and (&, Z) be SSs over U. Then, [(3, K)A,(S,2)]" = (3,5)" V4 (S, 2)".

Proof: Let (J,%)A,(S6,2) = (K X Z), where for all (%£,2) €K X Z, Ak, z) =3I (£) N E(2).
Hence, ' (#%,2) = (§')' (£) U (&) (z), implying that (', K X Z) = (T, K)" vV, (&, Z)". (For more about V-
product, please see [92]).

Proposition 3.15. Let (3, K) and (S, 2) be SSs over U. Then, (3, K)A,(S,2) Er (3, K) V4 (6, 2).

Proof: Let (3,%)A,(6,2) = (K x Z) and (3,K) V4 (§,2) = (€K X Z), where for all (%£,2) €
KX Z,U(#,3) =3 (#£)NS(z) and for all (#£,z) €K X Z, C(#,3) =T (£) US(3). Thus, for all (£,3) €
KX Z, {(#32)=3#R)NG(3) €I (*#)UGS(z) =EC,3z). This completes the proof.

Proposition 3.16. Let (3,X), (6,2) and (,C) be SSs over U. If (3,K)" ¢ (S,2), then
(Sl K)AV(Q, C) §F (G,Z)AY(Q, C)

Proof: Let (3, K)" S¢ (&,2)". Thus, X € Z andforall £ € K, J' (£) € &' (£). Thus, X XC S Z X C
and for all (£,¢c) € KX X C, F' (£) N AA_c) € &' (£) N 2c). This completes the proof.

Proposition 3.17. Let (3,K),(S,2),(,C) and (8 W) be SSs over U. If (3,K)" Sg (6,2)" and
(Qr C) §F (6,W), then (Ser)Ay(Qr C) §F (GrZ)Ay(ﬁr W)
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Proof: Let (3,X)" € (6,2)" and (2,C) g (6, W). Thus, K € Z,c €W, for all £ € X, J'(£) S
&'(#) and forall c € C, 9(c) € &(c). Hence, K X C € Z x W, and for all (£,c) € X XC,J (£) N c) S
&'(#) N &(c). This completes the proof.

Proposition 3.18. Let (5,%),(S,X),(,K) and (8,K) be SSs over U. If (§,K) S (3,X) and
(97‘7(‘) §F (6l K)a then (Ser)Ay(er(‘) §F (6' K)Ay(ﬁrj()

Proof: Let (S,%) S (3, %K) and (2, K) Sk (6,K), where for all £ € K, F'(#£) S &'(£) and for all
£ € K(¥) € &(¥). Thus, for all (£,¢) € KX X K, J'(£) N A(¥) € &' (£) N &(¥), completing the proof.

Proposition 3.19. Let (J,K) and (S,Z) be SSs over U. Then, Qyxz §F(3,JC)A},(6,Z) and
Bzxx Sr (6,2)A, (3, X).

Proof: Let Qyxz = (§,K X Z) and (J,K)A,(S,2) = (S, K x Z), where for all (%£,2) €K X Z,
E(k,z) =Qandforall (£,2) €K XZ,5(#%,3) =JF (£)NS(3).Since X X Z S K x Z and for all (#,z) €
KXZ, ER2z)=0C T (R)NGC(3) =S, 2), Dixz Sr(3,K)A,(S,2) is obtained. Similarly, Pzxs Er
(&, 2)A,(3,5).

Proposition 3.20. Ler (3,K) and (S,Z) be SSs over U. Then, Oy §](S,?C)AV(G,Z),
0z (3,5, (S,2) and g (3, KA, (S, 2).

Proof: Let @5 = (€, %K) and (3, K)A,(S,2) = (S,X X Z), where for all £ € K,E(%£) = @ and for all
(#,2) EX XZ, Sh,2)=J(£)NGS(z5). Since for all £ € K, there exists (#,z) € KX X Z such that
ER)=0CSJ (R)NGS(3) =S(*,2), By (3, H)A,(S,2) is obtained. Similarly, @5 (T, K)A,(S,2)
and @ E(3, K)A, (S, Z) is obtained.

Proposition 3.21. Let (3,X) and (S,Z) be SSs over U. Then, (J,K)A,(S, 2) Cp Uyxz and
(6, 2)A, (3, K) Ep Ugys.

Proof: Let Uyyz = (K X 2Z) and (3,K)A,(S,2) = (6K X 2Z), where for all (%£,z) €K X Z,
#,3) =U and for all (£,3) E KX XZ, G(£,3) =F (£)NES(z). Since K XZ S K XZ and for all
(£,32) EX X Z, 8(£,3) =T (£)NS(z) € U=2(%,3), (J,K)A,(S,2) E Uyxz is obtained. Similarly,
(6, 2)A, (3, K) Sp Ugys.

Proposition 3.22. Let (J,X) and (S,Z) be SSs over U. Then, (3J,¥)N, (G 2) §] Uy and
(3, K)A,(6,2) € Uy.

Proof: Let Uy = (W, X) and (3, K)A, (G, 2) = (X, K X Z), where for all £ € K, W(#£) = U and for all
(#,2) EX XZ, X(#,2)=F(£)NGS(z). Since for all (£,z) € K x Z, there exists £ € X such that
X(#,2) =F (R)NGS(z3) CU=W(£k), (3K, (G 2) € Uy is obtained. Similarly, (3,750, (6,2)

g] UZ.

Proposition 3.23. Let (3,X) and (S,2) be SSs over U. Then, (3,K)A,(S,Z) =y Uyxz if and only if
(3, 5) =m Oy and (&,2) =y Uz.

Proof: Let Uyyz; = (£, KX X2Z) and (J,K)A, (G 2) = (X, K X Z), where for all (£,3) €K XZ,
E(#,z) =U and for all (£,3) E KX XZ, X(%,2) =J' (%) NG(z). Let (§,KX X Z) = (X,X %X Z). Thus, for
all (£,3) € X X Z, J'(£)NS(z) = U, implying that for all £ € K, J'(£) = U and for all z € Z, S(3z) = U.
Therefore, for all £ € K, J(£) = @ and for all z € Z, S(z) = U. Thus, (J, K) = @« and (S, 2) = Us.
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Conversely, let (3, K) =y @3 and (&,2) =y Uy. Thus, for all £ € X, J(£) = @ and for all z € Z,
S(z) =U. Hence, for all (£,2)€EXXZ, X(#,3)=J*)NS(z)=UnU=U, implying that
(37N, (S,2) =y Ugexz.

Proposition 3.24. Let (3,K) and (&,2) be SSs over U. Then, (3,K)N,(S,2) =y By if and only if
(3.K) =m Dg or (6,2) =y Dy.

Proof: Let (3, K)A,(S,2) =y @g. Thereby, K X Z = @, and so K = @ or Z = @. Since @y is the only
SS with the empty PS, (3, K) =y @y or (S,2) =y Dg.

Conversely, let (3,K) = @y or (&,2Z) = @y. Then, K = @ or Z = @. Since K X Z = @ and @y is the only
SS with empty PS, (3, K)A, (G, 2) =y Dp.

4. Distributions of Soft Gamma-Product over Certain Types of Soft Set’s Operations

In this section, we explore the distributions of soft gamma-product over restricted, extended, soft binary
piecewise intersection and union operations, AND-product and OR-product.

Theorem 4.1. Let (3, K), (S, 2) and (9, C) be SSs over U. Then, we have the following distributions of soft
gamma-product over restricted intersection and union operations:

i) (3,701, [(8,2) Ur (2,0)] =u [(3,50)A,(S,2)] Ug [(3,50)A,(R,0)].

i) (3,707, [(S,2) N (R, 0)] =y [(3, 7)1, (S, 2)] Ng [(3, K)A,(R,0)].

iii) [(S,2) Ng (2 O)]A, (3, %) =y [(S,2)A,(3,5)] Uk [(R O)A, (3, K)].

iv) [(8,2) Ur (2, 0)]A, (3, %) =u [(8,2)A, (3, K)] Ng [(R CIA, (3, 5)].

Proof: (i) The PS of the left-hand side (LHS) is Kx(Z N €), and the PS of the righthand side (RHS) is
(KxZ) n (KxC). Since Kx(Z N C) = (KxZ) N (KxC), the first condition of the M-equality is satisfied. Let
(6,2) U (,6) = (€,Z2nC), where for all 3€ ZNC, €(3) =6(3)U3). Let (J,K)A,(E,ZNC) =
(2,5 x (Z N C)), where for all (£,3) € X x (ZNC), £(£,3) =T (£) N E®R). Thus,

pk,3) =3J'(£) N[S(3) UAB)]
Let (3,%)A,(6,2) = (WM, K X Z) and (F,K)A,(RC) = (B, K X C), where for all (£,3) €K X Z,
M, z) =J'(£) NS(3) and for all (£,¢c) € K X C, B(£,¢) =JF'(£) N Ac). Let (M, K X Z) Ug (B, K %
€) = (R (X x2)N (K xC)), where forall (£,3) E (K XZ)NKXC) =K X(ZNCEC),

R(#,3) = M(£,3) UB#,3) = [T (£) nS@] U [T (£) n2G)].
Thus, (3, 5)A,[(S,2) Ur (2,0)] = [(3, KA, (S, 2)] Ug [(3,H)A,(R,0)].

Here, if Z N C = @, then KXx(Z N C) = (KxZ) N (KXxC) = @. Since the only SS with an empty PS is @,
then both sides are @y. Since (KxZ) N (KxC) = KXx(Z N C), if (KxZ) N (KXxC)=0, then K=@ or Z N C = @.
By assumption, K # @. Thus, (XxZ) N (KXxC)=@ implies that Z N C = @. Therefore, under this condition,

both sides are again @g.

(iii) The PS of the LHS is (Z N C) X X, and the PS of the RHS is (Z X ) N (€ X X), and since (Z N
C)XK=(2ZxK)n(CXXK), the first condition of M-equality is satisfied. Let (S,2)Ng (,C) =
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(€,Z2NnC), where for all 3€ ZNC, €(3) =6(3) NQ3). Let (€,ZNC)A,(I,K) = (,(ZNC)XXK)),
where forall (3,£2) € (ZNC) XK, G, £) = €' (3) N J(£). Thus,
G2 =[6(3) N NI = [6P u @] nJ(A).

Let (&,2)A,(3,%) = (M, ZxK) and (C)A,(3,K) = (B,C x K), where for all (z,£) € Z X K,
Mz, #)=6"@3)NJ(£) and for all (¢, £) ECXK, Blc,£) = (c) NJ(#£). Assume that (MM, Z X
K)UR (B, xK) = (R, (ZxK)N (CXX)), where forall 3,£) € (ZXK)N(CXK)=(ZNC) XX,

RGA) = MG, £) UB(3,£) = [S'G) NIV ['(G) NI (AR)].
ThU.S, [(6, Z) nR (Q, C)]Ay(Sf ?C) =M [(6, Z)A)/(SJ j()] UR [(Q, C)AY(S, ?C)]

Here if ZNC =@, then (ZNC) XK = (Z X K) N (C x K)=@. Since the only SS with the empty PS is
@g, both sides of the equality are @y. Similarly since (ZXK)N(CXK)=(ZNC) XK, if (ZXK)N
(CxXXK)=0,then ZNC =0 or X = @. By assumption K # @. Hence, (Z X K) N (C X K) = @ implies
that Z N € = @. Thus, under this condition, both sides of the equality are again @g.

Note 4.2. The restricted SS operation cannot distribute over soft gamma-product as the intersection does not
distribute over cartesian product and it is compulsory for two SSs to be M-equal that their PS should be the
same.

Theorem 4.3. Let (3, K), (S, 2Z) and (,C) be SSs over U. Then, we have the following distributions of soft
gamma-product over extended intersection and union operations:

i) (3,54, [(8,2) N (,0)] =um [(3,70)A, (S, 2)] ne [(3,70)A, (R, 0)].

i) (3,707, [(S,2) Ue (2,0)] =y [(3, KA, (S, 2)] U [(3, KA, (R,0)]-
iii) [(S,2) Ug (2, 0)]A, (3, %) =u [(S,2)4,(3,50)] N [( O)A, (S, K)].
iv) [(8,2) N (2,0)]A,(3,50) =u [(8,2)A, (3, K)] U [(2 €A, (3, 50)].

Proof: (i) The PS of the LHS is Kx(Z U C), and the PS of the RHS is (Xx2Z) U (KxC). Since Kx(Z U
C) = (KxZ) U (XxC), the first condition of the M-equality is satisfied. As K # @, Z # @ and C # @,
Kx(ZUue)+ @ and (KxZ)U (KxC) # @. No side can therefore be equivalent to an empty SS. Let
(6,2)n.(8,6) = (€, Z U ), whereforall3 € Z UC,

S(3), 3€ 2-C
€(3) =1 23), 3€C-2
S(3) N A>3), 3€EZNC.

Let (3,%)A,(€2Z2UC) =(Q X x (ZUC)), where for all (£,3) €KX X (ZUC), Q4,3 =J ()N
€(3). Thus, for all (#£,3) € KX X (Z U C),

J' () N&QR), (#,3) €KX X (Z2-0C)
Q%,3) = {3 (£) N AR), (#,3) EX X (C—-2)
JR)N[ESGRINAR)], (£3) EX X(ZNO).
Let (3,%)A,(8,2) = (MK x 2)) and (F,H)A,(,6) = (B, XK x C), where for all (£,2) € K X Z,
M,2)=J'(£)NGS(z) and for all (#,c) €K XC, B(£,¢c) =F (£)NYc). Assume that (M, K X
2)Ne (B,K X C) = (R, (K X Z)U (K xC)), where for all(£,3) € (K X Z) U (K X C) =K x (ZUC),
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M(£,3), (#3) EKXZ)—(KxC)=KX%x(Z-0)
R(%,3) =1 B,3), (#3) EKXC)— (K XxZ)=K %X (C-2)
M(£,3) N B(4,3), (#,3) E(KXZ)N(KXC)=Kx(ZNO).
Thus,
S'(£) NGS(3), (#,3) E(KXZ)—(KXC)=Kx(Z-0)
R(%,3) =4I (£)NAR), (#£,3) E(HXXC) = (KX XxZ)=K %X (C-2)
[SA)NSRIN[FTHR)NAR)], (£3)EEHXZ)N(KXC)=KX(ZNC).

Hence, (3, K)A,[(S,2) Ne (,0)] =y [(3, A, (S, 2)] ne [(3, KA, (2, 0)].

(iii) The PS of the LHS is (Z U €) X X, and the PS of the RHS is (Z X ) U (€ X X), and since (Z U
C) XK = (Z xK) U (C X XK) the first condition of M-equality is satisfied. By assumption, K # @, Z # @,
and C # @. Thus, (ZUC) XK # @ and (Z X K) U (C X K) # 0. No side can therefore be equivalent to an
empty SS. Let (5,2) U; (2,C) = (€, Z U C), where forall 3 € Z U C,

S(3), 3€ 2-C
C(3) =14 23), 3€EC—-2Z
S(3) U A3), 3€EZNC.
Let (€,Z2 UC)A, (3, K) = (§,(Z UC) X K), where forall (3, £) € (ZUC) X K, pG,4£) = €' (3) N J(£),

S'(3) N JI(4), (£,3) €(Z-C)xXK
P, 3) =4 G) NI, (£,3) € (C—-2Z)xX
[E@NABDINIR),  (£3)€(ZNC) XK.

Let (6,2)A,(3,K) =, ZxK) and (R C)A,(J,K)=(B,CXXK), where for all (3,£) € Z XX,
Mz, #)=6"G3)NJ(£) and for all (¢, £) ECXK, Blc,£) = (c) NJ(#£). Assume that (MM, Z X
H)Ng (B, x K) = (R, (Z xK) U (C X XK)), where forall 3, £) € (Z XK)U (CXK)=(ZUC) XX,

MG, #2), (£,3) E(ZXHK)—(CxXK)=(Z-C)xXK
R(#,3) =BG A), (£, ECXK)—(ZXHK)=(C-2)xX
MG, #) NP3, £), (£,3) E@ZXKIN(CXK)=(ZNC)xXK.
Thus,
S'G) NI, #3)e@xXK)—-(CxK)=(EZ-C)xXK
R(,3) =1 LG NI), (#3) €E(CXH)—(ZXK)=(C-2)XX
[E'RINIIIN[RG)NIHK)], (£3)eE@XK)IN(ECXK)=(ZNC)xX.

Hence, [(S,2) U (2,0)]4,(3,K) =y [(S,2)A,(3,5)] n: [(R,0)A, (3, 50)].

Note 4.4. The extended SS operation cannot distribute over soft gamma-product as the union operation does
not distribute over cartesian product and it is compulsory for two SSs to be M-equal that their PS should be the

same.

Theorem 4.5. Let (J,K), (S, 2) and (2, C) be SSs over U. Then, we have the following distributions of soft
gamma-product over soft binary piecewise intersection and union operations:

i) (3,500,[(8,2) 7 (2,0)] =n [(3, KA, (6, 2)| B [(3,50)A,(2,0)].

i) (3,704, [(6,2) T (2,0)] =y [(3,5)1,(S,2)] T [(3, K)A,(2,0)].
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ii)[(S,2) T (2, 0)]A, (3, %) =um [(8,2)A, (3, 3] A [(, A, (S, %))
iv) [(6,2) A (2,014, (3, %) =u [(S,2)A, (3, 50)] T [(, 0)A, (3, %))

Proof: (i) Since the PS of the SSs of both sides are K'xZ, the first condition of the M-equality is satisfied.
Moreover since K # @ and Z # @ by assumption, KxZ # @. No side can therefore be equivalent to an empty
SS. Let (6,2) N (Y,€) = (€, 2), where for all 3 € Z,

S(3), 3eZ2-C

@(3)={6(3)n9(3), 3€2ZNC.

Let (3, %)A, (€, 2) = (Q, X X Z), where for all (£,3) € X X Z, Q(%£,3) = J'(#£) N €(3). Thus,

J'(#) N SG), (£,3) €KX x(Z-C)
WD =Py n s nawl,  (hpeixzne
Assume that (3, K)A,(S,2) = (MK x Z) and (J, KA, (R,C) = (B, K X C), where for all (£,2) € K X Z,
M£,3) =F' (£)NS(E) and for all (£,c) €K XC, B(#,c)=J (£)NAAc). Suppose that (M, K X
Z)0 (P, x ) = (R, (X X 2)), where for all(£,3) € K X Z,

ROk )_{Sm(/a,,s), (£,3) EK XZ)—(KXC) =K x(Z—C)
B TIMAL D) NBA3), (B3 EKXZ)N(KXC) =K x(ZNC).
Thus,
Rk )_{3’(/&)06(3), (£,3) € (K xZ)— (K XC) =K x(Z—C)
VU R ns@]In[F AR NG, #3NEHXZINEKXC)=KXx(ZNC).

Hence, (3, K)A,[(8,2) A1 (2,0)] =u [(3,70)A, (S, 2)| A [(,K)A,(2,0)].

Since K # KxK, the soft binary piecewise operations do not distribute over soft gamma-product
operations.

(iii) Since the PS of the SSs of both sides are Z X XK, the first condition of the M-equality is satisfied.
Moreover since Z # @ and K # @ by assumption, Z X K # @. No side can therefore be equivalent to an
empty SS. Let (&,2) U (2,C) = (€, 2Z), where for all 3 € Z,

S(3), 3eZ2-C

(3 ={6<3)u9(3), 3€ZNC.

Let (€, 2)A, (3, K) = (9,2 X K), where for all 3,£) € Z X K, $(3,£) = €'(3) N J(£).Thus,

_(S&'B) NJ(k), (£,3) E(Z-C)xX
0D =[N GInSW, (ke Eno XK.
Assume that (&, 2)A, (3, K) = (M, Z X K) and (Q, C)A, (T, K) = (B, C x K), where for all (3,£) € Z X K,
M(z,£) =S'(2) NF(£) and for all (c,£) € C XK, Blc,£) =(c) NF(£). Let (M, Z xK) N (P,C x
)= (ER, (Z x JC)), where for all (3,£) € (Z X X),

R(A )_{im(a,/&). (£3)EEXK)—(CXK)=(Z-C)XxK
B TIMG L NBGA), (B3 EEZXK)NECXK)=(ZNC)x XK.
Thus,
Rk )_{6’(3)03(%). (£DEEXK)—(CXK)=(Z-C)xX
VU@ NIWINRE NIWB)],  £3)EE@XK)N(ECXK)=(ZNEC) XK.

Hence, [(S,2) U (2, 0)]A,(3,%) =u [(S,2)A, (3, K] A [( A, (3, %)].
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Proposition 4.6. Let (5, K), (S, 2) and (2, C) be SSs over U. Then,
(D) (3,500,[(S, AR, 0)] EL [(3, 57, (S, D) |A[(S,5)A, (R 0)].
2) (3,7 [(S,2)V(,0)] & [(3,5)A, (S, 2)]V[(3, A, (R, 0)].

Proof: (1) Let (S,2)A(2,C) = (€,Z X C), where for all (z,¢) €Z XC, €(z,¢) =S(z)NAAc). Let
(S FOA, (2 X C) = (R K X (Z X)), where for all (/&, (z, c)) EK X (Zx0),

R(%, (3,¢)) =T (£) N [S(z) N Ac)].
Let (3,%)A,(6,2)=(H,KXxZ) and (J,K)A,(QC)=(M,K XC), where for all (%,z) €K X
ZH(£,3) =5 (£)NS(z) and for all (£,c) €KX xC, M(#£,¢c) =5 (£)NAc). Assume that (H,K X
Z2IAM, K x €) = (B, (K X Z) X (K x C)), where for all ((£,3), (£,¢)) € (K X Z) X (¥ X C),
B((#,2), (%,0)) = [J'(£) N &(2)] N [J' (&) N Ac)].

Here, for all (#,(z,¢)) € X X (Z X C), there exists ((#£,3),(#,¢c)) € (K XZ)x (I xC) such that
R(%, (z,0)) =F' (£)N[6(z) N )] = [T (£) NS(2)] N [T (£) N A)] = B((£,2), (£,¢)). This
completes the proof. It is obvious that the L-subset in Proposition 4.6 cannot be L-equality with the following

example:

Example 4.7. Let E = {£,,%,,%€3,€4} be the PS, K = {£,,¢3}, Z = {£1} and C = {£,}, be the subsets of
E, U={f,1,, 15 1,5} be the universal set, (3,K), (5,2) and (C) SSs over U such that (J,K) =
{(£2,{t5, 14}), (€3, {f2, £3 D}, (G, 2) = {(#1,U)} and (R, C) = {(£4, {2, T3, 4})}. We show that

(3,70, [(S,2)AM(R,0)] #1. [(3,F)A, (S, 2)]A[(F, KA, (R, 0)].
Let (5,2)A(Q,C) = (€, Z x C), where
(€2ZxC)= {((1«01; f4)'{f2:f3:f4})}-

Assume that (3, K)A, (€, 2 X C) = (EUE,?C X (Z x C’)), where
(5 x (2 % ©)) = (((£2 8w ), 82), (5, (02, €), (13) )
Let (3,K)A,(€,2) = (€, K X Z), where
(@, K x Z) = {((€2' ‘[1), {fll f2' fs}): ((f3' fl)! {fli f4-’ fs})}
Suppose that (J, K)A,(2,C) = (R, K X C), where
RKxC) = [((fz'fz}): {fz})' ((f3'f4): {f4})]-

Let (€, % x 2)A(R, K X €) = (B, () x Z) x (X X C)). Then,

((Cez00), (02 8), 123), (B2 ), (£3,41)),0),
((C300), (£2,£00),8), (8,2, (£3,24)), (1)) .

Thus, 5(({)2r1€1)' ({)3'{)4)) * Em({)z' (£, {)4))’ B(({)z'ﬁ)r ({)3'{)4)) * EUE({’3, (1, 1£)4))’ 5(({)3'{)1)' ({)Zr&l-)) *
M(Ly, (1,44)), B((£3,21), (2,£4)) # M(£3, (£1,24)), implying that (B, (K X 2) x (K x €)) &, (M, K x
(Z x €)). Hence, (B, (K x 2) x (K x€)) #1 (M, XK x (Z X C)).

(&(3ch)><(3ch))={
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5. uni-int Decision-Making Method Applied to Soft Gamma-Product

The uni-int decision-making approach is applied in this section by applying the uni-int operator and int-uni
decision function developed by Cagman and Enginoglu [11] to the soft gamma-product.

Throughout this section, all the soft gamma-products (A,) of the SSs overU are assumed to be contained in
the set A, (U), and the approximation function of the soft gamma-product of (J,X) and (&,Z2), that is
(3,50, (6,2)

SS‘(AVGZ: KxZ — P(U),
where (33A,S2) (£, 2) = J'(£) N S(z) for all (£,z) € KxZ.

Definition 5.1. Let (J,%) and (&,2Z) be SS over U. Then, uni-int operators for soft gamma-product,
denoted by uni,int, and uni,int, are defined respectively as

unijint,: A, - P(U), uni,int, (I My Sz) = Upex (Nze 2 () S2) (£, 2))),
unityint,: A, > P(U), uniyint (Jxc Ay Sz) = Uze z(Npex (SxcAyS2) (£, 2))).

Definition 5.2. [11] Let (3, K)A, (S, Z) € V5 (U). Then, uni-int decision function for soft gamma-product,
denoted by uni-int are defined by

uni-int: A, = P(U), uni-int(JxchySz) = uniint,(JpchySz) U uniyint, (I Ay Sz).
The values uni-int(Jx A, Sz) is a subset of U called uni-int decision set of JgcA,S5.

The int-uni decision-making approach may be used in the following ways to choose the best set of
alternatives while staying focused on the current issue given a set of parameters and options:

Step 1: From the parameter collection, choose feasible subsets.
Step 2: Create the SSs for every parameter sets.

Step 3: Determine the SSs’ soft gamma-product.

Step 4: Create the result of uni-int decision set.

This method demonstrates the value of SS theory in handling decision-making scenarios by enabling its
application to the uni-int decision-making problem, particularly in the setting of soft gamma-product.

Example 5.3. A tour company has issued a recruitment announcement for the position of tour guide, with
candidates to be selected based on their interview performance. Applications will first undergo an initial
screening to verify compliance with the required qualifications for the position. Any applications that fail to
meet the specified criteria will be disqualified. Among the candidates with valid applications, the selection
process will be conducted by Mr. Hiiseyin, the Human Resources Manager of the company. He will evaluate
the interview results by first identifying undesirable characteristics and then focusing on the attributes he values
in tour guide candidates. The selected candidates will then undergo a comprehensive training program, and
those who successfully complete it will qualify to join the tour company’s professional tour guide team. The
final decision will be made using the uni-int decision-making method applied to the soft gamma-product.
Assume the following profiles for the candidates whose applications are deemed valid U = {7,775, ..., 794}
Let the set of parameters used to determine the selected tour guides be represented as {aq, a,, ..., ag}. Each

parameter a; where i € {1,2, ... 8} corresponds to the following descriptions, respectively:
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* a, = “having the updated professional knowledge of history, archaeology, art history, geography, and
economics required by the profession”,

* a, = “having a low level of general understanding of topics like music, art, and politics”,

* as = “having insufficient practical experience in the professional field required by the position”,
* a4 = “having effective communication”,

e ag = “using time efficiently”,

* ag = “solution-oriented in addressing problems such as reservation problems, illness, death, theft,
accidents”,

* a, = “low physical fitness for long walks, extended road trips, sleeplessness, challenging conditions,
high altitudes, and varying climate conditions”,

* ag = "“Unable to foster a spirit of exploration, fun, and friendship”.

To address the tour guide recruitment process, we can utilize the uni-int method within the framework of the
soft gamma-product as follows:

Step 1: Determining the sets of parameters

The decision-maker, Mr. Hiiseyin, begins the selection process by categorizing the parameters from the
existing set based on their importance. First, he identifies the parameters he does NOT want to see in the
selected candidates (Set 1) and then selects the parameters he considers essential for the candidates (Set 2). This
categorization ensures a structured and transparent decision-making process:

1. Parameters that are preferred NOT to be present in the selected candidates:
These represent undesirable traits or deficiencies that render a candidate unsuitable for selection.

2. Parameters that must absolutely be present in the selected candidates:
These represent essential traits or skills required for a tour guide. The absence of these parameters
disqualifies a candidate.

By organizing the parameters into these two sets, the decision-making process aligns with Mr. Hiiseyin’s
priorities and expectations. Let these parameter sets be defined as follows:

X ={a,, as, a,, ag}: Parameters representing undesirable traits.
e Z ={a4, ay,as,ag}: Parameters representing essential traits.
Step 2: Constructing the SSs by using the parameter sets determined in Step 1.
Using these parameter sets, the decision-maker constructs the SSs (J, ) and (5, Z), respectively:

(3, 5) = {(az, {72 74,75, 78,710, 713, 7140 T16) 18, 19, 722, 24, (A3, {771,772, 73,77, 710, 716, 720, V22, T243),

(a7, {75, 78, 712,715,717, 718, 720, V21, 723}), (@8, {772, ¥4, 76, 711, ¥'12, 712, 718, 122, 723, 724}) }
and
(3,2) = {(a1, {78,710, 713, 715, 717, 718, 723, T24}), (Qas {72, 74, 16, 78, 0, 712, 716, 718, 720, 721, 1223
(as, {12,773, 75,75, 70, 712,717, T18}), (@6, {778, 70, 710, 713, 718, 719, 720, 721, T22, 724} }

While (5, ) is an SS representing candidates to be eliminated due to undesirable parameters in X, (J, Z)
is an SS representing candidates close to the ideal by possessing the desired parameters in 2.
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Step 3: Determine the A, -product of SSs:
Sichy3Iz = {((“Zr a), {ris, 717, ”’"23})' ((a’Zr as), {76, 79, 712,720, ”’"21})r
((a,z, as), {”’3/”9:”’12:"’17}): ((a,z, ae), {79,720, "’21})'
((“3' a1),{rs, 713,715,717, 18, 4"23}), ((6?/3, as) {7476 18,79, 712, 118 4"21}),
((“3' as), {”’“5"”“8"”“9/”'12’4’“17’4’“18})’ ((“3' ae), {13 ”’"9/”“13/”"18/”“19/”"21})’
((“7' a), {’””10/”“13/”"24})’ ((“% ay) {72 "0 "6 19, 716 4"22}),
((¢7: as), {”’2»”’3»”’9})' ((a7, ae), {9,710, "'13"”19"”22"”24})'
((0‘8: a,), {7 710 "’13»"’15"”17})» ((“8» ay), {78, 79, "16: 7205 "’21}):
((“8' as), {r3,75,73, ”’"9/”"17})' ((a’Br ae), {78, 79,710,713, 719, 720, ”’"21})}
Step 4: Determine the set of uni-int(Jx A, Jz):
uniy — int;(IxcAyIz) = Uper (Nzez (JxcAyIz) (£, 2))).
We determine first Mo (S?CA)/SZ) (%, z)):

[xDyIz)(az ar) N (FxhyIz)(@z as) N (JxchyIz)(az as) N (Jxh,Iz)(a,, ae)
= {715,717, 723} N {76, 70, 712, 720, T21} N {773, 79, 712, 717}

N {ro, 720,721} = 0.

BxhyIz)(as ar) NIy Iz)(as as) N (SxchyIz)(as, as) NI, Iz)(as, ae)
= {18, 713, 715, 717, 718 723} N {74, 76, 78, 19, 12, 718, 721} N {75, 78, 79, 712, 717, 18}

N {rg, 79,713,718, 719,721} = {75,718}

BxdyIz)(az, ar) N (FxhyIz)(az, as) N ([SxcAyIz)(az,as) N (Jxch,Iz)(ar, ae)
= {110,713, 724} N {72, 74, 76,79, 716, 122} N {772,773, 779}

N {79, 710, 713, 719, 22 124} = D.

BxhyIz)(as ar) N (JxhyIz)(as as) N I(xcAyIz)(ag as) N (Jxh,Iz)(ag ae)
= {7, 710,713, 715, 717} N {78, 79, 716, 720, 21} N {73,775, 75, 79, 717}
N {78, 79,710, 713, 719, 20, 721} = {78}

Thus,

uniy — int; (JxhyIz) = Upex (nzez ((SKAySZ)(/&' Z))) = QU {rg, 715} UB U {rg} = {rg,715}
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uni; — inty(SschySz) = Uzez (Nierc (Sachy 32) (4, 2))).
We determine first N zex ((SKA},SZ)(/&, z)) :

Sxchy3z)(az, ar) N ([xehyIz)(@s ar) N (JxchyIz)(@az,ar) N (JxchyIz)(as aq)
= {715, 717,723} N {78, 713,715, 717, 718, 723} N {710, 713, 724}

0{4’8,’?’10,4’13,4"15,4’"17} = Q.

Brchy3Iz)(az as) NI(cAyIz) (s, ays) 0 (JxchyIz) @z, as) N (IxchyIz)(as, as)
= {4,~6'4,~9’4/~12’ ’VV20,4’~21} n {/’/v4-r4,v6! 78, 79,712,718 ”’"21} n {4’2, /VV4,¢6,4’~9,¢16,4’~22}

N {7g, 79,716, 120,721} = {T0}.

BxcAy3z)(az as) N (JxchyIz)(as, as) N (Jxh,Iz)(ar,as) N (Ixh,Iz)(as, as)
= {13, 79,712,717} N {15, 78, 79, 712, 717, 718} N {72, 73,79}

N {73, 75,75, 79,717} = {79}

Bxchy3Iz)(az a6) N (JxcAyIz)(as,ae) N (JxchyIz) (@7, a6) N (IxchyIz)(as, as)
= {79,720, 721} N {78, 79,713, 718, 719, 721} N {70, 710, 713, 710, 722, 724}
N {715, 79, 710, 713, 719,720,721} = {779}

Thus,

uniy — intp(JxehyIz) =Vzez (nkex ((SKAySZ)(/&' Z))) = QU {ro} U {1} U{rq} = {ro}.
Hence,
uni'int(Sf}CAySZ) = [uniy, — int,(JspcAyI2)] VU [uniy — inty(IxcAyIz)] = {78,718} U {79} = {75,779, 715}

From the analysis, it can be concluded that among the 24 applicants whose applications were accepted for the
tour company recruitment process, the candidates {7, 7, 75} have successfully earned the right to undergo a
comprehensive training program of this tour company to join the tour company's professional tour guide team.

6. Conclusion

This study introduced the “soft gamma-product,” a new type of soft product developed from Molodtsov’s
soft set theory. We provided an example with regard to several types of soft subsets and equalities, including
M-subset/equality, F-subset/equality, L-subset/equality, and J-subset/equality, and thoroughly examined its
algebraic properties. We also examined the distributional properties of the soft gamma-product across a number
of soft set techniques. We ultimately employed the soft decision-making technique, which simplifies the
process by eliminating the need for rough or fuzzy soft sets, to select the optimal components from the range of
options to soft gamma-product. Its effectiveness across a range of fields is demonstrated by an example. This
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work enables a wide range of applications, such as novel algorithms for soft set-based encryption and new

methods for decision-making. To improve the soft set literature both conceptually and practically, future

research might propose more soft product operations and look into fundamental traits connected to various soft

equal connections.
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